Russian AcanEMy OF SCIENCES

LD Landat : :
Ok 0 Encyclopedia of integrable systems
THEoRETICA, ' version 0043  31.12.2010

Privsics

The Encyclopedia contains
basics of the theory of nonlinear integrable systems;

tests of integrability and lists of integrable systems based on their intrinsic properties;

actual information on particular equations.

The Encyclopedia is a free irregularly renewed edition. We invite specialists to submit articles on
the subject, as well as remarks, corrections and suggestions.

Editorial board:

A.B. Shabat (editor-in-chief)
V.E. Adler (IWTEX)

V.G. Marikhin

A.A. Mikhailov

V. V. Sokolov

© 2007, 2008 by L.D. Landau Institute for Theoretical Physics
The project supported by RFBR grants 06-01-90507, 08-01-00453


http://itp.ac.ru/itp
mailto:shabat@itp.ac.ru

Index <«
Index

Italic marks the terms without separate entries.

Equation labels:

> de a-o

—A—

evolutionary
hyperbolic
dispersionless
quantum

differential (subscripts denote derivatives)

difference (subscripts denote shifts)

integrable
linearizable
not integrable

Ablowitz—Kaup—Newell-Segur system eDD
Ablowitz—Ladik lattice eDA

— — multifield eDA
Ablowitz—Ramani—Sequr conjecture
Adler-Kostant—Symes scheme
Algebraic structures

- B —

Bécklund transformation
Bakirov system eDD
Belousov—Zhabotinsky model D
Belov—Chaltikian lattices eDA

303

10
331
12
16

18
21
22
23

2

Benjamin—-Bona—Mahoney—Peregrine equation DD24

Benjamin—Ono equation eDD
Benney chain dDA

— equation dDD
Bi-Hamiltonian structure
Bogoyavlensky—Narita lattices eDA
Boltzman equation eDD
Born—Infeld equation hDD
Boussinesq equation eDD

— system, twodimensional eDDD
Box-ball system CA
Boyer—Finley equation dDDD
Breather
Bullough—Dodd equation hDD
Burgers equation ¢DD
Burgers—Huxley equation eDD
Burgers—Korteweg—de Vries equation eDD
Burgers-type equations, the classification eDD

—C -

Canonical transformation

Casimir functions

Calogero equation hDD

Calogero—Degasperis equation, elliptic eDD
— — exponential eDD

Calogero—Moser model D

Camassa—Holm equation DD

Canonical density

Cellular automata

Chen—Lee-Liu system eDD

25
26
27
292
28
31
32
33
34
35
36
378
419
37
38
39
40

122
122
46
47
48
49
50
391
o1
52



Index <«

Chiral fields equation hDD

Chiral fields equation, principal hDD
Classical symmetry

Cole-Hopf transformation

Collapse

Compacton

Conservation law

Contact transformations

Contact vector field

- D -

Darboux transformation

— system hDDD

— — discrete hAAA
Darboux—Poisson bracket
Davey—Stewartson system eDDD

— — matrix eDD
Degasperis—Procesi equation DD
Differential and pseudo-differential operators
Differential substitutions
Differentiation
Discrete differential geometry
Discrete equations
Dispersion and dissipation
Dispersive long waves system eDDD
Dispersive water waves system eDD
Dressing chain hDA

— — 2-dimensional DDA

— — matrix hDA

— — — twodimensional DDA

54
55
56
37
o7
370
60
62
421

64
66
67
122
68
69
70
71
80
16
81
83
85
86
87
88
89
90
91

Dym equation eDD
Double cross-ratio equation AAA

_ E _
Eckhaus equation eDD
Elliptic functions
Ermakov system D
Ernst equation hDD
Euler operator
—top D
— — in quadratic potential D
— — discrete A
— — — in quadratic potential A
Euler-Darboux equation gD
FEuler-Lagrange equation
Euler—Poisson equations D
Euler—Chasles correspondence A
Evolutionary derivative
Evolutionary equations
Equivalence problem

_F —
Factorization method
Fermi-Pasta—Ulam-Tsingou lattice eDA
Fischer equation eDD

Fitzhugh—Nagumo equation eDD

Fokas conjecture

Fornberg—Whitham equation DD
Frenkel-Kontorova lattice eDA

Frechet derivative

92
146

93
94
97
98
420
99
100
101
102
103
420
104
364
399
105
109

110
113
115
201
390
116
117
399



Index <«

- QG-
Galilean boost
Garnier system D

— — discrete A
Gato derivative
Gauge transformations
Gerdjikov—Ivanov equation eDD
Group velocity

—H -
Hamiltonian structure

— wector field

Heisenberg equation eDD
Heisenberg lattice eDA
Hénon—Heiles system D
Hirota equation AAA

Hirota operator

Hirota—Miwa equation AAA
Hirota—Ohta system eDDD
Hirota—Satsuma equation eDD
Hodograph transformation
Hunter—Sazxton equation

355
118
119
399
120
121

85

122
421
247
384
142
143
145
146
148
152
355

46

Hyperbolic equations with third order symmetries

153

i
Integrability
— accordingly to Darboux
— accordingly to Laplace

176
264

264, 249

Integrable discretization
Integrable equations, history of
Integrable hierarchy

Integrable mapping

Ishimori equation eDDD

Ito system eDD

_J-
Johnson equation eDDD
Jordan algebra
Jordan pair

— triple system

K-
Kac—van Moerbeke lattice eDA
Kadomtsev—Petviashvili equation eDDD

— — cylindrical eDDD

— — dispersionless dDDD

— — modified eDDD

— — matrix eDDD
Kahan—Hirota—Kimura discretization
Kaup system eDD
Kaup-Broer system eDD
Kaup—Kupershmidt equation eDD

— — twodimensional eDD
Kaup—Newell system eDD
Khokhlov—Zabolotskaya equation dDDD
Kink
Kirchhoff system D

177
178
181
183
184
185

191
186
187
187

436
189
191
199
192
193
194
195
196
197
198
312
199
378
200

Kolmogorov—Petrovsky—Piskunov equation eDD 201



Index <«

Korteweg—de Vries equation eDD

— — cylindrical eDD

— — Jordan eDD

— — matrix eDD

— — modified eDD

— — — Jordan eDD

— — — matrix—1 eDD

— — — matrix-2 eDD

— — potential eDD

— — with Schwarzian eDD

— — spherical eDD

— — super- eDD

— — vectorial eDD

— — classification eDD

— — substitutions eDD

— — b-th order eDD
Krichever—Novikov equation eDD
Kulish—Sklyanin system eDD
Kupershmidt lattice dDA
Kuramoto—Sivashinsky equation eDD

— L -

Lagrange top D
— — discrete A
Lax pair
— — dispersionless
Landau—Lifshitz equation eDD
— — r = fu? (easy axis/easy plane) eDD
— —r=1eDD
— — r = 0, Heisenberg equation eDD

202
205
206
207
208
209
210
211
212
213
214
215
216
217
226
230
234
310
236
237

239
240
241
242
243
245
246
247

Langmuir lattice eDA
Laplace cascade method
Laurent property
Left-symmetric algebra
Leibniz rule

Lenard—Magri scheme
Levi system eDD

Lie algebra

Lie group

Lie—Poisson bracket
Linearization operator
Liouville equation hDD
Liouville type equations hDD
Liouville integrability
Loop algebra

Lorenz system eDD
Lotka—Volterra lattice eDA

- M —

McMillan mapping A
Manakov system eDD
Massive Thirring model hDD
Master-symmetry
Maxwell-Bloch equation DD
Melnikov system eDDD
Minimal surfaces equation hDD
Miura transformation
Mobius invariants
Monge-Ampére equation DD
Multi-field equations

436
249
257
258
71, 16, 421, 122
292
259
261
262
122
399
263
264
265
267
270
436

364
271
273
274
275
276
277
208, 80
278
281
282



Index <«

Multi-Hamiltonian structure

- N —
Neumann system D

— — Adler discretization A

— — Ragnisco discretization A

— — Veselov discretization A
Noether theorem
Nonlinear Klein-Gordon equation hDD
Nonlinear Schrodinger equation eDD

— — — matrix eDD

— — — multidimensional eD"V

— — — Jordan eDD

— — — vectorial eDD

— — — derivative eDD

— — — Jordan derivative eDD

— — — matrix derivative eDD

— — — vectorial derivative eDD

— — type systems, classification eDD
N-wave equation, twodimensional eDDD

~—0-
Orthogonal lattice

_P-
Painlevé property
— test
— equation
—— P D
— — Py D

292

295
297
298
299
300
302
303
305
307
308
310
312
313
314
315
316
327

328

330
331
332
334
335

——P3 D

— —P4D

— —P5D

— —PgD

— discrete equations A
Periodic closure
Phase velocity
Pfaff lattice
Pfaffianization
Planar lattices
Plebanski equations d
Pohlmeyer-Lund-Regge system hDD

— type systems hDD
Point transformations
Poisson bracket

— manifold

-Q-
Q-net

Quad-equations hAA
Quispel-Roberts—Thompson mapping A

R -
Recursion operator

Reduction

Regularized long wave equation hDD
Reyman system, twodimensional eDDD
Relativistic Toda type lattices eDA
Rosenau-Hyman equation eDD
Rosochatius system D

336
337
338
339
340
342

85
149
446
345
349
350
352
355
122
122

345
356
364

365
366

24
367
368
370
371



Index <«

Ruijsenaars—Schneider system D
Rotations coefficients, discrete

- S -
Sawada—Kotera equation eDD
— — twodimensional eDD
Selfsimilar solutions
Separant
Shabat equation D,
Shabat—Yamilov lattice
Sine-Gordon equation hDD
— — double hDD
— — multidimensional hND
Sklyanin lattice DA
Short Pulse equation hDD
Solitary wave
Soliton solutions
Somos sequences A
Squared eigenfunctions constraints
Stereographic projection
Star-triangle mapping AAA
Sturm—Liouville spectral problem
The symmetry approach
Symmetry, higher

_ T _

Thomas equation hDD

Toda lattice eDA
— — two-dimensional eDDA
— — relativistic eDA

373
346

374
375
376

42
377
383
378
381
382
383
386
387
387
388
389
243
146

64
390
398

402
403
404
405

7

Tops. Pairs of commuting Hamiltonians quadratic in

momenta 406

Tzitzeica equation hDD 419

_U-

N VA

Variational derivative 420

Vector field 421

Vector integrable evolutionary equations 422

Veselov—Novikov equation eDDD 434
— — modified eDDD 435

Volterra lattice eDA 436
— — modified eDA 438
— — twodimensional eDDA 439
— type lattices, classification eDA 440

W —

Wadati—-Konno—Ichikawa—Shimizu equation eDD 443

Weierstrass functions 94

Wojciechowski system D 444

Wronskian 446

X —

~Y —

Yang-Baxter mappings 447

Yang-Mills equation HD 453



Index <«

_7

Zakharov system eDD
Zakharov-Shabat system eDD

Zero curvature repesentation
Zhiber—Shabat equation hDD

—w—
3-wave equation eDD
o-model hDD
p*-equation hDD
p9-equation hDD

454
303
455
419

456
350
457
458

List of authors

V.E. Adler 40, 226, 356, 316, 328, 345, 113, 447, 148
A.Ya. Maltsev 122, 265, 292

V.G. Marikhin 406, 103

A.G. Meshkov 217, 153

Yu.N. Ovchinnikov 57

V.V. Postnikov 148

V.V. Sokolov 12, 186, 187, 249, 258, 282, 230, 153
A.B. Shabat 71, 300, 390



Index <« 1. Ablowitz—Ladik lattice eDA 9
1 Ablowitz—Ladik lattice

Up,t = Up41 — 2un A Up—1 = unvn(un—l-l a4 un—l), —Un,t = Un4+1 — 2vn + Up—1 + Unvn(vn+1 4 vn—l)

Alias: Discrete NLS

> Introduced in [1] as the discretization of NLS equation.

> Reduction t — it, v = U duy = ug — 2u+u_1 — |ul?(ug +u_1).

> The lattice represents the linear combination of three commuting flows which are members of one
integrable hierarchy:

Un,zog = Un, Un,zog = —Un, Un,xyy = unil(l + unvn)z Un,ciq = _Un:Fl(l + unvn)-

> Hamiltonian structure:
{un; Un} =1+ UnUn, Hil - Zunilvna HO - Zlog(l + unvn)-

> Zero curvature representation L,, ,, = UT(LI%L“ — LnU,(Lk):

. AL —Un ) _ 0 —AUp—1
L"_<un A )’ U= Ay, UpUn—1 + A2

o < (e A Y g (1 0).

_Un—l/)\ 0 0 -1
> For each n, the variables u,,, v, satisfy the Pohlmeyer-Lund-Regge system
Vg, Uy UV, Vg
References
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2 Ablowitz—Ladik lattice multifield

Upt = Uni1 — 2Up + Up—1 + Up_1VpUp + UpVUplnii,
et non ottt AT T up € Mat(M, N), v, € Mat(N, M) (1)
—Unt = Unt1 — 2vn A Up—il AF Uhp—1 U Wp - VnUnUn+1,

Un,t = Unt+1 — 2un + Up—1 + <un7 Un>(un+1 + un—1>7

Un, vy € RY 2
—Un,t = Un+1 — 2vn + vp—1+ <un;7}n>(vn+1 + Unfl)a ( )

Like in the scalar case, the lattice (1) represents the linear combination of the commuting flows

Un,x = UnpUnUn+1 + Un+1, —Un,x = Un—1UnUn + Un—1 (3)
Un,y = Upn—-1UnUn + Un—1, —VUn,y = UnUnUn41 + Un+1 (4)
Unp,z = Un, —VUn,z = Un,

however, the symmetry x <> y, n — —n disappears. The flows (3), (4) correspond to the matrix generalization
of Pohlmeyer—Lund—Regge system of the form

Upy = wyv(uv + 1) uy +wvu +u, vy = v (uwv + 1) tuvy + v + 0.

In particular, the vector case M = 1 gives rise to the equations

Un,z = (<un; Un> + 1)un+17 —Un,xe = (<unavn> + 1)’Un717
Up,y = <un71avn>un + Up—1, —Un,y = <unvvn+1>vn + Un+1,
_ <uy,v>uw _ (u, Uy>vw

+ (u,v)u + u, + (u, v)v + v.

Yoy = (u,v) +1 Yoy = (u,v) + 1
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3 Adler—Kostant—Symes scheme
Author: V.V. Sokolov, 09.02.2009

1. Factorization method
2. Reductions and nonassociative algebras

1. Factorization method

Adler-Kostant—Symes scheme [1, 2] (also known as factorization method) allows to integrate an ODE
system of the following special form:

U, = [U+, U]7 U(O) = Up. (1)

Here U(t) is a function with the values in a Lie algebra & decomposed into the direct sum of vector subspaces
G, and &_:
=6, D06_, (2)

each subspace being a subalgebra in &. The notation Uy means the projection of U onto &,. We will
assume, for the sake of simplicity that & is embedded into the matrix algebra.
The solution of the Cauchy problem (1) is given by the formula

U(t) = A(t)Up A~ (t) (3)
with the matrix A(¢) is defined as the solution of the factorization problem
AT'B =exp(-Upt), A€G,, BeG_, (4)

where G4 and G_ are Lie groups of the algebras &, and &_. If &_ is ideal then the factorisation problem
is solved explicitly:
A =exp((Uo)+t), B = Aexp(—Upt).

In the case when the groups G4 and G_ are algebraic, the conditions A € G and Aexp(—Upt) € G_ form
a system of algebraic equations which define A(t) uniquely (at ¢ in the nearby of zero). We will demonstrate
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below (see (7)) that in the case when the corresponding Lie groups are not algebraic the factorization problem
can be reduced to a linear differential equation with variable coefficients.

The most known decomposition (2) of the matrix algebra & = Maty is the Gauss decomposition with
the space of upper-triangular matrices as & and the space of lower-triangular matrices with zero diagonal
as &_. The corresponding factorization problem (4) is easily solved by means of linear algebra. A less trivial
is Iwasawa decomposition with the spaces of upper-triangular matrices as & and of skew-symmetric
ones as &_.

A more general factorization problem

AT'B=2t), Z(0)=E, AcG,, BecG_ (5)
is closely related to equations of the form
U= [U, U]+ FU), U0)="Uo (6)

where F': & — & is a mapping invariant with respect to the group G+ (a simplest mapping of such kind is
F(U) = AU, A = const). Namely, let Z satisfies the linear equation

Z = )2, 7(0)=F,
then the formula
U(t) = Ag(t)A™*
solves the equation (6) if
@ =F(q), q(0)="Uo.

Thus, if one is able to solve this Cauchy problem then the factorization method allows to solve the problem
(6) as well.

The factorization problem (5) can be reduced [3] to a linear equation with variable coefficients. Let us
define the linear mapping L(t) : & — & as follows

L(t)(v) = (Z’l(t)vZ(t))Jr.
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Since L(0) is the identity map, hence L(t) is invertible for small ¢. Let A be the solution of Cauchy problem
Ay=—-ALT'(t)((27"Z)4), A(0) =E, (7)

then the pair A, B = AZ(t) is the unique solution of the factorization problem (5).

2. Reductions and nonassociative algebras

It is clear from (3) that if the initial data Uy belong to a vector space M which is & -module then U(t) € M
for all ¢. We call such a specialization of the (1) as M-reduction. The possibility of reductions greatly
extends the frames of the factorization method (see e.g. [4]).

There are deep relations between M-reductions and several classes of nonassociative algebras [5, 4]. Let
R: M — &, denote the projector onto & parallel to &_. It terms of the operator R, the M-reduction is
written as

my = [R(m),m], m e M. (8)

Let us consider the algebraic operation on M defined by formula
mxn = [R(m),n]. (9)
The system (8) takes, in terms of this multiplication, the form
my = m*m. (10)

Let us show that if the multiplication * is left-symmetric then the system (10) is integrable by factorization
method. Let 2 be a left-symmetric algebra. Let & = 2@ 2(. Since the operation [X,Y] =X %Y - Y x X
defines a Lie algebra for any left-symmetric algebra 2(, hence the vector space & becomes the Lie algebra
with respect to the bracket

[(917 ai), (92, az)] = ([91792],91 * A2 — g2 * a1)~

It is clear from this formula that & = {(¢,0)} and &_ = {(¢, —¢)} are subalgebras in &. The equation (1)
for U = (p, q) corresponding to the decomposition & = &, © G_ is of the form

Dt =q*p—p*q, G =p*xq+q*q.
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In order to obtain the 2-top (10) as a M-reduction of this system it is sufficient to set p = 0, that is, to
choose M = {(0,q)}.

It should be noted that the operation (9) is left-symmetric if and only if the operator R : M — &
satisfies the relation (cf [6])

R([R(a),b] + [a, R(b)]) — [R(a), R(b)] € Ann(M)

where a, b are any elements of M and Ann(M) denotes the set of & elements with zero image of M.
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4 Algebraic structures

The set G equipped with the multiplication G x G — G is called group if the following identities are fulfilled:

associativity Y a,b,c a(bc) = a(be),
unit element Je: Va ea=ae=a, (1)
inverse element Va3dat: a(be)=a(bc).

An algebra is a vector space A over a field F, equipped with a multiplication A x A — A which satisfies
the identities

(aa + Bb)c = aac + Bbe,  c(aa+ Bb) = aca + Beb, YV a,bjc€ A, VY a,B € F.

The important classes of algebras are characterized by some additional identities, for example:

commutative algebra ab = ba

anticommutative algebra ab= —ba

associative algebra a(be) = (ab)c

Lie algebra ab = —ba, a(bc)+ b(ca) + c(ab) =0
Jordan algebra ab=ba, (ab)a® = a(ba?)
left-symmetric algebra a(be) — (ab)c = b(ac) — (ba)c

An important example of an algebraic structure with ternary multiplication is given by Jordan pairs.

A linear mapping F': A — A is called a differentiation of an algebra A if it satisfies the Leibniz rule
F(ab) = F(a)b+ aF(b).

The set of all differentiations of the algebra is denoted Der(A). It is a Lie algebra itself with respect to the
commutator [F,G|(a) = F(G(a)) — G(F(a)). Indeed,

[F,G)(ab) = F(G(a)b+ aG(b)) — G(F(a)b+ aF (b))
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= F(G(a))b+ G(a)F(b) + F(a)G(b) + aF(G(b)) — G(F(a))b — F(a)G(b) — G(a)F(b) — aG(F (b))
= [F, G](a)b + a[F, G](b),

and it is easy to check that the Jacobi identity is fulfilled.
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5 Backlund transformation

Bdcklund transformation between equations Fu] = 0, G[4] = 0 is a set of relations A[u, 4] = 0, Blu, 4] =
0 which satisfy the property that elimination of @ yields the given equation for v and vice versa. The most
important is the case when the equations coincide (or differ in the values of parameters). In this case the
term Bdcklund autotransformation is used. Iterations of auto-BT generate the differential-difference
equations, or lattices.

> The simplest example is given by the Cauchy-Riemann equations u, = vy, uy = —v;; here both u and
v satisfy the Laplace equation vz, + uyy, = 0.

> The first nontrivial nonlinear example was introduced by L. Bianchi and A.V. Béacklund in the 1880’s.
Geometrically, it describes a transformation of pseudospherical surfaces. Analytically, it can be brought to
the pair of relations

Uy + Uy = asin(t — u), ﬂyfuy:isin(ﬁJru) (1)
and one can easily check that both u and @ satisfy, in virtue of these relations, the sine-Gordon equation
Ugy = Sin 2u.
Let u = u,, and @ = u,41, then the x-part of this auto-BT gives rise to the lattice
Un+1,5 + Un,g = Gp SIN(Upy1 — Up,)

which is an example of the so-called dressing chains.
> In all known examples, the construction of BT is somehow related with the auxiliary linear problems
associated with the equation under consideration. The most important BT are Darboux transformations
which make use of a particular solution of the linear problems. On the nonlinear level such transformation is
usually given by Riccati-type equations, like in (1). Another type of BT is given by explicit transformations
like the invertible substitution

t=uz/u+v, v=u

which acts on the solutions of the Levi system

Up = Ugy + (u2 +2uv)y, Vf = —Uge + (v2 + 2uv),.
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This substitution generates (again, let u = u,, and 4 = u,41) the Volterra lattice
Un,x = Un(un+l - un—1)~

> The term Bdcklund transformation is also widely used in the theory of Painlevé-type ODE. In this
context it denotes a rational differential substitution between equations with different parameter sets. For
example, the second Painlevé equation

' =2+ zu+a

admits the pair of BT

20 £1
d—ut—"T2 a—4l-gq
20’ £ 2u? £+ 2

which allows to generate solutions for all values of the parameter a + 2n, —a +2n+1, n € Z.
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6 Bakirov system

Up = 5U4+U2, Vg = Vg

The only higher symmetry of this system is
uy = 11lug + Svvg + 411%, Vg = Vg.
Bakirov checked that there are no other symmetries up to order 53. The rigorous proof was obtained in [2].

> See also: Fokas conjecture.
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7 Belousov—Zhabotinsky model

1
uw=av(l —u)+au(l —bu), ©= —Ev(l +u)+cw, w=du—w)
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8 Belov—Chaltikian lattices
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u”('i]v?t :uslj)(u’gtllj _ugll—)l)—i_ugzj-‘rl) _ugjll)a .7 = 17"'7Ma U(M+1) :O

n
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9 Benjamin—Bona—Mahoney—Peregrine equation

Up + Uy — Uggt + ULy = 0

Alias: regularized long wave equation
> As the famous KdV equation, this one describes one-dimensional long waves of small amplitude [1].

> Some (nonintegrable) generalizations in any dimension were studied in [5].
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10 Benjamin—Ono equation

1 o0
uy + H(ugy) — 6uu, =0, H(f) = —vp. ;gjldy
— 00

Operator H is called the Hilbert transform.
The equation describes one-dimensional waves in deep water.
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11 Benney chain

Unt = Upile + NUL_1U0z, N =0,1,2,...

> Dispersionless Lax pair Dy(L) = A,L, — Ay Ly:

2
A=%+Uo7 L=p+up t+uip 2 +usp?+...
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12 Benney equation

27

Yy h
ut—i—uuz—uy/ Uzdy + hy =0, ht—i—DI(/ udy)zO
0 0
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13 Bogoyavlensky—Narita lattices

Un,z;,, = Un Z(unJrs - unfs) (]-)

> Introduced in [1, 2].

> The flow corresponding to x; does not commute with the rest flows of the family, rather it serves as the
simplest member of an integrable hierarchy on its own. The next order flows and associated systems are (n
is omitted):

Uy, = u(ur —u_1) . uty; = Dy, (u1,2, + u1(ur + 2uo))
uy, = u(ug(ug +ur +u) —u_q(u+u_g +u_s)) gty = Dy, (—u0,2, + (201 + uo)uo)

(this is Volterra lattice and Levi system);

Us,t, = Dy, (U35, + us(ug + 2ug + 2uq))
U2 gy + Uz (ug + 2uy + 2ug))

)

(
Ugy = u(UQ +ur —Uu_1 —u_3) . . (
2.ty — T
ug, = u(ug(ug + -+ u) +ug(ug + - +u) N u1,t2 e 2( T SO
7u_1(u+..~+u_3)—u_Q(u+...+u_4)) ;b2 mg( o

U07t2 = Da:g () T (2U2 + 2U1 + Uo)UO)

Us 1y = Dy (Us 5y + us(us + 2ug + 2us + 2usz))

Upy = u(ug + U + U] —U_1] — U_g — U_3) Uaty = Dy (s, + wa(ug + 2ug + 2ug + 2uq))

ugy = u(ug(ug + - +uw) +uz(us +---+u) . U3ty = Dy (Ug,05 + us(us + 2us + 2uy + 2up))
+ur(ug+ - 4u)—u_g(ut---+u_yq) Uty = Dgy(—u2 2y + (2us + 2ug + 2uz + uz)ug)
—u_o(u+-+u_s)—u_g(u+---+u_g)) Uty = Day(—u1 5y + (2ug + 2u3 + 2uz + u1)uq)
U0,t5 = Dy (—U0 25 + (2us + 2uz + 2u1 + up)ug)

and so on.
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> Bogoyavlensky lattices admit a lot of modifications. Some of the difference substitutions for this type of
lattices can be described as follows. Let a lattice be given

Ung = Unf(uy), f=a®TF4. . pal=RTF @)

where f is a Laurent polynomial on the shift operator 7" : w,, — u,4+1. This polynomial can be factored in
many ways into the product of two Laurent polynomials and any such factorization generates the substitution
from (1) to the lattice (2)

— g(logvn)
'Un,m = vnh(eg(logvn)) L} un,m = unf(un)a f = gh

It is easy to see that the lattice for the variables v,, is polynomial if and only if all coefficients of the
polynomial g are nonnegative integers, moreover, the total degree of its r.h.s. is equal to the sum of the
coefficients of g plus 1.

Notice that the polynomial f for the Bogoyavlensky lattice (1) is

T* —1)(TH! — 1)
(T - 1)T*

f:Tk+~~+T7T*17~~—T*’“:(

Ezample 1. Consider the lattice
Unp,z = un(un+2 + Unp+1 — Un—1 — un72)7

corresponding to the polynomial f = T2 +T —T~'—T~2. Several possible choices of g and the corresponding
substitutions are:

g=T+1 Up = VUp41Un Un,z = Un(Unt2VUnt1 — Un—1Un—2);
2 2 .
g=T"+T+1 Up = Up42Un41Un Un,z = U, (Un42Un41 — Un—1Un—_2);

g= T3 -1 Up = 'Un+3/vn Un,x = vn(vn+2/vn—l + vn—i—l/vn—Q)-
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14 Boltzman equation

U = Ul + uf

The equation is not integrable. The first necessary condition (23.2), (23.3) is not fulfilled:

p_1 = w2, Dy(p-1) ¢ Im D,,.
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15 Born—Infeld equation

32

(1-— uf)um + 2ugupugy — (1 + uﬁ)utt =0

> Lagrangian: L = (1 —u? 4 u2)'/2.

> See also: the minimal surfaces equation
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16 Boussinesq equation

Ut = _(U:tm + UQ):tr

> Lax pair [3, 4]:

3 3
’(/J:wa + 51“/)90 + Z(uw + U)¢ = )‘wa ’L/)t = www + Wﬁ = Ut = Vg, —31}75 = Ugzy + 6“”1
> Boussinesq equation can be equivalently written as the NLS type system

Up = Ugy + (U + v)2, —Up = Vg + (u + v)g.
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17 Boussinesq system, twodimensional

34

Up = Ugg + 2Vp, —Vp = Upg — 2Uly + 2u,y

Elimination of v yields the equation
Ut = (Upga + dutly — duy),

which coincides with Kadomtsev—Petviashvili equation up to the scaling and exchange y < t.
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18 Box-ball system

n—1
e
E: 1 if 2t =0 d t_ gty 5
xfl € {0’ 1}; l‘; < 00, J,‘::rl = ! Ln &) k:z—oo(xk Ly )

n=-—00 0 otherwise

Alternatively, this cellular automaton can be described as follows. Let 0 represents an empty box and 1 a
box with a ball. The number of the balls is finite. Enumerate them from left to right and successively move
to the nearest right empty box.

®|® ®
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19 Boyer—Finley equation

Ugy + Uyy = € Upy
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20 Burgers equation

Up = Upy + 2Uly

> This equation is probably the simplest nonlinear model with applications in hydrodynamics, gas dynamics
and acoustic.

> The potential Burgers hierarchy (u = v1) can be defined explicitly by formula
v, = (Dy +v1)"(1) = Yy (v1,...,0,), v = D¥(v)

where Y,, are Bell polynomials. The following formula for their generating function is easily proven by
differentiation with respect to z and x:

S i — S ﬁ _ v(z+z)—v(x)
1—|—z:1Ynn!—eXp(Zvnn!>—e .
n= n=1
> The Cole—Hopf transformation [2, 3]
v=logd = u=¢,/d

linearizes the whole hierarchy:

g )y S
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21 Burgers—Huxley equation

Ut = Uz + Uy +u(u — 1)(u —a)

Not integrable.

> See also: Fischer, Kolmogorov—Petrovsky-Piskunov equations.
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22 Burgers—Korteweg—de Vries equation

Up = AQUggz + bUzy + U,

This equation serves as the simplest model for one-dimensional nonlinear waves in the media with dispersion
and dissipation. It has some applications in plasma physics for the description of collisionless shock waves.
In contrast to both Burgers equation (a = 0) and KdV equation (b = 0) this one is not integrable.
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23 Burgers-type equations, the classification
Author: V.E. Adler, 29.03.2007

1. The necessary integrability conditions
2. The analysis of the first necessary condition
3. The conclusion of the proof

Burgers type equations are integrable evolutionary equations of the second order
up = Fug,uy,u,z), up, =D} (u). (1)

Here we present their exhaustive classification obtained by Svinolupov. The proof of the following theorem
can be converted into a test of integrability applicable to a given equation of the form (1). Moreover, if the
equation turns out to be integrable then the change of variables can be found constructively which relates
it to one of the equations from the list.

Theorem 1 (Svinolupov [1]). If equation (1) possesses a higher symmetry of order > 3 then it possesses an
infinite algebra of higher symmetries and is contact equivalent to one of the following equations, linearizable
via differential substitutions (f denotes an arbitrary function):

uy = ug + f(z)u, (B1)
up = Dy(uy +u® + f(x)), (B2)
u = D, (% - 23;) , (Bs)
uy = Dy (% +ejzu + sgu) ) (B4)

1. The necessary integrability conditions

Accordingly to the general theory (see formal symmetry test), the necessary integrability conditions are of
the form of the conservation laws

Dy(o) = Dilpr), k=-1,0,1,... 2)
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where the densities p are algorithmically expressed through the right hand side of the equation and the
previously defined ;. For the equations (1) we will need only first three conditions.

Lemma 2. If the equation (1) possesses a higher symmetry of order > 3 then the equations (2) atk = —1,0,1

are fulfilled with

E M2 py=F,F,' —o_1F.
1 1 _

1= g(4Fu + 200 + 02 F? — 5 (2F, — Da(F,))?F2.

p-1=

(3)

U2

2. The analysis of the first necessary condition

In the case of equations (1), the analysis of the integrability conditions is simplified due to the following
lemma.

Lemma 3. The order of a conservation law of the equation (1) is equal to 0 or 2.

Proof. The conservation law satisfies the equation

0+ ED(2) =0

ou
where 5
£ = pu — Du(pu,) + Di(puz) = (D)™ (Pu) = (T, Uy U Uy -
Collecting the terms with wug, 12 yields
aD2"(F) + D2(aFyyuzm) + -+ = 0 (4)
and if 2m > 2 then 2aF,,u2m+2 = 0, hence a = 0. |

Moreover, the order of the conservation law determines the dependence of F' on us. Indeed, if the equation
possesses a conservation law of order 2, then, accordingly to (4),

2F,, + uFupu, =0 & F=(fus+g) ' +h (5)
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where f,g,h depend on x,u,u;. If the order of a conservation law is 0 then equation is quasilinear: let
p = p(x,u), pu # 0, then

Di(p)=p,F €elmD, = F=f(x,u,ui)us~+ gz, u,u). (6)

The equation with another dependence of the right hand side on us cannot possess the nontrivial conservation
law at all.

Now let us consider the first integrability condition Dt(Fuz,l/ 2) € Im D,. The quantity FJQI/ % is called

the separant of the equation. Accordingly to the Lemma 3 it must be linear in uy. Three cases are possible:

1) FUZI/Q :D-T(a(xvuaul))a

2)  F.'?=Dila(e,uwm) + Blz,u), B0,
3) E;l/Q = Dl(a(xvuaul)) + 6(1:7“7“1)7 6u1u1 7é 0.

In the case 1) the conservation law is trivial, and in the cases 2), 3) its order is equal, respectively, to 0 and
2. The functions o and 5 are not independent. Since f is the density of the conservation law, hence

Dy(B(z,u,u1)) ~ (Bu = D (B ))F €Im Dy = 95, ((Bu — Du(Buy))F) = 0.
The last equation is equivalent to
ﬁulul (al’ + auur + ﬁ) = Quqy (ﬁuwﬂ - ﬂu + Bu1uu1)- (7)

In particular, the function « does not depend on w; in the case 2), while a,,, # 0 in the case 3). This is also
clear from the formulae (6), (5).

Lemma 4. The equation (1) satisfies the condition Dt(FJQl/z) € Im D, if and only if it is contact equivalent
to one of the quasi-linear equations

w =z + flu, ), ®)
ue = Do (5 + flaw). )
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Proof. Accordingly to the formula (36.2), the contact transformation

t=t, @=op(@uu), @=1v(,uu), (10)

(P2 + Puur)Pu, = (Yo + Yuu1)Pu, (11)

acts on the separant as follows:
12 — D.(p) 1]—21/2'

u2
In the case 1), the separant can be set to 1. To do this, it is sufficient to define ¢ = & and to find ¢ from
the equation (11). After this we come, omitting tilde, to an equation of the form ().

In the cases 2), 3) the separant can be taken as . Since the integrability conditions are invariant with
respect to the contact transformations, hence the right hand side of the transformed equation is the total
derivative on x and the formula (9) takes place.

The desired transform is the point one in the case 2): it is sufficient to choose the functions ¢(z,u),
¥(x,u) such that

Dw(a(x7u)) + 6($>u) = ¢(‘T>u)Dx((p(mvu)) & o+ B =Yg, ay=1Ypy.

In other words ¢ should be any non-constant solution of the equation (a, + 8)pu = @y @s, and 1 is defined
as ¥ = (az + B)/ps = au/@u. The Jacobian of the transform is equal to 5, # 0.
Analogously in the case 3), the desired contact transform is defined by equations (11) and

Ay + aur + 8 =19P(pg + putn), 0y =VPy,. (12)

At the first glance, this system for ¢ and 1 is overdetermined. However, it turns out to be consistent in
virtue of the constraint (7). To demonstrate this, differentiate the first equation (12) with respect to u; and,
using the second equation and (11), bring the equations (12) to the form

Yo = g + B —u1fus You =y + Buy, Vou, =y, =

_ am+ﬁ_u16u1 _ au+5u1 _ Qg
o= ———————————Puy, Pu=———Puy, Y= .
Qg Qg Puq
The equation (11) is fulfilled in virtue of this system, and the cross-differentiation yields exactly the equation
(7). The corresponding contact transformation is nondegenerate: w = ¥y, — Yy, u/Pu; = —Buruy [/ Puy F

0. |
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3. The conclusion of the proof

The Lemma 4 resolves effectively the first integrability condition and reduces the general problem to the
quasilinear one. The further analysis is relatively easy. We perform it separately for the cases (8) and (9).

Proof of Theorem 1. 1) Consider equations of the form (8) first. The canonical densities take the form

1

1
po = fuy, P17~ ifu + ZUO'

Since the quasilinear equation can possess only zero order conservation laws, hence the density py must be
linear in uq, so that the equation is of the form

uy = ug + a(x, u)ud + bz, u)uy + c(x, u).

This subclass is invariant with respect to the changes & = x, @ = 9¥(z, u), and the coefficient a is transformed
accordingly to the formula v2a(x, ) = ¥,a(z,u) — 1y, Therefore, the equation can be brought to the form

up = ug + bz, w)us + c(x, u).

Consider the condition D, (b) € Im D,

Dy(b) = by (uz + buy +¢) = D,y (buul + %bQ) — w1 Dy (by) — bby + byc € Im D,
It is easy to see that it is equivalent to
b=p(x)u+q(@), wp” - (pu+tq)(p'u+q)+pce€lmD,.
Notice, that we may still use the changes
u=p(r)utvie) = p=up, ¢=24/p+vp+q

Therefore, the function p can be made constant, and ¢ can be set to zero. After this, if p # 0, then ¢ = ¢(z)
and we obtain the equation (Bg). If p = 0 then the function c¢ is determined by the third integrability
condition. In this case f, = ¢, must be the density of the conservation law, that is

Di(cy) = cyu(ug +¢) €ImD & Dg(cuu) + Cyuu(Uz + ¢) + CuuCy =0 & ¢y =0.
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The change % = u + v(z) brings to the equation (B1).
2) Now, consider the equations of the form (9). In this case the second integrability condition takes the
form

Dy(u*f, —uf) € Im D,. (13)

We have, for the density of the form p = p(x, u),
Di(p) = puDp(u™2uy + f) ~ —Do(pu)(u™?uy + f) €EImD, =  puu =0,
and therefore
f=p@)u+q(x)+r(z)/u

The transform

i=¢(), @=u/¢(z)
does not change the form of the equation and maps the coefficient f into f = f + ¢”/(¢'u). Use of this

transform allows to set » = 0, without loss of generality. To do this, it is sufficient to define  as a nonconstant

solution of the equation ¢ = —r¢’. Then the condition (13) is reduced to the following one:
", —1

—Dy(qu) ~ ¢’ (v ?uy +pu) ~¢"u ' +¢pucImD, = ¢ =q¢p=0.

If ¢’ # 0 then p = 0 and the scaling & = kz, @ = u/k brings to the equation (Bj3).
If ¢ = 0 then p should be specified by use of the third integrability condition. In this subcase it takes
the form 4p; = 18u=3u? — Qu=2uy — 3p'u — puy ~ —2p’u. Therefore,
—Dy(p'u) ~ p" (v *uy +pu) ~p"u +p'pucImD, = p’=0,

and this corresponds to equation (By). |
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24 Calogero equation

Ugt = Ulgy + P(Uy)

Liouville type equation.

> Particular case: Hunter—Saxton equation [3, 4]

2
Ugt = Ulgy + EUL,
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25 Calogero—Degasperis equation, elliptic
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Uy = Uz —

9
Suius

2(u? + 1)

3

2

p(u)uy (u? +1) — 2au,

P> =40 + g1p+ 92
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26 Calogero—Degasperis equation, exponential

1 3
Uy = uz — iui’ - 5(62“ +ae”? 4+ b)uy




Index <« 27. Calogero—Moser model D 49
27 Calogero—Moser model

gr—? rational case
Gp = — Z fax—qj), 4, k=1,...,n, f(z) = ¢ sinh 2z hyperbolic case
FAE p(x) elliptic case
> Lax pair L = [L, A] for the rational case [2]:
(=9)'"? : ~1/2 ! 1
Lij = pidij + 1—=4i5),  pi =i —g) "2 Ay = 6y 5 — (1 =30y
J J 4 — q; ( J) ( ) J J ot (Qi _ Qk)2 ( J) (Qi . qj)g

See also: Ruijsenaars—Schneider model
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28 Camassa—Holm equation

Up — Ugpt + 2KUyp = Ulgpy + 2Uplpy — UL

> Zero curvature representation:

1

Yoo = (Mo — e - R) 4 ), = 0t (5 — )i
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29 Cellular automata

In the wide sense, a cellular automaton is a dynamical system with time and spatial independent variables
taking integer values and dependent variables taking values in some finite set. In the narrow sense, it is
required that the dynamics is described locally. This means that the rules of transition ¢ — ¢ + 1 must be
determined by the values of dependent variables in some neighborhood of any node of the spatial lattice.

> Example: box-ball system.



Index <« 30. Chen—Lee—Liu system eDD
30 Chen—Lee—Liu system

52

Up = Ugy + 200Uy, Vp = —Vzy + 2000,

Alias: DNLS-II

> Bécklund transformation:
Unp,x = (unvn+1 + /Bn)(un+1 - Un), Un,x = (un—lvn + ﬂn—l)(vn - Un—l)

> Nonlinear superposition principle:

Unp—1 — Un
)
6n + Unp—-1Un+1

UnJrl — Unp
6n—1 + Un—1Un+1

7-’4n = Up + (5n+1 - Bn) @n =Un — (5n+1 - 5n)

> Zero curvature representation:

(T Au _ 1 (ugv — uvy) Ay 2
U= ()\v r)’ V—2rU+( v, %(uvx—uwv) , 2r=uv— A\
_1 + B8, — A A
Ln - nUn + DOn é UnUn+1 " n)
(U Unt1 ﬂ ) ( )\anrl Bn

> A multifield generalization [2, 3]: let u, v belong to an associative algebra, then the system
Up = Ugy + 2UzpVU, Vp = —Ugy + 20UV,
possesses the third order symmetry
Uty

In the case u € Matys n, v € Maty ar the M x M matrices

U= -2u,v, W =20, — 2Ugpev — du,vuv

= Ugga + SUzaVU + 3Ug VU, + FULVUVY,  Vpy = Ugge — SVUVzg — 3Ug UV, + SVUVUY,,.
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satisfy the matrix KP equation
AUy, = Upgy — 3(U,U +UU, — Wy + (W, U]), W, =U;

while the N x N matrices

F =vu, P:vumfvmquF2

satisfy the matrix mKP equation

AF,, = Fyop + 3([Fyu, F] — 2FF,F + P, + [P,F?| + F,P + PF,), F,=P,+ [P, F).
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31 Chiral fields equation

Uy = [u, Jv], vy =[v,Ju], wveE R%, |ul=|v|]=1, J=diag(a,b,c).

The linear in A Lax pair found in [1] (up to the change to light-cone variables; u = (u1,us,us), v =
(7}1,1}2,'{)3))2
0 (251 Uz U3 0 v Uy —U3
U— —U7 0 us —Uu2 j, V= —V1 0 V3 (%) j

—Ug2 —Usg 0 Ul —vVgo —Us 0 —U1
—Uus U —U1 0 V3 —V2 U1 0

~ 1
J:)\I—Ediag(c—a—b7b—a—c,a—b—c,a+b—|—c).

Bécklund transformation and discretization were found in [2].
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32 Chiral fields equation, principal
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Dty = uxufluy + uyuflux, u € G

where G is a Lie group. The equation can be equivalently rewritten as
(uflum)y + (ufluy)m =0.
> Zero curvature representation Uy — V, = [V, U]:

uxu_l uyu_l

1—X7 1+A

U =
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33 Classical symmetry

A classical symmetry is a local one-parametric group of point or contact transformations which preserve
the equation under scrutiny. This notion is wide applicable to all sorts of partial and ordinary differen-
tial/difference equations.

The theory of classical symmetries was developed by Lie. The modern treatment of the classical and the
generalized evolutionary symmetries can be found in the references below.
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34 Collapse
Author: Yu.N. Ovchinnikov, 10.09.2007

The scenarios of collapse in the Cauchy problem for Nonlinear Schrédinger equation

d
iug = Au+ |ulfu = a/\updxzo, x €R"”

were studied in [1, 2, 3, 4, 5, 6, 8, 9, 10, 11, 12, 13]. The use of Sobolev embedding theorems allows to prove
at n = 2,3 the existence of the local solutions of this problem in the following cases:

n=2 1<p or n=3, 1<p<4 = uecC(0,t))NWin{ulrue Ly}.

Let us use the energy conservation law
2
E@t)= [ |us de—i/up'ﬂdw:E = const, 1
0 = [ e = =5 [1u : )
B(t) < AEgt? + 4ut + ¢(0), ¢ := /7’2|u|2d:c.

The second term in (1) can be estimated as follows, for u € W, *(R™), n > 2 and 0 < a < 1:

e 11
lully < Bllual|*|lul"=*, = =5 -

5~ andlulls < Bllusl [l n=2 (2)

32

and this allows to prove the global solvability of the Cauchy problem at p < pg, pg = %. Indeed, due to (2)
/|u\qdf€ = |lull§ < Bllua||**||uf|"™** and gqa=1 = p=g—-2=—.

At p = po the problem on the collapse admits an explicit solution [14]

2
u(t.a) = (to = )o@ exp (i), €= e w(©) >0
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n—1 . 2 4
Vee + ve + v =0, 1nf{||w|\p:|\Vw||2f;|\w|\”§0}, oc=p+2, p=-

s scenario is not unique (see multi-particle solutions in [15, 16, 17]).
At p # po the problem on the collapse does not admit selfsimilar solutions which vanish at infinity.

Similarity Ansatz yields

uf* = (to — 1) "/2E T A(€), €=

A2 4 2 p/2 A A2 4
—&+A£<n+3+£+ ( ) +c —1—56—4-52— €=——n.

A =
S8 24, 2¢2 4 gn—1
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35 Conservation law

Conservation law is an equality of the form div F' = 0 which turns into identity on any solution of a given
PDE. Conservation law is called trivial

1) either if F itself vanishes on the solutions

2) or if div F' vanishes identically (independently on the equation).
Clearly, all conservation laws form a linear space and it is only the factor-space what makes sense, modulo
trivial conservation laws. The order of the conservation law is defined as the minimal order with respect to
derivatives in the class of equivalence.

> Example: consider equation of the form u,: = f/(u). It admits the conservation laws
Dy(uzy — f'(w)® +uz) = Dy(w),  Di(uz) = Du(2f (u)).

The first equality is a combination of two types of trivial conservation laws; the second one is nontrivial
conservation law of first order.

> In the case of evolutionary PDE the time-component is often written separately, so that conservation
laws take the form D,(p) = div,(o), where function p is called density and vector o is called flux of the
conservation law. Integration over some spatial domain yields, under suitable boundary condition, the
integral constant of motion fQ pdx = const.

The notion of the order can be formalized by use of variational derivative. In the simplest case of
scalar evolutionary equations with one spatial variable, the order of a conservation law with the density
p=p(x,u,..., uy,) is equal to one half of the order of the expression

(5;75 = Pu — D(pul) + DQ(pufz) -t (7D)m(p“m)'

This does not depend on the addition of type 2) trivial conservation laws, and type 1) is excluded by
requirement that p does not depend on t-derivatives.
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36 Contact transformations

In the case of one dependent variable (m = 1) the point transformations can be generalized as follows. Let
p = (p1,---,Pn), pi = Ou/0x;. The contact transformation is a nondegenerate transformation of the
form

X; = X;(z,u,p), U=U(z,u,p), P;= Pz, u,p) (1)

where functions X;, U, P; are related in such a way that the total differential is preserved:

dU = PdX; = c(du— Y pidz;), c=c(z,u,p) #0.
More explicitly, this condition is equivalent to the following set of equations:
{X“X]}:O, {PZ7P]}:O7 {P’HX]}:(SUC’ {X“U}:O, {PZ7U}:CR7

where
n

{f,9} = Z(fpi(gwi + Pigu) = 9p, (fz; + Pifu))-
i=1
Note the relation
[vaXg] = X1}

which is valid for the contact vector fields

Xy = prl o — Z foi +Pifu)Op, + (szfpl ) -

> Example. Point and contact transformations of the evolutionary equations. As an illustrative
example, consider in more details the case of evolutionary 1 4+ 1-dimensional equations

uy = F(t,x,u,ug, .. uy),  up = D’;(u)

It is easy to show that the subgroup of the contact transformations preserving the evolutionary form is given
by the formulae
T=T(t), X=X(tzuu), U=Ulzuu)
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where the functions 7', X, U satisfy the conditions

U
T’ # 0, DJ(X) #0, w=U, — XUI Xu#0, Xy (Ux =+ Uuul) =Uu, (XL + qul)'
uy
The prolongation of this transformation on the z-derivatives is given by the formula
U, + Uyuy U, & 1
=———— = = t =D Dx = ——D,
Ul X_L +qu1 Xul y Uk Uk( , T, U, ,Uk) X(U)7 X DI(X)
and the equation Ur = F(T,X,U,...,U,) transforms into
e = f(t,z,u, ..., up) =w (T'F - Uy + U1 X;).
The following formula is valid for the transformations of this type at k > 1:
w
wL = T - 2
Ve = 0, () .

In particular, at n > 2
fun = TI(Dx(X))_nFU,L

The formula (2) it is valid also at k = 1 for the subgroup of the point transformations
T=Tk), X=X({tuzu), U=Uuzmu),
and it is valid also at k =0 (w = U,,) for the transformations of the form

T=Tk), X=X(tz), U=U(tuzmu).
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37 Darboux transformation

Let us consider the Sturm—Liouville spectral problem

Statement 1 (Darbouz transformation [1]). Equation (1) is form invariant under the transformation
O =1y — f1), G=u—2f, f:i=® /@ (2)

where ¥\®) is a particular solution of (1) at A = a.
The function f satisfies the Riccati equations
fot fP=u—a, —fo+fP=i-a

The iteration of Darboux transformation brings to the sequence of operators L,, = —D? +u,,, A,, = —D,+ fn
related by equations

Ln = AIA,,L + oy, — Ln+1 = AnA:LL + Bn = A;t—i—lA""rl =+ Qpt1-
This sequence is governed by the dressing chain
fn,x + fn+1,z = fﬁ - 2+1 + ap — Qpgq.

Any solution of this differential-difference equation generates a family of the operators L,, with -functions
calculated for all A = B explicitly:

WV = exp( / Fede), G = Afnsin, 0 <kl 3)

This feature explains the role of Darboux transformation in quantum mechanics, see factorization method.

Darboux transformation admits straightforward generalizations for linear problems of any order and in
any dimension. We mention here few most typical examples. In particular, the above transform can be
easily obtained by separation of variables from the following one.
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Statement 2. The 2-dimensional Schridinger equation
oy = thaw — u(z, Y)Y (4)

is form invariant under the transformation

V=t fu, d=u-2fs, fi=¢a/0 (5)
where ¢ is any particular solution of (4).
Proof. Denote g = ¢, /¢ then g, = f,, 0g = fo + f> —u and

L=0Dy,—D;+u=0(Dy—g) = (Ds+ f)(Ds = ), [Dy—9,Ds— f].
Therefore 1 satisfies the equation L) = 0, where L = 0Dy —9g)— (Dy— f)(Dx+ f) =L —2f,. |
Tterations of the transform (5) are governed by the 2D dressing chain

fn,m + fn+1,r = f72L - 72L+1 - U(gn - gn—&-l), In,x = fn,y~
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u?;:uikukj, i1#j#kFi

Alias: Darboux—Zakharov—Manakov system

> The system is the consistency condition of the linear equations
L= Uy i

The flows D, , D, commute: u2 =uy

Tk, Tm Tm Tk "
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39 Darboux system discrete
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wl? = (W 4wk (1 — u*uR) 7 4 e Mat(N, N),

iAj AR

Alias: discrete Darboux—Zakharov—Manakov system

> The system is the consistency condition of the linear equations

by =9 =Y, i

It satisfies the 4D-consistency property uzjm = uinj k
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40 Davey—Stewartson system

Ut, = Ugg =F 2pwu, —Ut, = Vg + 2sz7 Dy = uv

Us_ = Uyy + 2qU, —Vp_ = Vyy + 2qyU, ¢z = UV

> Derived in [1] by multiscale analysis of modulated nonlinear surface gravity waves propagating over a
horizontal sea bed. DS system is a two-dimensional analog of nonlinear Schrédinger equation.

> The flows ;. , 9;_ commute. Any linear combination ad;, + 30;_ is called DS system as well.
> The auxiliary linear problems [2, 3]:

{ ¢y = u¢ { wt+ = Yya + 2px0 { = U¢y - uy¢
Oy = —VY ¢t+ = V% — vy _¢t+ = ¢yy + 2qy¢
> Gauge equivalent systems are the Ishimori equation and the 2D Reyman system.
> Third order symmetry:

Upy = Ugpgn + Uz D (uv), + SUDy_l(uwv) ,

y
Vio = Uppa + ?wg,ngl(uv)z + 30D;1(uvm)m.

3 Y

(1)

It admits reductions v = 1 to the Veselov—Novikov equation and u = v to the modified Veselov—Novikov
equation.

References

[1] A. Davey, K. Stewartson. On three dimensional packets of surface waves. Proc. R. Soc. A 388 (1974) 101-110.
[2] M. Boiti, J.J.-P. Leon, L. Martina, F. Pempinelli. Scattering of localized solitons in the plane. Phys. Lett. A
132:8-9 (1988) 432-439.

[3] M. Boiti, L. Martina, F. Pempinelli. Multidimensional localized solitons. Chaos, Solitons and Fractals 5:12
(1995) 2377-2417.



http://dx.doi.org/10.1098/rspa.1974.0076
http://dx.doi.org/10.1016/0375-9601(88)90508-7
http://dx.doi.org/10.1016/0960-0779(94)E0106-Y

Index < 41. Davey—Stewartson system matrix eDD 69

41 Davey—Stewartson system matrix

Up = Upg + 20U, —Up = VUgy + 20w, wy = (U0)g, u,vT € Mat(m,n), w € Mat(m,m)

> This and some other analogous examples were introduced in [1].
> The linear problem (¢ € R™, ¢ € R™):

Yy =up,  ¢p= vV, Py =Vge + 20, G = V2P — VY.
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42 Degasperis—Procesi equation

Up — Ugppt = UWlggy + SUgUgy — dUty (1)

It was shown in [2] that equation
Up — Uggpt = UWlger + OUpUze — (b + l)uu:c

is integrable only at b = 2 (Camassa—Holm equation) or b = 3 (1). Although these equations look very similar,
the corresponding linear problems are quite different: Camassa—Holm equation is related to the Schrédinger
spectral problem which is of the 2nd order, while (1) corresponds to the 3rd order Kaup—Kupershmidt
spectral problem

2
Uxxx +4Vix + (2Vx =N =0, Mpr = —p*¥xx +ppx¥x + (ppxx — px + g)w

The compatibility condition is
(p "1+ (p(logp)xr +p*)x =0, 2ppxx —px +4Vp*+1=0
which is equivalent to (1) via the point transformation

PP =Upy —u, dX =pdzr—pudt, dT = dt.
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43 Differential and pseudo-differential operators

Author: A.B. Shabat, 28.04.2007

1. The problem on commuting differential operators
2. The field of pseudo-differential operators

3. Burchnall-Chaundy theorem

4. Residues

The role of the differential operators is explained by the fact that the construction problems of finite-gap
potentials and higher symmetries of integrable equations are formulated on this language. In both cases,
the introducing of pseudo-differential operators is useful. In particular, this is important in the theories of
recursion operators and formal symmetry.

1. The problem on commuting differential operators

Multiplication in the ring R of the differential operators (DO)

n
d
A= Zan_ka =ayD"+ D"t +ayD" 2 +..-4a, D= e
k=0

with smooth coefficients ay, = ax(x) is defined by the Leibniz rule

-1
D™a =aD™ + ma, D™ + %azsz_Q +....
IfA=ayD™+... and B =byD™ + ... then
[A,B] :== AB — BA = (nagbo.o — mboao,gC)D”"'m_l + ... (1)

so that, generally, the order of commutator is n+m — 1. Therefore, the commutativity condition [A, B] =0
is equivalent to a system of n+m equations for n4+m + 2 coefficients of A and B. The numbers of equations
and unknowns become balanced if we introduce two basic transformations as follows

D=aD, A= jfAf. (2)
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The first transformation corresponds to the change of the independent variable x — 2 and the second
one is the conjugation with the zero order operator of multiplication by a smooth function f = f(x).
Both transformations preserve the property of commutativity. For example, in the case of the conjugation
AB = AB and thus

[A,B]=0 <« [AB]=0.
The change of independent variable with a = a(l)/
aop = 1.

" replaces A by the operator A with the leading coefficient

Definition 1. Centralizer C(A) of a DO A is the subring of DOs commuting with A:
C(A)={BeR: [A B]=0}.

Centralizer is called trivial if it consists of polynomials with constant coefficients in some minimal order
differential operator C, that is

A:a00"+o¢10"71+~-+an, B:ﬁoCm+ﬁlCm*1++Bm, (07 :COnSt7 IBZ‘:COHSt.

It is easy to prove that the centralizer of a first order DO is always trivial. Indeed, if A = agD + a; then
transformations (2) allow to reduce it to A = D. Since

[D,boD™ + b1 D™ + - 4 by, = D(bg) D™ + D(b)) D™ +--- 4+ D(b,,),

hence all b; are constant. Thus, in nontrivial cases the order n of the operator A must be at least 2. In the
example below n = 2 and order of B is chosen minimal as well.

Ezample 2. Let A= D?+a and B = D®+bD + c. Then the equation [A, B] = 0 is equivalent to the system
2b, = 30y, bz + 2 = 3042, Qzzz + bag — Cpp = 0.
The elimination of b and ¢ yields the equation (¢ is an integration constant)

Qzzq + 600, = cay, (3)
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Any solution of this equation gives rise to a commuting pair of DOs. Moreover, it is easy to check that if
u # const then no first order operator C exists such that A = agC? 4+ a;C + a9, so that this pair is not
trivial. Particularly, the choice u = 222 yields the pair

A=D?*—-2x72 B=D>-32°D+3273 [A B =0 A®=DB

2. The field of pseudo-differential operators

In order to understand the structure of nontrivial centralizers we need to extend the ring R introducing the
pseudo-differential operators (PDO) as the formal series

A = (lQDn =+ aanfl —+ (LQ.Dn72 + ... (4)

The product in the extended ring R is defined by the Leibniz rule generalized for any integer power of D:

aD ' —a, D% +a,, D 3— ... n=-—1

D"a = Z (Z) Dk(a)Dn_k =< aD?—2a,D2 +3a,, D — ... n=-—2
k=0 aD™® —3a,D"* +6a,, D" —... n=-3

where () =n(n—1)---(n—k+ 1)/k!. In particular, for the first order PDO with unit leading coefficient

B=D+b +byD"' +b3D"2+ ... we find
B" = D" + bl,nDn_l + bg,nDn_2 + bg,nDn_B +..., bl,n — ?’lbl,

n n n . (5)
b, = nba + (2> (b +b3), bz, =nbs+ <2> (ba,z + 2b1b2) + (3) (b1 e + 3b1by . +03), ...

Therefore the expressions for the coefficients b;,, 7 = 1,2,... contain only first j coeflicients of the given
series B. This triangular structure of the equations allows to introduce additional algebraic operations in R.
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Lemma 3. Let A be a formal series (4) of order n with ag = 1. Then:

the unique formal series L = A~' exists such that AL = LA =1;

if n # 0 then the unique formal series B = AY™ exists such that ord B = 1, the leading coefficient is 1
and B™ = A.

Proof. The proof is analogous in both cases and we consider only the second one. Starting with formulas
(5) we have
ijL = nbj + f[bl, bay. .., bj_l]

where f is a differential polynomial in its arguments. The system for the coefficients by
ay :nbl, ag :bg’n, as :bgyn,...
is triangular and is solved uniquely. |

Two series defined in Lemma are called inverse and n-th root correspondingly. The condition ag = 1
is a technical one and the transformation D — aD (see (2)) with a = aé/ " leads to a series A with unitary
leading coefficient.

We would like to stress again that due to triangular structure of equations the first j coefficients of
the original series A define first j coefficients of series A~! and A'/™. This recursive property of algebraic
operations in the field R of power series (4) appears to be very important.

3. Burchnal-Chaundy theorem

Now we can return to the commutativity problem. Consider the centralizer in the ring R:
C(A)={BeR: [A B]=0}.

The following statement shows that, in contrast to the case of DOs, this centralizer is always trivial.

Theorem 4 (Burchnal, Chaundy [1]). Let A € R, ord A =n # 0. Then the PDO B € R commutes with A
if an only if it can be represented as the formal series

B = BoAT + B1AT ..., B =const, Al =A. (6)
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Proof. Obviously, any power of A; commute with A and belongs to C (A). In order to prove the opposite
statement denote By = [B, A1]. Then

BA—AB = BA} — AYB =B A? ' + A\BIAT 2+ £ AVTIB, = C(A)) =C(A), (7)

since all n terms in the sum (7) have the same leading coefficient.
The leading coefficient by of the PDO B € C(A;) of order m # 0 must be proportional to ag’, due to the
formulae (1) which remains valid in R. Therefore, we find that

BeC(A4) = by=pHal® = B=B-pFA"cC(A)).

In order to finish the proof of we use the induction with respect to the order m < m of the series B =
B — By AT, Tt remains to notice that in the case of order m = 0 with B = by +b; D~ the formula (1) implies
that agbg,, = 0. Thus in this case the series B = B — by has negative order and the inductive process meets
no obstacles. |

It follows from the above theorem that any centralizer C(A) is abelian, that is
Bi,By€C(A) = [Bi,By]=0.

In the case of a differential operator A the centralizer C(A) C C(A) and thus, we obtain a classical result as
follows.

Corollary 5. Any two differential operators commuting with a third one commute with each other.

In other words, the binary relation [A, B] = 0 is an equivalence and one can replace the operator A in
C(A) by any nontrivial (of non zero order) element of the centralizer. The minimal order n > 0 of nontrivial
elements of C(A) gives some indication on what is the structure of the centralizer. For n = 1 the centralizer is
always trivial, but in the case n = 2 there are nontrivial ones with odd order differential operators B € C(A)
(see Example 2). Moreover, although an element B € C(A) generally cannot be represented as polynomial
in A yet there exist an algebraic relation between A and B in virtue of Theorem 4.
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Ezample 6. Let us consider tersely the structure of C(A) in the case of second order differential operator A. If
the centralizer is nontrivial then it contains a differential operator By of a minimal odd order 2n+1 > 3. Any
element in C(A) can be represented as P(A)B+ Q(A) where P, Q are polynomials with constant coefficients.
In particular, B} = P(A)B;+Q(A) and replacing B; = B+ 3P(A) we come to algebraic relation B = Q(A).
It is easy to see that the operator B is also of the minimal order 2n + 1, and this is also the degree of the
polynomial Q. The relation B2 = Q(A) completely defines the multiplication in the commutative ring C(A)
with the generators A and B.

4. Residues

Due to Theorem 4 the structure of centralizer C(A) is related with the properties of the formal series
Al =agD+a; +aaD ' +azD 2 +..., Al =AcR. (8)

For any PDO

B=0byD" +bD" '+ by + by D ER
we define the differential part and residue
By i=byD" + b D" 44+ b, €R,  res(B):=bpy1. (9)
Particularly, for the formal series (8) we denote
pj:resA{, j=-1,1,2,..., po=ai/aop. (10)
Inverse above formulae one finds (see (5)) that

P1P-1
ao=1/p_1, a1 =po/p-1, az=p1, 2a3=p3p_1—2p1po— (p)a;’
1

and the recursive properties of algebraic operations in R allows to prove easily (see [2]) the following Lemma.

Lemma 7. The sequence (10) of the residues of powers of A1 and the sequence of coefficients of this formal
series defines each other uniquely and recursively.
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Definition 8. For a differential operator L = D™ + [,D™ 2 4 ... 4+ [,,, of the special form we call by
L-hierarchy the sequence (10) of residues p; = p;(L), j > 1 expressed in terms of coefficients lo, ..., 1, of
the differential operator L.

Ezample 9. In the case of the second order DO L = D? + a the coefficients of the series A € R, A2 = L are
expressed through a:

A=D+aD ' +a;D 24+ ..., 20 =a, 4as=—ay,, 8as= azy —a>, (1)
16a4 = —a4qq + 6aag, 25a5 = Qurze + 2a% — l4aa,, — 11ai, -
That gives for residues p;(a) = p;(L) with odd j =1,3,5,...

201(a) = a, 2°p3(a) = aze +3a%, 2°p5(a) = appes + 502 + 10aa,, + 10a%, . .. (12)

All even residues vanish pa,(a) =0, n =1,2,3,... because for even powers of series (11) A?" = L".
One finds by substitution of the expansion (9) into the formula [L, A7] = 0:

A= (M) +p DT+ 0D = [L(A)4] = =2pja, (13)
since (cf (1))
0= [L, AT] = [L,(A)4] + [L, p; D71+ O(D7) = [L, (A7) 4] + 2pja + O(D7).

Summing up, we see that above definition of L-hierarchy together with Theorem 4 and formula (13) allow
to formulate a criterium of non-triviality of the centralizer C(L) of a differential operator L = D? + a of the
second order.

Corollary 10 (of Theorem 4). The centralizer C(D?+a) is non-trivial if and only if it contains a differential
operator B of odd order 2n+ 1, n > 1 and in this case the function a = a(x) satisfies the nonlinear ODE of
order 2n+1:

n—1
Ponti(a) + Z ckp2rt1(a) = ¢, c¢;j =const € C.
k=0
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In particular, at n = 1 the latter equation reads ay; + 3a + coa = ¢ (see (12). It defines the condition
of commutativity [L, (4%)4] = 0 and is equivalent to equation (3) from the Example 2.

In conclusion let us discuss briefly the L-hierarchy in the case of the third order operator L. In analogy
with Example 9, one finds

L=D*+3uD+3v = A=D+a D '4+aD?+..., a1=u a=0—1uy,... (14)
Like (13), the equality [L, A7] = 0 yields
A= (A +a;1D " +a; 2D+ 0O(D7) = [L,(A)4]+3a;1..D + 305100 + 3052, =0

that is the pair of equations a; 1, = a2, = 0. Thus, comparing with (13) this formula includes a; 2 , which
should be expressed in terms of a; 1 = p;. In order to do this we have to suppose additionally that the third
order operator L is skew-symmetric:

LT:=-D*-3Du+3v=—-D*~3uD+3(v—u,) = —L=-D>—3uD — 3v.

In this case
AT+ A=0, AT:=—-D-D'ay+D 20— D 3as+... (15)

and we get the following lemma.

Lemma 11. Let, generally, A= D+a; D ' +asD7%+... and A" = (A") 4 +a, 1D ' +a, 2D ?+.... Then
A is skew-symmetric if and only if ap1 = res(A™) =0 for even n =2,4,.... Moreover, for skew-symmetric

A

20p2 = ap,1q, ifn is odd

Thus, as well as in the case of symmetric second order differential operators for skew-symmetric third
order operators and odd j =5,7,...

aj1.x = Pjaz = 0 = [L, (AJ)+] =0.

Particularly, in the simplest case j = 5 an analog of the equation (3) arises

7
Uerpes + 15D (2uum +qud uS) — cug. (16)
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The calculation of res(A%) is long enough and, as a matter of fact, it is comparable with straightforward
computation of the commutator [L, M] = a1 D 4 ag where

L=D3+3uD+3v, M= (A% =D’+5uD?>+aD+b+c.
These computations give firstly
a="5(uz +v), 3b=10uz, + 15u® + 150, 3c = 10v,, + 30uv

and the condition [L, M] = 0 results now in the pair of equations

{uwmm + 15D (uttyy + uZ + 3vu, — 30% +ud) = eu,, (17)

Vazezz + 15D (U0 + 20Uz + 20U, — 30U, + 3uv) = cv,.

It is easy to see that the fifth order equation (16) for u represents one of three possible scalar reductions
0v = ug, d = 0,1,2 of this system.
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44 Differential substitutions

The formulae (186.2), (186.3) define the prolongation also for transformations more general than the point
ones: ‘ ‘
ji:fi(xa"-’fﬁ)» o’ :gj(xvus)v |S| <k (1)

Theorem 1 (Bécklund [1, 2]). Let the prolongation of the transformation (1) be invertible on some J.
Then it is point if m > 1 or contact if m = 1.

The transformations (1) which are not point or contact are called differential substitutions. It should
be stressed that Béacklund theorem does not mean that any such transformation is not invertible. For
example, the following transformation is involutive:

v v
, ==, V=—v+u—.
Uy Uy

T=ux

However, it is easy to see that its prolongation does not define an invertible transformation of J”, for any
finite 7.
Examples: see substitutions for the Bogoyavlensky—Narita lattices and for the KdV-type equations.
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45 Discrete differential geometry

This field deals with discretization of several notions first discovered within the framework of classical
differential geometry in the beginning of the 20-th century [1, 2, 3, 4, 5]. These include many special
classes of surfaces and coordinate systems, such as minimal surfaces, surfaces with constant mean curvature,
isothermic surfaces, orthogonal and conjugate coordinate systems and more, and also transformations of
these objects.

Understanding of classical results from the point of view of modern theory of integrability became pos-
sible, in particular, due to the progress in construction of their discrete analogues. The objects of discrete
differential geometry are discrete nets, that is, mappings from Z* into R? (or some other suitable space)
specified by certain geometric properties. Their study was initiated in [6, 7]. More recently, the key obser-
vation was made that discretization can be defined in terms of Backlund-Darboux type transformations and
Bianchi permutability property for the continuous objects. On the other hand, continuous objects can be
reproduced from the discrete ones under a suitable limit. In many aspects, the discrete picture turns out to
be more transparent and fundamental than the continuous one since the transformations of discrete surfaces
are described by the same equations as surfaces themselves. This scheme was realized in various settings in
the papers [8, 9, 10, 11], see also the book [12] for more details and further references.
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46 Discrete equations
2D discrete equations are those with independent variables on the lattice Z2.
> Quad-equations are equations of the form
Qm,n(um,nvuerl,nvum,n+1aum+1,n+1) =0. (]-)

The variables u are associated to the vertices of the square lattice. The equation must be solvable with
respect to any of 4 unknowns.

> Yang—Baxter maps are equations of the form

Um,n+1 = fm,n(um,na 'Um,n)y Um+1,n = gm,n(um,na Um,n)- (2)

The dependent variables u, v are associated to the edges of the square lattice.

> The simplest choice of the initial data for both types of equations is along the coordinate axes or on the
“staircase”.

um,nJrl um+1,n+1 um.,nJrl

Um,ne » Um+1,n

Um,n Um+1,n Um,n
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> Discrete Toda type system on a planar graph G is a set of equations of the form
Z fm-(ui,uj) = O, xS VG
J:(4,5)€EEc

where Vg, E¢ are sets of the vertices and the edges of G respectively. In particular, for the cases of square
and triangular lattices we obtain two following types of equations.

> Discrete Toda type lattices are equations of the form

r%z,n(um,nv umfl,n) + fgz,n(um,na Um+1,n) + fi,n(um,m Um,nfl) + ffn,n(um,nv um,n+1) =0.

The simplest choice of initial data is on the pair of lines n =0, n = 1.

> Discrete relativistic Toda type lattices:

frln,n(umm? Um—1,n) + f’r%z,n(um,n7 Um+1,n) + f?n,n(um,m Um,n—1) + f;l@,n(um,m Um,n+1)

+ fgl,n(um’nvumflmfl) + f??@,n(um7n7um+1/ﬂ+1) = 0.

The simplest choice of initial data is on the double staircase.
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47 Dispersion and dissipation

Dispersion is the destruction of wave packets due to the dependence of the wave velocity on the wave
vector. Dissipation is the decay of the wave amplitude at ¢ — oco. Both phenomena can be explained
within the scope of the linear theory of waves, however they play the great role for the waves of nonlinear
nature as well.

Any linear partial differential equation with constant coefficients L{u(t,z)] = 0 admits solutions in the
form of the planar harmonic waves u(t, z) = exp(i({k, x) — wt)) where the frequency w and the wave vector
k are related by certain algebraic equation A(w, k) = 0 which is called the dispersion law. For example,
the direct substitution proves:

wave equation Uy = Au — w? = (k, k),
Klein-Gordon equation Uy = Au — cu — w? = (k, k) +c,
heat equation u; = Au — w = —ilk, k),
Schrodinger equation iu = Au — w=—(k, k)

The hyperplane (k, z) = wt + const is called the surface of the constant phase. It propagates along the unit
normal vector k/|k| with the phase velocity v, = w/|k|. The dependence of the frequency on the wave
vector is characterized by the group velocity vy = Vi (w). If v, # const then the different modes propagate
with the different velocities and this is why the dispersion takes place.

Dissipation takes place if the frequency has the negative imaginary part: w = wpg + iwy, wy < 0, in this
case the waves decay exponentially. In contrast, the dispersion law with w; > 0 leads to the exponential
growth and instability of the waves.
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48 Dispersive long waves system

Ut = (ucc + u2 - QQ)wa —Ut = (Uac - QUU)xa qy = Uy

> Introduced in [1, 2, 3].
> Biécklund transformation [4, 5]:

Up,y = Un — Un41y, Unaz = Un(un - unfl)-
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49 Dispersive water waves system
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Uy = (Uge — 3vUg + 3uv? — 3u?),, v = (Ve + 300, + v° — 6uv),
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50 Dressing chain

U;L-i-l + v}, = (Unq1 — Un)2 + Bn

> This differential-difference equation defines the Darboux transformation for the Schrodinger equation
and z-part of the Béacklund transformation for the potential KAV equation.

> The differences f,, = v,11 — vy, satisfy the equations

frll+1+f,/1: 721_;'_1 7f5+ﬂn+l 7ﬁn (1)

which corresponds to the modified KdV equation. In this form, the dressing chain appeared in [1] as a tool
for solving quantum problems of certain types, see factorization method.

> Zero curvature representation: L), = U,41L, — LU, where

o Un, 1 o Un+1 1
Un = (v;l —v2 =\ vn) ’ Ln = (6n — UpUpa1 — A vn)

. 0 1 . fn 1 o

> In a wide sense, the term dressing chain is applied to any differential-difference equation generated by
Darboux transformations.

or
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51 Dressing chain, 2-dimensional
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fn,fc + fn+1,ac = f72L - f72L+1 - U(gn - gn+1)a In,x = fn,y

(Un + 'UnJrl):v = (Un - Un+1)2 —0Gn, Ynx = (Un - vn+1)y-
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52 Dressing chain, matrix

Vi1 + VU = (Ung1 — n)® +bny b, = [bnyVnt1 — Vn),  Un, b, € Mat,

The differences f,, = v,,+1 — vy, satisfy the equations

frarH fh= o= f2+bag1 — b, b, = [by, fl

> Zero curvature representation: L, = U,y1L, — LU, where

_ Un 1 o Un+1 I
Un = (v; —v2 =\l —vn) ’ Ln = (bn — UpUpa1 — A —vn)
or

. 0 1 . fn 1 o
Un_(’ll/n—AI 0>7 Ln_<f£+bn_)\[ fn)’ un—2vn.
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53 Dressing chain, matrix twodimensional
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fn+1,x + fn,w = fz-i,-l - fyzL + Pn+1 — Pn, Pnax = fn,t + [pnafn]
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54 Dym equation

.3
Ut = U Uz

or (u= 7271/31171/2)

Uy = (U_l/Q)xzw

> The equation is related to Schwarzian KdV by the composition of introducing a potential and hodograph
transformation:

f 1 1 Y 3y? 322
3 2 TTT vy
Ut = U Ugge <~ Yz = —, Yt = ZUy — UlUge = Yt = £ S Tt = Tyyy —
U 2 2z

vs 2u;

The relation of this substitution with the Liouville transformation for Sturm—Liouville operators is discussed
in [2].
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55 Eckhaus equation

W = Ugg + 2au(|u|2)w + |a|2|u|4u

Linearizable by the substitution [1].
Multifield generalizations were discussed in [2]. A discretization was proposed in [3].
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Welierstrass functions
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2 /

=TI (-2)omlie i) <
SRS = T

?12 +3 (ﬁ - %) (9")? = 4p° — 920 — 93 = 4(p — e1) (p — €2)(p — €3)

p(z) =

where sum and product are over the lattice
w = 2mwy + 2nwe, myn € Z, Imws/wi >0, e =p(w), e2=pw), e3=plw +ws)

and prime denotes that the point w = 0 is excluded.

—0(2), o(z42w;) = —eMiEteidg(z), j=1,2

Q
—
\
™
S~—
Il

(=) =~C()y (= +205) = C) 25,y = Glog), Mz = = i

p(=2) = p(2), p(z+2w;) = p(z)

Any elliptic function f(z) (with the periods w) can be represented by formula

o(z—ay)--o(z—a;)
o(z—=>b1)---o(z—0b,)

f(2) = const

where a;, b; are respectively the zeroes and poles of f(z) in the fundamental parallelogram Q = {z =

tiwr +tows : 0 < 1,10 < 2}
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Several most useful identities:

o(z + a)o(z —a)o(B+7)o(B =) = o(z + Bo(z = Blo(a+y)o(a—7)
—o(z+7)o(z - y)o(a+ Blo(a - B)

1 1 p(z) ¢'(z) olx+y+z)o(x—y)o(y — 2)o(z — x)
S 1 ey ¢ =
211 p(z) ¢(2) o3(z)o3(y)o3(2)
o) ol =
Lrg'(@) +9'(y)\? _
1< p(r) — p(y) ) = p(z) + py) + p(z —y) (1)

The biquadratic polynomial
H(u,v,w) = (uv +vw + wu + go/4)* — (u + v + w) (duvw — g3)
satisfies the identity H2 — 2H H,, = r(u)r(w), r(u) = 4u® — gou — g3 (see Mobius invariants). The identity

H(p(w), ), o(2)) = ~ 2RI T I A )
= (p(x) — p()*(p(z + ) — p(2)(p(z — y) — p(2))

implies the Euler form of the addition theorem (1) H(p(x), p(y), p(x £ y)) = 0.
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57 Ermakov system

&+t =z 3f(x/y), 4+ @ty =y 3g(z/y)

> The case f = const was introduced in the paper [1].

> In the general case, the system possesses the first integral

z/ /%
r=Swi—yip— [ [ s

and is linearizable [2, 3].
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u
Re(u) (um 4 Wiy A ?x) =u? + uf,
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59 Euler top

M=[M2Q], M=JQ+QJ, M,QE so(d)

This ODE describes the rotation of a heavy rigid d-dimensional body around its fixed center of mass. The
case d = 3 was solved in elliptic functions by Euler. The general case was first considered in [1] where some
first integrals were presented. The complete set of the first integrals and the Lax representation

%(M +AJ?) = [M + A%, Q+ \J]

were found in [2].
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60 Euler top in quadratic potential

M=[MQ+[PJ, P=[P,Q, M=JQ+QJ, MQ¢cso(d), P=PT

This corresponds to the rotation of a d-dimensional rigid body around its fixed center of mass in the New-
tonian gravitational field with an arbitrary quadratic potential. Integrability of this problem was proved in
[1, 2, 3].
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61 Euler top discrete

M1 = WIM,W,, M, =W,J—JWI, M, e€so(d), W, e S0(d)

Continuous limit: W,, = I + eQ(en) + o(e?), M,, = eM (en).
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62 Euler top, discrete in quadratic potential

102

Mn+1:WJMan""[Pn-&-I;JWn_'_WJJ]v Pn+1:WJPan7

n

1
My = Wl = JW] + S(JWIP, = BaWoJ), M, €s0(d), Wa€SO(), Py=F]

Continuous limit: W,, = I +&Q(en) + o(e?), M,, = eM(en), P, = *P(en).
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63 Euler—Darboux equation

Author: V.G. Marikhin, 27.08.2007

Ugy +

The general “solution” is of the form
u= [ o0 -1 -0t

The Euler-Darboux operator L = 0,0, + m%y(’?z — %ay and quantum spin operators

1 1 1
St = *5(5172 —1)0, — 5(92 - 1)0, + 5(595 + ay),
§? = —5(3@2 +1)0; — 5(3/2 +1)0, + 5(530 + ay),

1
S3 = —20, — YOy + 5(04 +5)
generate the algebra with identities

[99,8%) =ie"*se, [S',L] = (z+y)L, [S* Ll =i(z+y)L, [5° L]=2L
1
Si+ 83+ 8i+(x -y ’L=s(s+1), s=(a+p)

Therefore S* are the Bicklund operators of Euler-Darboux equation, that is if u is a solution of (1) then
u' = S'u are solutions as well. For example, the seed solution ug = (z — y)*T#+! generates the family of
solutions u,, = P, (z,y)ug. Several first polynomials are

Pi=(a+Dz+(B+1)y, Po=(a+1)(a+2)2®+2zy(a+1)(B+1)+ (B+1)(B+2)y%
Py = (a+1)(a+2)(a+3)z’ +3(a+1)(a+2)(8 + 12y
+3(a+1)(B+1)(B+2)zy” + (B+1)(B8+2)(8+3)y°.
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64 Euler—Poisson equations

u = [u, Ju] + [y,v], v =[v,Ju], u,v,yERS J=diag(Ji,J2,J3), 7,J=const

The system describes the motion of a rigid body spinning around a fixed point in a uniform gravitational
field, in three dimensions. The system is not integrable for the generic values of parameters -, J. However,
several integrable cases are known. Three quadratic integrals of motion exist for any set of parameters:

(v,v) =1, (u,v) =0, (u,Ju)—2(y,v)=¢.

Complete integrability requires one more first integral. It exists in the following cases:

case parameters first integral

Euler v=0 (u,w)

Lagrange Ji=J2, m1=72=0 U3

Kowalewskaya 2J1 = 2J2 = J3, Y3 = 0 |J1(U1 + iUQ)Q + 2(’}/1 + Z"}/Q)(’Ul + 7:U2)|2

Lagrange case contains, in particular, the isotropic subcase J = id with the first integral (7, u). Kowalevskaya
case was discovered under the following setting: to find cases when the general solution of the system is
meromorphic in t. Up to the obvious changes, the above list covers all cases which satisfy this property.
In contrast to the first two cases with solutions expressed in terms of elliptic functions, the solution of the
Kowalevskaya top is given in genus 2 hyperelliptic functions.

Several more cases are partially integrable, that is, are integrable on some invariant level set: the cases
of Goryachov, Hess—Appelrot, Bobylev—Steklov and N. Kovalevski.
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65 Evolutionary equations

Evolutionary equations are PDE of the form «; = F[Z, 1], where function F' depends on partial derivatives @
(up to some fixed order) with respect to the spatial independet variables Z. Often, the dependence is allowed
on the nonlocal variables, that is, the quantities related with @ by means of some differential constraint. The
simplest example of nonlocality gives the expression D !(u) which enters the r.h.s. of KP equation. The
classification problem for evolutionary equations with two spatial variables x,y was considered in [1].

> The most studied is the theory of scalar local evolutionary equations with one spatial variable:
up = f(z,u,u,. .. u,), up = DF(u).

It can be proved that the even order scalar evolution equations do not possess the higher order conservation
laws. Therefore, the order of the canonical densities is bounded above and this essentially simplifies the
classification. For the 2-nd order equations, it was obtained in [2] (see Theorem 23.1), 4-th order equations
were classified in [3]. It turns out that all these equations are linearizable via differential substitutions. The
most known example is the Burgers equation linearizable by the Cole—Hopf transform, and the whole class
is often called the Burgers-type equations.

The integrable equations of the odd order are divided into two types. The first one consists of the
Burgers-type equations and therefore is not of particular interest. The nature of the equations of the second
type is quite different. These are the equations solvable by ISTM, they possess the infinite set of higher
conservation laws and their higher symmetries are also of the odd order. Quite naturally, the class

Uy = F(U3,u2,u1,u,x,t) (1)

containing the famous KdV equation have attracted the attention of many researches. One of the early
results was obtained by Ibragimov and Shabat [4] who proved that the integrable equations (1) were divided
into the following subclasses:

1 2 b
uy = aug + b; U= ——+¢ ut:Ler, b% +# dac,
(aug +b)? Vaui + buz + ¢

where a, b, ¢, d depend on usg, u1,u, x,t. The first classification result, namely, for the equations of the special
form
up = uz + f(ur,u)
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was obtained in [5, 6]. The complete list of the KdV-type integrable equations with the constant separant,
that is, of the form

up = us + f(ua,u1,u, x) (2)
was presented in [7]. This result was an important step in the development of the symmetry approach. The
special quasilinear case

uy = a(uy, u, t)us

was classified in [8]. The classification of the general case (1) was initiated in the papers [9, 10, 11, 12],
however the full solution of this challenging problem is not obtained so far. Most probably, no essentially
new equations can be found in the rest cases, accordingly to the following conjecture.

Conjecture 1 ([10]). Any integrable equation (1) is related via a contact transform or a differential substi-
tution either to KdV, or to Krichever—Novikov or to the linear equation uy = ug + a(x, t)uy + b(z, t)u.

It is also not clear, how many higher symmetries are actually necessary for the integrability of equation
(1). It may be possible that the Fokas conjecture is valid for this class of equations, that is the existence of
a single 5-th order symmetry implies the integrability.

> The integrable equations of the 5-th order were classified only in the constant separant case [13]
U = us + F(’U,4,’U,3, U2,’LL17U).

These can be divided into three types: symmetries of the Burgers-type equations, symmetries of the KdV-
type equations (2) and the equations without lower-order symmetries. The most known representatives of
the latter subclass are the Kaup—Kupershmidt and Sawada—Kotera equations. The equations of this type
admit the zero curvature representations in 3 x 3 matrices, in contrast to the equations (2) for which 2 x 2
matrices suffice.

> Regarding the 7-th and higher order equations only particular results are known [14, 15].
> The two-component evolution systems of the form

iy = Ay + F(il, i), @=(u,v)

where classified in the papers [16, 17, 18]. They are also divided into three types: equations of NLS and
Boussinesq type with the zero curvature representations in 2 x 2 and 3 x 3 matrices respectively, and
linearizable equations.
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66 Equivalence problem

The equivalence problem consists of finding the necessary and sufficient conditions which allow to determine
whether two equations of the class under consideration are equivalent modulo some set of transformations,
and in the effective construction of such transformation if it exists. As usual, the admissible transformations
are assumed to be the point or contact ones or their subgroups preserving the general form of equations
under scrutiny; sometimes differential substitutions are allowed as well.

The importance of this problem is explained by the fact that the differential equations are not an invariant
object and therefore the study of transformations must be an essential part of the general theory.

The classical work [4] demonstrates the complexity of such sort of the problems even in the simplest case
of second order ODE.
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67 Factorization method

The applications of Darboux transformation in quantum mechanics had been stimulated by Schrédinger
papers [1, 2, 3] where this method had been applied to the whole range of the problems, such as construction
of adjoint spherical harmonics, hypergeometric equation, the Kepler problem in the flat space and on the
hypersphere. The detailed summary of the results obtained in this period is given in [4]. Following this
paper, let us look for the solutions of the dressing chain (50.1)

fra1+ 1= 2+1 — f2+ Bay1 — Bn

in the form

fa=m+)f+g9+n/(n+c) (1)

(If ¢ € Z then only one half of the chain is considered, at n < —c or n > —c¢.) This Ansatz reduces the
lattice to the system

f/+f2:cl7 g/+f92027 gh:C3, h2:c47 ¢; = const,
—Bn = cxm® 4 2com + 2c3/m + ca/m?,  up = —m(m —1)f — (2m —1)g’ + ¢g*> + 2fh.

The analysis of all possible branches brings to the table below. The answers are simplified, where possible,
by the scalings and reflection:

f;l(x) = afn(ax +b)7 BTL = a'26n + 6; ’l]n(l‘) == GQUn(O,J) + b) +ﬁ7

fn = _ffru Bn = ﬁfna an = U—_n+1-

Three cases are essentially different for the solutions (A) and (E): a=1,b=0;a=1i,b=0; a =1,b=m/2.

The very simple formula (1) is remarkable since all solutions lead to potentials which are of interest in
quantum mechanics. The first and simplest application was related to the well-known harmonic oscillator,
but some of the other potentials were first discovered only by this method.
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The abridged classification of factorization types accordingly to Infeld and Hull

In Bn Un
(4) | amcot(azx + b) + 4 a’m? ;(azm(m —-1)+d*| [5
sin(az + b) sin®(az + b)
+ad(2m — 1) cos(az + b))
(B) e —m —m? e?® — (2m —1)e® [6]
m(m — 1) 5 o
() — +dz —d(4m +1) 2 —2dm +d°z
(D) -z 2n+1 2%+ 2n
(E) amcot(ax + b) + 4 a’m? — d?/m? m(m — 1)a72 [7, 8
m sin?(az + b) ’
+2ad cot(ax + b)
m d 5, o m(m—1) 2d
(F) x m d/m x? x
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68 Fermi—Pasta—Ulam—Tsingou lattice

Author: V.E. Adler, 26.12.2008

wizun,tt = Unp+1 — 27—’% + Un—1 + a(un+l - un)2 - a(un - un—l)2 (]-)

The system describes an one-dimensional lattice of anharmonic oscillators. Its numeric investigation was
undertaken in the paper [1]. It was expected that the nonlinear interaction would result quickly in an uniform
distribution of the energy over all modes, in accordance with Debye theory [2], however it turned out that
the energy transport occured only between few lower modes. Due to the periodic boundary conditions
Up = Uptn the recurrence of initial states was observed. (The capacity of MANIAC-I, the first computer
in the world, which was used in this first numerical experiment in mathematical physics allowed to take
N =64.) A qualitative explanation of recurrence phenomena was proposed in [3] on the base of the notion
of solitons, that is the nonlinear travelling waves which interact elastically with each other. More precisely,
this notion was introduced not for the lattice (1), but for Korteweg-de Vries equation which is its continuous
limit. In turn, KdV equation was replaced, in the numeric study, by the difference equation

8k

j—1 J J J J
h3 (un+2 - 2un-i—l + 2U’n—1 - un+2)

U%H =y 37L(U¥z+1 +uf, + Ui_l)(UiH —Up_q)
with the periodicity condition uf, = ufl 4on- It should be stressed that both this discretization and the lattice
(1) itself are not integrable, so that, strictly speaking, the waves in both numerical experiments demonstrated
only soliton-like behavior. Nevertheless, the further studies lead to the development of the exact theory of
soliton solutions and to discovery of the integration method of KdV by means of the inverse scattering
problem. The complete explanation of the recurrence phenomenon was obtained after development of the
theory of finite-gap solutions (the soliton solutions correspond to the limit N — oo).

> The continuous limit for the lattice (1): let u,(t) = u(x,7), * = nh, 7 = wht, then Taylor expansion of
Up+1 18
h? h3 h*
Upt1 = U £ hug + 5 Uza + g Usae + o Uzawa +o(h®), h—0,
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and one comes to the Boussinesq-type approximation

h2

Urr = Ugy + 20RUL UL + 13 Uawaa +o(h?),
which describes the wave propagation in both directions. Next, assume that the parameter a is although
small, @ = kh. Then the change u(x,7) = v(X,T), X =2+ 7, T = sh?7, 24x = 6! brings to

Vxr = VxVxx + 0Vxxxx + o(h),

that is the KdV equation for Vy.

> The detailed discussion of FPU experiment is given in the books [4, 5, 6]. The preprint [1] was reprinted
in number of sources, their list and some interesting, but not well-known historical facts can be found in [7].
In should be mentioned that a lattice, analogous to (1) was proposed earlier in the paper [§].
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69 Fischer equation

ut:um—l—u—u2

> Applications in biology and chemical kinetics.

> Not integrable [3, 4]. Some exact solutions are found in [5].

> See also: Burgers-Huxley, Kolmogorov-Petrovsky-Piskunov equations.
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70 Fornberg—Whitham equation

Up — Ugzt + Uy = Ulger + SUgUpz — Ully
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71 Frenkel-Kontorova lattice

117

Un,tt = Y(Unt+1 — 2Up, + Up—1) — SID U,
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72 Garnier system
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u

"

= (u, v)u + Ju,

v

1"

= (u,v)v + Jo,

u,vGRd

)

J = diag(Jy, . ..

7Jd)
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73 Garnier system discrete
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<Un+1a un>un+1 + <un7 Un>un + <una U’n—1>un—1 = Jun,

Uy € Rd,

J = diag(Jy, . ..

aJd)

10

-10
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74 Gauge transformations
Ezxample 1. The Liouwille transformation
de =r2dy, VY =rp, u=q/r*+ru/r
relates two forms of Sturm—Liouville equation:
Yo = (u(@) = NE & gy = (aly) — A (y))e-

In particular, the choice r = ¢ (x, 0) brings to another canonical form (so called acoustic spectral problem)

byy = _>‘7"4(y)¢~ (1)

For this, the Darboux transformation (37.1) is gauge invariant to the following one [1]:

b=0y/p—0, pi=0[ /0, py+pt=—art, F=p/r, Pdj=rdy.
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75 Gerdjikov—Ivanov equation

. . 1
W = Ugpy — w2um =F §u3u2

Alias: DNLS-III equation
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76 Hamiltonian structure
Author: A.Ya. Maltsev, 2.10.2009

Finite-dimensional dynamical systems

Discrete infinite-dimensional Poisson brackets

Evolutionary PDEs

Poisson brackets of hydrodynamic type

Weakly nonlocal Poisson brackets and symplectic structures

CU N

General references: [1, 2, 3, 4, 5]

1. Finite-dimensional dynamical systems

A Poisson bracket on a finite-dimensional manifold M™ with local coordinates x = (x!,...,2") is given

by a contravariant 2-tensor J%(x) which is skew-symmetric
JI(x) = —J7'(x) (1)
and satisfies the Jacobi identity

okt Qi
q —
PR

ik
iq 9.J7 + qu

J Ox1 ox

0 (2)

(summation over repeated indices is assumed everywhere). The Poisson bracket of two smooth functions
f(x), g(x) on M™ is given then by the formula
af .. 0g

It is easy to see that {x% 27} = J¥(x).
The following identities take place on the space of smooth functions on M™:

bilinearity {af + Bg,h} = a{f, h} + B{g, h},



Index <« 76. Hamiltonian structure 123

skew-symmetry {f.g9} =—{g. f}.
Leibnitz identity {fh,g} = f{h,g} + h{f, g},
Jacobi identity {f’ {97 h}} + {g’ {ha f}} + {h7 {f’ g}} =0.

Thus, a Poisson bracket gives a structure of Lie algebra on the space of smooth functions on M™. The
Poisson bracket on M™ is called also a Poisson structure on M"™ and the manifold M" is called a
Poisson manifold in this case.

A Poisson bracket on M" is called non-degenerate if det ||.J%/|| # 0 everywhere on M™. A non-degenerate
Poisson bracket can exist only on even-dimensional manifolds M™, such that n = 2m, m € N.

A function N(x) such that

{Nfr=0

for any smooth function f on M™ is called annihilator or Casimir function of the Poisson bracket on
M™. Tt is easy to see that every Casimir function should satisfy in local coordinates the equation

ijaN _

Ozl
A Poisson bracket has constant rank [ = 2s on M™ if rank ||J¥|| = [ everywhere on M™. In this case
locally there always exist exactly n — [ independent functions (N!(x),..., N"~{(x)) which give a set of local

Casimir functions for the corresponding chart of M™.
The common level surfaces of the local Casimir functions

N'(x) = const, ..., N"7}(x) = const

represent an integrable foliation which is uniquely globally defined on the manifold M™. However, this does
not mean necessarily that the functions (N',..., N"~!) can be globally defined on the manifold M™, since
the choice of independent set (N!(x),..., N"7{(x)) is individual for every local chart of M™. Thus, it is
not possible to state in general that a Poisson bracket of constant rank [ on M™ has n — [ globally defined
Casimir functions on this manifold. This means certainly, that the corresponding foliation given by a Poisson
structure of constant rank in general can not be defined as a set of common level surfaces of a set of global
functions (N, ..., N"~!) on M™.
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The important fact is that in general even the gradients of Casimir functions can not be globally defined
on M™" as a set of global closed 1-forms on M™. As a result, the foliations defined by the Casimir functions
of a Poisson structure on a manifold can in general be topologically more complicated than the foliations
defined by a set of closed 1-forms on M™.

For non-degenerate Poisson structure on M™ the form

wij = [[JY]] 7!

can be defined everywhere on M"™. For any non-degenerate Poisson structure on M™ the form w;; is a
globally defined non-degenerate closed 2-form on M™. The manifold M™ is called in this case a symplectic
manifold and the form w;; gives the symplectic form of M™. Vice versa, on every symplectic manifold
M™ the non-degenerate Poisson structure can be defined.
Every smooth function f on a Poisson manifold M™ generates a smooth vector field §; according to the
formula
of

§5(x) = T (x) 55

The vector field £;(x) is called the Hamiltonian vector field generated by f and the function f is called
its Hamiltonian function. The vector field £(x) is called locally Hamiltonian if in the vicinity of every
point xg € M™ there exists a local function f(x) which gives locally a Hamiltonian function for the field
£(x).

Every locally Hamiltonian vector on M"™ generates a one-parametric group of transformations of M"
which preserves the Poisson structure on M™. The last statement follows immediately from the fact that
the Lie derivative of the tensor J% along the vector field £ vanishes identically in this case.

The remarkable fact, which follows from the Jacobi identity for J* on M™, is that the mapping

=&

defines the homomorphism of Lie algebras from the Lie algebra of functions to the Lie algebra of the vector
fields on M™. So the vector field _ 4
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is a Hamiltonian vector field with the Hamiltonian function h = {f, g}.

The analogous statement is true also for locally Hamiltonian vector fields. Thus, both Hamiltonian and
locally Hamiltonian vector fields on M™ give the sub-algebras in the Lie algebra of the vector fields on M™.

The Poisson bracket of two functions { f, g} has a very important meaning. Namely, it gives the derivative
of the function f along the vector field £, generated by g. In particular, the function f gives a conservation
laws for the dynamical system corresponding to &, if and only if {f,g} = 0 everywhere on M". Tt is easy
to see then that the function g always gives the conservation law for £ which represents the conservation of
energy for the Hamiltonian vector field.

It is not difficult to show by use of Jacobi identity that the Poisson bracket of any two conservation
laws for the vector field £(x) gives also a conservation law for the same vector field. So, the conservation
laws for the Hamiltonian vector field £(x) generated by any function g(x) on M™ represent always the Lie
sub-algebra in the Lie algebra of functions on M™".

The canonical form of the non-degenerate Poisson bracket on a manifold M™ = M?™ is given by the
following theorem.

Theorem 1 (Darboux). For any non-degenerate Poisson bracket on the manifold M>™ there exist locally
the coordinates (q*,...,q™,p1,-..,Pm) such that

{qaaqﬂ}zov {paap,@}:07 {qavpﬁ}zéga aaﬁzlwnam
where 65 is the Kronecker symbol.

Darboux theorem can be generalized also to the case of constant rank Poisson brackets by use of the
locally defined Casimir functions.

Theorem 2. For any Poisson bracket of constant rank | = 2s on a manifold M™ there exist local coordinates
(NY ... N"2 gl ... ¢% p1,...,ps) such that

{N} Nt} =0, {N*q¢*}=0, {N*p.}=0,
{¢".d"} =0, {pa.ps} =0, {q®.ps} =105,

where \,u=1,....N —2s and o, 3 =1,...,5.
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It is easy to see that the coordinates (N1,..., N"~2%) play the role of local Casimir functions in this
case. The Poisson bracket of the functions (¢',...,¢% p1,...,ps) gives a non-degenerate Poisson bracket on
every surface N' = const,..., N"~2% = const. This bracket is called a restriction of the Poisson bracket of

constant rank to the common level surfaces of Casimir functions.

The non-degenerate Poisson brackets in the canonical form are closely connected with the Lagrangian
approach in classical mechanics. Let q = (¢!,...,¢™) be the generalized coordinates of a mechanical system
and K and II be, respectively, its kinetic and potential energy. Then the famous Lagrangian functional

ta
ty

5= / " Liq,q)dt = / (K (q, @) — T1(q)) dt

1

leads to the non-degenerated Poisson structure through the Legendre transformation. Namely, as is well

known, the Lagrangian equations
d oL OL

atog¢  o¢

1=1,...,8

are equivalent to the equations
j=2dp) . OH(a,p)
opi ' 9qi
after the transformation

oL

= 3 (q9,4(q,p))

H(q,p) = L(q,4(q,p)) — d¢'(a, p)afL

Di aqi

The transformation from the Lagrangian formalism to non-degenerate Hamiltonian formalism can be made
also in more general case of Lagrangian functions depending on higher derivatives of the coordinates q by
use of Ostrogradskii transformations.

Example 3. Lie—Poisson bracket. The most important examples of the Poisson brackets of constant rank
are given by the Poisson brackets defined by the Lie algebras. Namely, if £ is a Lie algebra with a basic
(e1,...,e,) and the structure constants Cj

[ejv ek] = C;kei
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(summation over repeated indices), then the natural Poisson bracket on the dual space £* with coordinates
(z1,...,2y) can be defined as

{zj,zx} = C’;kxi.

The Casimir functions of the universal enveloping algebra play then the role of the natural annihilators of
this Poisson bracket.

The Hamiltonian formulation plays an important role in the definition of complete integrability of dy-
namical system, see Liouville integrability. In particular, the nice construction underlying the integrability
in many important examples is the bi-Hamiltonian structure.

2. Discrete infinite-dimensional Poisson brackets

The infinite-dimensional Poisson brackets are the generalizations of the finite-dimensional Poisson brackets
where the number of coordinates is infinite. The same properties of the skew-symmetry and Jacobi identity
are also required in the infinite-dimensional case. As a rule, the infinite-dimensional Poisson brackets arise
as the field-theoretical (discrete or continuous) Poisson brackets for the field-theoretical systems or PDE’s.
As an example, let us consider the infinite-dimensional discrete Poisson bracket on the space of fields (k) =
(p1(k),...,¢"(k)) where k is the integer number k € Z numerating the positions of cells in the case of one
spatial dimension.

The values ¢ (k) play now the role of “coordinates” in the functional space and the general form of the
Poisson bracket can be written as

{'(k), ' (D} = T[] (3)

where J,?l [] are some functionals on the functional space {¢(k)}.
In most of important cases all functionals J,Z]l [¢] depend just on the finite number of field variables (k')
such that the Jacobi identity has a normal form (2).
Bracket (3) is called local if
gy

Ji=0, |k—1I>N;, —2* _=0, |k—m|>N
kl | ‘ 1 a()oq(m) | m‘ 2
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for some Ny, Ny. Bracket (3) is called translational invariant if it is invariant under all (integral) shifts of
the field index k: ¢*(k) — i (k + ko).

The general form of a dynamical system generated by a functional H = H|[¢p] can be written in a natural
way
o0H

2pI(l)’

¢'(k) = Jalgl
R

The functional H|[ep] is usually called local functional if it is of the form

Higl= 3 Iyl

k=—o00

where

Ohy,
dp'(1)
for some N > 0. In the same way, the functional H[¢g] is called translational invariant functional if it is
invariant under the integral shifts (k) — ¢*(k + ko).
The local translational invariant brackets (3) play very important role in the theory of one-dimensional

discrete dynamical systems both in integrable and non-integrable cases. It is easy to see also how the
definitions above can be generalized to the case of several spatial variables.

=0, |k—-I>N

3. Local field-theoretical Poisson brackets and symplectic structures

The continuous version of the infinite-dimensional Poisson brackets can be defined on the space of smooth
functions (z) = (p'(k),...,¢"(z)), x € R. The values ¢(x) can be considered then as the “coordinates”
on this functional space and the general form of the infinite-dimensional Poisson bracket can be written as

{¢"(@).¢" (W)} = T[] () (4)

where J¥(z,y) are some distributions on R x R.
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The skew-symmetry properties and the Jacobi identity

{0" (@), {7 (1), 0" (2)}} + {7 (), {&"(2), ©"(2)}} + {¢"(2). {¢' (2), ¢’ () }} = 0

are required in the sense of distributions in this case.
As a rule, brackets (4) are considered on the space of rapidly decreasing or periodic functions ¢(x).
The functional I[¢p] is called here the smooth functional if the variational derivatives 61/5¢*(z) are the
smooth functions of z. The Poisson bracket of the smooth functionals can be formally written as

+oo  ptoo S§I
1,J} =
thJ) /m /m op* (x
where J¥ is a functional corresponding to the distribution J¥ (z,y).
Poisson bracket (4) is called local if it is of the form

Sl drdy = 3 o1 57
) 5 dedy = 3706 )

5o (@) © o ()

(' @), W)} = Y B (0.psn .. )50 (@ — ) (5)

k>0

where B%(cp @,,...) are some smooth functions of (¢, ,,...) and 6% (z —y) = 9% /0zF5(x — y). Tt is

assumed also that all BZi) depend on the finite number of arguments and the sum contains just the finite
number of terms.
The corresponding Hamiltonian operator J% can be written in this case as

i o
JY *ZB(;C) #s 9%7---)@
k>0

and the Poisson bracket of two smooth functionals I, J can be written then in the form

e 6r y ok 6J
} : ij
.7} = /,c3 0t (x) = SO )(“)xk 8 (x)
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The general form of dynamical system generated by the “local” functional H

+oo
H:/ h(p, @, ...)d

can be represented as
. y oF o6H
pt = E BY ) ———
’ k>0 (k)(% oo )&Uk 57 (x)

and gives a local expression for the “vector field” £*(x) generated by H.

Brackets (5) play an important role both for integrable and non-integrable evolution systems, however,
the complete theory of these brackets is still absent at the moment.

Another important object is the local symplectic form on the space of fields '(x) having the form

k>0

The corresponding symplectic operator can be written as
k
N & 0
Qz] = sz(])(SO,‘Pm) @
k>0

and the connection between the time-derivative of ¢'(x) and Hamiltonian functional H is given by

P CRTINN o S
i (PP ) Ap -
= J Ox dot(x)

Symplectic form (6) should satisfy the skew-symmetry and closeness conditions on the space of functions
o' (x):
5sz(x7y) 5ij(yaz) 5Qk2(zax)

G | beia) | iy
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4. Poisson brackets of hydrodynamic type

An important class of local field-theoretical Poisson brackets is given by the local Poisson brackets of hy-
drodynamic type, or Dubrovin—Novikov brackets [6, 7].

Definition 4. The Dubrovin—Novikov bracket (DN-bracket) is a bracket on the functional space (U (z), ..., UM (
of the form

{U”(2),U"(y)} = g""(0)8 (z — ) + b (U)U 20 (x — ). (7)
The bracket (7) is called non-degenerate if det ||g”#(U)]|| # 0.

The corresponding Hamiltonian operator JVM can be written as

A 0
Vi VI - v A
J = g (U) 2+ AU

and is homogeneous w.r.t. transformation z — ax.
Every functional H of hydrodynamic type, that is the functional of the form

H= /:O h(U)dz

generates a system of hydrodynamic type according to the formula

- 0H 0 Oh Oh

vo__ JUp — VK -~ v A

It was shown by Dubrovin and Novikov themselves that the theory of DN-brackets is closely connected
with Riemannian geometry. In fact, it follows from the skew-symmetry of (7) that the coefficients g”#(U)
give in the non-degenerate case the contravariant pseudo-Riemannian metric on the manifold MY with
coordinates (U?,...,U") while the functions

a(U) = =9, (U)b5" (U)
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(where g¢,,(U) is the corresponding metric with lower indices) give the connection coefficients compatible
with metric g,,(U). The validity of Jacobi identity requires then that g,,(U) is actually a flat metric on
the manifold M™ and the functions T, (U) give a symmetric (Levi-Civita) connection on M™.
In the flat coordinates n'(U),...,n"V(U) the non-degenerate DN-bracket can be written in constant
form:
{n"(z),n"(y)} = """ (x —y), " ==L

+oo
NY = / n”(z)dx

— 00

The functionals

are the annihilators of the bracket (7) and the functional

l/+m () da

is the momentum functional generating the system U} = UY according to (8).

Another important choice of coordinates for DN-bracket is given by the so-called “physical” or “Liouville”
coordinates. This type of coordinates is usually associated with the densities of conservation laws of the
hydrodynamic systems. We say that the coordinates are “Liouville” or “physical” for the DN-bracket if the
bracket has the form:

oy

{U7(X), UM (V)} = (7 (U) + 4" (U)(X =) + S

—L_URH(X -Y)
for some functions v*#(U). Any coordinates such that integrals of them define the commuting flows, are
physical in that sense.

Let us mention also that the degenerate brackets (7) are more complicated but have a nice differential
geometric structure as well.

The brackets (7) are closely connected with the integration theory of systems of hydrodynamic type

Uy =V, (U)Uy. (9)
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Namely, according to conjecture of S.P. Novikov, all diagonalizable systems (9) which are Hamiltonian with
respect to DN-brackets (7) (with Hamiltonian function of hydrodynamic type) are completely integrable.
This conjecture was proved by S.P. Tsarev who proposed a general procedure called generalized hodograph
method of integration of Hamiltonian diagonalizable systems (9).

In fact the generalized hodograph method permits to integrate the wider class of diagonalizable sys-
tems (9) (semi-Hamiltonian systems) which appeared to be Hamiltonian in more general (weakly nonlocal)
Hamiltonian formalism.

The symplectic structure corresponding to non-degenerate DN-bracket has the “weakly nonlocal” form
and can be written in coordinates n" as

Qvu(xvy) = e”éyua(x —y), o(x—y)=1/2sign(z —y).

More generally, in arbitrary coordinates U” one has

NG on*
(. ) Z o @0 = y) 2 ().

5. Weakly nonlocal Poisson brackets and symplectic structures
The field-theoretical Poisson bracket is called weakly nonlocal [8] if it can be written in the form

{(pi(w)’(pj(y)} = ZBlij((vame' )5(k) (z—y "‘Z@cs (¢, 9017-")U(x_y)sgk)((pvaﬂ"') (10)

k>0 k>0

where e, = £1, o(z —y) = —o(y — x), Opo(z —y) = §(x — y) and both sums contain the finite numbers
of terms depending on the finite numbers of derivatives of ¢ with respect to x. It is assumed also that the
“vector-fields”

t
S(s) (@ Py ) = (S(ls>(so,soz,-~-),-~-S?s)(so,<pm,~--))

are linearly independent (over constant coefficients).
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We can introduce also the Hamiltonian operator Jid:

... y 9k 9 ) L
Ji = ;B(i)(w,tpw,...)@ + 165525)((’0,9017...)1) 1Sgs)(<p,cp$,...) (11)
>0 5=

where D! is the integration operator defined in the skew-symmetric way:

T +oo
D)= [ cwiv-5 [ &y

For the functional H][y] the corresponding dynamical system can be written in the form:

. ... 6H y ok 6H
Z:J'LJ%: sz e e TS L -
AT 2 P e e D)
g
- ; oH
7 —1 ]
As previously, operator (11) should also be skew-symmetric and satisfy the Jacobi identity.
It is not difficult to see that the functional
+oo
H:/ M, @y, ... )dz (13)

generates a local dynamical system ‘ '
Py = 51(90790:57 . )
according to (12) if it gives a conservation law for all the dynamical systems

that is
hi&S = aacQs(‘Pv ana e )
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for some functions Qs(¥, @, - )-
Let us formulate the result which relates the non-local and local parts of the general weakly-nonlocal
Poisson brackets (10).

Theorem 5 ([9]). For any bracket (10) the flows

i

Pty = 525)(90,9017..-) (14)
commute with each other and leave the bracket (10) invariant.

It can be easily proved also that the flows (14) commute with any local Hamiltonian flow in the structure
(10) generated by local Hamiltonian functional (13).

The general weakly nonlocal Poisson bracket of hydrodynamic type (Ferapontov bracket) has the form
(e, = £1)

{U" (2), U*(y)} = ¢"*(U)8 (x — y) + DXH(U)URS(x — y) + D exwip(U)Uo(x — y)wl s (U)U;.  (15)

The statements analogous to the local situation can be proved also in the case of the bracket (15).

Theorem 6 ([10]). The bracket (15) satisfies the Jacobi Identity if and only if the values I',\ = —g,b%"
give the Cristofel connection for the metric g"* and the metric g** (with lower indices) and tensors wé’k)u
satisfy the equations:

g

Jor Wiy = GurWiyws Vol = VAW, =D e (w(k)uw(k w?k)uw?m)'
k=1

Moreover, this set is commutative, [wy, wy] = 0.

The equations written above are the Gauss—Codazzi equations for the submanifolds M¥ with flat normal
connection in the Pseudo-Euclidean space EN19. Here Guy is the first quadratic form of MY and w(g) are
the Weingarten operators corresponding to the field of pairwise orthogonal unit normals 7. Moreover, it
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was proved by E.V. Ferapontov that these brackets can be obtained as a result of the Dirac restriction of
the local DN-bracket

{NT(z), N/ (y)} = 6" (x —y), I,J=1,...,N+g, ¢ ==+1

in EN19 to the corresponding submanifold M™Y.
The canonical form of bracket (15) (F-bracket) can be written in the form analogous to the canonical
form of DN-bracket. However, some new special features arise in this situation.

Definition 7. We say that the F-bracket is written in the Canonical form if

(@b )} = (5 Zekf Wt )0 -

g

=Y er( Gy () iy (M)d(x — y) + Z er(f () oz = y) (fiiy (),
k=0

k=0
with non-degenerate metric and some functions f(;,(n) such that f,(0) =0, e, = £1.
The following theorem can be proved about the canonical form of the F-bracket.

Theorem 8 ([8]). I) Every F-bracket (15) with the non-degenerate metric tensor g"*(U) can be locally

written in the canonical form (16) after some coordinate transformation n¥ = n*(U). Moreover, for any

given point Uy it is possible to choose the coordinates n”(U) in such a way that n¥(Uy) =0, f(”k,)(Ug) =0.
II) The integrals

NY = / n”(X)dX

are annihilators of bracket (16) on the domain in the space of rapidly decreasing functions n”(X) bounded
by the small enough constant;
III) The flows

14

d v
Ny, = ﬁf(k) (n)



Index <« 76. Hamiltonian structure 137

Hy = / hi (n)dX

on the same phase space. The functions n”(U), hr,(n(U)) can be represented as linear combinations of coor-
dinates V1 in the pseudo-Euclidean space EN 19 for the local representation of our manifold as a submanifold
MN c EN*TY with flat normal connection.

are generated by the local Hamiltonians

Geometrically, for any point Uy € MY the flat coordinates of pseudo-Eucledian space EVN*9 tangential
to MY at the point Uy give the annihilators of the bracket (15) on the loop space {v(z) C MY : y(—oc0) =
y(+00) = Uy}, while the flat coordinates in EN*9 orthogonal to M at the point Uy give the Hamiltonian
functionals for the flows in the nonlocal tail of (15) on the same phase space.

The “physical” or “Liouville” coordinates for the weakly nonlocal Poisson brackets of hydrodynamic type
are defined by the requirements that

g9

[P0V} = (37(X) +97(X) = 3 ewfiiy i )8(X V)
k=1
(903 - Zek Fri)x iy JOCX = Y) 3 enlf)x (X — V)(Fl)y
k=1

for some functions v*(U) and f(;,(U).

Like in the local case, the bracket (15) of F-type has Physical form in the coordinates U* if and only if
the integrals J¥ = [ U¥(X)dX generate the set of local commuting flows according to bracket (15).

Poisson brackets (15) are connected with the integrable systems of hydrodynamic type in the same way as
the local Dubrovin—-Novikov brackets. Namely, the Tsarev integration procedure based on the Riemannian
metric turns out to be valid also for the case of weakly non-local Poisson brackets of hydrodynamic type. In
fact, probably all semihamiltonian systems are Hamiltonian corresponding to some weakly nonlocal Poisson
bracket of hydrodynamic type with (maybe) an infinite number of terms in the nonlocal tail.

One of the most famous weakly non-local Poisson brackets of hydrodynamic type is the Mokhov—
Ferapontov bracket (MF-bracket) having the form

(U (X),UMY)} = g"(U)§' (X = V) + BSHU)URS(X = V) + cU%o(X — Y)UL (17)
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For bracket (17) with non-degenerate metric tensor g*#(U) the following statements are true.

Theorem 9 ([11]). Bracket (17) is skew-symmetric if and only if the tensor g“* is symmetric, and the
connection
Iy = —gurbf”
s compatible with this metric: Vg, = 0.
Bracket (17) satisfies the Jacobi identity if and only if its connection T'Y o is symmetric (that is the torsion
tensor vanishes) and has the constant curvature equal to ¢, that is

A = C (6”5/\ 5T6K) .
The canonical form of MF-bracket was first pointed out by M.V. Pavlov and can be written as
{n"(X),n"(Y)} = ("6"" —en’n*) 8" (X = Y) — enknfd(X = Y) + enko(X — Y)nk (18)

where €” are equal to 1, and the term €”6”* has the same signature as metric tensor g"*(U).
The functionals

NV = /n”dX

are the annihilators of the bracket (18). The functional

N
1
P==[[1-,]1- v (X)nv(X)| | dX
C/ ’ c;_len()n()‘

is the momentum generating shifts along the coordinate X [12].

Geometrically, the MF-bracket corresponds to a restriction of a DN-bracket to a (pseudo-)sphere SV €
EN*! of codimension 1 in the (pseudo-)Euclidean space.

The general weakly-nonlocal symplectic structures have the form

g
Qij(x,y) = > wi (@, - )0 (@ =) + D et (0,04, V(@ —9)al (0, 0y,-)  (19)
k>0 s=1
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where o = (p!,...,0"), 0,5 = 1,...,n, e, = +1, o(x —y) = 1/2sign(z — y) and wg-c) and qgs) are some

local functions of ¢ and it’s derivatives at the same point. It is assumed also that both sums contain finite

(k)

number of terms and all w;;” and qgs) depend on finite number of derivatives of ¢. We also assume here

that the non-local part of (19) is written in the “irreducible” form such that the 1-forms {q'®) (¢, p,,...)}
give a linearly independent set (with constant coefficients).
The following general theorem can be formulated in this case.

Theorem 10 ([13]). For any closed 2-form (19) the functions qgs)(go, @y ... ) Tepresent the closed 1-forms,
that is

3 (y) 6" (z)

The weakly nonlocal symplectic structures of hydrodynamic type have the form:

0.

Qu(X,Y) Z rspwy” (U(X))o (X = Y)wP (U(Y))

s,p=1
or in “diagonal” form
Qu(X,Y) Ze WS (U(X))o (X - V)w(U(Y)) (20)

in coordinates U where k), is some quadratic form, e, = +1, and wl(,s) (U) are closed 1-forms on the manifold

MPN . Locally the forms wﬁs)(U) can be represented as the gradients of some functions f(*)(U) such that

M af(S) af)
Zes s (o(X =) 5= (V). (21)

The following general theorem can be formulated for the weakly non-local symplectic structures of hy-
drodynamic type.
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Theorem 11 ([14, 13]). Expression (20) gives the closed 2-form on the space {U(X)} if and only if the
1-forms wﬁs)(U) on MY are closed,' that is

o o
(s) (S)
auen (U) = grmv

The 2-form Q,,(X,Y) written in form (21) can be considered as the pullback of the form
E[J(X,Y)Z@[(SIJO'(X—Y), I,JZI,...,M

(U).

defined in the pseudo-Euclidean space EVN with the metric Gr; = diag(ey, ..
MN — EN

.,epr) for the mapping « :

(U, 0Y) = (fOU),.... f0)).
Definition 12. We call symplectic form (20) non-degenerate if M > N and

wi(U)
rank . = N.
w™(U)

The non-degenerate symplectic forms (20) are closely connected with the weakly nonlocal Poisson brackets
of hydrodynamic type (15). Namely, as can be shown, the symplectic form for the bracket (15) can be written
in the form

N+g

v v
0, (X,Y) = el X)o(X -Y Y
N g
- - on” 8hk 8hk
- Tzzl ¢ g X7 X 8U# )+ Z e ggv (XX = V)55 (Y)

where V! are the coordinates in the pseudo-Euclidean space EN*19 for the local representation of our manifold
as a submanifold M~ C EN*9 with flat normal connection [8].

IWe assume that (20) is written in the “irreducible” form, i.e. the 1-forms wy )(U) are linearly independent (with constant
coefficients).
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77 Hénon—Heiles system

142

"

W' = —au—2duv, V" = —bv+ w® — du?

> Hamiltonian: H = £((v/)? + (v/)? 4+ au? + bv?) + du?v — $cv?.
> The integrable cases: d = —¢, b=a; 6d= —c; 16d = —c, b= 16a.
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78 Hirota equation
u; = T;(u) (1)

auquz3 + Puguiz + yusuiz = 0,

> The parameters may be dropped out by the scaling u(i, j, k) — u(i, 7, k) exp(\ij + pik + vjk).

> Equation (1) passes singularity confinement test [2] and possesses 4D-consistency property.

> The auxiliary linear problems [3, 4]:

¢3=bp+ 02 = az+by=ax+b, azb=ab;.

¢1 = ag + ¢a,

> (Considering the equations on a, b as the conservation laws suggests the substitution

u2U b U23U

Uluz7 U2U3

which brings to (1). Conversely, eliminating a and b brings to equation

P13 — P12 | P12 — P23 | P23 — P13
b1 * b2 - ¢s 0

Equation (1) can be considered as the limiting case of Hirota-Miwa equation (80.3) while (2) corresponds

(2)

to the double cross-ratio equation (80.1).
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79 Hirota operator
The substitution u = —2D?(log 7) brings the KdV equation u; = ;4 — 6uu, to the bilinear form

TTet — TaTt = TTezze — TeTezs + 3731.

It can be conveniently written as
(D.Dy —DH)T-7=0

by use of Hirota operator which acts on the ordered product of two functions accordingly to the rule
Dyf-g=fz9— [z

In a sense, this substitution is similar to the formula p = —(logo)” in the theory of elliptic functions which
represents Weierstrass gp-function in terms of entire o-function. Namely, it turns out that N-soliton solutions
of KdV equation correspond just to the linear combination of exponentials

N
T= Y exp Y wbi+ Y Ay

1e{0,1} j=1 1<i<j<N
where 0; = kjz + k;’t + 4, are phases of solitons and A;; = 2log :;Z’ are phase shifts.
i TR

The analogous bilinear forms exist for many other integrable equations.
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80 Hirota—Miwa equation

(Vi — Vi) (W — Yije) (0 — Yir)(Pi5 — k)

Double cross-ratio equation = (1)

(Ve — V) Wik — i) (Vie — Vu5) (Wi — ¥)

atl . .

1) Jt
- —— - - a’ = —a 2
atiaik + akiqii 4 qikgki’ (2)

Star-triangle mapping a) =

Hirota—Miwa equation Ulyjp = 6”5’kuiujk + e”sjkujuik + EkZEkJUkul‘j, e’ =sign(i —j) (3)

It is assumed in all equations that i #£ j #£ k # 4.

> The linear problem: N

(3T + a™(Ti = T;) = 1)y = 0. (4)

The consistency condition Tj(1;;) = T;j(vix) leads to the star-triangle mapping. On the other hand, (4)

allows to eliminate the variables a” and this leads to the double cross-ratio equation. The variable u is
introduced due to the conservation laws

Ti(a) _ T(™®) _ Ty(a¥)

k atk

> i; Uil
= a¥ =¥ —,
a* U5

al

resulting in the equation (3).
> Equations (1)—(3) are 4D-consistent [4], that is

Ti(uije) = Te(uizt),  Ti(ije) = Ti(Wij1),  Ti(ay) = Til(a})?).
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81 Hirota—Ohta system
Authors: V.E. Adler, V.V. Postnikov, 2010.08.03

—2Ut = Upgy — SUgy + 3WU; — 3qU,
—20; = Uggy + 3Uzy + 3wy, + 3qv,
dwy = Wagy — 24(uv)y + 6wwy + 3qy, gz = wy. (1)

> Introduced by Hirota—Ohta [1], as the Pfaffianization of Kadomtsev—Petviashvili equation, see also [2].
The whole hierarchy can be derived also within the general approach based on Clifford algebra representations
and the boson-fermion correspondence [3, 4].

> Bilinear form. The change of variables
u=>=, v= %, w=2(logh)ze, q=2(logh)szy (2)

brings the system (1) to the form
(2D; — 3D, D, + D3)f - h =0,
(2D; + 3D, D, + D3)g - h =0,
2 4
(4D, D; —3D% — DY) - h +24fg = 0. (3)

> Bécklund—Schlesinger transformation. System (1) admits the explicit auto-transformation

1 w
uy = v+ = (Upwy — uwy) + E(Uum —uy) + 7(uu1/y - u

2 4u v
_2uuwwy + Quzuwy + Ubgrrr — 2ua:uzw$ + u?m),
vy = 1/u, w1 = w + 2(log u) gy, @1 = ¢+ 2(log u)y. (4)

The substitutions (2) reduce the last three equations in (4) to hy = f, g1 = h, that is the iterations of this
mapping generate the sequence

f=h(n1+1), h=h(n), g=~h(n —1)
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The system (3) takes then the form of so-called Pfaff lattice

(2D; — 3Dy Dy + D3)hy - h =0, (4DyD; — 3D, — Dy)h-h+24hih_y =0 (5)

(introduced in [5, 6, 7, 8] within the theory of random matrix models).
> Bécklund-Darboux transformation [9, 10]:

fhi,y - fyhz + fhz,xm - 2fmhzm + f:l)rhl - szh = 0;
hgiy — hygi + hgiza — 2hagiz + haxgi — 2hig =0,
hhi,y - hyhz - hhz,a:;v + Qhwhz,z - hwazhz + 2fgz = 0, (6)
nonlinear superposition principle (2 discrete variables):
Thije — fohiy = fihy — fih,
hgijw — hagij = higj — h;gi,
hihjo — highj = fgi; — hhij, @ < j; (7)
nonlinear superposition principle (3 discrete variables) [11]:
fhije — fibjr + fihae — frhi; =0,
hgiji — higjr + hjgix — higi; =0,
fijk — hihji + hjhix — hihi; =0, i < j <k. (8)
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> Auxiliary linear problems [12]:

"/}y = Yz + WY + 2ug, _¢y = Ggp + 209 + W,

3 3 3 3
Vi = Yoge + §w¢x + Z(w:c + Q)7/} +3usp, O = Puoa + §w¢x + Z(Wx - Q)¢ + 3v,9;

V1= thas — gt (w0 B g, g =
U 2u Uu
Yo =P + WY+ uds, —¢in =+ v +we;
¥ = + W' (P +udiy), @5 = ¢ — w D (v + diy), i<

where

> Squared eigenfunctions constraint: see Kulish—Sklyanin system.
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82 Hirota—Satsuma equation

uy = (QUge 4+ 3au? — 302y,  Vy = —Uppe — Va0
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83 Hyperbolic equations with third order symmetries
Authors: A.G. Meshkov, V.V. Sokolov, 2010.06.17

1. Introduction
2. Hyperbolic equations with third order symmetries
3. Discussion

Here we present a complete list of nonlinear one-field hyperbolic equations that have integrable z- and
y-symmetries of third order. The list includes both sine-Gordon type equations and Liouville-type equations
(linearizable by differential substitutions).

In different settings, the problem of classification of some particular types of integrable hyperbolic equa-
tions had been considered in [1, 2, 3].

1. Introduction

The symmetry approach to classification of integrable PDEs (see surveys [4, 5, 6] and references there) is
based on the existence of higher infinitesimal symmetries and/or conservation laws for integrable equations.
This approach is especially efficient for evolution equations with one spatial variable. In particular, all
integrable equations of the form
d'u

up = ug + F(ug, u, u), u; = Eye (1)

were described in [7, 8]. The following list of integrable equations
List:

Ut = Uggy T Uly,

2
Ut = Uggy + U Uy,

— 2
Ut = Ugge + 'LLm,

2 )
iui + (1™ 4 cae™*uy,

Ut = Uggpx —
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Suyu?
Ut = Uggax — 2(u2m —:ml) + Cl(ui + 1)3/2 + CQUi,
xT
Suyu? 3
xr
3u? 3 3
Ut = Ugge — 2uzz ﬁ - 5@(”)“37
T T
3u?
Ut = Uggx — 2ux;c7
xr
3uZ, 3/2 2
Ut = Uggp = 5 C1Uy T e, #0orcy #0,
xr
2
Ut = Uggax — 41;ww + cu,
xT
3 ui’x —1
Up = Uggpy — Tuo i1 + 3uge (Ve + 1 —u, — 1)

— 6u U (ug +1)%? + 3u2u, (up + 1) (up + 2),

3 uZ, _ g Uae (ug + 1) coshu 3 Ugzp/Ugp + 1

Ut = Uggax — 7 . N
4 u, +1 sinhu sinhu

g (ugy + 1)3/2 coshu Uy (ug + 1) (uy + 2)
—6 — +3 —5
sinh“ u sinh” u
Ut = Ugpe + 3u2um + 3u4uz + 9uui,

2 2
Ut = Uggy + SUUL, + U Uz + UL,

Ut = Uggx-

+ ui(um +3),

is equivalent to one from [7]. Here (¢')? = 40> — gop — g3, and k, ¢, ¢y, 2, g2, g3 are arbitrary constants.
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Remark 1. Equations (2)—(10) are integrable by the inverse scattering transform method whereas (11)—(15)
are linearizable (S and C-integrable in the terminology by F. Calogero).

Remark 2. Equation (8) is equivalent to the Krichever—Novikov equation

3ul, +Q
Ut = Uggzx — 5
2 Uy

up to a transformation of the form u — ¢(u). Equation (7) is equivalent to the Calogero—Degasperis equation

Lo (@2

Here Q = cqu®* + cau® 4 cou? + ciu + ¢ is an arbitrary polynomial.
The above list is complete up to transformations of the form

u—P(u); t—=t, x—>r+ct; x—ax, t— Pt u— Au; u— u+yx+ ot (17)

The latter transformation preserves the form (1) only for equations with g—i = 0. Moreover, the linear
equations admit the transformation:
u — uexp(ax + ft). (18)

Since the symmetry approach is purely algebraic, the function ¢ and the constants ¢, a, 8, A,y and §
supposed to be complex-valued. Thus, for example, we do not distinguish between equations u; = Uz — u2
and Uy = Ugpy + UuS.

For scalar hyperbolic equations of the form

Uzy = Y (U, Uy, Uy) (19)
the symmetry approach postulates the existence of both z-symmetries

up = AUy Uy, Ugy - -y )y (20)
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and y-symmetries
Ur = B(U, Uy, Uyys - - -, ). (21)

Two equations (19) are called equivalent if they are related by transformations of the form
rey; u—ou); x—ar, y— By, u— Ay u— u+yr+ iy (22)

Here, in general, the function ¢ and the constants are supposed to be complex-valued. For linear equations
(19) the transformations

u — uexp(azx + By); u—utcry (23)

are also allowed.
For the well-known integrable sin-Gordon? equation

Ugy = C1€" + coe™ " (24)
the simplest  and y-symmetries are given by

L3 L3
Ut = Uppe — iuw, Ur = Uyyy — iuy

These evolution equations are integrable themselves (a special case of equation (5)).

The general higher symmetry classification for equations (19) turns out to be a very complicated problem,
which has not been solved so far. Some important special results have been obtained in [9, 10, 11]. In general,
all three functions ¥, A, B should be found from the compatibility conditions for equations (19), (20), and
(21). However, if the functions A and B are somehow fixed, then it is not difficult to verify whether the
corresponding function ¥ exists and to find it.

To describe all integrable equations (19) of the sin-Gordon type, we assume (see the section Discussion)
that symmetries (20) and (21) are integrable evolution equations of the form

Ut = Uggy + F(U7 Uy ux:c)a Ur = Uyyy + G(ua Uy, uyy) (25)

2We do not distinguish between sin-Gordon and sinh-Gordon equations
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We take equations from List 1 one by one as z-symmetry and find all equations (19) having this symmetry.
After that in each case we find the corresponding y-symmetry or verify that it do not exist. In Section 2 we
present all hyperbolic equations with x- and y-symmetries (25) thus obtained.

Integrable hyperbolic equations can be separated in accordance to presence or absence of x and y-integrals
(see the section Discussion). Consider, for instance, the Liouville equation

Ugy = €".

It is easy to verify that the function

Lo
P=ug; — 5%
does not depend on y (i.e. is a function depending on z only) for any solution u(z,y) of the Liouville

equation. Analogously, the function
L o
Q = Uyy — iuy

does not depend on .

A function w(z, y, u, Uy, Uyy, . . .) that does not depend on z on any solution of (19) is called z-integral.
The y-integrals are defined similarly. An equation of the form (19) is called equation of the Liouville type
(or Darboux integrable equation), if the equation possesses both nontrivial z- and y-integrals. Some of
the integrable hyperbolic equations found in Section 2 are equations of the Liouville type. The general
classification problem for Liouville type equations was considered in [11].

In contrast to the Liouville equation, the sin-Gordon equation (24) has no a- or y-integrals for non-zero
values of the constants ¢;. There are two types of such equations. Equations of the first type can be reduced
to the linear Klein-Gordon equation u,, = cu by differential substitutions. If an equation with the third
order symmetries has no integrals and does not admit linearizing substitutions, we call it equation of sin-
Gordon type. Such equations are integrable by the inverse scattering method. The following equations from
the list of Section 2 are equations of such kind:

Ugy = C1" + o™ 3 (26)

Ugy :f<u) U%+1, f/,:Cf; (27)
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Upy = \/1;,/u§+1; (28)
Usy =V p(u) — pyJuZ + 1 /u2 + 1. (29)

Here (¢')? = 49> — g2 — g3, 4u® — gapr — g3 = 0 and ¢, ¢1, ¢z, a, 1, g2, g3 are constants. Equations (27), (28),
(29) are related to equation (26) via differential substitutions [11, 14, 13].

2. Hyperbolic equations with third order symmetries

Theorem 3. Suppose both x- and y-symmetry of a hyperbolic equation of the form (19) belong to the list
(2)—(16) up to transformations (17), (18). Then this equation belongs to the following list:

Ugy :f(u) \/ Ug+1, f// :Cfa (30)

Ugy = ae” +be™ ™, (31)

Uy = \[ Uy /U2 + 1, (32)
Upy = (JuZ + 14 /u2 + 1, (33)
iy = Vol a2 + 143+ a,

Ugy = 2Uly,

Ugy = 2Uz /Uy,

(34)
(35)
(36)
Ugy :um/ui—&—l. (37)
(38)
(39)
(40)
(41)

Ugy = / UgUy, 38
Uy = wv a#0, 39

U
Ugy = (ae” +be™")uy,

Ugpy = UyT sinh ™! u(n e — 1),
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2uyn

Upy = m(n coshu — 1), (42)
Uy = %((fnJr 1)coshu — & — 1), (43)
Uay = u” My 1 (7 = 1) + cun (4 1), (44)
Uay = 2u” uy 7 (1 = 1), (45)
Ugy = 2u 1€ (€= 1)(n — 1), (46)
Uy = u  uguy, — 2utuy,, (47)
Upy = U™ uy (uy + a) — uuy, (48)
Uy = /iy + a,, (49)
Uy = CU, (50)

up to transformations (22), (23). Here @ is the Weierstrass function: (9')? = 49> — gap — g3; £ = \J/uy + 1,
N =+ugz + 1; a,b,c, ga, g3 are arbitrary constants; y is a root of the equation 4u> — gopt — g3 = 0.

Proof. If (25) is an x-symmetry for (19), then

d? ov d ov d ov

Eliminating all mixed derivatives in virtue of (19), we arrive at a defining relation, which has to be fulfilled
identically with respect to the variables u,uy, Uy, Uzg, Ugzze. Comparing the coeflicients at ugg, in this
relation, we get
d OF d ov
Iy@um + dr Quy

0. (52)

If some equation from the list (2)—(16) is taken for the az-symmetry then the function F' is known and the
defining relation can also be split with respect to ;.
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For example, let equation (7) be an x-symmetry for (19). Then the w,,-splitting of (52) gives rise to:

L 2T ov
1 1 2 1)U =
(21755 — (i + DI+ (a2 = ) =0,
020 ov ow
1) —2 vl
(uz + ( Duy0u, +“"’”auauz) Yoy Y gy, =0

The general solution of this system is given by
U= /uZ+1 (g(u,uy) + Cln(uy + /u2 + 1)) .

Substituting this expression into (51) and finding the coefficient at u2,,, we obtain C' = 0 and therefore

U = g(u,uy)Vui + 1. (53)

Splitting (51) with respect to g, and wu,, we obtain that (51) is equivalent to a system consisting of (53)
and equations

0?9 099 09 _ o (), — _ 599 99
gauauy Ou duy ’ Y T ou duy,’ 54)
'y 2 o, IOT uz T

where (p')? = 49> — g2 — g3. Smce ¢ # 0 we have g, # 0 and g,, # 0. It follows from the first two
equations (54) that g = \/p(u) — p14/u2 + a, where j and a are constants of integration. The third equation

is equivalent to the algebraic equation 4> — gopr — g3 = 0 for . Thus, we get equation (34).

To prove Theorem 1 we perform similar computations for each equation from the list (2)—(15) taken
for z-symmetry. For equations (2), (4), and (8) the corresponding hyperbolic equation does not exist. In
contrast, equation (12) is an z-symmetry for several different hyperbolic equations. Indeed, in this case
calculating the coefficient at u,, in (52), we get

, 0% ov

2(ug + 1) 8 — (uz + 1)(‘3u

=0,
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which implies U = f1(u, uy)(ug + 1) + fo(u, uy)y/ug + 1. Substituting this into (52), we obtain

( % — 1) < 2f1 afl - 3Uf1 + 2uy)

Ouy
ofi | 0f1 B
<f18uy + 8u) —2ufi + 2u, =0,

of
fo=2f1— *Uy *Uflau:

161

If the first factor in the first equation is equal to zero, we arrive at (44). If the second factor equals zero,

then we find that
2uy\/auy, +1

u(l+ y/au, + 1)’

fi=

where a is a constant. The case a # 0 corresponds to (46), while a = 0 leads to equation (44) with ¢ = 0.

The limit a — oo gives us equation (45).

The computations for remaining z-symmetries from the list except for the Swartz-KdV equation (9) are

very similar and we do not display them here.

Consider the Swartz-KdV equation (9). This equation is exceptional because there is a wide class of
hyperbolic equations with z-symmetry (9). We find all equations from this class that have y-symmetries.

It is easy to verify that equation

Ugy = f(uyuy)uac

has the following symmetry

where

ou

P 2
( +f) f+2qf+qu, =0.

(55)

(56)

(57)
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The function g(u) can be normalized by an appropriate transformation u — ¢(u), but we prefer to use such
transformations for bringing the y-symmetry to one of equations (2)—(15). Here and in the sequel we have
in mind the transformation y — x,7 — ¢ in the second formula from (25).

Any of y-symmetries has the form

up = uz + Ag(u, ur )uz + Aq(u, ur)ug + Ao(u,uy), Uy = %
v
Equation (52) under @ ¢ y is equivalent to
3% +2 (8{22) + 2% =0, .
3u yaf?;f +3f§fy + 2450 ygf Jrf‘?A;+2Agfz+6£1 =0.

Equations (57) and (51) give rise to additional restrictions for the functions f and gq.

For symmetries (2)—(5) we have A; = Ay = 0 and equations (58) imply f = uyg(u) + h(u), gh =
0, ¢ +9% =0. In the case g # 0 we get (39) with a = 0. For g = 0 it follows from (57) that ¢’ = 0 and
f" +2qf =0. If ¢ # 0, then without loss of generality we take ¢ = —3 and arrive at equation (40). In the
case g = 0,¢ = 0 we get equation (35).

For symmetries (6) and (7) we have Ay =0, Ay = —3/2u, (u? +1)~'. Tt follows from (57) and (58) that

[ =h(wug/uz +1,h" = 2h(h? + co),q = co — 3/2h?. If K = 0, then we put h = 1 and obtain equation

(37). In the case b’ # 0 we get h = \/p — u, ¢ = —3/2¢p. The corresponding hyperbolic equation is given by
(34) with 2 <> y and a = 0.

For symmetries (8), (9) Az = , Ay = 0. It follows from (58) that f = g(u)u,. So, we obtain the
equation uzy = g(u)uzu,. Both x- and y- symmetrles of the equation have the form (56), where

1
g = Cexp <—2/g(u) du) Y — 592.
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The equation can be reduced to the d’ Alembert equation u,, = 0 by the transformation

o= favesn (- farin).

For symmetries (10) and (11) As = f%qul, Ay = 0. It follows from (58), (57) that f = g(uw)u, +
Cuy, gC =0, qC =0, g +¢°>=0, ¢ +2q9=0. If C #0, then ¢ = g = 0. Taking C' = 2, we get (36). If
C =0, then g =u"1,qg= cou?, and we arrive at (39) with a = 0.

If the y-symmetry has the form (12), then it follows from (57), (58) that f = ku='(uy + 1 — \/u, + 1),
(k—1)(k—2)=0, ¢g=3(2—k)/(8u?). If k =1 we get (44) up to z <> y. The case k = 2 leads to (45).

In the case of y-symmetry (13) the system of equations (57), (58) has two solutions corresponding to
equations (41), (42) with z <> y.

Symmetry (14) gives rise to equation (47) up to x < y.

Symmetry (15) corresponds to the following equation

Uy Uy

Uy = u+a—(u+a)ux.

The shift © — u — a brings it to a special case of equation (48).
Considering the linear z-symmetry (16), we obtain equation (39) with an arbitrary parameter a, equation
(50), and
Ugy = AUz + f(uy —au), (59)

where f satisfies some nonlinear third order ODE. The requirement of existence of a y-symmetry leads to
(49). ]

More detailed information on each equation from the list (30)—(50) can be found in Appendix 1.

3. Discussion

The hyperbolic equations of the form (19) that have both = and y-integrals were described in [11]. In
particular, it was shown that any such equation possesses both x and y higher symmetries depending on
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arbitrary functions. Although not all of these symmetries are integrable evolution equation, there exist
integrable symmetries among of them.

There are integrable equations having only y-integrals (or only z-integrals). An example of such equation
is given by (34) with a = 0. Namely, the equation

Ugy = & (W)uy/u2 + 1, (60)
where &'(u) = \/p — i, has the following first order y-integral
I=(uy++Ju2+1)e*

and has no z-integrals for non-degenerate Weierstrass function p. Notice that the same formula gives a
y-integral for (60) with arbitrary function &.

In some sense equations (19) having integrals can be reduced to ODEs. If we are looking for equations (19)
integrable by the inverse scattering transform method, we should concentrate on integrable equations (19)
without integrals. There are two classes of such equations. The first one consists of the Klein—-Gordon equa-
tion
Ugy = cU, ¢ 7 0 and equations related to it via differential substitutions. The symmetries for such equations
are C-integrable in Calogero’s terminology.

The second class of hyperbolic integrable equations having no integrals contains equations that cannot
be reduced to a linear form by differential substitutions. This most interesting class consists of equations
admitting only S-integrable higher symmetries. Such equations can be regarded as S-integrable hyperbolic
equations.

At first glance the anzats (25) seems to be very restrictive if we want to describe all S-integrable equations
(19). The first question is: why are only third order equations taken for symmetries? We can justify this in
the following way. All known S-integrable hierarchies of evolution equations (20) contain either a third order
or a fifth order equation. For polynomial hierarchies this is not an observation but a rigorous statement
[12]. That is why it is enough to consider hyperbolic equations with symmetries of the third order (sin-
Gordon type equations) and hyperbolic equations with fifth order symmetries (Tzitzeica type equations).
The following Tzitzeica-type S-integrable equations are known up until now [11, 15]:

Ugy = C1€" + coe” 2, (61)
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Ugy = h(u)g(uy)a n" = 0, (63)
where ) )
(f +2uz)"(uz — f) = 1, (9+2uy)*(uy —g) =1,
(8" =288 +8*) =c1, W?P=4w®+
We are planning to consider the Tzitzeica type equations in a separate paper.
The second question is: why do we restrict ourselves by symmetries us = Uzpr + F (4, Uz, ty,) instead of
general symmetries of the form
Uy = (I)(Ua Uz Uz, ua:xw) 7 (64)

The main reason is the following statement (see [16]). Suppose that equation (64) is a symmetry for equation
(19), then

C;iy(@@(u,ugql:::,uzm)) —0.

Therefore, if we assume that (19) has no nontrivial integrals, then

8<I>(u, Ugy Ugr, uz;cac)

= const.
auIZL’I

Appendix 1. Symmetries, integrals and differential
substitutions

Here we give more information on equations from the list (30)—(50). Integrable third order symmetries,
z-integrals J(u, uy, Uyy, . . . ), y-integrals I(u, ug, Ugs, . . . ) and, in some cases, general solutions are presented.
Equation (30). The symmetries have the following form:

2
- ¢ 3_ 3 _ Suyty, ¢ 4
U = taae =ty = oS (e =ty = 5aaT Ty T g
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The formula (30) describes two non-equaivalent sin-Gordon type equations:
(30a). uyy = uy/u2 +1; (30b). uyy, =sinu/u2 +1
and two Liouville type equations:
(30c). uzy = Ju2 +1; the integrals are:
uxw

VuZ +1

the linearizing substitution u, = sinh(y + v,) reduces the equation to the linear one: ?7?7. The general
solution is given by:

I= J = uyy — u;

u = /sinh(y + f(z))dx + g(y);

(30d). uyy = e“y/u2 +1; the integrals are:
1 2 1 2u
I=—— u2+ —VuZ+1, J:uyy—iuy—ie .

The general solution is given by

u(z,y) =In ( —¢(2)d'(y) )
’ (9(v) + (@) (p(x) + f(2) (9(y) + h(x))) )’

oo =en( [ i) we = [ HEED

Equation (31). Both z- and y-symmetries have the form (5), where ¢; = ¢3 = 0. If ab # 0, then we
have the sin-Gordon equation. There is the following degeneration:

(31a). wuyy = e is the Liouville equation. Its integrable symmetries have the same form as for the
sin-Gordon equation. The integrals were shown in the Introduction. The general solution

B 2f"(x)g'(y)
uley) = log ((f(:v) i g<y>>2)
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was found by Liouville in 1853.
Equation (32). The z-symmetry has the form (10), where ¢; = 0, ca = —3/4; the y-symmetry is of the
form (6), where ¢; = ¢o = 0. It is an S-integrable equation.
Equation (33). Both z- and y-symmetries have the form (6), where ¢; = 0,c0 = —1/2. It is an
S-integrable equation.
Equation (34). The z-symmetry is of the form (7), the form of the y-symmetry is analogous:
3uy vy 3

— So(wuy(uy + a).

U=t T 502 ) )

If a = 0, then this symmetry is equivalent to (9).
In the general case the equation can be rewritten using the Jacobi function sn as:

1
— [ 42 [2
Ugy = () u? +14/uf +a. (65)

This is an S-integrable equation except for the degenerate cases considered below. Notice that the formulas

n(u, k) cn(u, k)
Vo(u, g2, 93) Ve(u, g2, 93)

sn(u, k)’ dn dn(u, k)
lead to another forms of equation (65). They look different but can be reduced to (65) by substitutions of
the form (u, k) — (Au, f(k)) (see [17], Sec. 13.22).

There are two degenerations of the Weierstrass function In the ﬁrst case when p( ) = u ~2 we have
pw=0and \/p — p=u"!. In the second case p(u) = sin™~ Zu—L p=-1 and —pu=sin"tu.

(34a). Equation uyy = u™'\/u2 +1,/u2 +a is C—integrable, the 1ntegrals are:

T 1
Izui—l-f\/u%—&-l, \/u2+a
Vui+1 u ,/u2 +a
The general solution is given by:

u(z,y) =/ f(x) + g(y) (_ %_a/%)l/z
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(34b). Equation ugy, = (sinu)~'y/u2 4+ 1,/u2 +a is C-integrable, the integrals are:

T= " oty T, St —i—cotu\/m.
Vuz +1 \JuZ+a

If @ = 0, then the general solution is

- . 1/2
u(z,y) = 2arccos (f( ) +2f}((x))+g(y)> , h(z)= / f? — f2dax.

If a # 0, then the general solution is given by

u(z,y) = arccos ¥(z, y),

W(a,y) = qul@) [+ 7 = 9] (u' + fu) + (€+ W), g = g(y),

b = [Tl [0 =y ) -2 o= [

(34c). a =10, ugy = f(u)uy/u2 + 1. There exists the following y-integral

I= (s + VA F Dexp(-¢(w). €u) = [ fu)du
The integration with respect to y leads to the following ODE:

Uz = 5 (h(at:)eE - (h(m)eg)_l) .

All remaining equations are C-integrable. Some of them have two integrals and can be integrated in a
closed form. Others have no integrals and can be reduced to the linear Klein—-Gordon equation.

Equation (35). The z-symmetry has the form (9) and the y-symmetry is the mKdV equation u, =
Uyyy — 6u?u,. The integrals are:

2
Uggr U
I=—— f”;, J:uy—uz.
Uy 2uz
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The general solution is given by

_ 9"y W)
ule,y) = 29'(y)  f(x)+g(y)

Equation (36). The z-symmetry has the form (9) and the y-symmetry is (10), where ¢; = 0,¢3 =

The integrals are:
I = Ugzx 3uZ

= J = Juy —u.

Uy 2u2’

The general solution is given by

_d) (9")?
u(w,y) = f(x)+g(y)+/ 49 4.

Equation (37). The y-symmetry has the form (6), where ¢; = 0,co = —1/2 and the z-symmetry is

3u, 1
——u
2u, 2

_ 3
Ut = Uggx — T

This symmetry can be reduced to (9) by u — Inu. The integrals are:

U 3u? 1, _
=S = gt Tty

The general solution is given by

] byt v

u(z,y) = In [1 +

169

—3.

Equation (38) (the Goursat equation). Both z- and y-symmetries have the form (11) with arbitrary

constant c.

The equation is reduced to the Klein—-Gordon equation vy, = iv by any of the following two differential

substitutions:

(1) up =402, uy =% (2) up = 0%, w, =402
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Equation (39). The z-symmetry has the form (11), where ¢ = 0 and the y-symmetry can be obtained
from (5) by the substitution ¢ = 0, u — —Inu. Moreover, there exists the following second order y-
symmetry u, = ty, — 2u”" (ul + auy).

The integrals and the general solution are:

po e g mwta o T@) —agy)
Uy u 9'(y)

Equation (40). The z-symmetry has the form (56), where ¢ = —% and the y-symmetry is given by (5),
where ¢ = —%a2, Co = —%bQ. The integrals are:

In the case a # 0 the general solution is given by

h
u(z,y) =Ing(y) + In 1—1—] , lnh:/ ag +bg~ 1) dy, goz/ghdy;
() = oly) 7(2) ~ ao(y) ( :
if @ = 0 then
f(x) —bg(y)
9'y)
Equation (41). The z-symmetry has the form (13). There are the following y-symmetries:

u(z,y) =1In

3 1
Ut = Uyyy — 5(3 + coth w)uyuy, + 1(3 coth? u + 6 cothu + 7)ul,
1
Up = Uy — 5(3 + cothu)u,.

The integrals are:
—U2 2 u 1
IZBT].—U—FB’ JZM—fuy(cothu—l—?)).
sinh u Uy 2
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The general solution is given by:

1 1
u(z,y) = =51 +9%), ¥ =f@)(g(y) +h(z), f'=Ff- "
Equation (42). The z-symmetry has the form (13). There are the following y-symmetries:
U = Uyyy — 6y Uy, cothu + 2(3 coth? u — 1)u2, Up = Uyy — 2u§ cothu.

The integrals are:

I'= n—i ) ZM—Quycothu.
n—e Uy
The general solution is:
1 P+1 , f/2 +4f2
u(z,y) = 21D’w1 ;Y= [f(@)(g(y) + h(x), = “TE

Equation (43). Both z- and y-symmetries have the form (13). The equation is reduced to the Klein—
Gordon equation v, = v by the following differential substitution:

Uy = (v vy sinhu + coshu)® =1, w, = (v v, sinhu + coshu)® — 1.
Equation (44). There are z-symmetry of the form (12) and the following y-symmetry:

3uyu 3u? c 5 5
Ur = Uyyy — ;’uyy + Tug - Z(Zuuyy + 2uy — cuuy).

The equation can be reduced to the Klein-Gordon equation v, = cv by the following differential substitution:

2 2

u=v%)z, 2, =02, z, = —cv’.

If ¢ = 0 then the Klein—-Gordon equation is reduced to the d’Alembert equation and the following two
integrals appear:
gm0y oy

)

U Uy 2u
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The general solution is:
_ U@ +90)* 2 g
) = HELIOE o)~ — [ 2wy d

Notice that if ¢ = 0 the equation admits a second order symmetry.
Equation (45). There are z-symmetry of the form (12) and the following two y-symmetries:

Ur = Uyyy — U™ uyuyy + 6u" 2> Ur = Uyy — 2u " u?

Uy Y
The integrals and the general solution are given by:
n—1 Uyy Uy f2( ) / 2(
I = , J=—"-2—=; u(x,y f
0 A e Rk
Equation (46). Both z- and y-symmetries have the form (12). The integrals are of the form:
U 2 U 2
I=_t  Zamo1), J= 2w Zee ).
n(n—1) T §E-1) uHE Y

The general solution is given by:
(f(z) + g(y))Q / 72 / 72
u(z,y) = ~———"—, z(z,y)=— [ f(z)de— [ g~ (y)dy.
() = FEL I ) (x) (v)
Equation (47). There are z-symmetry of the form (14) and the following two y-symmetries:

3
Yy

1,2

Ur = Uyyy — U uyy, + 120" u Ur = Uyy — U™ Uy

The integrals are of the form:

Uy U U
I=—"+u*, J=-%_-32
Uy U

1/2
o rw
(@) (2(f(fc)+g(y))> |

The general solution is:
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Equation (48). There are z-symmetry of the form (15) and the following two y-symmetries:

Ur = Uyyy — 3u™(2uy + a)uy, + 3au2u, (3u, + a) + 6u™2u’

vy Ur = Uyy — 2u_1uy(uy +a).

When a = 0 the y-symmetry (9) is also admitted. The equation can be reduced to the Klein—Gordon
equation v,, = —av by the following substitution:

um:(%fu)(uf)\), uy:§<u%’+a)(u*)\),

where A is arbitrary parameter. If a = 0, then the Klein—Gordon equation is reduced to the d’Alembert
equation and the following two integrals appear:
Uy

Uy u
I =—+u, J=X _92Y
u Uy u

In this case there exists the general solution of the form u(z,y) = f/(z)(f(z) + g(y))~ .
Equation (49). The z-symmetry is u; = Upgy — %aum and the y-symmetry has the form (11), where
¢ =0 and zx is replaced by y. The integrals are of the form:
3 2
I:uxxz_fauzr+a7uz7 J:#
2 2 auy + /Uy

The general solution is given by:

e = 1@+ e [ (ot + =270 ay

The limit @ — 0 is admited here.

Equation (50). There are infinitely many symmetries of the form u; = P(0,,0,)u, where P is an
arbitrary polynomial with constant coefficients. In particular, there exist x- and y-symmetries of the form
uy = Py(0;)u and v, = Po(9y)u . If ¢ # 0 integrals do not exist otherwise the simplest integrals are: I = u,,
J = uy.
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84 Integrability

Integrable equations can be divided into linearizable ones and equations integrable by inverse scattering
transform method (C- and S-integrable equations accordingly to Calogero). The following rigorous definition
is formulated in terms of the canonical series of the conservation laws.

Definition 1. If the canonical series for an evolutionary equation admitting the formal symmetry contains
the conservation laws of the unbounded order then the equation is called S-integrable, otherwise it is called
C-integrable.

It is important to notice that existence of an infinite sequence of conservation laws does not equivalent to
S-integrability. In the example of the linear equation u; = ug the function u?2 is the density of conservation
law for all n = 1,2, .... However, the formal symmetry for this equation is D, and all canonical conservation
laws are trivial.
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85 Integrable discretization

The problem of finding a discretization which preserves the integrability property is one of the central ones
in the theory of integrable dynamical systems. The usual approaches to this problem based on discretization
of some intrinsic properties such as Lax pairs are very “individual” and not algorithmic. In contrast, Kahan—
Hirota—Kimura unconventional discretization is a very straightforward one and can be applied to any Riccati
type system, but, generally, it does not guarantee the preserving of integrability property.
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178

The excellent and detailed accounts on the history of such notions as soliton, higher symmetries, Backlund

transformation, Painlevé property and so on can be found in [1, 3, 2, 4, 5].
1834 Russel’s discovery of great solitary wave of translation[6, 7]
1853 Liouville equation [8]

1855 Liouville definition of integrability [9]

1871 The papers of Boussinesq [10, 11]

1879 Bianchi-Lie-Bécklund transformation [12, 13, 14, 15, 16]

1882 Darboux transformation [17]

1889 Kowalevski top [18]

1894 sine-Gordon equation [19, 20]

1895 The derivation of KdV equation [21]

1902 Works of Painlevé and Gambier [22, 23]

1910 Tzitzeica equation [24]

19147 Toda lattice [25]

1940 Factorization method [26]

1955 Crum formula [27]

1955 Numerical experiments by Fermi, Pasta, Ulam and Tsingou [28]

1965 Issue of the term “soliton” [29]
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1967 Inverse Scattering Transform Method [30]

1967 Darboux lattice [31]
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87 Integrable hierarchy

An equation is called integrable if it possesses an infinite-dimensional algebra of the generalized symmetries.
This algebra is called the hierarchy of the equation under scrutiny.

In a wider sense, one considers as members of the hierarchy also the nonlocal generalized symmetries,
the symmetries corresponding to nonisospectral deformations and the discrete symmetries generated by the
Bécklund transformations. This point of view, together with the use of differential/difference substitutions
allows to establish useful relations between equations belonging to different classes. All associated equations
have the conservation laws and zero curvature representations in common and this allows to apply the unified
integration methods to the whole hierarchy.

Ezample 1. Let us consider the potential KAV equation
Uty = Uggg + 6ui. (1)
It admits the higher symmetries
Uty = Ugzzze + 20Uglpyy + 10u2, +40ud, ...

generated by the recursion operator R = D2 + 8u, — 4D 'u,,. The commutative Lie algebra generated by
these flows is what is called the pot-KdV hierarchy.
The BT for equation (1) defines the dressing chain

2
Un+1,z + Un,z + (Un+1 - un) +a, = 0.

The problem of finding its periodic in n solutions turns out to be equivalent to construction problem of
finite-gap solutions of KdV.
Further, the nonlinear superposition principle leads to the discrete KdV equation

(Un,m - un+1,m+1)(un+1,m - un,m+1) = Qp — bm
The change v = Up41,m — Un,m, W = Up,m+1 — Un,m brings to Yang-Baxter map

a; — az a; — ag
02:—’11)—"-7, ’IU1:—U+77
w—v w—v



Index <« 87. Integrable hierarchy 182

and the restriction onto the even sublattice brings to the discrete Toda-type lattice

Zan_an+1 —0

" Unn+1l — U

In the wide sense, all these equations can be considered as members of the equation (1) hierarchy.
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88 Integrable mapping

Discrete Liouville theorem [1, 2]
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89 Ishimori equation

&y = [37 Syy — Srwc] + 9ySz + 9xSy;  Gux + Gyy = 2<3a Sy, 5x>a ENS Rga geR

A two-dimensional generalization of Heisenberg equation. It is gauge equivalent to Davey—Stewartson system

[2].
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90 Ito system

Ut = Ugpg + Ouly + 200, vy = 2(uv),

> Zero curvature representation:

Yo = </\ - —)1/), Do = (A0 + 2u)y — ugt.
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91 Jordan algebra
Author: V.V. Sokolov, 04.07.2006

Jordan algebra is a commutative nonassociative algebra with the identities
aob=boa, (aob)a®=ao(boa?).

Any associative algebra A gives rise to the Jordan algebra AT with respect to the product a o b = ab + ba.
Jordan algebra which is isomorphic to a subalgebra of some A* is called special. There exist Jordan algebras
which cannot be obtained in this way, these are called exceptional.

Ezxample 1. Examples of simple Jordan algebras:

1) glf, that is the algebra of all n X n matrices with respect to the multiplication X oY = XY + YV X
with the usual matrix multiplication in r.h.s..

2) The space of n-dimensional vectors with respect to the multiplication

aob={a,c)b+ (b,cha — {(a,b)c
where (,) is a nondegenerate symmetric bilinear form and ¢ is a given constant vector.

Jordan algebras are related with some multifield KdV equations.
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92 Jordan pair
Author: V.V. Sokolov, 04.07.2006

Jordan pairs a direct sum V = VT @V~ of vector spaces over a field F (if the spaces V' and V~ coincide
then the term Jordan triple system is used) equipped with a trilinear operation

{(}:VEXVTXxVE S VE

which satisfies the identities

{abc} = {cba}, (1)
{ab{cde}} — {cd{abe}} = {{abc}de} — {c{bad}e}. (2)
The most important examples of Jordan pairs are:
2{abc} = (a,b)c + {(c,b)a, a,b,ceFY, (3)
{abc} = (a,b)c + (¢, b)a — (a, c)b, a,b,c € PN, (4)
2{abc} = abc + cba, a,c € Maty,n(F), be Maty p(F). (5)

The important role play the operators L(a,b) : V' — V defined by formula
L(a,b)(c+d) = {abc} — {bad}, a,ce VT, bdeV ™.

Relation (2) means that L(a,b) € Der(V). The differentiations of such type are called interior. Moreover,
the identity (2) is equivalent to the commutation rule

[L(a,b), L(c,d)] = L({abc},d) — L(c, {bad})

which implies that all interior differentiations form the Lie subalgebra Inder(V) C Der(V). An example of
exterior differentiation is given by the map

ola+b)=a—-b, acVT, beV .
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The structure Lie algebra of the Jordan pair is defined as
strl(V) =V @ Der(V)
with the commutator (a,c € V¥, b,d € V=, F,G € Der(V))
[a+b+ F,c+d+ G) = (F(c) — G(a)) + (F(d) — G(b)) + ([F,G] + L(a,d) — L(c,b)).

A number of multifield systems is related to the Jordan pairs: analogs of NLS, DNLS and modified
Volterra lattice, mKdV, some examples with the rational r.h.s..
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93 Kadomtsev—Petviashvili equation

Up = Uppy — OUUL + 602vyy, 20, =u

> This is probably the most famous 3D equation. It describes long water waves with weak nonlinearity and
dispersion; also it can be used as a model for waves in ferromagnetic media or Bose—Einstein condensates.
The review of many results can be found in the books [2, 3, 4].
> Auxiliary linear problem [5, 6]:

3

3
3 —(ug + 200y).

Uwy = ’(/Jzz - ’U/(/J, ¢t = 4¢ZL’£I/’CE - u’(/}l’ - 4(

> Biécklund transformation (z,y-part) [7, 8]:

(Un +Vnt1)e = (Un = Vnt1)® = 0Gn,  Gna = (Un = Vnt1)y.
> Higher symmetry
Upy = Uggy — 4UUyY — 2UzVy + Wyyy, Vp =1U, Wz =0V.
> Hirota bilinear form (u = 2(log f)4z):
(DyDy + Dy +30*D2)f - f = 0.

> N-soliton solution was found in [9]. The soliton solutions were studied also in the papers [10, 11] (analysis
of the additional restrictions on the values of the parameters leading to the resonance interaction of solitons),
[12, 13, 14, 15] and many others. The properties of the solutions depend essentially on the sign of o2. If
02 > 0 then the soliton solution is stable with respect to the 2-dimensional perturbations, while the case
0% < 0 is unstable.

> The localized rational solution, or the lump
u=2D2log((x + ay + (a® — b*)t)* + b*(y + 2at)* + 3b2),

was found in [16, 17]. The formula for the multi-lump solution was also derived there, which demonstrates
that the lumps interact without the phase shifts.
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94 Kadomtsev—Petviashvili equation cylindrical

Uy u
Upt = (Ugy + 3U?) gz — o 4 302% (1)

Alias: Johnson equation [3].

> The point equivalence to KP equation [4]:

2
t
u(z,y,t) = U(x + %ﬂ,yt,t)a Uxr = (Uxx +3U%)xx + 36 Uyy.
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95 Kadomtsev—Petviashvili equation modified

2
Up = Uggg — OU UL + Ougyvy + 30y, Uz = u




Index <« 96. Kadomtsev—Petviashvili equation matrix eDDD 193

96 Kadomtsev—Petviashvili equation matrix

Up = Upgr — (Ul + Upl — Vyy + Vyu — UVy), Uy =u, u € Mat,(R)
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97 Kahan—Hirota—Kimura discretization

Let an ODE system with quadratic r.h.s. be given
¥ =Q(z,x)+ Ax +b, ze€R",

where Q(z,y) = Q(y, z) is a rank 3 tensor, A is a matrix and b is a vector. The discretization proposed in
the works [1, 2, 3] is given by the formula

Tn41 — Tn _ Q(

c Tn41, xn) - Q(In+1a xn+1) - Q(Ina xn) + A(In+1 + In) + 267

which defines a birational mapping z,+1 = fe(x,) with the property x, = f_c(zn+1). In general, this trick
does not guarantee the preserving of the Liouville integrability. However, the conjecture exists that if the
original ODE system is algebraically completely integrable then this is true for the corresponding discrete
version as well.

Examples: Lotka—Volterra system, Euler top
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98 Kaup system

Up = Ugy + 2(U + V)Ug, UV = —Vgy + 2(u + v)v,

> Backlund transformation:

Un,z = (un + anrl)(unJrl — Up + Bn)y Un,x = (Unfl + Un)(vn — Un—-1— ﬁnfl)
> Nonlinear superposition principle

~ Up + UnJrl

Un + Up—1
Up = Up — 1—
" " (571-"- 571)“71—1 + Un+1 — Bn—l ’

Up—1 + Unt1 — Bn

Uy, = Up, + (ﬂn—&-l - Bn)
> Zero curvature representation

U= <;(uv) (u+)\)(v+)\)> Ve (utv—200+ (;(ux +u5) AMug — vg) +uzv)— uvx) 7

1 1(v—u) 0 — 2 (ug + vy
— —-1/2 Up — A UnUn+1 + (/\ - ﬁn)(un + Un+1) + /\2
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99 Kaup—Broer system

Up = —Ugy + 2ty + 20z, Vi = Vg + 2(uv),
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100 Kaup—Kupershmidt equation

25
Uy = us + duugz + ?ulw + 5uuy

> Lax pair:

1 45 5
L=D3+uD, + FUL —A=9D> +15uD? + ?ulDi + 5(7u2 + 2u?) Dy, + 5(u3 + uuy).

> See also: Sawada—Kotera equation
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101 Kaup—Kupershmidt equation, twodimensional

25
Uy = us + duug + ?ulw + 5u?uq — dUg y — DUy — DWUL — DWy, Uy = Wy

> Introduced in [1].
> Auxiliary linear problems v, = L1, 1, = A,

1 45 5 1
L=D?+uD, + Fu, —A= 9D? + 15uD? + ?ulDi + 5 (Tuz + 2u® + 2w) D, + 5(u3 + 2uu; + 3 t).

> See also: 2D Sawada—Kotera equation
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102 Khokhlov—Zabolotskaya equation

Ugt = UgUgy T Uyy + Uz

Reduction u, = 0 corresponds to the dispersionless limit of KP equation.
The Lagrangian: L = —ugzu; + %ui + u?l +uZ.
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103 Kirchhoff system

u = [u, H,] + [v, H,], v =[v,H,], H = (u,Au)+ (v, Bv) + (u, Cv)
u,v €R3, A, B,C € Mat3(R), A = diag(ai,az,a3), B =BT
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104 Kolmogorov—Petrovsky—Piskunov equation

Ut = Ugg + 5(“ - a)(u - /8)(“ - 7)

Alias: FitzHugh-Nagumo equation
> Not integrable. The change x — ax, t — a?t, u — bu + c allows to bring the equation to the form

Ut = Ugy — u(u — 1) (u— ).
The rich families of exact solutions were found in [4, 5, 6].

See also: Burgers—Huxley, Fischer equations.
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105 Korteweg—de Vries equation

U = Ugze + OUUL

> This fundamental equation describes the weakly nonlinear waves in the one dimensional media with

weak dispersion. Introduced in [1], it was the first nonlinear equation integrated by use of Inverse Scattering
Method [2].

> Higher symmetries are defined by the formula uy,, ,, = R™(u;) = ugn41+. .. where R = D2 +4u+2u, D!
is the recursion operator. For example, next two symmetries are:

U, = us — 10uuz — 20uug + 30uuy,

U, = U7 — lduus — 42ugug — 70ugus + T0uus + 280uuqug + 70u§ — 140u>uy.
All higher symmetries are local and can be chosen homogeneous with respect to the weight w(u,) =2 + n.

Alternatively, higher symmetries uy,,,, = const D,(g,) can be computed by use of the generating function
g=1+g1/\+ ga/)\? + ... accordingly to explicit recurrent relations

Jozz + AN+ W) go + 2u,9 =0 = 2900 — g + AN+ u)g® =4X =
n—1 n—1 n n
8Gn+1 = Z 9j,x9n—j,x — 2 Z 9i9n—j,xx — 4 Z 9i9n+1—5 — 4u Z 9i9n—j-
i=1 j=0 j=1 =0
> Zero curvature representation

_ O 1 _ n 7%Gn,$ Gn _\n n—1
e O e T BV B e
> Soliton solutions. A wide class of solutions is given by the formula v = 2(K(z,z,t)), where K(z,y,t) is

a solution of Gelfand-Levitan-Marchenko equation

o0

Fu+%w+Km%w+/’F@+%0Kwaw@:m r<y<oo

x
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with a kernel F'(x,t) rapidly decreasing at x — —oo and such that F; = —8F,,,. In particular, the n-soliton

203
solutions corresponds to the degenerate kernel F(x,t) = Y7, exp(kjz + 8kt + d;).
The 1-soliton solution is given by the formula

2k?
cosh? (kx + 4k3t 4 6)
The formula for the N-soliton solution [3] reads

u=2D2logWle" +e ¥ ,... ¥ — (=1)"e V"], y; =kz+4kit+6;,
where W denotes the Wronskian W{f1,

0<hki <<k,
o fu] = det(DLH ()7

Jyi=1"
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106 Korteweg—de Vries equation cylindrical

U
Ut = Uggy —+ 6UU$ = % (1)

> The Lax pair [1]:

> The point transformation to KdV equation [2]:

1
u(z,t) = gU(xt_lﬂ, —ot=1/2) -

Ur=U 6UUx.
191 T xXxx + X

See also [4, 5]. Another equivalent form is [3]
Up = Ugay + 66 2.

> Recursion operator for the latter form is [6]

1 1
L =tD? + 4t'%u + S+ (2612, + 6)D‘l.

x

> Multifield generalizations were studied in [7].
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107 Korteweg—de Vries equation Jordan

Up = Ugpgy + UO Uy, UE J

where J is a Jordan algebra. The particular cases are vector and matrix KdV equations.
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108 Korteweg—de Vries equation matrix

Up = Ugqy + Uy + 3uzu, u € Mat,
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109 Korteweg—de Vries equation modified

Up = Uppe £ 6u2uI
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110 Korteweg—de Vries equation modified Jordan

Ut = Ugpy + {0, u,uz}, weJ

where J Jordan triple systems.
The particular cases are the following vector and matrix analogs of mKdV equation:
Ut = Uggy + (U UYUL, U E RY,
Uy = Ugge + (U, u)Ugp + (u, uz)u, u€RY,

2 2
Ut = Uppe + WU + uzu”, uw € Maty .
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111 Korteweg—de Vries equation modified matrix—1

Up = Ugpe + 30Uy + ugu?, u e Mat, (1)
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112 Korteweg—de Vries equation modified matrix—2

Ut = Uggy + 3[U, Ugy] + Buugu, u € Mat, (1)
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113 Korteweg—de Vries equation potential

2
Ut = Uggq + 6U,

> Substitution v = 2u, brings to KdV equation v; = vy, + 6v0,.
> Recursion operator: R = D? + 8u, — 4D Y,
> Higher symmetry:
Ut = Uppzos T 20UpUprs + IOu?mC + 40ui
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114 Korteweg—de Vries equation with Schwarzian

213

Ut = Uggx —

2
TT

AT

+ auy,

Most degenerate case of Krichever—Novikov equation.
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115 Korteweg—de Vries equation spherical

u
Up = Ugzq + OuU, + ?

Not integrable, in contrast to the cylindrical KdV equation.
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116 Korteweg—de Vries equation, super-

1
Ut = Jlaon I o iz +30vy, U = Vpge + 5 s o 7Ya?
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117 Korteweg—de Vries equation modified vectorial

Ut = Uggy + (¢ W)Uz + (¢, Ug)u — (U, uz)cC, u,c €RY, ¢ = const.
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118 Korteweg—de Vries-type equations, classification
Authors: A.G. Meshkov, V.V. Sokolov, 2009

1. The list of integrable equations
2. Integrability conditions
3. The classification scheme

1. The list of integrable equations

KdV-type equations are integrable third order evolutionary equations with constant separant:
uy = ug + F(u,uq,us), (1)

Their exhaustive classification was obtained by Svinolupov and Sokolov [1, 2] (more precisely, a bit more
general problem with F' explicitly depending on = was solved in these papers, however, it turned out that
it did not lead to essentially new answers). The proof of the following theorem can be transformed to an
integrability test which can be applied to a given equation of the form (1). Moreover, if equation happens to
be integrable then the change of variables relating it to one of the equation in the list is found constructively.

Theorem 1. Any nonlinear integrable equation (1) is point equivalent to an equation from the following list:

Uy = U3 + uuy, (Kl)
U = U3 + u2u1, (K2)
Uy = Uz + u?, (KB)
1
Up = us — iu‘i’ + (cre® 4 cpe™ ) uy, (Ky)
Up = Uz — M + cl(u% + 1)3/2 + c2u‘;’, (Ks)
2(u? +1)
3uqul 3
up = ug — 2 — S P(u)u(uf +1), (Ke)

2w +1) 2
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3(uz -1 3
w =y~ 2= S ()
3u2
— _ 2 K
w=us g (Ks)
3u3
Up = Uz — —2 + clu?’/ +coui, (c1,c2) #0, (Kg)
4’LL1
3 2
Up = Uz — hr} + cu, (K10)
duy
U = —%—Su(u +1) + 3ugvuy +1
b 4(up + 1) e v (Ki1)
— 6up(ug +1)%2 + 3u (ug + 2)(ug + 1),
=y — 3u3 _3uQ(u14.—1)coshu+3u2\/.u1+1
4(ug + 1) sinhu sinh u (K1)
12
w1 (ug + 1)3/2 coshu ug(ug +2)(ug +1
-6 1(1 .)2 +3 1(1' )2(1 )—l—u%(ul—i-?)),
sinh® u sinh” u
up = us + 3uug + 3utug + 9uu%, (Kis3)
uy = uz + 3uug + 3uluy + 3u?, (K14)

where (P')? = 4P3 — g2 P — g3 and k,c, c1, ¢, g2, g3 are arbitrary constants.

Remark 2. Equations (K;)—(Ko) are S-integrable, and (K19)—(K14) are C-integrable.

Remark 3. Equations

Q=) Lo o 305.+Q)

Q- 3 2

where Q = cyu* +c3u® 4 cou® + ciu+cg is an arbitrary polynomial of 4-th degree are another canonical forms
of equations (Kg) and (K7) respectively. Namely, let Q # 0 then the change u = f(v), where (f')? = —Q(f),
brings these equations to equations (Kg) and (K7) for the variable v.

Uy = U3 +
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Remark 4. The point transformations used for bringing KdV-type equations to one of the listed above are
rather simple. The whole class of equations (1) admits the following point transformations:

(conformal changes) = ¢(u), (2)
(Galilean boost) Z=uz+ct, F — F —cu, (3)
(scaling) & =azx, t=ad’t, F(u,uy,uz) — a 3 F(u, aui, aus). (4)

Moreover, some special subclasses of equations admits additional point transforms. If function F' does not
depend on w then the transformation

U =u+ciz + caot, F(uy,u2) = F(u; —c1,uz) + c2 (5)

as admissible, and if the function F is homogeneous of the weight 1: F(Au, Auq, Aug) = AF(u, u1,uz), then
an admissible transformation is

@ = uexp(at + bx), F— F+au, up— (0;—0b)"u. (6)

The scheme of the proof presented below gives simultaneously an algorithm of reducing an integrable equation
to one of the standard forms (K;)—(Ki4).
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2. Integrability conditions

The definition of integrability for equations of KdV type requires the existence of higher infinitesimal sym-
metries and/or higher conservation laws. The classification of equations with such properties is based on
the symmetry approach which is especially effective in the case of evolutionary equations with one spatial
variable.

The invariant description of all integrable equations (1) is given by the following statement which means
that an integrable equation must possess the local conservation laws (p,): = (0n)z, n = 0,1,... with the
densities and fluxes recursively defined through the r.h.s. of the equation. Recall, that these conservation
laws are called canonical. It should be explained that although the symmetry approach gives only necessary
integrability conditions, actually just a few of these conditions are enough for the complete classification (four
ones in the case under consideration) and after the answers are found, the integrability of each equation is
proven individually.

Theorem 5. FEquation (1) possesses an infinite series of higher symmetries if and only if the following
integrability conditions are fulfilled:

Di(Fy,) = Dy(00), (7)
Dy(3F,, — FZ,) = Dy(01), (8)
Dy(900 + 2F2 — 9F,, F,, + 27F,) = D,(02), (9)
Di(01) = Dy(03). (10)

where Fy,, = 0y, (F), D, is the operator of total derivative with respect to x and Dy is evolutionary derivative
in virtue of equation (1).

Concerning the proof of this theorem, we mention that the integrability conditions follow from the
existence of the formal symmetry. There is also another method [3, 4] of the computation of canonical
densities through the logarithmic derivative of the formal eigenfunction for the operator of linearization of
equation (1). It brings to the recurrent formula

n n+1

1

Pn+2 = g Opn — 5n,OFu - Fulpn - Fug (Dr(pn) + 2pn+1 + g pspn—s>:| - E PsPn+1—s
s=0 s=0
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1 1 < 1
- g Z PsPkPn—s—k — Dz |:pn+1 + 5 Zpspnfs + gDz(pn) ) n > 0
0<s+k<n s=0
where d; ; is Kronecker delta and the initial data are
1 1 5 1 1
p0:_§Fu2’ pl:gFug_gFul—’_ng(Fuz)'

It is easy to check that the first four conditions from this sequence are equivalent to the conditions (7)—(10).
The effective use of the canonical conservation laws for the classification is based on the preliminary
study of the possible structure of the densities of the local conservation laws for equations of the form (1).

Lemma 6. let p(u,u1,uz) be a conserved density for equation (1). Then

2
Pususus = 0, Pusuzuy T Pususu, = gFuQPuqu« (11)
The following algorithm is used in the proof in order to check, if the given function S(w,uq, ..., u,) is the

total derivative in z (that is, belongs to Im D,) or not. First, S have to be linear in the leading derivative
Uy. If this is true then, as one can easily see, a total derivative can be subtracted from S in such a way
that the order of the result will be less than n. Repeating of this procedure we come either to an expression
which is not linear in the leading derivative or to zero.
An alternative method is based on the well-known property
58 § =
SeR®ImD, < 5. =0 5= ;O(—Dx)kauk

of variational derivative. Although it is more transparent theoretically, the previous method is much more
effective for computation.
Let us show, how the formulae (11) are used in the classification of equations (1).

Lemma 7. Let equation (1) satisfies the first integrability condition (7). Then function F is quadratic in
ug.
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Proof. Accordingly to the first equation (11),

Fuz = flu% +f2u2+f3-

Substitute this expression into the second equation (11), this gives

2
Jruur + f1u,u2 = gfl(flug + fauz + f3).

Since f; does not depend on ug, hence balancing of the coefficients at u3 yields f; = 0. Integration of
equation Fy = foug + f3 proves the lemma. |

The analogous computations related with the next integrability conditions allow to determine the possible
dependence of the function F on u; and finally bring to the complete list of integrable equations (1), up to
the point changes given above. The brief sketch of these reasonings is given in the next section.

3. The classification scheme

Accordingly to the Lemma 7 the equation is of the form
up = uz + Az(u1, w)u3 + Ay (ur, wug + Ag(ur, u), (12)

moreover this form is invariant under any admissible transformation (2)—(6). It is easy to obtain from the
integrability condition (8) that
9As 1wy, — 364245, + 16435 =0,

whence

3B,,

4B

Case 1. Let the degree of the polynomial B is equal 2: B = u? + By (u)u; + Bo(u) then the condition

(8) implies

Ay = , where Byjuu, =0.

3By
2B

A1 = Uuq.
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The condition (7) is fulfilled for any such equation. This means that the function o is known and we can
use the condition (9), if we wish. The condition (8) gives that B; B = 2B} By. It is easy to check that
this relation implies that a suitable point transformation u — ¢(u) allows to make the polynomial B not
depending on u: B = u} + Bju; + fo. Clearly, then A; = 0. Then, we find for the function Ay that

2BAO,u1u1u1u1 + SB/AO,ululul - SB/IAO,ulul =0.
1.1. In the case of the distinct zeroes of B the solution of this equation is
Ag = k1 () B¥? + ko (u)(2u3 + 361u?) + ks(u)uy + ky(u).

Then it follows from the condition (8) that if the coefficient k2(u) is constant then all other coefficients are
constant as well and we come (up to the admissible transformations) to equation (Ks). In the case k% # 0
we obtain equation (Kg). Thus, two first integrability conditions are enough if the zeroes are distinct.

1.2. In the case of double zero B = (u; + z)? we have

Ay = Faw) + ko (w) (uf + 32u?) + k3 (w)uy + ka(u).
Uy + 2
If z # 0 then all coefficients turn out to be constant and we can use transformations (2)—(5) in order to bring
equations to the form (Ks) or to the form (K7) with P(u) = const.

In the case z = 0 we still have not used the transformations v — ¢(u) for bringing the equation to the
canonical form. This change allows to make the function ki (u) # 0 constant, and if k;(u) = 0 then it is
possible to set ko = 0.

If k1 = 0 then k2 = 0 and, in virtue of condition (8), k5 = 0. Further, condition (10) implies k} = 0 and
we come back to the case z # 0 which is already studied.

If k1 # 0 then, up to the transformation (4), k1 = 3/2. Then we obtain by use of condition (8) that
kb = k) = 0, k4k = 0. The case k) = 0 brings to the same result as the case z # 0 above. In the case
k% # 0 we have k4 = 0, and the constant k3 is eliminated by Galilean boost. We come to equation (K7) after
determining the function ks by use of condition (10).

Case 2. Let the polynomial B is of the first degree: B = uj + By(u). Then the transformation u — ¢(u)
can be used in order to make By constant: B = uj + fy. Then the first integrability condition (7) gives

A1 = q1(u) + @2(wWur + gs(u)v/ur + Bo, 3¢, = a3, 3¢5 = q2q3, 3(q1 — Bogz) = 0. (13)
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2.1. Consider the case g3 = 0 first. We have A1 = ¢g + ¢2(u)uy and the condition (7) is fulfilled.
2.1.a. If By = 0 then the use of suitable change v — ¢(u) allows to set g2(u) = 0. Then the conditions
(8) and (9) proves that ¢g = 0 and

3/2 2
Ag = clul/ + coui + c3u1 + cau + cs,

moreover cicqy = 0. The condition (10) gives only one additional constraint cacy = 0.

If ¢4 = 0 then we come to equation (Kgy) and otherwise to equation (Kjg), up to transformations (2)—(6).

2.1.b. If By # 0 then it is easy to find, by use of (8) and (9), that the r.h.s. of equation does not depend
on u. Then the transformation u — u — Bpx allows to set the constant 5y to zero and to reduce this case to
the previous one.

2.2. If g3 # 0 then equations (13) imply By # 0. The use of the scaling and shift of u allows to obtain
from (13): Bp =1, g1 = g2 = —3cothu, g3 = 3sinh ' wor By =1, ¢1 = g2 = —3, g3 = 0. Then the conditions
(7) and (8) allow to determine Ay and we come to equations (Ki1), (Ki2).

Case 3. Let B is of zero degree, then A2 = 0. The integrability condition (7) gives A1 = ¢(u) + p(u)u;.
The use of the transformation u — ¢(u) allows to set p(u) = 0. The condition (8) implies

Ay = p1(u) + pa(u)u; + p3(u)u§ + CU‘; gc = qp3 = 0.

The further analysis depends essentially on the function A; = g(u).

3.1. If ¢ = 0 then py = 0 and condition (8) gives, in particular, relations php; = phps = 0. If p) # 0
then condition (7) leads either to equation (Ky) (at ¢ # 0) or to (K;) or to (Kz). If p5, = 0 then we obtain,
using additionally the conditions (9) and (10), the equation is either linear or all p; are constant. Further,
the transformations (2)—(6) bring either to (K3) or to (K4) at ¢; = ¢3 = 0.

3.2. If ¢ # 0 then we obtain, taking into account the relations ¢ = p4 = 0 and with the use of condition
(7) that ¢ = ¢1 +cau+c3u?, ¢'p; = 0. The further analysis is not difficult and the use of all four integrability
conditions proves that equation coincides with one of the equations (Kj2), (Ki3), up to the transformations

(2)-(6).
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119 Korteweg—de Vries-type equations, substitutions

Author: V.E. Adler, 2007

1. Equations related to KAV
2. Equations related to mKdV

Notations:

> in the substitution marked A — B the tilded variables correspond to equation B;

> therefore, in the sequence A — B — (' the variables corresponding to B go with tilde in the first
substitution and without tilde in the second one;

> for short, the dummy n in the lattice indices ...,n—1,n,n+1,... is omitted;

> the letters «, 3, are reserved for the parameters of Backlund transformations. They are always assumed
to be dependent on n.

Any integrable KdV-type equation u; = tgpq + f (Ugs, Ug, w) is related by a differential substitution either
to the Krichever-Novikov equation or to the KdV equation or to the linear equation [1]. While the first
case may be considered generic, the second one is most complicated from the point of view of diversity of
contained equations. Famous Miura transformation [2] relates KdV with the modified KdV equation.
Another very important persons in the zoo are so-called exponential and elliptical Calogero—Degasperis
equations (exp-CD and p-CD) related to mKdV by further Miura-type substitutions.

The full picture is presented below. It contains also substitutions for the corresponding dressing chains,
since discrete and continuous substitutions are closely related [3, 4]. It should be noted that mKdV equation
admits two essentially different Backlund transformations. First one is inherited from BT for KdV; it
corresponds to zero curvature representation related to the Schrodinger operator and to the minus sign of
nonlinear term in mKdV. Second one corresponds to the Dirac operator, and it handles nonlinearity of any
sign. Analogously, exp-CD admits three different BT, two inherited from KdV and mKdV and one for its
own.
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1. Equations related to KdV
Up = Uppw — 6UZ, Uy o+ Uy = (ug —u)> + 3 pot-KdV (1)

Up = Upgy — OUUL, U1z + Uy = (U1 — w)/2(ur +u) — 48 KdV (2)

3 2
Up = Uggy — % — 4u§/2 (3)

(y+48)V2y —48 =3(u1 —u), y = [uiz+ Uz

3u?
= Uzzzx — —* 3 2, x — r — = — 4
Ut u 4(”36 _ ﬂ) Ug \/ul, /61 + \/’U, ﬂ Uy u ( )

Uiy +uy =ul —ul+a, a=p -4

Ugs u2 2

2
— u
Ut = Ugpgpr — 3Uz (T — IQT + ? - 6 - ﬂ-l) eXp—CD (6)

(uru), = vru(ur — u) + a1u + aug

3ty (Ugy + 217 (u))?
2(u? + 4r(u))
(R1 +u1g)(R+ug) = 4uy (u1 + a1)(u+ )
r(u) = u(u+a)(u—ay), R*=u2+4r(u)

+6(2u— B+ 8 — Bo1)ug ©-CD (7)

Ut = Uggx —

227
1 —- 2 +« 3
PN
4 — 5
N
6
d
7
1—=2: u=2u,
1—4: a=u +u
1—=5: a=u —u
2—=5: 2@ +B)=u +u
uw=1u%—1a, +
20, = U1 —u
352 2 =u,
3=5: 42 +301=(u; —1
4—=5: @+pB=u,
4 —=6: U1 =uL —u
5—=6: U1 =u1+u
2u:ﬂ+uw~a
m
6—T7: u=uu
QUZR(:ZL)fuz
U — aq
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2. Equations related to mKdV

3 2
;;m, Uy 2ty = (uy — Bu)® Schwarz-KdV (1)

Ut = Uggx —

_ 3 . ul—u u—u
Up = Upgy — 2US, Ulg + Uy =174 — fe™™" (2)

Up = U — 6U U, U+ U = (ug — )/ (w1 + u)2 + 48
mKdV (3)

2

3
Up = Uggy — Yzs _ 3u§, (Vu1z + 1/um)2 = (u; — u)2 —46  (4)

4,
Su,u’

(ur.0 + (/U3 , + B1) (ug + Vu2 + B) = 2

SUptyy Ul 3( 6)2
—z _ " (u Uy

u 2u2 2

(uru), = vru(u; — u) — fru + Buy

u

exp-CD (6)

Ut = Uggx —

3ty (Uge + 277 (u))?
2(uz + 4r(u))
(R1+u1e)(R+ug) = dur(ur + B)(u+ B-1)
r(u) = u(u+ B)(u+ 1), R*=ul+4r(u)

+6(2u+ B+ B_1)u,  ©-CD (7)

Ut = Ugga —

228
- 2 = 3 <+ 4
NN
5 — 6
N
7
1—2: e%:uz
1—=5: 2a=log(u; — Bu)
2—=3: u=1u,
225 2u=u1+u
2u = 20 — log(dy + /U2 + |
2—6: u=e"7"
3—6: a—pf/i=u +u
2u =i — (iiy + B)/0
431 @2 =u,
4—6: u+p/u=u —u
5—=6: 4—f/t="2u,
57 dy = e
6 —7: U =uu
2u:R~(ﬂ)+sz
w+ B
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120 Korteweg—de Vries-type equations, 5-th order
Author: V.V. Sokolov, 04.06.2008

1. Polynomial and exponential equations
2. Rational and elliptic equations

The integrable equations of the 5-th order had been classified only in the constant separant case
ug = us + F(ug, ug, ug, uy, u). (1)

The complete list can be found in [1]. Here we present only the most important equations.

The equations (3)—(10) in the list below appeared in [2, 3, 4, 5, 6]. The rest of the list appeared in [1]
for the first time (note that there was a misprint in the form of eq. (13)).

The classification is based on the analysis of the necessary integrability conditions. At the first steps, it
can be proved that any equation (1) possessing higher conservation laws is of the form

uy = us + Ajugug + Asug + Agug + A4U§U3 + Asugus + Agus
+A7u3 + Agu% + Agug + A10'LL2 + A11, Az = Ai(u, ul).

The further analysis splits in many subcases and may be very lengthy in the most degenerate ones. For
example, the equation [7] us = us + wuy is not integrable but satisfies 10 first integrability conditions.

1. Polynomial and exponential equations

KdV eq. (118. K1) symmetry — u; = us + 10uus + 20u;up + 30u?uq, (2)
Sawada—Kotera eq. up = us + Huus + Suqus + Suug, (3)
. 25 2
Kaup-Kupershmidt eq. Uy = us + duug + 5 U1t + bu“ug, (4)
5 3
uy = us + Huyug + Suj, (5)

3
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5 3
Uy = us + duruz + 1 —u3 + U1
(2, 3, 4] up = us + 5(ug — u2)1L3 + 5u§ — 20uuiug — 5uif + Sutug,

2 2 5
up = us + 5(ug — ui)us — dugus + uy,

[5] up = us + 5(ug — ut + Ae®™ — Aqe " )uz — Suqul
+ 15(A1e® + 4XZe M ugug + uf — 90NZe M Hud
+5(A\ e — )\ge_4“)2u1,

[6] g = us + 5(ug — ut — A2 4 Ao “)uz — buqui

- 15)\%€2uU1U2 +uf + 5(=ATe* + Age ™) uy.

Substitutions:

)~ 9) = (4) 1 2ug —u? £ 6 e Uy + et — \e M =
10) = (3) 1 —up — u2 £ 3Apetuy — A2e2% + Age ¥ = i
9)[x=-22x,=0 = (10)[x; =3, 3.=0;
9

(
up = U; (
(
(Nri=r2=0 = (10)[x,=x,=0 = (8)-

(5
(
(
(
(

O — — —

iiii

(
6) = (
7) = (
7) = (
8) = (

2. Rational and elliptic equations

5 5 2
Up = U5 — u—luzm + uzu;; + 5( + ,ugul) 5(% + ugul)ug — 55—1 + 5u1,ugu% + ,u%u‘;’,
1 1

5 15 65
Up = Uy — —UgUg — w4+ Ug +5 Jr ,ugu U3
w R R !

135 4 ( 7,“1 ‘LL2U1
2

Nl
— — 5 5
16u% u 4u1 D) ) + #1#2U1 =+ #2U1a

(11)

(12)
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~1/2

o 2 5 o 1 1/2 2 35 4
e _ 2 —2
Uy = Us " Uy T uj + 2 usug + 5 U2us +5(ur — 2uuy’ " + p)ug — 67 Uy
5“1_3/2 3 —12 3p? 1 u2 buj 5/2 2,2 4()#3“?/ 4
— 3 Ug +5(,Uz 1 47u1—4> +? 8#’& +15,U, ul—T+5u Uy, (13)
15(R® + 2R?) 45R*  , 45(R'0+22R"T +13RY) , 9
ut:U57(7)2u2u4*4(R3_1)ZU3+ R =1 Su3 + bR us
_ 3645(2R™ +4R° 4+ RS) , 15u(2RT4TRY) 5 2u* o 5u®
- RS- _R?, 14
16(R® — 1) U o 2t 3 (14)
e Mu e 45R? . 45(RY0 4+ 22R" + 13R4)u2u
P ome—1)2 Pt 4(R3—1)2 8 4(R3 —1)* 27
3645(2R'? + 4R° + R®) , SRS+ 2R3 42 10R? + 39R% + 36R3 — 4
— 50— " " ° 50
16(R5 —1)6 2 orRt W7 RRA(RE —1)2 2
10R? — 3RS + 12R3 + 8 14R° 4+ 39R® + 24R3 + 4
— 50 02 1
g 54R6 Uz =5 243R10(R3 — 1)2 (15)

In (14), (15) R = R(uy) is defined as a solution of the algebraic equation
2R3 —3u1R*+1=0,

and Q(u) is any non-constant solution of

02 =40°% + ¢
Substitutions:
(11)|u17>\2,u277>\§ — (10) : logu, = u;
(12) ]y =ay =z = (9) : —1logu = @;
(13) > (7) : N
(14) = (9)ro=0,7=p : log R(u1) = @;
(15)]e=—108r223 = (9) : A(u) + log R(u1) = @,
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where A(u) is a non-constant solution of the equation

A% = \2exp(—4A) — A\ exp(24).
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121 Krichever—Novikov equation

3 2

Ut = Uggx — ﬁ(um—r(u)), r=r4u4—|—~-~—|—ro (1)

> Introduced in [1].

> This is the only integrable equations of the form u; = uzps + f(Ugs, sz, u) which is not related via a
differential substitution to KdV equation or linear equation [2]. The Hamiltonian structure and recursion
operator were studied in [3, 4].

> Bicklund transformation [5]:
UpVe = h(u,v), h(u,v) = h(v,u), Py =0, 7(u) = hZ — 2hhy,.

For example, r(u) = 4u3 — gou — g3 corresponds to

h= %((uv +au+av+ go/4)? — (u+ v+ a)(dauv — g3)), A? =7r(a)

where p is the parameter of BT.
> Nonlinear superposition principle [5] is equivalent to the (Q4) quad-equation.

> Zero curvature representation Uy =V, + [V, U]:

_ 1 b C _ Ugza 3uiz T(u)
U= (a b), V = =20, +2[U,,U] - 3( et Gu%)U

where a, b, ¢ are defined by h = a(u)v? + 2b(u)v + c(u).
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122 Kupershmidt lattice

Up,t = Upt1,0 + UoUn,z + QNULUY 5, 1 =0,1,2,...

> Dispersionless Lax pair Dy(L) = A,L, — Ay Ly:

a+1

A= ugp, L=p" 4uptup® +uap
a+1
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123 Kuramoto—Sivashinsky equation

Ut = Ugggy + PUgg + UUg (1)

> Introduced in [4]. This equation describes, in particular, the flame propagation.

> This equation is nonintegrable. In general, its solutions demonstrate chaotic behaviour. An exact
kink-like solution [4] is:

u = 1200° + 60(#9 - 2k2>v —¢, v=ktanhk(x —xg —ct), T6k®=1lp or T6k* = —p.

u u

. 0.3

1 e .2
.5 0.

X X
-20 -10 05 10 20 -20 -10 o1 10 20
-1 -0.2
~15 -03

p=1,k>=11/76; p=-1,k>=1/76; (c=0,t=0, zo=0).
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124 Lagrange top

m=ap’ —pa’, a=ma, m e so(d), a,peR? p=const

This is the rest frame description of the motion in the gravity field of a d-dimensional axially symmetric
rigid body with the fixed point on the axis of symmetry.
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125 Lagrange top discrete

Mpg1 = My + anpT —pal,  anp1 = (21 +my,) (2] —my,) ta,, my, € so(d), an,p € R?,  p = const
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126 Lax pair
A nonlinear PDE possesses the Lax pair if it is equivalent to an equation of the form

D.(L)=1[A,L], L=u,Dl+ - -4uy, A=a,DI'+ - +an

for some differential operators A, L. The first and simplest example corresponding to Korteweg—de Vries
equation is [1]
L=-D?+wu, A=4D?—-3uD, —3D,u, s+ Upzs — 6uu, = 0.
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127 Lax pair dispersionless
A nonlinear PDE possesses the dispersionless Lax pair if it is equivalent to an equation of the form

Dy(L)y={A,L}y=A,L, — A;L,, L=L(ztp), A=A(zt;p)

for the coefficients of the functions L and A power expansions over parameter p.
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128 Landau—Lifshitz equation

S; =19,8. +JS], SecR® (S,8)=1, J=diag(Ji,Js,J3), J1+Jo+J3=0 (1)

> The higher symmetry:
Sty = (Suz + g(&,s@s)z — 2(37 JS)S,.

> The mater-symmetry [2] is local:
Sr = [s,2(Sgx + JS) + Sz] = xSt + [S, Sz)-

> The stereographic projection

1

1+ 22

S:

(z+z,i(z — 2),1 — 22) (2)

brings (1) to the form

) 2z(22 +r 1
12t = Zgpg — % + 57“’, dr = (Jo — J)(2* +1) +6(J1 + Jo) 22

> In the totally anisotropic case J; # Ji the zeroes of the polynomial R are distinct.

> In the partially isotropic case one can set, without loss of generality, J; = Jy = i%ég, r = £6222. The
sign +/— correspond to easy axis/easy plane ferromagnet.

> The isotropic case J = 0, r = 0 correspond to Heisenberg equation.

> The equation remains integrable also for arbitrary 4-th order polynomial . The complexification z — u,
z — 1/v, t — it yields the system, also known as the Landau-Lifshitz equation:
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> The higher symmetry:

6us + 3r'(u)  6(u?+r(uw) 1,
ut3=U3—U1( v w—v? - 5T (u)>,
Vgy = Vg — V1 (61}21;’_:3;/(1)) — 6(2 t Z;g)) - %r”(v)).

> The 2 X 2 zero curvature representation contains the spectral parameter on an elliptic curve. The 4 x 4
representation polynomial in A was found in [3].
> Biécklund transformation is defined by Shabat—Yamilov lattice.
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129 Landau-Lifshitz equation, r = +u? (easy axis/easy plane)

245

02 — 5292

Up = Ugy — gla “O W _ 2u, —vp=vpe+22— — 5%
U —v U —v
The case § = 0 corresponds to the Heisenberg equation.
> Bécklund transformation:
2h., 2hy, -
Unp,x = —_—+ hn,vn+1a Un,x = =t hn—l,un—m
Un+1 — Un+41 Un—1 — Un—-1
285 — 26pn + 6° Bn(Bn —6)
2 2 n n n\Mn
hn = kn(un +'Un+1) — CpUnpUn41, Cp = 2/[3”—_5, kn = W
> Zero curvature representation
U — 1 S(u+v) —uv
Tu—v\ A2 —=0 —3(u+v))’
V= AU+ 1 A(uv), + & (w2 — v?) ugv? + ulvy,
— o N9 2
(u—v)2 (02 = A3 (u+v), AMuv), — & (u? — v?)

W. — h—1/2 ()‘ + Cn)'Un-i-l — 2k, u, —UpUn+1
" n A2 — 52 —( AN+ cn)un + 2kpvpi )
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130 Landau—Lifshitz equation, »r =1

246 249
ut:umz—Qum_‘_ , —vt:vmx—l—va—i—
u—v U —v
The case § = 0 corresponds to Heisenberg equation.
> Bécklund transformation:
2h,, 2hp_1 2
= — h b = - h - ) h = - + e
Un,z Uil — Unia + N,V 41 Un,x U1 — U1 n—1,Un_1 n Bn(un Un-‘rl) 4571
> Zero curvature representation
U— A (u+v) —}w—%
u—v 1 —§(u +v))’
V:—/\U+# —(uv)y U+ utvg — B(u—v) + S(u+ ),
(u—v)2 \— ’

(u+ )y (uv)e

W = pol/2 (—)\vn+1 +2Bn(Un — Vn41)  AUpUngr + % + % )
n n -\ Mg, + 280 (U — vpg1) )
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131 Landau-Lifshitz equation, r = 0, Heisenberg equation

Sy =[S, 8], SER3 (S,8) =1

> Master-symmetry:
S'ro = xSma
S‘rl = iC[S, Szz] + [Sa Sz]7
Sry = (Spzx + 2(Sx, Sz)Se + 2(Sz, Szx)S) + 254z + 3(Ss, Sz)S + SxD;1(<Sx, Se))
> sly version:
QSt = [S, sz], S c 812, 52 =1.

> Zero curvature representation:
U=M\S, V =2X25+)\SS,.

> Polynomial parametrization:

S(l—pq u > é{pt=p2+(p2q1)z
q(2—pq) pg—1 G = —qa + g}

> Rational parametrization given by the stereographic projection (128.2) brings to

2u? 202
Ut = Ugy — y TVt = Ugq +
u—v u—v
> Béicklund transformation:
_ /Bn(UnJrl - Un)(un - un+1) _ 57171(7)7171 - Un)(vn - unfl)
Up,x = ’ Un,x =
Un4+1 — Unp+1 Un—1 — Up—1

> Zero curvature representation

A Lu+w) —uw A —(uv) uzv? + u?v
__ " (2 - _\ A T T T
v u—v ( 1 —%(u—&—v)) v v+ (u—wv)? (—Uz — Vg (uv), ) ’
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W _ 1 *)\vn—}-l + ﬂn (un - Un+1) )\unvn+l
" —A )\un + ﬁn(un - vn+1)

Up — vn+1
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132 Laplace cascade method
Author: V.V. Sokolov, 25.12.2008

Laplace transformations were introduced in 1873[1, t.9, p.5-68], the following development of the theory was
made by Darboux [2, t.2]. The contemporary works are related mainly with the applications in the theory of
integrable systems, see e.g. [3] and the section on Liouville type equations. Some generalizations of Laplace
method can be found in the papers [4, 5].

1. Laplace invariants and Laplace transformations
2. Laplace integrability
3. The matrix case

1. Laplace invariants and Laplace transformations

The Laplace invariants for linear hyperbolic operator of the form

2

L:
Ozxdy

+a(e.9) 3+ ba) 5+ cly) o

are defined as follows. The operator L can be represented in the following two partially factorized forms

LZ(%‘F(J)(%'FG)—}L, h =ag +ba —c,

or

0 0
The functions h and k are invariant with respect to conjugations L — s(x,y)Ls(z,y)~!. The functions h
and k are called the main left and right Laplace invariants of the operator (1).

Equation L(V) = 0 is equivalent to

(a%m)v:vl, (2 so)a=nv. (2)
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If h # 0, then V; satisfies a new hyperbolic equation

2

( Ox0dy

0 0
+a1($7y)£ +b1(w7y)aiy +01($ay))V1 = Ll(‘/l) — 0,

where
a1 = a — (logh)y, b1 = b, 1 =aiby +by —h.

In it easy to see that

le(aﬁym)(%w)_h:(Lb)(%m)_m,

where
hi = a1,z — by + h.

The main right Laplace invariant k; of L; coincides with h. Notice that

(aﬁy—i—al)L:Ll(%—&—a).

We say that operator L; is obtained as the result of Laplace y-transformation of the operator L. It
follows from (2) that any solution of the equation L(V') = 0 produces a solution of the equation L;(V;) =0
and vice versa.

If h; # 0, we can apply the same procedure to the operator L; and so on. As the result we obtain a
chain of operators

Li:(%—s—b)(%—f—ai)—hi:(%—Fai)(({%—kb)—hi,l, i €N, (3)

where
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The coefficients a; and the Laplace invariants of these operators are related by the formulas
a; = aj—1 — (loghi—1)y, hi =iz — by + hi_1. (4)
Here ag = a, hg = h. It follows from these formulas that
hi =2h;—1 — hi—o — (log hi—1) gy, (5)

and k; = h;_1. The chain (5) is nothing but the famous integrable Toda lattice. o
If k£ # 0, then starting from the operator L, we can define another chain of operators Ly, Ls,... by the

relations 9 9
< bi>L—_ - Ei(f b )
(ax + ! ox + !
For this chain we have
bi =bi—1 — (logki—1)z, a; = a, ki =bjy — az + ki1,

where k; is the main Laplace invariant playing the same role for L; as k for L; another invariant coincides
with k;_1. If we denote h_y = k and h_;_1 = k;, : = 1,2,..., then we get the complete set of the Laplace
invariants h;, ¢ € Z. It can be easily verified that all Laplace invariants satisfy (5).

The operator
0? 0 0
=—— —a— —b— —a, —b
0x0y e y tlc—a )
is called adjoint to the operator L. It is not difficult to show that the Laplace invariants H; of the operator
LT is related to the Laplace invariants of L by

T

Hy=h_pn_1, n=0%1,£2, ...

2. Laplace integrability
According to (2), we have
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and therefore

1,0 1 /0 0
— (< (< Z a0\
v h(8w+b)h1(8x+b> hp,1<8x+ ) P
where L;(V;) = 0. Since
g +b= e—fbdzﬁe/bdm
Ox oz ’
hence the latter formula can be rewritten as
1010 1 0
fbde _ = Y - ¥ e J bdx 6
Ve hoxhy 0r  hy_i Oz (Ve™) (©)
Analogously,
10190 1 0
fadyziiii_._ (Vv [ ady
Ve koyks 0y kg1 0y (Ve )

where L;(V_;) = 0.
If for some p we have h, = 0, then the chain of operators L; is terminated. In this case the equation
L,(V,) = 0 can be easily solved. It follows from (3) that

(% + ap) Vp = Y(y)e_fbdx

or
V,=e" [apdy (X(:r:) + /y(y)ef(apciy—1>d06)dy>7
where X and Y are arbitrary functions of variables z and y correspondingly. Let
o = e—fapdy’ B _ €f apdy—bdw7

then
v, = a(X +/Yﬂdy).
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Substituting this to (6), we get

o)) P X 8176

— / N

V_A(X+/Y/3dy)+A1(X —|—/Yaxdy) a4y (S Yoy y),

where A, Ay, ..., A, are some given functions of z and y and X (z), Y (y) are arbitrary functions. Thus the

general solution of the equation L(V) = 0 can be found in quadratures by (6). Notice that this solution is
local with respect to the function X but non-local in Y.
Choosing Y = 0, we get the following special solution:

ar X
V=AX+ A X"+ -+ A,— T (7)

Thus, if h, = 0, then the equation L(V') = 0 has a special solution of the form (7), where X (z) is arbitrary
function. The converse statement is also true.

Lemma 1. Let equation L(V) = 0 has a solution of the form (7), where function X (x) is arbitrary. Then
an integer m exists such that 0 <m < p and h,, = 0.

The operator L is called Laplace integrable if there exist p > 0 and ¢ > 0 such that h, =0 and &, = 0.
The concept of the Laplace integrability is crucial for the definition of so called Liouville type nonlinear
hyperbolic equations (see also [6, 7] and references therein).

The general solution of the equation L(V') = 0 with Laplace integrable operator is local in both arbitrary
functions:

, P X , diy
V=AX+A4X+---+4, s + BY + B1Y' + +Bqdq
It is clear that LT is Laplace integrable if and only if L is Laplace integrable.

3. The matrix case

Consider now operator (1) with coefficients a, b, ¢ being N x N matrices. A straightforward generalization of
all definitions to the matrix case looks as follows. The main Laplace invariants are defined by the formulas

ho = ag + ba — ¢, h_1=ko="by,+ab—c.
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Actually, only spectrum of the matrices hg,h_1 is invariant with respect to the transformations L —
s(z,y)Ls(z,y)~!. However by an analogy to the scalar case, we prefer to keep the name “invariant” for
these matrices.

The matrices h; for ¢ > 0 are recurrently determined from the following system of equations

hi,y — hiai + ai+1h7; = 0, (8)

hit1 = 2h; + (aiy1 — @i)x + [b,ait1 — a;] — hi-1, (9)

where ag = a. Obviously, in the scalar case these formulas coincide with the corresponding ones from section

1. Suppose the matrices h; and a; for ¢ < k are already given. Then we derive ay41 from (8) and after that

find hgyq from (9). However if det hy = 0, then ag1 does not exist at all or it is defined not uniquely but

up a matrix « such that ahyr = 0. In the latter case, the existence and properties of next Laplace invariants

essentially depend on the choice of a. At first glance, such degenerations are very special, but in applications
of the Laplace invariants to the Liouville type integrable systems this is a generic case.

To overcome this difficulty, we consider the products H; = h;h;_1 ---hihg. The matrices H; are called
generalized Laplace invariants. For the scalar case the formulas (4) are equivalent to

a; = a — (IOgHi_l)y, hz = Qj,x —by—Fhi_l.
These formulas are generalized to the matrix case as follows:
Hiy — Hia +aip1 Hy = 0, (10)
hit1 = @iy1,0 + [b,aip1] — by + R4, Hi = hiy1 Hy, (11)

and Hy = hg. To get H; 11 we have to solve equation (10) for ;11 and substitute the result into (11). The
generalized Laplace invariants K; are defined by

Ko — Kb+ b1 K =0, (12)
kiy1 = bit1,y + [a,bit1] — az + ki, Ky = ki1 K, (13)

and KQ = ko.
In a slightly different form the following statement was proved in [6].
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Theorem 2. The generalized Laplace invariant H,, exists and is well-defined if and only if

(% + a) (ker H;) C ker H; and (% + b) (Im H;) C Im H;

for all i < m. After evident reformulation the statement is valid for the invariants K;.
As in the scalar case, we have the following theorem.

Theorem 3 (Startsev [8]). Suppose that the Laplace invariants H; of operator (1) with matriz coefficients
exist and are well defined for all i < p and H, = 0. Then a differential operator exists

p 8j
7=0
where A; are square matrices and det(A,) # 0, such that S(f(x)) is a solution of the system L(V) =0 for
any vector-function f(x).

Definition 4. The operator (1) with matrix coefficients is called Laplace integrable if the generalized Laplace
invariants H; and K; exist, are well defined, and H, =0, K, = 0 for some p > 0, ¢ > 0.
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133 Laurent property

A rational mapping f : C" — C" satisfies the Laurent property if all its iterations f¥(z) are Laurent
polynomials on the initial data = = (z1,...,,), that is, the denominator of f*(z) is at most a monomial in
T1ye..,Tn.

Example: Somos sequences.
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134 Left-symmetric algebra
Author: V.V. Sokolov, 04.07.2006
Left-symmetric algebra (A, o) is characterized by identity
As(a,b,c) = As(b, a,c),
where As denotes the associator
As(a,b,¢c) =(aob)oc—ao(boc).

This class of algebras is obviously a generalization of associative ones for which As(X,Y,Z) = 0. Another
example of left-symmetric algebra is given by Euclidean space equipped with the multiplication

aob={a,c)b+ (a,b)c

where c is a fixed vector.
The left-symmetric algebras are related with multi-field analogs of Burgers equation.
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135 Levi system

259

Pt = Doz + (P> +20pq +2BD)s, Gt = —qux + (¢° + 2pq + 28q)

> Introduced in [1]

> Levi system is related to NLS system by Béacklund transformation

U =pq—qz, Ug/u=p+q+p
and to DNLS system by the differential substitution

p=by/b—ab/2, q= —ab/2.
> Bécklund transformation:
Pjz =Pi(Pj+1 —Pj + @1 — @G + Bj+1 = Bj)s  Qjx = Pidj — Pj—1¢-1-
> Hamiltonian structure for this lattice:
{pirai} = —pj Pt =p;, H= Z(%qf- + 8545 + p345)-

> Nonlinear superposition principle

L Be — Br—1 _— B — Br—1

Dk—1 =Pg—1({1l— ——7—, Pk =pp|l+———),
Prk—1 — Gk Pk—1 — Gk — «

. Br — Br—1)qk - Br — Br—

qk—1 ZQk—1+ ( 1) ’ qk :qk?<1_ 1>a
Prk—1 — 4k Pr—1 — Gk

Br-1 = B, Br = Br—1

> Zero curvature representation Uy =V, + [V, U], W, = UyW — WU:

s—A  —q 3(p—q) q >
U= , V=2A+s)U+ |2 , 2s=p+q+
< » /\—s> (A+s) < P 3q-p)), s=ptats
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W, = p 12 (Pi —gj+1
7= P 2A—=Bjs1 — ¢
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136 Lie algebra

Lie algebra L is the algebra with the skew-symmetric multiplication [-,-] : L x L — L which satisfies the
Jacobi identity

[av b] = _[ba a]a [a’ [b7 CH + [bv [Cv a]] + [C’ [a’v b]] =0.

Any associative algebra A gives rise to the Lie algebra A~ with respect to the product [a,b] = ab — ba. Any
Lie algebra is isomorphic to a subalgebra of some A~.
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137 Lie group

The n-parametric Lie group is a smooth n-dimensional manifold G equipped with the operations of multi-
plication G x G — G and taking the inverse G — G which are smooth mappings and satisfy the common
group axioms (1).

Local Lie groups, Lie groups of transformations
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138 Liouville equation

263

Ugy = €

> This is a classical example of linearizable equation. The substitution from the linear equation

w _ 20,0y

e = —2(logv)zy, Vzy =0

02
yields the formula for the general solution u = log(%).

> Alternatively, the solution can be found from two consistent ODEs

; up = k(y)

Il

o
—
8
N
<

<

<

I
N =

with arbitrary functions ¢, k. An immediate check proves that, indeed,

1 1
Dy(uxﬂc - 5“2) =0, Dx(uyy - iui) =0

in virtue of Liouville equation. These expressions are called y- and x-integrals respectively.
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139 Liouville type equations
A nonlinear hyperbolic equation of the form
Uzy = f(T, Y, U, Uz, Uy)

belongs to Liouville equation type if it possesses some of the following properties:

> its general solution is given by an explicit formula (Darbouzx integrability);
it is linearizable (C-integrability);
its symmetry algebra contains arbitrary functions;

the nontrivial integrals in both characteristics exist;

Y ¥ v v

the sequence of its Laplace invariants is terminated by zero in both directions ( Laplace integrability).

It should be stressed that although these properties are in close relation, they are not equivalent and
there exist the examples of equations which satisfy only some subset of them. Several classification results
are known based on the analysis of these features.

References

[1] A.V. Zhiber, N.H. Ibragimov, A.B. Shabat. Liouville type equations. DAN SSSR 249:1 (1979) 26-29.

[2] A.V. Zhiber, A.B. Shabat. Nonlinear Klein-Gordon equations with nontrivial group. Dokl. Akad. Nauk SSSR
247:5 (1979) 1103-1107.

[3] A.V. Zhiber, A.B. Shabat. The systems u, = p(u,v), vy = q(u,v) possessing symmetries. Dokl. Akad. Nauk
SSSR 277:1 (1984) 29-33.

[4] .M. Anderson, N. Kamran. The variational bicomplex for second order scalar partial differential equations in
the plane. Duke Math. J. 87:2 (1997) 265-319.

[5] A.V. Zhiber, V.V. Sokolov. Exactly integrable hyperbolic equations of Liouville type. Russ. Math. Surveys 56:1
(2001) 61-101.



Index < 140. Liouville integrability 265
140 Liouville integrability

Author: A.Ya. Maltsev, 2.10.2009

Consider the Hamiltonian system

a’c’:J”%:{x’,H}

(summation over repeated indices is assumed) on a manifold M?" with a non-degenerate Hamiltonian
operator J% (x). This system is called integrable in the Liouville sense [1] if there exist n first integrals
I, {I",H} =0, v =1,...,n, such that:

1) the integrals I” are functionally independent (rank ||01"/dx|| = n);
2) the integrals I” commute with each other,

{IU’I#}:O’ V’/”l’:17"')n;

3) the common level surfaces I”(x) = const, v = 1,...,n are compact manifolds in M?".

The following remarkable facts can be proved under these conditions.

Theorem 1 (Liouville). Almost all common level surfaces of the first integrals IV (x) = const, v =1,...,n
are n-dimensional tori T embedded in M?™. In the vicinity of every such torus the so called action-angle
coordinates (J',...,J", 0% ...,0™) can be introduced such that:

1) in these coordinates the Poisson bracket has the canonical form (see Darboux theorem,)
{7, 7%y =0, {0~,6°}=0, {J*0°}=6% o, B=1,...,n;

2) on the tori T", the coordinates (01,...,0") take the values 0 < 0% < 2m, while the coordinates
(J,...,J") are constant;

3) the Hamiltonian function H has constant values on the tori T™ and depends on the values of (J1, ..., J™)

only: H=H(J', ..., J™).
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It can be easily deduced then that the tori T™ give invariant manifolds for the corresponding dynamical
system, such that the values of J* remain constant, while the coordinates 8% depend linearly on time with
some constant frequencies w®(J):

0% (t) = 05 + w(I)t.

The Liouville theorem gives a beautiful description of the global behavior of the trajectories of integrable
systems from the geometrical point of view. Thus, the trajectory of an integrable dynamical system gives
the irrational covering of some n-dimensional torus T"® C M?2" in generic situation. It is easy to see also
that every dynamical system defined by any Hamiltonian function H = H(J) is integrable in the Liouville
sense and has the same invariant tori T™ as the initial one. So, the integrability in Liouville sense implies in
fact the existence of infinite number of integrable dynamical systems which commute with each other.

The definition of the integrable system can be generalized also to the case of the Poisson structure of
constant rank. Namely, we can say that the Hamiltonian dynamical system is integrable if all Casimir
functions are globally defined on M™ and the restriction of the dynamical system on every common level
surface of Casimir functions N' = const, ..., N™ 2" = const gives an integrable system in the Liouville
sense.
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141 Loop algebra

A loop algebra is the Lie algebra of the formal Laurent series with the coefficients in some lie algebra L:
L) = {uoA™ + u A"t ug\" 2 ... | n€Z, u; € L}

Loop algebras are related with several schemes of construction and solving of integrable systems, from rather
simple to more or less universal ones.
As a simplest example consider the Lax equation on L(\) of the form

Up, = [Un, U], U=wug+ui/A+ug/N+..., Up=NU)y =u\" +u A"+ du,. (1)

This gives the infinite system of equations for the coefficients

Ug,t, = 0, ug,t, = 0, uo,t, =0,

ULty = [uo,ul], U, = [Uo,uz], Uity = [UOaUB]

Ugy, = [Uo, U], Uz, = [uo,us] + (w1, u2], ugs, = [ug, us] + [u1,us],

u3go = [uo,us], wus:, = [uo,us] + [ur,us], usgs, = [uo,us] + [u1,us] + [uz, us,

which possesses the properties formulated in the following statement. These properties are not related with
the nature of Lie algebra L.

Statement 1. 1) The flows Dy, defined by equations (1) commute, that is Dy, (Dy, (uj)) = Dy, (Dy, (uj))
for all j,m,n;
2) the identities Umy1t, = Unt1t,, hold, and this makes possible to introduce the potential v € L

accordingly to the formulas u, = v, | ;
3) the flow D, defined by equation

Uy =[v, U= NUx &  up,=vug]+ (k+ Dugys (2)
is the master-symmetry of the hierarchy (1):
[Dn Dtn] =nDy

n41°
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Proof. 3) One has

= Uy, U]T - ([U’ U] - )‘ZUA)tn

= [Unr — s, Ul + [Un, [v,U] = N2UA| — [v, [Un, U]] + N2[U,, Ul

n?

since

- (/\”+2UA)+ — Upy1 + AzUn,k = WA+ 2u N T 4 (n+ Dupg1 — Upta
+ X2 (nugA™ (0 — Dug A" 4 ) = nUpg.

Various integrable models appear after the concrete choice of the Lie algebra.

Ezample 2. If L is a finite-dimensional Lie algebra then equations (1) become (1+1)-dimensional integrable
systems of NLS or N-wave types. Here the choice of the first coefficient ug (which is a constant of motion
in virtue of the equations) is of importance.

Ezample 3. The examples of dispersionless PDE in any dimension appear id L is an infinite-dimensional Lie
algebra of the vector fields on some manifold. Let, for instance, L consists of the vector fields on the line,
that is u; are just functions depending on the additional variable x and the commutator is defined by the
formula [u,v] = wv, — vu, (after identifying u <> ud,). Clearly, in the t-function language this example
corresponds to the auxiliary linear problems of the form vy, = (A" + u1 A" ! + -+ 4+ u,)1,. The choice
ug = 1 allows to identify D, and D;,. In this case equations (1) generate a (2+1)-dimensional dispersionless
hierarchy with the simplest representative (in potential form)

Uty — Vtyty + VgVst; — VoVt = 0.

1 N

More generally, let L be Lie algebra of the vector fields in RY | that is u; = (u},...,uY) and the commutator

is defined accordingly to the identification u; — Zuf@mk Again, one can assume Dy, = D, = D,, without
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loss of generality, under the choice ug = (1,0,0,...). Then the vector potential v = (v!,...,vYV) satisfies
the equation

Uty = Vtyty + [Vay Vey] = 0
which contain the partial derivatives with respect to 2 + N independent variables t1,ts and x = z1,...,ZxN.

The formula (2) leads to the master-symmetries of this equation
VT = [vaﬁf] + 2vt1 + tl(vtltl - [anvh})'

Interesting reductions correspond to the Lie subalgebras of contact or hamiltonian vector fields. For
instance, the choice N =2, v = (H,, —H,,) leads to 4D-equation

Ha:tg - Ht1t1 + HmtlHa:p - Hza:Hptl =0. (3)

This construction is not unique. It admits many variations depending on the definition of the element

U, in (1). In particular, these versions are related with different decompositions of Lie algebra L into

subalgebras and with the corresponding gradings in L(\). For example, an easy exercise proves, that the

choice U, = ugA\™ + u; A"t 4+ -+ 4+ u,,_1 A lead to the commuting flows as well. In the case L = sly these

lead to Heisenberg model instead of NLS, and the algebra of Hamiltonian vector fields on the plane leads,
instead of (3), to equation

Htltl = HptlHItz - HptzHﬂvtl? (4)

which is related to Plebanski equation.
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142 Lorenz system

270

&= k(x—y),

Yy=rr—y— 2z,

z=xy — bz.

This is a famous example of nonintegrable ODE demonstrating strange attractor.
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143 Manakov system

Uy = U + 2(u, VYU, —V; = Vg + 2(u,0)v, w,v €RY

This is the first and simplest multifield generalization of NLS equation.
> Bécklund transformation [2, 3]:

Un,z = Un+1 + Brtn + <un7 Un+1>un7 —Un,z = Un—1+ Bn-1vn + <un—1; Un>vn- (1)
Third order symmetry:
Uty = Uggz + (U V)Uy + 3(Ug, V)U, Vg = Vgaa + 3(u, V)vy + 3(u, v )v.

The quantities
U=-2u,v), W=2u,v,)— 2{uyz,v)

satisfy the Kadomtsev—Petviashvili equation [4, 5, 6].
AU, = Upgy — 6UU, + 3Wy, W, =Up.
The quantities
Fo = —(tn,Vp41) = By Pn = (Un, Unt1,0) = (Un,zs Unt1) + (Un, Vps1)? = B
yield, in virtue of (1), the Miura-type transformation [7]
Uni1 =Un +2F, ., Uy=F:—Fuy+ Py, Puy=Fu,
between KP and modified Kadomtsev—Petviashvili equation
4F;, = Fypy — 6(F> + P)F, +3P;, P, =F,.
The variables F, P satisfy the 2D dressing chain
Foiro+Foe=Fry —F 4+ Pyy1— Py, Poo=F,,.

) )
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144 Massive Thirring model

iug +v+ulv? =0, v, +utoful>=0
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145 Master-symmetry

An evolutionary equation u, = K (x,u,uy, ..., un) is called master-symmetry for equation u; = F(z,u, uq,. ...

if the corresponding evolutionary derivatives satisfy the relation [V g, [Vp, V]| = 0.

The notion of master-symmetry was introduced by Fokas and Fuchssteiner [1, 2, 3]. The first example
appeared actually in [4].

The master symmetries can be introduced through the zero curvature representation with the time-
dependent spectral parameters [5, 6, 7].

Master symmetries for many equations (e.g., for the KdV, NLS, and Toda chain equations) are nonlocal.
However, the Landau—Lifshitz model, which is an universal equation in the NLS class, has the local master
symmetry.
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146 Maxwell-Bloch equation
Reduced Maxwell-Bloch equation:

E, =V, V,=wR+EQ, Q,=-EV, R,=-wV
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147 Melnikov system

Ut = Uggy + OUUL + 3”yy - <¢a 1/}>xa Uy = U, (z)y = Ggz + U, —% = Pgr + UYP (1)

This multifield generalization [1] of KP equation belongs to the type called equations which self-consistent
sources. Equation for the vector v coincide with equation of auxiliary linear problem for KP equation and
¢ satisfies the conjugated equation. The choice of the next flow leads to the system

Ut = Ugxx + 6uuw + 3Uyy + 6(<¢a wmw> - <¢w17¢> + <¢7¢>y)7 Vg = U,

which also was introduced in [1]. The similar equation were studied further in (2, 3, 4, 5, 6]. The stationary
flow of the system (1) is called Melnikov system as well [7].
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148 Minimal surfaces equation

(1 + ul)uga — 2UagUyligy + (1 + ul)uy, =0

> Lagrange function: L = (1 +u2 + u§)1/2.

> See also Born-Infeld equation
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149 Mobius invariants

Let P* denotes the set of the polynomials on n variables and of degree m on each one. The operations

1‘ ST 5

P4 P2 —> Pl 5 61,1}(@) = Q¢Qy - QQ.Ly7 51(]7') = hi - Zhhmn

are covariant with respect to the Mobius transformations

— m m alxl + bl a'n,xn + bn m
M[f](l'h...,xn)—(C1$1—|—d1) (Cnxn+dn) f(C1$1+d17“.7CnIn+dn)7 fePn
where a;d; — b;c; = A; # 0. More precisely:
Oy, (M[Q]) = DiAj M6z, 2, (Q)], 0, (M[R]) = AFM 54, (h)]. (1)

The relative invariants of this action for the P{ polynomials r(x) = r4a? + r3a® + roa?® + rix + ro are the
coefficients of the Weierstrass normal form r = 423 — gz — g3. In terms of the given polynomial, they are

[1]

1 1
go(r,x) = 5 —2rr™V — 20"y 4 (")) = D —(12rory — 3r173 +73),
93(7", :L’) (127"7"// v 9(7,,/)27,IV 6r ( ///) + 67’/7”H7“m 2(7,//)3)

3456

432 —(T2rorory — 277”14 + 9rirorg — 27r(]r3 - 2r2)

Under the Mo6bius change of x = z; these quantities are multiplied by simple factors:
g (M[r],z) = A% g (r,z), k=2,3.
For the biquadratic polynomial h € PZ,

h(z,y) = hoow®y? + ho12%y + hoor® + h1a2y® + h112y + h1ox + ho2y® + hory + hoo, (2)
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the relative invariants are

in(h, 2, y) = 2hhaayy — 2hahayy — 2hyheay + 2haghyy + hi, =
= 8hoohaz — 4ho1ha1 — 4hiohi2 + 8hoghao + hiy,

g h o hy  hgs haa  har  hao 1
ig(h,z,y) = 1 det | hy hey hawy | =det | h1io hir hio | = —16x7y(51,y(h))/h.
hyy hmyy hmmyy h’02 hOl hOO

Under the Mébius change of x = 7 and y = x4,
in(M[R], z,y) = AYAYip(h,z,y), k=23
The following properties of the operations ¢, ,, d, are proved straightforwardly.

Lemma 1. The following identities hold for any affine-linear polynomial Q(z,y,u,v) € P} and any bi-
quadratic polynomial h(z,y) € P3:

5u(5wy(Q)) = 5y(5o:u(Q))7 (3)
ik (02y (@), u,v) = i (0w (@), z,y), k=2,3, (4)
gk(éz(h)vy) ::gk(éy(h)’x)v k=23 (5)

Denote Q7 = Q7" = §,, 4,(Q) where {i,5,k,1} = {1,2,3,4}. Lemma 1 implies the commutativity of the
diagram

O Oy
r4(z4) = Q% (z3,4) — r3(w3)
s [ 4.
6w2‘z3 Ty,Ty
Q"™(z1,24) & Qw1,w0,23,24) = Q% (w2, x3) (6)

bas | [ 8z,

Oa O
r1(z1) — QY% (z1,22) — ro(z2)
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Moreover, the biquadratic polynomials on the opposite edges have the same invariants s, 3, and invariants
g2, g3 coincide for all r;. This diagram can be completed by the polynomials Q'3, Q?* corresponding to the
diagonals (so that the graph of the tetrahedron appears). The polynomials Q% satisfy a number of important
identities.

Lemma 2. The following identities hold:
@2 Qr s

4i3(Q12, X1, xQ)Q14 = det %2 %EIZ sz ’ 1313Q34 Q23 34 QzSng.zg,a (7)
To2To T1T2T2 22
12 4 14 12 Q le ng 1
Q Q3 - Q Q 3 = PQ7 P = det sz lexz Qﬂfzﬂcs € P47 (8)

QZE4 Q1114 ng:m;

20, Q12 84 _ Qla23 4 ()23 ()34 _ Q23 34
Q - = Q1;Q34 _ QMQQ;’ :

The identity (7) shows that Q'* can be expressed through three other polynomials (provided i3(Q?) #
0). The identity (8) defines @ as one of the factor in the simple expression builded from Q%. Finally,
differentiating (9) with respect to x5 or x4 brings to the relation of the form Q? = F[Q'?, Q%3 @34, Q],
where F is a rational expression on Q% and their derivatives. Therefore, if the polynomials on the edges are
known (three is enough) then @ is found explicitly.

(9)
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150 Monge—Ampére equation

A(tgauyy — u2,) + Bugg + Cigy + Duyy + E =0

with the coefficients depending on x,y, u, Uy, uy.

This class of equations is invariant with respect to contact transformations. In some very special cases
this allows to obtain the general solution in parametric form. In particular, the homogeneous Monge—-Ampére
equation

2
Uz tyy = umy

trivializes under the transformation... This provides the general solution in parametric form:

u(z,y) = xt +yf(t) +9t), =+yf'(t)+4'(t)=0.

Analogously, the general solution of the equation

umuyy—uiy—i-aZ:O
is given by
s+H(f'(s)—4g'(t)) —2f(s) + 2¢g(t s—t "(s) — g'(t
= CHI =GO =2 4200 st S -g0)
a 2a 2a
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151 Multi-field equations
Author: V.V. Sokolov, 04.07.2006

1. Jordan algebras and generalizations of KdV equation

Left-symmetric algebras and generalizations of Burgers equation
Jordan triple systems and generalizations of mKdV and NLS equations
Deformations of Jordan triple systems

Integrable equations of geometric type

G D

1. Jordan algebras and generalizations of KdV equation
Consider multi-component generalizations

of the Korteweg-de Vries equation.
Let us regard C’; & as the structural constants of an (noncommutative and nonassociative) algebra J and
rewrite (1) in the form
Up =Ugze +Uo Uza

where U(z,t) is a J-valued function.
A system of equations (1) is called irreducible if it cannot be reduced to the block-triangular form by an
appropriate linear transformation.

Theorem 1 (Svinolupov [10]). The irreducible KdV-type system (1) possesses higher symmetries if and only
if C’;k are structural constants of a simple Jordan algebra.

In particular, Jordan algebras given in Example 1 bring to the matrix KdV-equation
Ui = Uzye +UU, +UU
and the vector KdV equation
Ut = Uggz + (Cyu)uz + (Cug)u — (u, uz)C.
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2. Left-symmetric algebras and generalizations of Burgers equation
Theorem 2. The multi-component generalization of the Burgers equation
ul = +26”ku uJJrA sufuiu™ i g k=1,...,N
is integrable if and only if
SAka = C’;,.C’};m + C,i,CT +C L Chy C’f.jC',:m — C’f.kC’,’;%j -ct Tk
and C’;k are structural constants of a left-symmetric algebra A.

The coordinate-free form of these integrable equations is
Ut = Uge +2u0 Uy +uo (uou)— (uou)ou

where o denote the multiplication in A.
In particular, the following matrix equation is integrable

Uy = Uyy +2UU,.
Another example is the vector Burgers equation
wp = gy + 2(u,ug) C + 2(u, Cug + ||ul|* (u, CYC — [|C||*[[u]|*u

where C' is a constant vector.

3. Jordan triple systems and generalizations of mKdV and NLS equations

Theorem 3. If C?,_ are structural constants of a Jordan triple system then the mKdV-type system

jkm

i 7 7 .. _
Uy szrC uuuz, i,5,k=1,...,N,



Index < 151. Multi-field equations 284
the NLS-type system
ul = —|—Cl k™, vl = ol —C“ Juko™, i k=1,...,N
and the DNLS-type system
ul :uiz—l—C;km(ujvkum)x, vi=—vi, — ;km(v]ukvm) e bLik=1,...,N

possess higher symmetries.

The algebraic forms of these system are, respectively,

Ut = Uggy + {uvuvuw}v
Ut = Uy + 2{u,v,u}, vy = —Uze — 2{v,u,v},

Up = Ugy + 2{v, 4,0}y, V= —Vgp — 2{u, v, u},.

In particular, the simple Jordan triple systems (92.3), (92.4) and (92.5) correspond to the following
integrable vector and matrix generalizations of KdV equation

Uy = Ugge + ||u)ue, ueRN
Ut = Ugzr + 0] ®ue + (u,uz)u, uweRY,

Up = Upze +U?U, + U, U?, U € Maty .
The vector generalizations of NLS are of the form
Up = Uge + 2{u, V)U, UV = —Ugy — 2{V, u)V

and

Uy = Uz + 4(u, v)u — 2||ulv, vy = —vge — 4{v, u)v + 2||v]|*u.
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4. Deformations of Jordan triple systems

Consider now non-polynomial integrable equations such as

Ug Uy
Ugy = )
U

3uz,

Ut = Ugzx 5 5

2 Uy
Ut = Ugpy — 2 u? V¢ = —Vpp + v2
- xTrxr - xTrxr .
u+v * u+v

How to generalize these equations to the multi-component case? What is u=1?
In the scalar case we can define 2! as a solution of ODE 3’ = —y2.
Let {X,Y,Z} be a Jordan triple system, ¢(u) be a solution of the following overdetermined consistent
system
¢

ok

where e1,...,ey is a basis of the Jordan triple system and u = u’e;.
In the matrix case one of the solutions is

{¢,€k,¢}, k:]-v"'aNa (2)

pU)=U"".

For the vector Jordan triple system (92.4)
U

P(u) = W

An analog of ™! is well-known in the theory of the Jordan triple systems. Let us define a linear operator
Px by the formula Px(Y) = {X,Y, X}. Then, by definition, u=! = P! (u).
Introduce the notation

au(Xa Y) = {me(u),Y}, Uu(vaz) = {X’ {qb(u),Y,(b(u)},Z}
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Class 1. For any Jordan triple system the Jordan chiral field equation
Uy = Qo (Usz, Uy)

is integrable. The terminology originates from the matrix case which corresponds to the equation of the
principal chiral field

1
Ugy = g(umu_luy + uyu_lum), u € GLy.
Class 2. The following equation

3
Ut = Uggr — 3au(uma Umx) + io—u(uzauaﬁuﬁ)'

is integrable. Matrix and vector equations have the following form:

Ut = Uggpx — iuxuilux:c - 5”9695“71'“95 + §uwuiluwuiluwa
3(u, ug) (U, Usz) (Ug, Ugz) 3 Hur”2 <“,Uz>2 <U,UI>HUZ||2
Up = Ugpgpy — ———5—Ugy — I U 3 U — Uy + 6 Uy — 3 u,
R T lufz [[ul[? 2 flul® ™* Juf* [l [*
3 C T xTxr xT
ut:ux;v:r_7< ! >uww_§<cu >U <Cu>
2 (C,u) 2 (C,u) 2 (C,u)?

Class 3. The following integrable equations

Vt = Vgga — iavx (UZEI7 vzz)

are related to ones of Class 2 by the potentiation u = v,. The matrix equation is

3 _
Ut = Ua:xac - §U$$Ux 1U9cac~
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Vector equations are of the form:

(Ugy Uzz) 3 ||UmH2
= _ g\ Taw/ O Moz ]l
B [ e PR
and
B 3(C) Ugy)
Ut = Uggx — imum
b T

Class 4. The scalar representative of this class is the Heisenberg model

2 9

2
Ut = Ugpy — U V¢ = —VUgy + V..
TT u+v ) Tx wtu T
The following coupled equation
Up = Ugz — 20yupo (uacv uac)v Vg = —Vgz + 2Quto (Uza Uac)

is integrable. This equation has a higher symmetry of the form
Ut = Ugzy — 6ty (Ug, Uge) + 60 g0 (Ug, Uz, Uz), Vi = Vpge — 6Quty (Vg Uga) + 60 ut0 (Vg Vi, V).
The matrix equation from this class is of the form
Up = Uge — 2Uy(u+ v)*lum Vp = —VUgq + 20, (u + v)*lvz

and one of the two vector equations is

[ ||
lu + o[>

Ug, U + V)
lu + o[>

2
(u+v), v=-v +47<’uz,u+’u>vmi 7”/0”‘

2
o = ol

ut:umf4<
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5. Integrable equations of geometric type

Consider multi-component systems of the form

This class is invariant under point transformations v = \17(17) Under these transformations, the functions
aj a’, (@) are transformed as components of an affine connection I'.
It is convenient to rewrite the system as

7 % a m i ’l“ 7 T 7 ] m
Uy = Ugzy + 3O‘jku?cula€:x + ( ou k] + 2 - arjakm + ﬂjkm) u?cuﬁux ’
where 85, = Bi., = Bhoj» 1.

BX.,Y,Z)=B(Y.X,Z) = B(X,Z,Y)

for any vectors X,Y, Z. The set of functions ﬂ;- &m are transformed just as components of a tensor.
Let R and T be the curvature and torsion tensors of I'.
In order to formulate classification results, we introduce the following tensor:

o(X,Y,2) = B(X,Y, 2) ~ 36(X. Y. 2) + 50(Z,X,Y),

where
5(X,Y,Z) = T(X,T(Y, Z)) + R(X.Y, Z) - Vx(I(Y, Z)).

It follows from the Bianchi identity that
o(X,)Y,Z)=0(2,Y, X).
Theorem 4. The system is integrable if and only if

vX [R(Yv Za V)] = R(Y’ Xﬂ T(Za V))a
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Vx [Vy(T(Z,V)) =T, T(Z,V)) - R(Y, Z,V)] = 0,
Vx(e(Y,Z,V)) =0,
T(X,0(Y,Z,V)+T(Z,0o(Y,X, V) +T(Y,0(X,V,2)) + T(V,0(X,Y, Z)) = 0,

and
U(X70(Y7 Za V)’W) - U(I}V?MU(X7KZ)) + U(Z7KU(X7‘/7W)) - O'(X,‘/,U(Z,Y, W)) =0.

If T =0, we have the symmetric space with covariantly constant deformation of a triple Jordan system.
In the case T' # 0, a generalization of the symmetric spaces gives rise. We do not know whether such
affine connected spaces have been considered by geometers.
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152 Multi-Hamiltonian structure
Author: A.Ya. Maltsev, 2.10.2009

The Poisson brackets {-,-}1, {-, }2 form the consistent pair [1] if the linear pencil {-,-}; + a{-,-}2 defines a
Poisson bracket as well. Obviously, only the Jacobi identity needs the check, moreover, it is easy to show
that if it holds at some particular value o # 0 then it holds for any a.
The equation (ODE, DAE or PDE) possesses the bi-Hamiltonian structure if it can be represented in
the form
ue = {u, H1 }1 = {u, Ha}»

with the consistent pair of brackets. Analogously, the tri-Hamiltonian structure is defined by equations
Up = {U,H1}1 = {U,HQ}Q = {ua H3}3

where the brackets form the consistent triple, that is the operation {-,-}1 + af-,-}2 + 8{:,}3 is a Poisson
bracket for all «, 8.

Consider in more details the finite-dimensional situation corresponding to the pair of Poisson brackets
on M"™ defined by the structure matrices J}? (x) and J3’ (x). By the definition, they are compatible if the
tensor 3 3

JY + AT
defines a Poisson bracket on M" for every value of A. It is not difficult to check that this amounts to the
Jacobi identities for both J}? and J3’ plus the condition that the Schouten bracket

aJi*
ox4

ok
ox4

kg 0J5

o.J"
+J; o L

x4

L OJF aJi
jq Y71 kq“Y1
+ J5 p + J 9pd

{J1, o )3k = e + Ji + J4

vanishes identically on M™.
If both J}? and J3’ are non-degenerate then the recursion operator

Ry = 111 o

can be defined and has non-zero eigenvalues.
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All the eigenvalues of R; are double-degenerated and generically R; has m = n/2 distinct eigenvalues
(M, s Am). The eigenvalues of R; as the functions of x give the set of Hamiltonian functions which
commute with each other in both the Poisson structures J; and J. In the case when the m eigenvalues of
R;- are functionally independent and have compact common level surfaces every eigenvalue of R; generates an
integrable system in both of the two compatible Poisson structures. We get then the infinite set of integrable
systems generated by Hamiltonian functions depending on eigenvalues of R; only according to the first or
the second Poisson structure J; or Jo. Both these sets of integrable systems coincide with each other and
all the systems commute with each other as the dynamical systems.

The recursion operator R; gives a possibility to define the higher Poisson brackets Jﬁ, N > 1 according
to the formula

Ty = (RN JP.

All brackets J]ivj are compatible with each other and give the Poisson structures for the integrable systems
considered above. (In fact the same is true also for N < 0). This construction permits to introduce
the Hamiltonian hierarchy of integrable systems (see integrable hierarchy) for every Hamiltonian function
Hi(A1, ..., Am) according to the formula

d.Ti _ qij 8H1

dtN TUN 8353' '

All the systems from the hierarchy commute with each other and are Hamiltonian with respect to every
bracket from the constructed set. It is possible to introduce also the hierarchy of Hamiltonian functions Hy
such that

dl‘i i 8HN
dtN e axj '

All functions Hy depend on eigenvalues (A1, ..., A;) only and give the conservation laws for the dynamical
systems (only m of them are functionally independent).

The construction described above plays the basic role in the case of compatible brackets of constant
rank. In this case the integrable systems arise in many examples as the hierarchies generated by the Casimir
functions of the first bracket considered as the Hamiltonian functions in the second Poisson structure. All



Index <« 152. Multi-Hamiltonian structure 294
the Hamiltonian functions HY; of corresponding hierarchies are connected by the relations

JH aHK/Jrl — g aHIVv

U w2 e V2

where HY = NV are the annihilators (Casimir functions) of the bracket ij, v=1,...,n—2s.

It can be proved in this case that all the functionals HY, commute with each other in both Poisson struc-
tures Ji, Jo and all arising dynamical systems mutually commute. For the integrability in the Liouville sense
we have to require then that the set {HY } gives s functionally independent functions after the restriction
on every common level surface N¥ = const, v = 1,...,n — 2s, which have compact common level surfaces
on these manifolds. The global existence of the Casimir functions N', ..., N"~2% on the manifold M" is
also assumed in this situation.
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153 Neumann system

i = —Ju+ ((u, Ju) — (@, 0))u, weRY |u|=1, J=diag(J,...,Jq)

> This system, introduced in [1], describes the motion of a particle on the sphere in the quadratic potential
3 (u, Ju). It describes also a certain class of exact solutions of Landau-Lifshitz equation [2].

> Several discrete-time integrable systems on the sphere are known, of the general form
Uni1 = Fltn,un-1;K), u, €RY, |u,| =1, K =diag(Ky,...,Kq),

which have the Neumann system as the continuous limit [3]. Although these discretizations possess the
different sets of the invariants which are not equivalent even at d = 3, the corresponding dynamics is very
similar. The plots below show the evolution of the same initial data (at the same choice of the parameter
matrix K).

Veselov discretization Ragnisco discretization Adler discretization
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154 Neumann system, Adler discretization

297

Un+1 + up Up + Up—1 o 2Kun
L+ (UnytUng1) 1+ (Un,tp—1)  (Un, Kup)’

u, €RY |u,| =1, K = diag(Ky,...

7Kd)

> Continuous limit: u, = u(2en), K =1 —&2J.

> The invariants:

<Kun7 un+1> I = <K71(un + un+1)a (un + un+1)>

I = ,
! 1+ (Up, Uny1) (1 + (un, unt1))?

g e
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155 Neumann system, Ragnisco discretization
Coil —2up+ Sl — K 24 (U, K2 )i, up €RY, u,| =1, K =diag(Ky,...,Kq)
<unaun+l> <“naun—1>

Continuous limit: u, = u(en), K2 =&2J.
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156 Neumann system, Veselov discretization

2<Kuna un—1>

ml{un, Unp, GRd7 |Un| = 1, K:diag(Kl,...,Kd)

Up 41 + Up—1 =

Alias: stationary Heisenberg spin chain
> Continuous limit: u, = u(en), K2 =1 +£2J.

> The invariants:

I = (Kup,unt1), Io= (Kfzun,un) + <K72UH+1,UH+1> - (Kﬁlun,un+1>2,
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157 Noether theorem
Author: A.B. Shabat, 27.02.2007

By a conservation law for a differential system

w*(z,u,uiy...) =0, 1=1,....m+1, a=1,...,n,
ul = ou/ox’, ' = (x',2?,... 2™ 1)
is meant a continuity equation
ZDZ-K} =0, K;,=K(z,uuj...), 4,j=1,...,m+1,

which is satisfied for any solutions of the original system. Each conservation law is defined up to an equiv-
alence transformation K; — K; + P;, > D;P; = 0. Two conservation laws belong to the same equivalence
class if they differ by a trivial conservation law. For trivial conservation laws the components of the vector
K; vanish on the solutions: K; =0, (i,57 =1,...,m+ 1), or the continuity equation is satisfied in the whole

space: »_. D;K; = 0; first and second types of triviality, respectively.
We consider functions u = u(z) defined on a region D of (m + 1)-dimensional space-time. Let

S:/ L(z',u® ul,...)d™ e
D

be the action functional, where L is the Lagrangian density. Then the equations of motion are
E*(L) = w*(z,u, ui,u35...) =0, 4,j=1,....m+1, a=1,...,n

where F is the Euler—Lagrange operator

a_ 0 9 .9
E _8ua_Zi:D18u‘;+ZD1D78u?j+""

1<j
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Consider an evolutionary vector field

0

ouf

)
+ D (DiDja) g+ o 0t = o (@ ui, ). (1)

i<j J

0
Xa = Oéa% + Zi:(DiOéa)
Variation of the functional S under this infinitesimal transformation with operator X, is
0S = / X Ld™ .
D

X, is a variational (Noether) symmetry if

XaL:DiMi, Mi:Mi(Z‘,’U,,Uj,...), i:l,...,m—l—l, (2)
The Noether identity
a a a 8 a a 8
Xo=a"E*+ D;R.;, Rai:aaa—"_ E (Dka)—a E Dy, aa—l—...
ué u
i k>i k<i ik

in application to (2) we will obtain
Dz(Mz — RaiL) =aw*=0 (3)

on the solution manifold (w =0, D;w =0,...).
Thus, any 1-parameter variational symmetry transformation X, (1) leads to a conservation law (3).
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158 Nonlinear Klein-Gordon equation

Uty — Uaclacl - uacdgcd = F(’LL)

The equation is not integrable at d > 1 for any nonlinear F'. At d = 1 the integrable nonlinear cases are
exhausted, up to the point transforms, by three equations [2]:

> Uy, = e the Liouville equation;
> Uy = sinu the sine-Gordon equation;
> Uy =e?" —e " the Tzitzeica equation.
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159 Nonlinear Schrodinger equation

Up = Ugp + 2020,  —vp = gy + 2020, (1)

Aliases: Zakharov—Shabat, Ablowitz—Kaup—Newell-Segur system

> Third order symmetry:
Uty = Uggy + OUVUL,  Vpy = Uggy + Buvy,. (2)

> Bécklund—Schlesinger transformation:
U = Uy — u2Ju+u?v, v =1/u. (3)
The iterations of this mapping are governed, under the change u = e?, v = e~ %=1, by the Toda lattice
Qup = 171 — 701 (4)
> (Chain of Backlund—Darboux transformations:

2 2
Un,z = Un+1 + apuy + Uy Un+1, —Un,e = Un—1 + ap_1v, + Up—-10, (5)

1
{Um7un} = 6m,n+1a H = Z(unvn + QApUpUn+41 + §U3LU3L+1)

where «,, are arbitrary parameters. A generic BT for the NLS equation is decomposed as a sequence of
elementary transformations of the form (3), (5) and their inverses.

> Permutability of the transformations (3) and (5) gives rise to 5-point equations of discrete Toda type
el —imd _ gdm4-10 | o4imd _ o4—4—i | () _ a(_iz —0. (6)

> Nonlinear superposition principle:

an = u, — (an—i-l - O471)“11—1, f}n = v, + (an+1 - an)vn+1 (7)

1- Up—1VUn+1 1- Up—1VUn+1
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> Zero curvature representation Uy =V, + [V, U], W, = UyW — WU:

U= <A _”>, V= —2\U + (‘““ ”1),
U —A Uy UV
(1 —Un+1
Wn o <un —2)\ — UnpUn+1 — 571)

> Recursion operator:

u\  _ pefv po (D=t 2uD; v 2uD;
v/, v)’ 20D —D, —2vD;lu
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160 Nonlinear Schrodinger equation, matrix

Up = Ugy + 200U, —Vp = Ugy + 20uv, u € Maty n(C), v € Maty p(C)

> Baéacklund transformation:

Unp,x = Un41 + /Bnun + UnUn+1Un, —Un,z = Un—1 + Bn—lvn + VpUn—1Vp
Third order symmetry:
Ut = Ugpr + SULVU + SUVUL, V¢ = Vpzr + VUV + 3VUV,.

> Zero curvature representation

(= AMIy —v _ —VU Vg
U—( u )\NIM>’ V—)\(M—i—N)U-i-(uz uv)

W — Iy —Unt1
" Uy, )\(M + N)IM — Bnlpy — UpUn41 ’

The M x M matrices
U=-2uv, W =2uv,—2u,v

satisfy the matrix KP equation
AUy, = Upgy — 3(U,U +UU, — Wy + [W,U]), W, =Uy,
and the matrices
Fy = —upvni1 — Buly, Pn = UnVUngiz — UnaUntl + UnVUn1UnUni1 — ,BEIM
satisfy the two-dimensional matrix dressing chain

Fn+1,z+Fn,az:F3+1_F3+Pn+1_Pn7 Pn,z: n,t+[PnaFn]~
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161 Nonlinear Schrodinger equation, multidimensional

iy = AY + [, A=V2=02 +..-+082 (1)

> This equation arises in a number of physical problems, such as plasma physics and nonlinear optics [1].
Not integrable. Some particular solutions describing the weak collapse and governed by ODE of Painlevé
type were studied in [2, 3, 4].

The conserved densities:

2 E * gk 1 2 1 2042
W SV - eVE) VYR -
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162 Nonlinear Schrodinger equation, Jordan

Ut = Uge + 2{uvu}, —v; = v +2{vwv}, weV*t, wveV~o

where V = (V*,V ™) is a Jordan pair.
This is the most general multifield version of NLS. The particular cases are:

> the matrix NLS system,;
> the Manakov vectorial NLS system;
> the Kulish—Sklyanin vectorial NLS system.

> Third order symmetry:
Ut = Ugge + 6{uvUz}, U = Ugas + 6{vuv,}.
> Backlund transformation::
U = wir1 + Bjug +{uviaus}, —vje = v+ Bi-1v; +{vjuj-1v5}
> Zero curvature representation Uy = V,, 4+ [V, U] is given in terms of the structure Lie algebra of Jordan

pair:
U=u—-2v+ Mo, V =u,+2v,+2L(u,v)+ \U

> The differential substitution v = —w, — {wuw} (equivalent to the shift v;;1 — v; in the chain of BT)
brings to the modified Jordan NLS

Up = Ugy — 2{uwzu} — 2{u{wuwtu}, —wp = wye + 2{wu,w} — 2{w{vwulw}
which is the symmetry of the PLR-type hyperbolic system

Upy = 2{uwuy} —u, Wy = —2{wuw,} —w.
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163 Nonlinear Schrodinger equation, vectorial

Author: V.E. Adler, 2007.02.05

Ut = Ugg + 4w, V)u — 2{u, u)v, —v¢ = Vge + 4w, v)v — 2(v,V)u, u,v e C™. (1)

Alias: Kulish—Sklyanin system
> Introduced in [1].
> Third order symmetry:

U = Ugzg + 6{U, V)U; + 6{Uz, V)U — 6{u, uyz)v,
Uy = Ugzr + 6{u, V)V, + 6{u, v )v — 6{v, vy)u. (2)

> Biécklund—-Schlesinger transformation [2]:

U] = Uy — 2<<L:;,UZ>> Up + <1<‘Z:Z;>u + 2(u, v)u — (u,u)v, vy = <u,1u>u’ (3)
> Backlund-Darboux transformation:
Uy = u; + oDy + 2u, vi)u — (u, uyv;, —viz=v+ a@y, + 2(u, v;)v; — (vg, Vi) u. (4)
> Nonlinear superposition principle [3]:
a® — a0 (u — (u, u)v; a® — a0 (vi; — (vij,vi;)u
=t 1(_ 2(u, viy) )+( <u,qi><v2, vji) A (1 —2(u, vij;(—l—J(u,ii) <jvij,i)>ij>)‘ (5)
> Zero curvature representation:
A —2vT 0 —20Ty 207 0

U=| u 0 20, V=XU+ Uy 2uvT — 2uuT  —2uv,
0 —ut A 0 —ul 2uTv
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1 —2v] —2v]v;
W — w (A — )1, — 2un] 20\ — D — o] )
—uTu uT(wo] — A+ a®) (A= a2 =20\ — aD)uTv; + uTuv]v;

> Kulish—Sklyanin hierarchy is a squared eigenfunction constraint for the Hirota—Ohta hierarchy:

Statement 1. Equations (1)-(5) are consistent and, in virtue of these equations, the quantities
U=—(u,u), V=—(wuv), W=4u,v), Q= 4{ug,v)—4{u,v,),
o) _ o)

1= 2(u, vij) + (u,u)(vij, vij)

W =a® 4 2(u,v;), W =

satisfy the equations of the Hirota—Ohta hierarchy.
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Up = Ugg + 2U%0) g,  Vy = —Uge + 2(uv?),

Alias: Kaup—Newell system, DNLS-I; Namesakes: Chen—Lee—Liu system (DNLS-IT), Gerdjikov—Ivanov equa-

tion (DNLS-III)

> Master-symmetry:

Uy = (2up + 2000 + cu)y, vy = (—zvy + 2zuv® + (¢ — 1)v),
> Higher symmetry:

Uty = (Ugg + 6UULY + 6USV?) 5, vy = (Vgg — BuVV, + 6uV?),

> Baéacklund transformation:

Unyg = Up(Unt1 — Un—1), Unt = Uz (Ul i (Ungo +Un) —ul_y(Un — Up—2)), U=1Up, V= Upyp_1.

> Zero curvature representation

_ A e 0 uy _(2A\/u 1
U—2)\(U A)’ V= (4X +2uv)U+2)\(% 0), L—<1 0).
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165 Nonlinear Schrodinger equation, Jordan derivative

Ut = Ugg + 2{uvu}y, vy = —Vgp +2{vuv},, u€VT, wveV~

where V = (V*,V ™) is a Jordan pair.
This is the most general multifield version of the DNLS-I equation.
Third order symmetry:

Uty = (Ugz + 6{uvu,} + 6{u{vuvtu})z, vy = (Vg — 6{vuv, } + 6{v{vvu}v}),.
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166 Nonlinear Schrodinger equation, matrix derivative

Ut = Ugg + 2(00TU) 5, UV = Uy +2(0uT0)5,  ©,v € Maty, ,(C)

This and some others matrix versions of DNLS-type equations were studied in [1, 2, 3].
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167 Nonlinear Schrodinger equation, vectorial derivative

Ut = Uy + 2((U, V)U) 3, Vp = —Vgp + 2((W, V)V)y, u,vEC”
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168 Nonlinear Schrodinger type systems, classification
Author: V.E. Adler, 09.01.2009

Introduction

Extension of the module of the point transformations
The list of integrable systems

Substitutions

CUk W=

Necessary integrability conditions

1. Introduction

The classification problem of NLS type integrable systems
Wt :A(w)w2+F(w,w1), w = (U,U)T, F= (fag)Tv detA#O (1)

within the symmetry approach was considered in the papers [1] where the necessary conditions were obtained
for the existence of the higher order conservations laws. These conditions separate out the nonintegrable
cases as well as the linearizable systems of Burgers type which possess higher symmetries, but do not possess
the higher conservations laws. In particular, it turned out that all systems which satisfy these conditions
can be brought to the form

Ut:U2+f(U,’U,’LL1,’Ul), —Ut :U2+g(U,U,U17U1) (2)

by use of a differential substitution. Further classification was done modulo point changes plus so-called
symmetric transformations. In the final form this problem was solved in the paper [2], see also [3, 4].
Several systems appeared to be new and their integrability was justified either by establishing a differential
substitution bringing to a known integrable system either by construction of zero curvature representation.
Depending on the order of the auxiliary linear problem, 2 and 3 correspondingly, the list is divided into the
NLS-type systems (a—p) and Boussinesg-type systems (q—u6).
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2. Extension of the module of the point transformations

The point changes acting on the whole set of the systems (2) are generated by the transformations
(z,t) = (az + bt +c,a®t +d),  (u,0) = (6(u),¥(v),  (2,t,u,0) = (~z,~t,0,u). (3)

The numerous subclass consists of the systems which are invariant with respect to some one-parametric
group of transformations (u,v) — (¢(a,u),¥(c,v)). One can assume, without loss of generality that this
subgroup consists of the shifts (u,v) = (u+ «,v) or (u,v) = (u+ o, v — ). The corresponding system is of
the special form

up = ug + fleu+v,u1,v1), —v =us+ gleu+v,u1,v1), e=0,1 (4)

Such a system admits the differential substitution of the form @ = U(eu + v,u1), © = V(eu 4+ v), which
generically leads beyond the class (4). However, there is an important case when a composition of such
systems preserves the form of the system.

A symmetric system is the system of the form (4) which is invariant with respect to the involution
(z,t,u,v) = (—x,—t,v,u):

up =us + flu+v,ur,v1), —ve =wus+ flu+v,—v1, —uy). (5)
The following properties are valid.

Theorem 1. Let the system (5) possesses a conservation law with the density p = p'(u + v)us + q(u + v),
p' # 0. Then the symmetric transformation

i+ 0=plu+v), @ =p(u+ov)u+q(u+ov) (6)

maps it to another symmetric system. Transformations of this form define the equivalence relation on the set
of the systems (5) and preserve the integrability property, that is if the original system possesses the higher
symmetries and conservation laws then so its transform does.

The following example demonstrates that the use of symmetric changes allow to reduce essentially the
list of integrable systems.
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Ezxample 2. Let us consider the system

1 1
up = us + 2auvuy + buvg + Eb(a —butv? + cuv, —v = vy — 2auvv, — bv*uy + ib(a — buv® + cuv?

which includes, for instance, the complexified Gerdjikov—Ivanov system as a particular case. The chage
u — exp(u), v — exp(v) brings it to the form (5) with f = u} + (2aus +bvy +c)e" " + Lb(a — b)e? T2V Tt is
not difficult to establish, by use of the density p = uj + Se“T?, the symmetric equivalence with the following
systems:

1) at b = 2a, ¢ = 0 with the linear system (a = b= ¢ = 0);

2) at b=2a,¢ # 0 with NLS (a =b=0,c=1);

3) at b # 2a with DNLS (¢ =b=1,c=0).

3. The list of integrable systems

Theorem 3 ([2]). The systems (2) possessing an infinite set of higher symmetries and conservation laws are
reducible to the systems of the following list, up to the transformations (3) and symmetric transformations

(6).

Remark. In some instances it is convenient to include the equations which are equivalent modulo the
aforementioned transformations. Such systems are denoted by the same letters with primes. The upper- and
lower-case marked system are related via potentiation. The other changes are described in the next section.

U = Uy + uf +v1, —v; = vy — 2uqvy; (a)
Kaup-Broer g = up + (U2 4+ 0)g,  —v = vo — 2(uv)y; (A)
NLS u = ug +ulv, —v; = vy + 0% (b)
Kaup we =+ (u oy, —vn = v — (ut oo (©)
g = up +utvy —4vy,  —vp = vy — UV + 4uy; (d)
wp = up + (U — )y,  —v, = vy — (W0? — 4u),; (D)
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u3vy 2u? u v? 20?
Up = Uz — 5~ y TV =U2 + - ;
(u+ ) U+ v

{ uy = up + sech? (u + v)udv; — 2tanh(u + v)u?,

—vp = vy — sech? (u + v)uyv? — 2tanh(u + v)v?;
uy = up — 2tanh(u 4 v)(u? —4), —v; = vy — 2tanh(u + v)(v? — 4);

2u? 8(1 + uv)ug + 4(1 — u?)vy

Up = Uy — —
TR u g (u+ v)2 ’
202 8(1 + uv)v; + 4(1 — v?)u
Ly 2 ( Jui (2 )1;
u+wv (u+v)
Us = U + u%vl, —V¢ = Vg — ulv% — Uy}
U = Uy + (uzv)m, —Up = Vg — (uv2 +u)y;
U = U + u% —2uqvy, —U; =vUo — Uf — 2uqv1;
Levi wup = Uy + (u2 —2uv),, —U =V — (v2 — 2uv),;
2u? 202
Heisenber Up = Uy — Ly =wy— 1.
g t 2T T t 2T T
ug = up — 2tanh(u 4+ v)u?, —v; = vy — 2tanh(u + v)vi;
U = Uz + U?’Ula —V¢ = Vg — Ul”%;
DNLS g = ug + (U?0) g,  —vp = vy — (w0?)y;
up = ug + exp(u 4+ v)uivy +ui, —vp = vy — exp(u+ v)urvi + vi;
2(u? +1 2(v +1
ut:uQ_w’ PRI 0}

u—+v u—+v
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2u? 4((u — v)uy + uvy)

T (u+v)? ’
202 4((u — v)vy — uyv)
—UV¢ = V2 — 2 ;
u+wv (u+v)

9 1
ug = ug + R(y)uivr + R (y)ui — 3(R"(y) = 20w + 5 R"(y),
D 1
—ur = vz = R(y)wivf + R'(y)ot + (B (y) — 2c)o1 + R (y),
where y=y(u+v), ¥ =R(y)=ay" +by’ +cy® +dy+e#0;

2uf  4(P(u,v)u; + R(u)vy)

T e T (u+v)2 ’
202 4(P(u,v)v1 + R(—v)vy)
—vp = vy — 5 :
u+v (u+v)

where  P(u,v) = 2au*v* + buv(v — u) — 2cuv + d(u — v) + 2e,
R(y) = ay’ + by’ +cy® +dy + e;
2(uf + R(u) | R'(u)

Ut = Uy — v + 2 )
Landau-—Lifshits 9 /
2(vi + R(—v)) R/(-v)
B u+v 2

where R(y) = ay* + by® + cy® + dy + e;

up = ug + e?(uf + 1oy + duui + 2(y(u +v) + y(u — v))us,
{ —vp = v — (0] + Dur + duv} — 2(y(u+v) + y(u —v))vy,
where €? = y(u+v) — y(u — v),
(V) = —4y" + ay’ + by® + cy + d;

320
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up = ug + (€01 + @) (uf +1),  —vp = v2 — (Pur — o) (0] + 1), (p)
where e = y(u+v) — y(u —v),
) = —y" + ay® + by® + cy + d;

Boussinesq U = Uz + V1, —U =V — U%% ()
U=y +v1, —vp = vy — (u%)a; Q)
up = ug + (u+0)2%  —v = vy + (u+v)? (r)
1 1
ur = ug + (u+v)vy —é(u—i—v)?’, —vy =9 — (u+v)uy —E(u—i—v)?’; (s)
2 15
up =z F v, —vp=vy —up — (v ut)ur; (t)
U =up + 07, —v = v+ ui; (ul)
up = us + 2001,  —vp = Vg + 2uug; (U1)

(In the systems (u2)—(u6) the notation w = exp(%5*), E =¢"t", E; = ewute’v By — ewtutev) g ysed.

Uy = up + 02+ bE —2cE72,  —v, = vy +v? + bE — 2cE7 %, (u2)
U = Ug + Uf - (aE—1 + walEfl + wQagEgl)vl, (u3)
u
—vp = Vg + uf + (aE_1 + w2a1Ef1 + wagEgl)ul;
U = Uy + v% —2cE72% — 2w201Ef2 — QwCQEQQ, (ud)
u
—U; = Vg + u% —2cE72 - 2<J.)(:1E1_2 — 2w202E2_2;

g = ug + V3 + bE + Wb By + whyFy,  —vp = vg + ul + bE + w1 By 4 w?by Ey; (ub)
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up = ug +v? — (aE! + walEfl + wQagEfl)vl

1
- 6(a1a2E + w?aas By + waa By + a*2E72 + (,uzafEl_2 + wa%Ez_Q),

—vy =vg +ut + (aE7 + w2a1Ef1 + wagEgl)ul

1
- é(alagE + waas By + w?aa By + a*2E7% + (,uafEl_2 + w2a§E2_2);

(uy + 2v1)ug
2(u+wv)

ug = up + (U2 +v Y., —v = vy — 2(uv), — 1.

2
up = g — +a(u+v), —vt:W‘WH(Hv);

322
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4. Substitutions

The systems (v), (w) can be brought to the linear and reducible systems, respectively:

2

(W)= (ug=ug+1/v, —vi=w9) : U=u/u, V=uv.

a—
(v) = (uw =us+v1 + u, —v; = vy — 2bu; +

b
v) 1 a=2u+0)"% =20 (u+v)"V2

The other systems are related by the following changes (the symmetric systems are in boxes, the double

arrows denote potentiation u = w1, v = vy, and, as usually, in the substitution marked A — B the tilded
variables correspond to equation B):

H

() N N

SN SN I I
w | = | o NN
N N @ |

(A) D) /

(1)

(a) m
;o W @ © ©
0 | - ()
> S () (u3) (u1) (u5) (u6)
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’LL

(a) = (b) u=e b =e

(b) = (A) U1/U U =uv

() = (A) = (u+v)/2, b= -

(a) = (c) U =2uy + v, U= -0

(d) = (e) @ = atanh(u1/2) —v, 9=wv

(e) = (D) @ =2tanh(u+v), D=1

(d") — () @ = tanh(u + v), = —tanh(u +v) — 2/v;
(g) = () i =2/u b=v

(4) — (G i =2/(u+v), 5=

(g) = (") U= —iu/2 0 = iu/2 + atanh(—iv;)
(") = (G)  a=2iu, ¥ = itanh(u + v)

(b') — (1) u=2/(u+v), b=

I) — (H) U= —uv/2 0= —uv/2—v1/v

(i) — (1) U=2/ur —v v=w

(i) = (k) a=e"t, b= —2/v; — "tV

(1) = (m) a=y(u+v) v =—-2/v; —y(u+0)
(@) = (r) i=uy/2+v/4 b=—v/4

(r) = (Q) i = 2(u +v), b= —dv,

(s) = (t) u=—(u+v) =20, — (u+v)?/2
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5. Necessary integrability conditions

Statement 4. If the system (1) possesses the conservation law with the density p(w,wy, ..., w,) of nonzero
order then

trA=0, tr(A'F,)eImD,, D,((detA)"Y*) eImD, (7)
where Fy,, = (gx Z;Zi) denotes the Jacobi matriz. Moreover, the density p is a polynomial in w,, and its
degree does not exceed 2.

The Statement 4 allows to make the change which simplifies the system to the form (2). The further
integrability conditions are computed for the systems which are already in this form. These conditions mean
that the equations

Dt(pk):Dm(O'k), wk:Dx(gbk), k:(),].,?,... (8)
must be solvable with respect to oy, ¢, as functions on u,v and their x-derivatives, where py and wy are
determined through the r.h.s. of the systems and oy, ...,05_1, @0, ..., ¢r—1 found previously, accordingly

to the formulae from the following statement. It turns out that the complete description of integrable cases
requires only four first conditions.

Statement 5. If the system (2) possesses the conservation laws and symmetries of the higher enough order,
then the conditions (8) are fulfilled, where

1 1
Po = iful - 59’017
1 1
pIZUO_Z ul_zggl_fvlgul + fu + Gus
P2 =01,
1 2 1 2
ps =02+ 5p1 + Wi — wo(wz2 — Di(¢1)) — 4fugu + fo, Di(Guy) — Di(fu,)Gu,

+ Dt(fu - gv) - 31931 + 2fulgu1 (fu + gv) - 2Dz(fv1)Dm(gu1)

4 3 (Dalwo))? + 3 (Dap))? + po(DelFor ) — o De(g,))
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+ 290Dy (fo,) + 2var(9u1) - quz(fm) - g’U‘DCE(g'Ul)7
1

1
wo = iful + 591)17

w1 = Di(¢0) — ¢opo — fu Gus + fu — Gu,

wo = Di(é1) + 2w0 fu, Guy — 2fu, Gu — 2f0Gus s

w3 = Dy(¢2) + prwi — po(wa — Die(é1)) + Die(fu + 9v) + wo(Da(fo,)gus — for Dz(Guy))
+ Do (wo) D2 (po) = fuDe(fur) + 90Da(9v,) — 2Da(fo,)9u + 2D (gu, )-
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169 N-wave equation, twodimensional
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N
Wi — Wy QWi — OGWy W; — Wk WE — Wy
i A AP D b b
i 9 i 7 Pl . i k k J

where ¢,7 =1,...,N, i # j, a; # aj, w; # wj.
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170 Orthogonal lattice

Author: V.E. Adler, Last. mod.: 1.12.2008

Planar lattices admit numerous important special cases. One of the possible reductions is the following.

Definition 1. The mapping f : Z™ — R%, d > 1 is called M-dimensional orthogonal lattice ( = circular
lattice = discrete orthogonal net) is the image of any unit square in Z™ is a planar inscribed quadrangle.

Obviously, if d > 2 and three 2-dimensional circular lattices are given as the initial data on the coordinate
planes then the whole lattice is constructed by use of the planarity condition only, just as in the case of
generic planar lattices. The fact, that this construction preserves the property of the faces to be inscribed
is guaranteed by Miquel theorem.

Theorem 2 (Miquel). Let three circles C and seven points f, fi,
fij = fii, 1< 4,5 < 3, i # j be gien, such that f, fi, f;, fij € CY.
Then three circles C,ij through the points fi, fri, fr; meet in a point:
fr23 = C3?NCPNCP.
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171 Painlevé property

Definition 1. An ODE in complex plane possesses the Painlevé property if the position of any essential
singularity in its solution does not depend on the initial data. In other words, all movable singularities, if
any, are poles.
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172 Painlevé test

The Ablowitz—Ramani—Segur conjecture [1] states that a nonlinear PDE is solvable by the ISTM only
if its every ODE reduction possesses the Painlevé property.

References

[1] M.J. Ablowitz, A. Ramani, H. Segur. A connection between nonlinear evolution equations and ordinary differ-
ential equations of P-type. LII. J. Math. Phys. 21:4 (1980) 715-721, 722-1006.


http://dx.doi.org/10.1063/1.524491

Index <« 173. Painlevé equation 332
173 Painlevé equation

The works [1, 2] were devoted to the classification of second order ODE y” = f(z,y,y’) with the r.h.s. rational
in ¥,y and analytic in z, which satisfy the Painlevé property. There exist 50 types of such equations, up to
the changes

a(z)y + b(2)

F=fk), v= c(2)y + d(z)

where a, b, ¢, d, f are analytic functions [3]. The most part is solved in the elementary or elliptic functions, the
others can be brought to six irreducible cases known as Painlevé equations P,—Ps. The general solutions of
the latter are special functions called Painlevé transcendents. Selfsimilar solutions of nonlinear integrable
PDEs and lattices can be often expressed through these functions or their higher analogs. Some special
solution classes of P,—Ps equations (characterized by certain values of parameters and initial data) are
expressed through elementary functions or through hypergeometric type functions.

The main tool in the theory of Painlevé equation is the isomonodromy deformations method, based on
the representation of these equation as the compatibility conditions of certain linear equations. This method
allows to find the asymptotic of Painlevé transcendents and their dependence on the initial data.
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174 Painlevé equation P,

u” = 6u® + 2 (P1)

Representation by entire functions: u = —(log f)",

ffIV . 4f/f/// + 3(f//)2 + Zf2 -0
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175 Painlevé equation P,

o =2u® + zu+ « (Ps)

Representation by entire functions: v =g/ f,
I = +d*=0, (f'g—1d) =9"+2*¢"+ (a9 + [)f>.

Bécklund transformations
N 20 1 N
t=ut—"7-——  a= —a
2u £ 2u? £ 2’

allow to generate solutions for all values of the parameter a 4+ 2n, —a+2n+ 1, n € Z.
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176 Painlevé equation P3

)2 w1 1)
w= O L g gy 4 )

Representation by entire functions: u = g/ f,

1= (f)? == f> —ae’fg, 99" — (¢')* = 6e** f* + Be* fg.
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177 Painlevé equation Py

" _ (u')? § 3 2 2 _ é
u' = —|—2u +4zu” + 2(z a)u—i—u (Py4)

Representation by entire functions: u = g/ f,

FP =) =—glg+2zf), (flg—f9) —4f fPg=g"+42fg> +4(2* — o) f2g> — 28"
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178 Painlevé equation Pj

e [ o (YRR REEE s =

2 u—1 u—1

Representation by entire functions: u = g/ f,

FI = =f(f =) +2ag9(g — ),
(Fg—fd) =2f9(f —a)(f — g') +2(ag® — Bf)(f — 9)* + 2ve” f2g(f — g) — 26¢** f?¢°.
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179 Painlevé equation Pg

e Gt wr- (e hye )
i (e s T ) .

N | ~—

References

[1] V.I. Gromak, I. Laine, S. Shimomura. Painlevé differential equations in the complex plane. Berlin: Walter de
Grugter, 2002.

[2] V.I. Gromak, N.A. Lukashevich. Analytical properties of the Painlevé transcendents. Minsk Univ. Press, 1990.
(in Russian)
[3] E.L. Ince. Ordinary differential equations. Dover Publ., 1956.




Index < 180. Painlevé discrete equations A 340
180 Painlevé discrete equations

There exist a lot of nonautonomous difference equations which can be interpreted as discrete analogs of
Painlevé equations. A comprehensive list can be found in [1]. Here we give several simplest examples.
Versions of dPq, accordingly to [2]:

an+b +a(n—1)+b:c_u2

Un+1 + Un Up + Up—1
an+b
Un+41 + Up, + Up—1 = w +c (2)
an+b c
n n—1 — — 3
Un+1 +u 1 s + u% ( )
an—+b
Unt1+ Un-1 = — +c 4)
ean+b c
n n—1 = 5 )
Up4+1Un—1 w + w2 (5)
Equation (2) was introduced in [3, 4].
Versions of dPs:
(an+b)u, +a

Upt1 +Up—1 = T (6)

b —1)+b 1
an + a(n —1) + o antbac )

UnUnp+41 +1 Up—1Up + 1 Unp

1+ ¢"/un

n n—1 =0 ———— 8
Up+1Un—1 a1+q”un ()

Equation (6) was introduced in [5], in [6] the Miura-type transformation was found to the dPsy4:

2 2
m* — 4uz

Ay, +na+ B+ (=1)ny’

(unJrl + un)(un + unfl) =
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Alternate dPy can be interpreted as nonlinear superposition principle for (Pj3) [2].
dP4 [7, 8]1

(un+a+ﬁ)(un+a_5)(un_a+ﬁ)(un_O‘_B)
(up, +on+e+7)(up +on+e—7)

(unJrl + un)(un + un71> =
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181 Periodic closure

Periodic boundary conditions turn infinite differential-difference equations into finite-dimensional dynam-
ical systems. Typically, this preserves the integrability, since the lattice zero curvature representation is
transformed into a finite-dimensional Lax representation:

Wn,ac - n+1Wn - WnUna Un+N - Un = Wn,m == [Una Wn]a Wn - Wn+N—1 e Wn+1W7L

and the trace tr W, becomes the generating function of the integrals of motion. Of course, the completeness
of these integrals has to be proven for each example individually.

If the original lattice defines the Backlund auto-transformations of some equation then its periodic version
defines some subclass of its solution. This possibility was proposed in the papers [1, 2], and then it was
shown [3] that in the case of Schrodinger operator this construction leads exactly to the finite-gap solutions
of KdV equation, see also [4].

The periodicity condition can be combined with any point transformation leaving the lattice invariant.
In general, this spoils the integrability, and leads to the interesting examples which are exactly solvable in
the quantum-mechanical sense and are related to Painlevé transcendents and their g-analogs [5, 3, 6].

> FEzample. Following [3], consider the periodic solutions of the dressing chain:

fot o=t — i+ ons, n€Zy, e=—-a;— - —ay#0. (1)

Under this reduction, applying of the operators A, brings after N steps to the ¢-functions of the potential
shifted by e. This means, assuming the regularity of potential and the suitable asymptotics of -functions,
that the spectrum of such potential consists of N arithmetic progressions. This is illustrated by the figure
below corresponding to N = 3. The eigenfunctions of the operator L, are constructed with the help of
mutually conjugated creation-annihilation operators of N-th order

Af = At . AF Ap=Apin_1...Ap.

n+N-—-1>

It is easy to prove that these operators satisfy the relations

AfA, =P(L,), AAf =P(L,+¢), PO =OM=8)...(\=Bnsn_1),
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(Lo, Af]=€Af, [Ln, Ay = —cA,
which generalize the algebra of harmonic oscillator which corresponds to N = 1. Of course, the question

on the analytical properties of the system (1) solutions and the corre-
A sponding potentials and -functions requires for an additional study.

3 + € - = 3, e system urns out to be equivalent to the
Bs + At N 3,4 th t 1)t t to b ivalent to th
B2+ ¢ Painlevé equations P4 and P5 respectively. It is likely that at N > 5
Pr+e the system possesses the Painlevé property as well. However, for

the spectral theory the qualitative information is of most importance
about the regularity of potential and its asymptotics. The relation
23" fn = —ex suggests that

Bs ex _ e2a?
1

At odd N, the numerical experiments demonstrate that this asymp-

1 2 3 " totics is true and the potential u; is regular on the whole axis for a

rather large domain in the space of parameters and initial values of

the system. In such cases, it is easy to prove that formula (37.3) provides the eigenfunctions of the operator

L1. The value of ¢ on the presented plots is chosen ¢ = 2N, so that the leading asymptotic term is z2. The
choice of initial values f,(0) = 0 provides the even potential u(—z) = u(x).

u u

u
50 50 50
40 40 40
30 30 30
20 20 20
10 10 10
X
-6 -4 -2 2 4 6 -6 -4 -2

N =1 (harmonic oscillator) N =3 (P4) N=5




Index <« 181. Periodic closure 344

For even N, the potentials have a singularity at x = 0 so that the proper spectral problem is formulated
on the halfline.

" u u
100 100 100
80 80 80
60 60 60
40 40 40
20 20 20
2 4 6 8 10 * 2 4 6 8 10 * 2 4 6 8 10 *
N =2 (Kepler problem) N =4 (Ps) N =6
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182 Planar lattices
Author: V.E. Adler, Last. mod.: 1.12.2008

The following notion introduced in [1] (M = 2) and [2] (M > 2) is the most simple and fundamental model
of integrable discrete geometry.

Definition 1. A mapping f : ZM — RP?, d > 2, is called M-dimensional planar lattice or discrete
conjugate net, if the image of any unit square in ZM is a planar quadrangle.

In affine coordinates, a 2-dimensional planar lattice is uniquely defined (in the quadrant Zi) by equation

of the form

(T, — )T = 1) f =T — D) f + (T, — 1) f
with arbitrary scalar parameters c'?(m,n), ¢2*(m,n) and arbitrary initial values f(n,0), f(0,n) along the
coordinate axes (clearly, the other settings of initial value problem are also possible).

At M = 3, a planar lattice is uniquely defined by its values on the coordinate planes, that is by 2-
dimensional planar lattices f(m,n,0), f(m,0,n) and f(0,m,n). Indeed, let I denote 2-dimensional plane
through the points f, f;, f;. Here and below in this section subscripts are used to denote shifts, that is
fi=f(..,n;+1,...). Consider three such planes sz, i # j # k # i. By construction, these planes lie in
3-dimensional affine space IT'?3 through the points f, fi, f2, f3 and therefore their intersection defines fi23
uniquely.

From the computational point of view this means that we are able to satisfy simultaneously the linear
equations

(T, = )Ty =) f = (T = V) f + (T = 1)f, i#] (1)
for 4, j taking values 1,2,3. This yields the compatibility condition for the coefficients (no summation over
repeated indices) - -

¢ —cV = (c;k — )+ cf’c”7 1#£j#k#1 (2)
which can be solved with respect to the shifted coefficients, so that some birational mapping

12 21 13 31 23 32 12 21 13 31 23 32
(C Y Y Y PN & )F—)(Cg,63702,02,61,01)
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arises. This mapping is rather cumbersome (it is written in [3], in a slightly different notation), but,
fortunately, there exists a change of variables which brings it to a very nice form. Namely, alternating (2)
with respect to i, k yields the relation

(¢ +1)(™ +1) = (7 +1)(¢7 +1)

which is solved by introducing the quantities h? (attached to the directed edges of the lattice) accordingly
to the formula - o

c?+1=nhl/n.
Now, introducing the vectors v* = (h*)~}(T; — 1) f we bring the linear problem (1) to the form

(T — i

K2

(T; — 1) = grt,  pit =

The new parameters 3% are called discrete rotation coefficients. Their evolution is given by equations
(see also [4])

ﬂkj + ﬂkiﬂij

o= T

P4 Ak A (3)

The important property of this evolution is that it can be correctly defined on the lattice of arbitrary
dimension, so that the indices i, j, k may take arbitrary integer value and the commutativity property holds

= 65 In other words, the map {8} — {3’} is 4D-consistent. This can be easily verified directly, but
more simple and profound proof follows from the underlying geometric picture.

Theorem 2 (Doliwa, Santini). 3-dimensional planar lattices are 4D-consistent.

Proof. The initial data for a 4D cubic cell are vectors f, f;, fij, 1 < i < j < 4, such that f;; € II. This
defines fio3 = H:lf N T3 N 112 and analogously for fias4, fiz4 and fazs. The value fi234 can be found as
intersection IT3% NTI33 NTI23, but obviously there are three more ways to do this. Therefore, we have to prove
that six planes H?I meet in one point. But H;jl = H;j N HZj l, so that we have actually intersection of four
3D spaces in 4D space I1'23* which give us a unique point. |
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Notice, that this “general position” proof requires some modification in the case when all initial data lie in
some 3D subspace (this may occur if the embedding dimension d = 3 or just as an accidental degeneration).
This can be achieved by considering a 4D figure with the same 3D projection, like as in the proof of Desargues
theorem in a plane. Moreover, similar trick allows to define quadrilateral lattice also in the case d = 2 when
the Definition 1 makes no sense: it is sufficient to require that this lattice be a projection of some lattice in
RP?. A method to draw such projection effectively is given by the following theorem.

Theorem 3 ([5]). Consider a combinatorial cube on the plane. If, for some pair of the opposite faces, the
(prolongations of ) corresponding edges meet on a straight line, then the same is true for any other pair.

Proof. Collinearity of one quadruple of the
intersection points allows to construct a com-
binatorial cube in space, with planar faces, for
which our figure is a projection. For such a fig-
ure, edges meet on the intersections of 3 pairs
of the planes. |
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Notice, that this “general position” proof requires some modification in the case when all initial data lie in
some 3D subspace (this may occur if the embedding dimension d = 3 or just as an accidental degeneration).
This can be achieved by considering a 4D figure with the same 3D projection, like as in the proof of Desargues
theorem in a plane. Moreover, similar trick allows to define quadrilateral lattice also in the case d = 2 when
the Definition 1 makes no sense: it is sufficient to require that this lattice be a projection of some lattice in
RP?. A method to draw such projection effectively is given by the following theorem.

Theorem 3 ([5]). Consider a combinatorial cube on the plane. If, for some pair of the opposite faces, the
(prolongations of ) corresponding edges meet on a straight line, then the same is true for any other pair.

Remark 1. Collinearity of 4 intersection points
is the condition, which allows to construct any
vertex of the combinatorial cube by the other
ones. This defines the mapping (RP?)7 —
RP?. Let f, fi,..., fo3 be given, then fiog is
defined by

a3 =ffin fafiz, a3=ffoN f3fos
3 _ 3 3 3 3 3
ayy = fafi2 Najay, a3 = fifizNaja;

3 3
f123 = afy fa3 Nayy f13.

The theorem means that the result is invari-
ant with respect to the permutations of the
subscripts.
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Notice, that this “general position” proof requires some modification in the case when all initial data lie in
some 3D subspace (this may occur if the embedding dimension d = 3 or just as an accidental degeneration).
This can be achieved by considering a 4D figure with the same 3D projection, like as in the proof of Desargues
theorem in a plane. Moreover, similar trick allows to define quadrilateral lattice also in the case d = 2 when
the Definition 1 makes no sense: it is sufficient to require that this lattice be a projection of some lattice in
RP?. A method to draw such projection effectively is given by the following theorem.

Theorem 3 ([5]). Consider a combinatorial cube on the plane. If, for some pair of the opposite faces, the
(prolongations of ) corresponding edges meet on a straight line, then the same is true for any other pair.

Remark 2. Notice that all lines and points
in the above figure are on equal footing.
Namely, 8 vertices of the cube + 12 intersec-
tion points and 12 sides + 3 lines of inter-
sections form a regular configuration with the
symbol (203154). This configuration is men-
AN tioned in [6], in connection with the following
statement (equivalent to Theorem 3):

Let 3 triangles be perspective with the
common center. Then 3 axes of perspective of
3 pairs of triangles meet in one point.
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183 Plebanski equations

first: UpyUzt — UgtUzy = 1 (1)

. _ .2
second: Utg + Uzy = Uy — UgaUyy (2)

Alias: heavenly equation
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184 Pohlmeyer—Lund—Regge system

Spy + (Sz,8y)s =0, se€ RY, |s| =1 (1)

Alias: O(n) o-model

> Due to the pseudo-constants |s;|, = 0, |sy|, = 0, the normalization
|82 = [sy| =1

can be achieved without loss of generality, by a change © — Z(z), y — §(y).
> At d = 3, the substitution (s, s,) = cosu brings to the sine-Gordon equation u,, = — sin .

> Similarly, at d = 4, the system appears [3]

oS Uu

Ugy — SiDuCOs U + %vmvy =0, (v,cot?u); + (v cot?u), = 0. (2)
sin® u

The reduction v = 0 brings to the sine-Gordon equation again. The system (2) can be cast to the rational
form

Vg U UV
Ugy = uv::—?i Fu(uww+1), vy = uv:—yl +v(uv + 1) (3)
via the point transformation.
> Biécklund transformation for (3) [4]:
Un,e = (unvn + 1)un+1a Up,y = (Unvn + 1)“1171
—Un,z = (Un'Un + 1)’Un_1, —Up,y = (unvn -+ l)vn—&-l

These lattices belong to the hierarchy of Ablowitz—Ladik lattice. Their higher symmetries bring to NLS-type
systems. This relation was studied also in [5].
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uwy:f(u:muyauav)a 'ny:g(’ux,’l)y,’l],u).

Main examples are:
Ugy = 200Uy — U, Vgy = —2UVVy — V
Upy = B uguy + h(1 —uy), Vg =h oo, +h(1+v,), h=u+wv
Upy = h  ug (vuy — 1) + huy, vy = h tog(uv, +1) —hvy,, h=uv+4

Upy = h ™ ouguy —uh, vy = h tuvgu, —vh, h=uv—1

Ugy = h_l(huuacuy + g(um’ + uy) + guh — ghv)a Vgy = h_l(hvvzrvy - g(Ux + Uy) + guh — ghu)a

g = hhyy — hyhy,  h(u,v) = h(v,u),  hyyy =0

> The Pohlmeyer-Lund-Regge system [1, 2] itself is point equivalent to the system (5).
> All above systems are Lagrangian, e.g. for the system (6) [4]:

L= //hfl(uxvy + hyug — hyvy + g)dzdy.
> The complex reductions are possible, e.g. the system (2) turns into
Upy = u — 2i|ul?u,

after the change 0, — i9,, 0y — 90, and under the reduction v = a.
At h = const(u — v)? the system (6) turns into
_ 2uguy _ 2u,vy

Uy = —i(ug +uy), Voy = U_u_’_i(vi'i_vy)'

(7)

> The following theorem establishes the correspondence between the PLR type systems and the lattices

generated by Bécklund transformations for NLS type systems.
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Theorem 1. The systems (2)—(6) are obtained by
pairs of the lattices (x4 =z, x_ =y):

(2):

Unp,x

Un,y
Un,z

Un,y

Un,y

Up, x4

Un,zy =

2
Up+41 + UpUn, —U
Un—1
_— —v
VUplp—1 — 1

n,r

elimination of the shifts from the following consistent

2
=Up_1+ Uy Un,,

ny —

(un + Un)(un+1 - un);

Up + Up
)
Un + Up—1

(unvn + 6) (un+1 + Un);

Unp + Unp—1
Uplp_1 — 0

= (unvn - 1)un:|:17

2h

+ hvna
Un+1 — Un

Upa1
UpUny1 — 1
—Un,g = (U + V) (Vn—1 — V),
iy = T
" Up, + Vpt1
—Un,g = (UnVpn + 6)(Vn—1 + vp),
_ Up +Upq1
gy = — L

UpUpt1 — O

—Up, — _
Un,xy (unvn 1)Un:Fl

2h

Unge = ———— —hy,, h=nh(uy,v,).

Up — Un:Fl

These formulae can be interpreted as explicit Bécklund transformations for the PLR type systems. For
example, for the system (2) one obtains the pair of auto-transformations (u,v) — (u,v)+1

b
VU, — 1

which are mutually inverse in virtue of the system.

.
_ Y
v = 13
UVy +
V_] = —Vgp — v2u,

> In conclusion, it should be noted that the full hierarchy of the higher symmetries for a PLR type system
consists of two subhierarchies of NLS type, one contains the systems with z-derivatives, and another with
the y-derivatives. For example, the simplest higher symmetries of (2) are

2
Up, = Ugy — 2(u vy +u

31}2

);

—V = Ugg + 2(v2um - v3u2)
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_ 2 _ _ )
U = Uyy + 2uyvy, Vi, = Uyy 2vyuy.

These are obtained by elimination of the shifts from the higher symmetries of the corresponding lattices.
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186 Point transformations

Let u = (u',...,u™) and = (z1,...,2,) be dependent and independent variables respectively. We will use
the multi-index notation us, s = (s1,. .., s,) for the derivatives. A point transformation is defined by an
arbitrary nondegenerate change

& = fiz,u), @ =g’ (x,u). (1)
The prolongation of the transformation onto variables u; is given by the formula

i, = D*(#) = Dj* - Diy (i), o

where operators D; are related with the operators of the total derivatives
m .
Di=0p + Y Y ul 0, Li= (614 0n)
j=1 s

via the system of linear algebraic equations

The determinant of this system does not vanish in virtue of the nondegeneracy of the transform (1). Moreover,
equations (1), (2) define the invertible transformation on the set of the variables J" = {z,us : |s| =
s1+ -+ s, <r} for any r.
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187 Quad-equations
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1. 3D-consistency

List of quad-equations

Zero curvature representation

Three-leg form and discrete Toda lattices
Multifield quad-equations

Uk

Quad-equation is a discrete equation on the lattice Z2, which relates the values of a field variable cor-
responding to the vertices of any unit square. In a more general setup, the equations of quad-graphs are
considered, that is on the planar graphs with quadrangle faces. Quad-equations appear as the nonlinear
superposition principle for Backlund transformation. It is the commutativity of BTs what implies the 3D-
consistency property and motivates the acceptance of this property as an intrinsic definition of integrability
for quad-equations.

3 13
1. 3D-consistency 0

Denote the vertices of the cube as shown on the picture and con- 13 | 123
sider the system of 6 quad-equations associated to the faces of the
cube (assuming u;; := u;;):

Qij(u, us, uj,uij) =0, Qi (uk, Wik, Ujk, ui23) = 0.

|

|

|

|

| —_— e — e —_—
This system is called 3D-consistent [1, 2], or consistent around ’8_
the cube, if the values u23 calculated in three possible ways co- 7

incide for any choice of initial data u,uq, us, us. 1 12

o initial data
o intermediate values
e the results coincide
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1. 3D-consistency

List of quad-equations

Zero curvature representation

Three-leg form and discrete Toda lattices
Multifield quad-equations

Uk

Quad-equation is a discrete equation on the lattice Z2, which relates the values of a field variable cor-
responding to the vertices of any unit square. In a more general setup, the equations of quad-graphs are
considered, that is on the planar graphs with quadrangle faces. Quad-equations appear as the nonlinear
superposition principle for Backlund transformation. It is the commutativity of BTs what implies the 3D-
consistency property and motivates the acceptance of this property as an intrinsic definition of integrability
for quad-equations.

3 13
1. 3D-consistency o]

123

Denote the vertices of the cube as shown on the picture and con- 13
sider the system of 6 quad-equations associated to the faces of the
cube (assuming w;; 1= u;;):

Qij(u, us, uj,uij) =0, Qi (uk, Wik, Ujk, ui23) = 0.

|

|

[

[

|

[

| — — — —— — —
This system is called 3D-consistent [1, 2], or consistent around ’8_
the cube, if the values u23 calculated in three possible ways co- <

incide for any choice of initial data u,uq, us, us. 1 12

o initial data
o intermediate values
e the results coincide
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1. 3D-consistency

2. List of quad-equations

3. Zero curvature representation

4. Three-leg form and discrete Toda lattices
5. Multifield quad-equations

Quad-equation is a discrete equation on the lattice Z2, which relates the values of a field variable cor-
responding to the vertices of any unit square. In a more general setup, the equations of quad-graphs are
considered, that is on the planar graphs with quadrangle faces. Quad-equations appear as the nonlinear
superposition principle for Backlund transformation. It is the commutativity of BTs what implies the 3D-
consistency property and motivates the acceptance of this property as an intrinsic definition of integrability
for quad-equations.

3 13

1. 3D-consistency

Denote the vertices of the cube as shown on the picture and con- 13 | 123
sider the system of 6 quad-equations associated to the faces of the
cube (assuming u;; := u;;):

Qij(uauhujvuij) =0, Qz‘j(umuik,u]‘k,ums) =0.

NO

This system is called 3D-consistent [1, 2], or consistent around

the cube, if the values u23 calculated in three possible ways co-

incide for any choice of initial data u,uq, us, us. 1 12
initial data

intermediate values
the results coincide
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Ezxample 1. Discrete KAV equation
(u— i) (wi —uj) = a; — aj,  (up — wi23)(Uix — ujx) = a; — a;

(parameter a; corresponds to 4 edges of the cube parallel to the edge (0,4)). One of the ways of computation
yields

ay — az ayp —asg
U =U— ———, U3=U— ——,
Uy — U2 Uy —us
Uigs = g — 2298 aru1 (u2 — us) + asus(us — ur) + agug(ur — ua)
U2 — U13 ai(ug —uz) + az(uz — ur) + ag(u; — ug)

Since this expression is symmetric with respect to the subscripts, two another ways give the same result.

Ezxample 2. Linear equation
uij—ui—uj+u:0, Ulgg—uik—u]‘k"f'uk:().

Independently on the order of computations w93 = uy + us + uz — 2u.

2. List of quad-equations

The classification of 3D-consistent equations has been obtained in [3] under the following assumptions:
> Qij(u, ui, uj, wij) = Q(u, uy, uj, uij, a;, aj) where a; are parameters assigned to the edges parallel to (0, 7);

> function @ is affine-linear polynomial in u: Q = cjuujusuis + - - - + c16 with coeflicients depending on a;;
> the equations admit the symmetry group of the square (¢2 = 0% = 1):

Q(u, ur,ug, w12, a10n) = Q(u, Uz, U1, U12, G2, a1) = 0Q(u1, u, u12, U2, a1, az); (1)

> the tetrahedron condition: w23 as the function on initial data does not depend on u (cf examples 1,
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Theorem 3. Up to the simultaneous Mdébius transformations of variables and point transformations of

parameters 3D-consistent equations satisfying the above assumptions are erhausted by the following list:
ar(u —ug)(ur — ui2) — az(u — uy)(ug — ur2) = 52@1@2(@ —a1) (Q1)
ar(u — ug)(u1 — ur2) — az(u — ur)(uz — ui2) (Q2)

+ ajag(ar — ag)(u+ uy + ug + ug2) = aras(a; — ag)(af —ajas +a)

(a2 — a?)(uurz + urug) + az(a? — 1) (uug + uguio) — ay (a3 — 1) (uug + uyus) (Qs)
= 8(ai — a3)(af — 1)(a3 — 1)/(4a1az)

snaj snagsn(a; — ag)(kQUU1U2u12 + 1) + snaq (uug + ugugs) (Q4)
—snag(uus + ujuyz) — snay — ag) (uuis + ugug) = 0, sna = sn(a; k)

u— ulz)(ul - U2) =a1 —az

u— ulg)(ul — UQ) + (CLQ — al)(u—|— Ul + uUg + U12) = a% - Clg

(
(
a1 (uuy + uguin) — ag(uug + uyuis) = d(as — a?)

ar(u+ ug)(ur + uia) — as(u + uy)(ug + u12) = 6%a1az(a; — as)
(a2 — a?)(uuguguias + 1) = aq (a3 — 1) (vuy + ugurz) — as(at — 1) (vug + uiur2) (As

The proof is based on the relations between affine-linear, biquadratic and 4-th degree polynomials. Under
the imposed assumptions the relation holds

QuzQulz - QQuzulz = k‘(aflv G/Q)h(u, Uy, al)

where
k(az,a1) = —k(a1,az2), h(ui,u,a1) = h(u,u1,a1),
and moreover, the biquadratic h is such that the 4-th order polynomial
hil — 2hhy 0, = 1(u)

does not depend on the parameters of equation. After this, the classification is reduced to the problem of
reconstruction of h and @ starting from the polynomial r» which can be brought to some canonical form by
Mobius transformations.
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Remark 4. > Eq (A1) is reduced to (Q1) by the change u; — —u;; (A2) is reduced to (Qs) by the change
U; — l/ui.

> Egs (Q1)—(Qs) and (Hy), (Hs) can be obtained from (Q4), (Hs) by degenerations and as limiting cases.

> FEq (Q4) defines the nonlinear superposition principle for the Krichever-Novikov equation and is, in a
sense, the fundamental discrete equation [4].

> The given form of (Q4) is found by Hietarinta [SIDE-2004 talk]. In [3] this equation was presented in
much more cumbersome form related to the Weierstrass form of elliptic curve A? = r(a) = 4a® — g2a — g3.

> The problem of classification without additional assumptions (affine-linearity, prescribed dependence
on parameters, symmetry, tetrahedron property) remains open. In particular, several examples without
tetrahedron property were found in [5]. It can be proved that the biquadratics h corresponding to such
equations are reducible.

> Several equations are known with polynomial @) quadratic in each variable, but all these examples can
be reduced to affine-linear ones by Miura type transformations.

3. Zero curvature representation

An affine-linear equation @ = 0 may be interpreted as Md&bius transformation between any pair of variables,
with coefficients depending on the rest pair. Let

A’LL3 + B
= M s 5 5 r; P =
s (w1, u, a1, ag5us) Cuz+D

then
ug3 = M (ug,u,az,a3;u3), uiz = M(u12,uz,a1,a3;u23) = M(ui2,u1, az,as; us).

Since the composition of Mobius transformations corresponds to the product of the matrices, hence denoting
a3z — A and introducing the normalization factor yields the zero curvature representation

L(uiz,uy, a2, \)L(ur,u, a1, A) = L(uyz, u2, a1, A\) L(ug, u, az, \)

with the matrix

_ A B
L(uy,u,a1,\) = (AD — BC) 1/2 <C D) .
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For example, in the case of the discrete KdV equation (H1) one obtains

L(ulvua as, )‘) = (?f 7UU1ju61L1 - A) .

4. Three-leg form and discrete Toda lattices

Let the quad-equation Q(u,u1,us,u12,a1,as) = 0 possesses the square symmetry (1). We will say that it
admits three-leg form if it is equivalent to the equation of the form

d(u, ur2, a1, a2) = P(u, ur, a1) — Y(u, uz, az).
Often it is convenient to use alternatively the multiplicative three-leg form
F(z,r12,00 — a2) = F(x,21,01)/F(x, 22, a3).

Any three-leg equation corresponds to a discrete Toda lattice on a planar graph

Z ¢(U7 Un,n+1, An, an+1) =0
n

where the sum is taken over the star of the vertex w.

Three-leg form exists for all equations from the above list, see the table. The general formula can be
proved

o du1
z/J(u,ul,al) —/m +C(u,a1).

For the equations (Qy, ), a point change of parameters a = a(«) exists such that ¢(u, ui2, a1, a2) = ¥(u, ui2, ala;—
a2)). Moreover, it is often convenient to make changes of the variables u = u(x) as well.
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F(x,y,«) u=u(z) | a =ala)
(Q1)s=0 exp(a/(z —y)) x o
(Q1)s=1 z:z%z v o
(Q2) (x—|—y+oz)(x—y+oz) .1'2 @

(z+y—a)lr—y—a)
sinh(z —y + a)

3)6= 2 2
(Qs)s=0 Snh(z — y— a) exp 2z exp 2«
sinh(z 4+ y + «) sinh(z — y + «)
_ h2 2
(Q3)6_1 Sinh(aj fy— a) sinh(aj —y— a) cosn 2x exp 2z«
(Qu) sn(z+a) —sny Oz +a) - N
sn(z —a) —sny O4(z — )
ap —az U—Uig+a1 —ax U+ u+ag

= U1 — Uy, (HQ): =
U — U2 U— U2 — a1 + a2 U+ us + as

(Hs) agu —ajuiz  uul +0aq

AU — aguyy  uus + dag
Remark 5. For the eq (Q4) with the polynomial r in Weierstrass form, the leg is

oclx+y+a)o(z—y+a)
olx+y—a)olx—y—a)

F:

5. Multifield quad-equations

Classification of multifield analogs of quad-equations is hardly possible. One of the reasons is that these
equations are not polynomial, in contrast to the scalar case. Probably, the simplest example is the vector
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analog of the discrete KdV eq:

ay — az
u—up = —————(u1 — uz).
|y — ug|
This equation admits an interesting reduction a; = —|u; — u|? [6]. Some other examples can be found in

[7, 8].
The nonabelian analogs for the Krichever—Novikov equation (121.1) are known only for few special cases:

> r =0 Schwarz-KdV). The equation, its BT and NSP are

Uty = Uggax — 7Ummuglumr; Uj,x = ai(u - uz’)u;l(u - ul)

2

ay(u —ug)(ug — u12) "' = as(u —uy)(ug — ug2)~?

> r=4
Uty = Uy — iumu;lum + 6u;1 + 3[u;1,um], Uiz = ;(u —u; + ai)ugl(u —u; — a;)
%
al(ul — U2 —+ ag)(u — Uy — al)fl = GQ(UQ — U2 —+ al)(u — Ug — 0,2)71
> r= u2

_ 3 -1 —1 -1 -1
Uty = Upgy — = (Uzgly Ugy + Uggly U — UUY Ugy — Uly U)

2
1
Ui x =
’ 1_‘1?

(1 — a?)(uy — aguiz)(aru —uy) ™' = (1 — a2)(ug — a1uy2)(agu — ug)~

(u— aiui)ugl(aiu — u;)

1

These equations possess also 3-legs forms which lead to nonabelian discrete Toda type lattices.
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188 Quispel-Roberts—Thompson mapping

f3(un)uns1un—1 — fa(un)(Uns1 +Un—1) + fi(un) =0, degf; <4 (1)

Let A(u,v), B(u,v) be polynomials of degree 2 with respect to each variable:
A=aquv®+ - +ay, B=bu?+ - +by.
Consider the mapping (uy, vn) — (Unt1,Vn+1) defined by equations

A(unavn) _ A(”na“n-&-l) _ A(un+17vn+1)

B(un,vn) B B(Umvn+1) B(un—klavn-&-l)-

We have to solve a quadratic equation at each step, however one of the roots is already known and therefore
a birational mapping appears. The quantity I = A/B is its invariant by construction and this provides the
integrability. The mapping (1) appears when the polynomials A, B are symmetric.

> A particular case is the Euler—Chasles corrspondence (A is a symmetric polynomial and B = 1) [3, 4].
The simplest and, historically, the first example is McMillan map [5]
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189 Recursion operator

A differential or pseudo-differential operator R is called recursion operator [1] for an equation F = 0 if it
maps evolutionary symmetries of this equation into the evolutionary symmetries: G € Sym(E) = R(G) €
Sym(FE).

> TIn particular, if equation E is evolutionary itself, that is of the form u; = F, then equations u;, = R¥(F),
k=1,2,3,... should be its symmetries. In this case the recursion operator satisfies the equation

R, = [F,, R],

which coincides with the equation for the formal symmetry. The difference between these two notions is that
the formal symmetry is in general an infinite series and its action on Sym(F) is not defined. In contrast,
recursion operator must act on this set by definition. As a rule, the recursion operator is represented as a
ratio of differential operators R = JK !, and it is necessary to prove that the result of its application to
the local symmetries is local again. See an example of such a proof for KdV equation.

The structure underlying the existence of recursion operator is given by Lenard-Magri scheme for the
operators J, K which constitute a bi-Hamiltonian pair).

> See also: many examples of recursion operators are given in the corresponding articles, see e.g. Burgers
equation, NLS system and so on.
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190 Reduction

Reduction is the lowering of the number of dependent or independent variables by means of additional
constraints. The most general method of finding the reductions is based on invariance of the system under
scrutiny with respect to some subgroup of continuous or discrete symmetries.
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191 Reyman system, twodimensional

up = (g +u? — 2wy, V= (—vy + 2uv),, Wy =V

> Master-symmetry:
ur = (2(up +u? = 2w,) — W)y, vy = (x(—vy + 2uv) — v),
> Third order flow Dy, = %[DT, Dy]:
Uty = (Ugy + Uty + u® — 3uw, — 34s)zs Uty = (Vgz — 3uvy + 3ulv — 3vwe)z, qy = uv.
> Auxiliary linear problems:
Yoy = uty + v, by = A(@)es — (24w, + Agw)y)

where A =1 and A = z correspond to T'=t and T" = 7 respectively. This is gauge equivalent to the linear
problem

1/’3; = U¢a ¢LC = _V¢7 u =

for Davey—Stewartson system.
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Zn,x = T<Zn)(2n+1fn(yn) - Zn—lfn—l(yn—1> + gn(yn) - gn—l(?/n—l))v Zn ‘= Aqn,xy, Yn ‘= qn+1 — Qqn

This is the Euler equation for the Lagrangian of the form

L= c(qnz) = @na@n(@nit = ) = bu(dnt1 —an),  T=1/", fao=ay, ga=1b).
The lattice (1) is integrable if and only if

r(z) =re2® +riz 410, fh =81 0 — 118+ 22 ngn, Gl = S0+ S19n + 7297 — To -
In particular, the simplest higher symmetry is of the form

Gnt = 1(2n) Zng 1 fa(Yn) + 201 foo1Yn—1) + 9n(Yn) + gn-1(Yn-1)) + 5122
The f, g-system is reduced to the equation
(fn)? = (rf —draro) fro + (danra — 25171) f + (sT — 4r2s0) f

which is solved in elementary functions due to the first integral

(7”29»3 + s19n + SO)/fn —Trign + 7AOfn = Op.

If f,g do not depend on n, then the integrable lattice (1) can be brought to one of the following forms

by means of the transformations ¢, — ¢1q, + cot + c3n, * — c4x:

Zng = Znge1€Yn T — zp_1eYn — e2Yn+1 1 o2Un

)

Zn+1 Zn—1
Zn,x = Zn( - + Yn+1 — yn)

Yn+1 Yn
_ Fntl _ Al Yntl _ oUn )
e = Z”(l + pe=Yn+1 1+ pe=¥n + V(e c )
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Zn+1 Zn—1
ne = 2n(zn + 1)<yT+1 - y—n) (3d)
Znae = Zn(Zn — W) (/~L _in;,iﬂ - le—e;n) %
e = () (Lt Int ) &
e = gl ) (e S ) )
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193 Rosenau—Hyman equation

Up = Ulgzey + SUzplzy + Ully

This equation admits an exact travelling wave solution with compact support, known as compacton:

—8acos? L34 | — 3at| < 27
_ ) > )
we;?) { 0, |z — 3at| > 2.
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194 Rosochatius system

2 N 2

. 1 . I
qk:pk:_wqu+q_§_qu(q?_quJ2+q_;), <q7q>:1, q:(qla"'qu)T

k = j

J=1 J

> The Poisson structure is defined as the Dirac reduction of the canonical bracket to the level set (g,q) = 1,
(g,p) =0:

N
1 u?

{ar, 4t =0, {pk.q;} = 0k; —awas,  {pw,p;} = akpj — 4w, =3 > (pk + widiy + q§) :
k=1 k

The N — 1 independent first integrals in involution (assuming wy # wj, V k,j) are:

2 2
Hid;
Fk=qk+§ (pk% piqr)’ + q; ) E Fr.=(q¢,q) =1, E wrly =H

T k

> Lax pair L = [M, L):
T
L:—diag(wl,...,wN)—i—)\(qu—qu—I—iZqT—i—z'q(g) >+)\2qu, M = )\qu+zd1ag( 21,,“—2]\[)
q1

where p, q, L are column vectors with the k-th entry pg, qx, i respectively.
q 9k

> See also Wojciechowski system
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195 Ruijsenaars—Schneider system

i ) 2 rational case
Uty f (g — uy
tip = Z %, Jk=1,...,n, f(z) = ¢ sinh~ 2z hyperbolic case
J#k o p(x) elliptic case

> Lax pair was found in [2] (notice the functional equations

a(z)d (y) — a(y)a'(z) = (a(z +y) — a(z)a(y))(n(z) —n(y)),
a(r +y) = a(@)a(y) + ¢(x)p(y)Y(z +y)

solved in this work).

> See also Calogero—Moser model
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196 Sawada—Kotera equation

Uy = us + duuz + dujus + 5U2U1 (1)

> Generic 3rd and 5th order operators L, A satisfying the Lax equation L; = [A, L] can be brought to the
form

L=D3+uD,+v, —A=9D>+15uD? +15(u; +v)D? 4 5(2ug + u* + 3v1) D, + 10(vs + uv),
with u, v governed by the system
1
up = us + 5(uug + 3v(u —v) + gu?’)m7
vy = U5 + 5(uvg + 2ugv + 2ugvr — v + uzv)m.
This system admits the reductions:
v =0, v = u, both corresponding to equation (1);
2v = u,, corresponding to Kaup—Kupershmidt equation.
> Biécklund transformation (u = 6w,):

(0 — W) ge + 3(0 — w)(0 +w)y + (0 —w)® =7
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197 Sawada—Kotera equation, twodimensional

us = us + Suug + Sugug + Sulug — Sug y — SuUy — duiw — Swy, Uy = Wy (1)

> Introduced in [1].

> Consider auxiliary linear problems ), = L1, 1y = A. Generic 3rd and 5th order operators L, A can be
brought to the form

L=D3+uD,+v, —A=9D>+15uD3 +15(u; +v)D2 + 5(2us + u? + 3v; + w) D, + 5(2vs + 2uv + s),

with u, v governed by the system

L3
up = us + 5(uug + 3v(ug —v) + e )z — Bug,y + uty +uiw + wy), Uy = Wy,
v = v + 5(uvy + 2uvy + 2uv — Jvvy + utv), — 5(va,y + 20Uy + uvy + V1w + Sy),  Vy = Sy.

This system admits the reductions:
v=20,s=0and v =u,, s =u, both corresponding to 2D-SK equation (1);
2v = Uy, 25 = u, corresponding to 2D Kaup-Kupershmidt equation.
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198 Selfsimilar solutions

Selfsimilar solution of a PDE or DAE is a special solution characterized by its invariance with respect to
some subgroup of the Lie group of classical symmetries of the equation [1, 2, 3].

In the most common situations selfsimilar solutions are invariant with respect to some shift or dilation
transformation. In many physical models such solutions define the asymptotic behaviour of the general
solutions.

The construction of the selfsimilar solutions amounts to solving of the equation for the invariants of
the subgroup. This reduces the dimensionality of the problem, for example, the selfsimilar solutions of an
equation with two independent variables are defined by some ODEs. If the original equation was integrable
then, accordingly to the Ablowitz—Ramani-Segur conjecture, these ODEs possess the Painlevé property.
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199 Shabat equation

¢*v'(qz) +'(2) = (qu(gz) —v(2))* = 1, v(0) =« (1)

> This ODE with proportional delay arises as the self-similar reduction of the dressing chain. Its solution is
unique in the class of meromorphic function in C. The spectrum of the corresponding Schrodinger operator
with the potential u = 20’ consists of the infinite geometric progression —¢*", n=0,1,... [2, 3].

> The analytic properties of the solution were studied in [4, 5, 6]. Rational solutions, corresponding to the
special values of « were constructed in [7]. Some generalizations corresponding to selfsimilar closure of the
dressing chain after several steps were discussed in [8].
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200 Sine-Gordon equation

Ugy = Sinu

> Introduced in [1].

> Bicklund transformation [2]:

N L U—u . 2 . u+tu
Up + Uy = 2a8in 5 Uy — Uy = — sin
a

> Zero curvature representation [4]:

1 — U 1 5 i d—u i G—u
U—=-— A Uy V= — cosu  sinu W= A + acos 2 asin ol
2 \Uz —A 2\ \sinu —cosu o =

> Kinks and breathers of sine-Gordon equation
The equation and BT can be brought to the rational form by the change z = exp(iu/2):

2Zgy— g2y = 24—1), (22), = 2(22—22) 2Ey—2yZ = —(22732—1), a1(zze—2z1212) = az(221—22212).

1( 2a

The latter equation defines the nonlinear superposition and coincides with equation (Hs|s—o). However, if we
are interested in the real solutions, these formulae are better suited for the hyperbolic version of equation,
Ugy = sinhu, z = exp(u/2). In the trigonometric case, the reality is restored by the additional Mdbius

change (z —1)/(z + 1) = iv = v = tan(u/4). This yields

Ugy = (2v0,+1—0?),  (14+0%) 0+ (1+0%)v, = a(0—v)(1+vd), (1+0?)i,—(1+0%)v, = é(f)—l—v)(l—v@)

v
1+02
and the result of two BT is given by the formula
(a1 — a2)v(1 4+ v1ve) — (a1 + az)(v1 — v2)

v12 = (a1 — a2)(1 + v1v2) + (a1 + az)v(vy — vg)’ (1)
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Applying the BT to the seed solution u = 0 we obtain immediately the kink solution

v =tan(u/4) = cexp(ax + y/a),
and the formula (1) allows to construct the multi-kinks. The general formula for 2-kink solution is

ton ¥ — (a1 + az2)(ca exp(agx + y/az) — c1 explarz + y/a1))

4 (a; —a2)(1 4+ creaexp((ar + a2)z +y(1/a; + 1/asz)))’

The solution v15 remains real if the intermediate solutions vy, v, are complex conjugate. In particular,
assuming in the above solution a; = a + i3, as = a — i and ¢; = ¢ we come to the breather solution

tn &= osnBE ) + ) g

4 Beosh(a(z + y/v) + ¢2)’

X
=15 =10 -5 5 10 15

one-kink profile kink-antikink solution two-kink solution
a=05c=1y=0 a1 =05,a3=1,¢c1=co=0 a1 =05,a3=—-1,¢c1=co=0
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x
-15 =10 \A \/5 10 15
-05

breather profile (¢ = 0) a=05 =15 ¢1=¢2=0
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201 Sine-Gordon equation, double

. . u
Uyt :s1nu—|—asm§
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202 Sine-Gordon equation, multidimensional

Upyzy +°° + Uz, z, =SIDU
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203 Sklyanin lattice
The Sklyanin lattice [1] is defined by the Poisson brackets

{ Sns n} = (Jb J) 257017 {8275571} = _8282 (1)

(only nonzero values are given; n € Z, subscripts a, b, ¢ form a cyclic permutation of 1,2, 3) and the Hamil-
tonian

H= Zlog(nn+1+2(——J) Z+1)7 co:i(sgl){ 01:(52)2+2Ja(sg)2.

a=1 a=1

The quantities cg, ¢; are Casimir functions of this Poisson structure.
It was shown in [2] that Sklyanin lattice is equivalent to the sum of commuting flows
2h 2h
Un,zy = m +hnw,,  Unag = %_7;;1 — Py o = h(un, vy) (2)
where h(u,v) is a symmetric biquadratic polynomial: h(u,v) = h(v,u), hyu, = 0 (this is the so-called
Shabat—Yamilov lattice [3], which appears as the Bécklund transformation for Landau-Lifshitz equation).
Poisson brackets and (involutive) Hamiltonians for the flows (2) are of the form

{tn,vn} = 2h(up,v,), Hy= Z(% log h(ty, vy,) — log(tupt1 — vn)).

n

The equivalence of both models is described by the following statement which makes use of the complexified
stereographic projection

S(u,v) = (1 —uv,i+iuwv,u+v), (5,5)=

u—v

Statement 1. Let J = diag(J1, J2, J3), K = diag(K1, K2, K3), J = CI —det K - K~ and the polynomial
h(u,v) be

h(u, v) = i(u — 0)2(S(u, v), KS(u,v)).
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The variables u,, v, define the vector on the sphere S, = S(un,vy,), then the variables
s0 = pVdet K(S,, KS,)"Y/2, s, = —p(Sn, KS,)"Y2K'/25,

satisfy the Poisson brackets (1), the values of Casimir functions are equal to co = p?, ¢y = Cp?, and
Hamiltonian is equal to H = —H, — H_ 4+ const.

The general linear combination of the flows (2) in the spin variables S becomes (a and b are arbitrary
real constants)

[Sn; SnJrl] [Sna Snfl]
St =alS,, KS, —24[S,, KS,
+=af >(1+ (Sn, Set) "1 <Sn,sn_1>) al ]
Sn + Sn+1 Sn + Sn—l
b(S,, KS, . S =1
+ ><1+<Sn,Sn+1> 1+<S,L,Sn_1)) ||

Sklyanin lattice corresponds to the case b = 0. If K = I and p = —1 then variables S and s coincide. In this
case the Heisenberg lattice appears

[Sns Snt1] [Sns Sn—1] ) ( Sn + Snt1 Sp + Sn—1 )7

Sus = -
! a(1+<snvsn+1> 1+<Snvsn—1> 1+<Sn7Sn+1> 1+<Sn7Sn—1>

‘Sn| =1 (3)

It was introduced, at any a and b, in the paper [4], see also [5, 6] where applications in the discrete geometry
were considered. It should be mentioned that the lattice corresponding to a = 0 remains integrable on the
sphere of arbitrary dimension.
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204 Short Pulse equation

Uyt =V + g(vg)yy

> The differential substitution to sine-Gordon equation u,; = sinw [5]:
L o
v=1u, dy=cosudr— §utdt.

> Zero curvature representation

11 v, 02 1L/ —v
0= (o ) w=Sues (0 Th)

vy = Yyy
3 (1+U§)3/2 y

> Higher symmetry [7]:
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205 Soliton solutions

Many nonlinear PDEs admit particular exact solutions in the form of localized travelling waves, as a rule
with the amplitude depending on the velocity:

u(z,t) = A(k) f(kx + w(k)t + 6;), flz;a) =0, z— too.

Here a denote additional parameters, such as polarization. The profile of the wave f, the amplitude A and
dispersion law w depend on the form of equation. Such solutions are called solitary waves. In general,
the collision of two solitary waves leads to their destruction or to appearance of small oscillations. However,
several equations admit exact solutions which represent an elastic interaction of arbitrarily many solitary
waves. Such solutions are called multi-soliton solutions [1].

More rigorously, the solution is called N -soliton if it is asymptotically equal to the sum of N localized
travelling waves which interact without changing their shapes, amplitudes and velocities, so that the only
result of interaction is the shifts of the phases and, possibly, some parameters:

N
U(SL’, t) ~ Z A(I{il)f(kll' + W(l{ii)t + (Sli, Ozii), t — +oo.
i=1

There exist equations which admit 2-soliton solutions but cannot support 3-soliton one. However, in all
known examples, the existence of 3-soliton solution implies the existence of N-soliton one for any V.

In some cases this definition appears too restrictive. For example, the number of solitons may changed
in the 3-wave interaction.

> See also: KdV solitons
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206 Somos sequences

Si: Qpln_4 = Qp_10p_3 + aifg, ag=---=a3=1
55 D ApQp_5 = Gp_10p—4 + Qp_2Gp_3, ap == a4 = 1
St Apn—6 = An_10n_5 + Gn—2Gn_4 + a5_,, ag=-=as=1
S7: Qplp_7 = Gp_10p_6 + Gp_20n_5+ Gp_30np_4, Go=---=ag=1

These recurrent relations generate integers for any n. In a more general setting, a,, are Laurent polynomials
on the initial data ag,...,ar_1 for Si. This is the so-called Laurent property which is observed for some
other discrete equations as well. However, it is not valid for the higher sequences Sy at k > 7.
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207 Squared eigenfunctions constraints

A wide and well-known class of reductions from 3-dimensional equations to vectorial 2-dimensional ones
consists of so-called squared eigenfunction constraints. For instance, the Manakov system [1, 2] and its
third order symmetry

YVt = Vaaw + 3V, Q)2 + 3(Ya, )Y, Gt = uza + 3(Y, $) Pz + 3(Y, d2)@

define such a reduction for the Kadomtsev—Petviashvili equation
duy = Ugpze — Buug + 3‘]1/7 qz = Uy

with respect to the quantities u = —2(1, @), ¢ = 2(1h, ¢o) — 2(1h, &) [3]. The generic solution satisfying this
reduction is determined by a pair of vector functions on z chosen as the initial data (¢, ¢)|,=0,t=0. Therefore,
such solutions are just a special class within all solutions of KP equation which can be generically defined
by arbitrary function u|;—¢ depending on two variables z,y. However, since the vector dimension can be
arbitrarily large, this type of reductions of (2+1)-dimensional systems is rather important and allows one to
construct rich families of exact solutions.

> For more examples, see Hirota—Ohta system.
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1. Symmetries as the test of integrability
2. Necessary integrability conditions

The classification of integrable equations is an intriguing and extremely difficult problem. For now, the
exhaustive results have been obtained only for few types of equations, and the further progress requires the
immense efforts. In many cases a partial classification was possible only under some additional assumptions,
such as polynomiality, homogeneity, Hamiltonicity or some other special structure of the equations under
scrutiny.

This article is devoted to the description of the method based on the notion of the higher symmetries
which has proved to be the most effective tool for solving of the classification problems. The review of some
alternative approaches is given in the article Integrability.

1. Symmetries as the test of integrability

The existence of even a single higher symmetry is the very restrictive property and may be successfully used
as the test of integrability. However it may not guarantee that all found answers are really integrable. For
long, the following conjecture seemed to be true.

Conjecture 1 (Fokas).
> If a scalar evolution equation admits one time-independent higher symmetry then it admits infinitely
many [5, 0].

> For n-component systems n symmetries suffice [7].

At n = 2, the first counter-example of 4-th order system which has only one higher symmetry (of 6-th
order) was found by Bakirov [8]. Kamp and Sanders have proved that there exist in fact infinitely many 4-th
order systems with finitely many symmetries and have found an example of 7-th order system with exactly
2 higher symmetries (of orders 11 and 29) [9].

The first part of this conjecture remains an open question till now. In any case, the classification problem
based on the minimal assumption that just one higher symmetry exists is unnecessarily difficult. In order
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to make it more constructive, it is convenient to accept the existence of an infinite hierarchy of the higher
symmetries as the definition of integrability. Technically, this leads to the following concept.

Definition 2. A scalar evolutionary equation
uy = Fx,u,ur,ug, ..., up,) (1)
with one spatial variable possesses the formal symmetry if the equation
Dy(A) = [F,, 4], F.:=F,DI+---+FD,+ Fy (2)

admits the solution A = a_1D, +ag+ a1 Dyt +asD,;? + ... where all coefficients a;, are local functions on
TyUy Uy ...

The justification of this definition is given in the next section. In some aspects the analysis of equation
(2) is analogous to the classical problem of description of commuting differential operators, see Theorem
43.4.
It turns out that equation (2) is equivalent to an infinite sequence of the obstacles to integrability, of the
form
D, (ay) = expression depending on F and ag_1,...,ap,a—1,

moreover, this can be rewritten in the equivalent form of conservation laws
Dz(Uk):Dt(pk), k:—l,O,l,... (3)

where the so called canonical densities py, are expressed by the certain algorithm described below through
the right hand side of the equation and the previously defined o;. For a given equation this provides an easy
to check test of integrability. It can be also used for the classification of the integrable equations of the fixed
order.

2. Necessary integrability conditions

Accordingly (209.5) the compatibility condition for two evolutionary equations

Dy, (u) = Fy(x,u,ur,ug, ... Upn, ), Dy, (u) = Fo(x,u,u1,ug,...,Un,) (4)
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can be rewritten in the form
[Diy = (F1)w; D, = (F2)] =0 = Dy, ((F2)+) = Di, (F1)«) = [(F1)+, (F2)]- (5)
Definition 3. Integrable hierarchy, (IH) is the series
A=ayD+a;+aD ' +azD2+..., a; €U (6)
together with a set of functions
H(A) ={F, €U : D,(A) = Dn(ao)D + Dy(ar) + Dp(ag)D™" +--- = [F, ., A} (7)
where D,,(u) := F,.

~ We call A the basic operator of the hierarchy and consider as identical one another basic operator
A = «a(D)A obtained by multiplication on the series

O[O.D-I-Oél-|—0[2.D71-f—O[g,.Diz-f—...7 ij€(c

with constant coefficients.
Clearly, for Fy, F» € H(A) we can define F3 € U using following general formulae:

F3=D1(F2)—D2(F1) = F3:F2,*(F1) Fl* F2) —{F17F2} (8)

Then
D3 =[D1,Ds], D3~ (F3)« = [D1— (F1)«, D2 — (F2).]

and the Jacobi identity implies that F3 € H(A). Thus H(A) C U is a Lie algebra with multiplication (8).
One can see f; = uy belongs to any hierarchy since fi . = D and for any formal series (6) we have

[D, A] = D(ao)D + D(a1) + D(a2)D™" + -+ = D(A).

On the other hand, the compatibility condition (7) became extremely restrictive in the case of higher order
m > 2 of the function F' € Y. Most known IH bear the names of the corresponding equations u; = F' € H
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of the minimal order ng. Here we have an analogy with the DO B of the minimal order m > 1 in the
nontrivial centraliser B € C(A) (see end of the previous section). Moreover, in virtue of Svinolupov theorem,
this minimal order for “nontrivial” IH satisfies the condition ny > 2. Well known integrable hierarchies
correspond to the following list of third order equations.

KDV TYPE EQUATIONS

up = uz + P(uw)u;, P" =0, (9)
1 .
Up = Uz — 5“% + (e + Be " uy, (10)
2
ut:U3f§k @, r(®) =0, (11)
2 uq Ul

For a comparison each with others distinct integrable hierarchies the following definition is useful.

Definition 4. The integrable hierarchy #(As) is called reducible to H(A;) if a differential operator B
exists with coefficients from U such that

Ay =BoA 0B L.
Ezample 5 (Burgers-hierarchy). One can easily verify that A; = [f., 4] in the case
Up = Uy + 2ty = f, A=D+utu D .
Thus, a basic operator for the Burgers equation
A=D+u+wuy D' =D(D+u)D™,
is related to A = D + u by the conjugation. One can verify that evolution equation
D, (u) = Dy (uy + 3uu, + u®)

belongs to the Burgers hierarchy H(A) as well.
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It is not difficult to prove that
Ay =[F., A & (A, =[F., A, j=-1,1,2,....

Therefore, the order of the formal series (6) in the definition of the integrable hierarchy may be arbitrary.
Next, let FF € U and ord F,, = m > 1, i.e.

F.=foD™ + fiD™ '+ + fon.
Put in the compatibility condition A; = [f, A]
A= aoDm + ale_l + CI,QDm_2 + ...

with undeterminate coefficients. Then collecting the coefficients by D¥, k = 2m —1,2m—2,...,m+1 shows
that in the Definition 3 one may set, without loss of generality,

A=F.+gD+g +gD ' +.. .. (12)

In other words first m — 1 coefficients of the series (6) are related with the coefficients of the m-th order
differential operator F if F' € H(A).

Ezample 6 (Linear equations). Hierarchies H(A) with differential operators A correspond to linear equations
(1). In the second order case with A = D? + a we obtain F; = A’(u) € H and, particularly,

U = Uy +a(z)u=F <& A, =[F,A]

For “special potentials” a when there is odd order DO B € C(A) there arise additional terms F, = B*(u) of
this hierarchy.

Ezample 7 (KdV-hierarchy). In KdV case one can find the recursion operator A (cf (12)):
U = Upge + 6uuy == F, F, = D®+6uD + 6uy, A= D?+4u+2u,D* (13)
The check of compatibility condition A; = [F, A] is easy:
AF +2D(F)D™! = [D? + 6Du, D* + 4u + 2u; D™ 1].
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The intermediate corollary of the formula (13) and Theorem 10 below is the sequence of the local con-
servation laws of KdV equation i.e. differential corollaries of the equation (13) of the divergent form:

Dt(p):Dw<U)7 p,o €Y.

The densities p of these conservation laws are common for all members of the hierarchy and are defined as
follows.

Definition 8. For an integrable hierarchy H(A) with defining operator (6) the canonical series of the
densities p; €U, j = —1,1,2,... is as follows

pj=resAl, j=-11,2,.... (14)

Lemma 9. For all m,n € Z
res[aD™,bD"| = Dyt n

where tuy, n 15 o differential polynomial on a and b.

Proof. The residue vanish if the powers m,n obey the condition mn > 0. For instance in the case n = 0
the commutator aD™b — baD™ is a DO if m > 0 and PDO of order m — 1 < —2 if m < 0. Obviously the
coefficient by D~! is zero in both cases. Obviously as well that the residue vanish if m 4+ n < 0.

Let now m,n have different signs and m +n =k > 0. Then

reslaD™,bD"] = (kT 1)(aDk+1(b) + (=1)*DF*1(a)b)

since
m+n=k = mm-1)---(m—k)=xn(n—-1)---(n—k).
Standard “integration by parts” completes the proof. Particularly for kK = 0,1 we have, respectively

aD(b) + D(a)b = D(ab) aD?*(b) — D?*(a)b = D(aD(b) — D(a)b). [ |

Theorem 10. Let A be the basic operator (6) of the integrable hierarchy H(A). Then, for any F € H(A)
the equation uy = F possess a series of conservation laws with the canonical densities (14).
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Proof. Using Lemma 9 we find
Ay =[fuA] = Al =[f,A] = Dy(res A7) =res[f., AY] € Im D.
In the case pg we have
A =[f0,A] = AAT'=F. - AF AT = [AT1 AR,
Therefore
res(AtA_l) = res{(aO,tD + a1,t +... )(boD_l + le_Q + ... )} = <Zl) € ImD.
0/ ¢

We used here the equalities agbg = 1, agb1 + a1bg = 0. |

Particularly, this theorem imply that the canonical density p_1 = a; ! generates local conservation law

for any n-th order equation u; = F,, € H(A). It follows from formulae (12) that aff = 9F,,/0u, and this
gives rise to the first integrability condition

OF,\ ™
D, (6%) €ImD (15)

which is necessary condition for u; = F), to belong to some integrable hierarchy #H(A).
We should recall that two conservation laws with the densities p; and py are considered equivalent if
p2 ~ p2 and p ~ 0 means

p=Du(0) = Dilp) = Du(Dio).
This conservation law is considered trivial.

Integrability conditions analogous (15) play important role in the classification of ITH and equation (12)
allows to rewrite several first canonical densities explicitly.

Ezample 11. For an evolutionary PDE (1) of the form
ur = up + Fu,uy,...,ug), k<n, n>2 (16)
Fj, = 0y, F is a density of a local conservation law. For equations of the third order

up = uz + F(xz,u,u1), p1=F, ps=Fy, p3=o0; (17)
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Due to the Backlund theorem the groups of transformations depending on the higher order derivatives
do not exist. However, the very natural and rich in content generalization is possible of the infinitesimal
definition.

In a very general sense, a symmetry of a partial differential (or difference equation) is just another
equation which is consistent with it. Consider the simplest case of the evolutionary PDEs with one spatial
variable

u = F(z,u,uy, ... uy,) (1)

where wuy, stands for k-th order derivative with respect to x. One says that another such equation
ur = G(x,u,u1, ..., Up)

is a generalized or higher symmetry of (1) if the cross derivatives coincide: u;r = upy, or Dr(F) = Di(G).

To make this definition precise one have to formalize the definition of x, - and T-derivatives. We consider
Z,u,uy, ... as independent dynamical variables (this approach is traditional for the differential algebra,
see e.g. [3], where uy are called differential indeterminate). Then the z-derivative is replaced with the
operator of total derivative

Dw:8x+u18u+~-+uk+18uk+...,
D,: z—=1, u—=u = = up—> U1 — ... .

Let F denotes the set of locally smooth functions on the finite number of dynamical variable. Any such
function can be differentiated with respect to ¢ in virtue of equation (1) accordingly to the chain rule:

D:(G) =G F+GyDy(F)+ -+ Gy, DI(F).

The result can be conveniently written as
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by use of the vector field called evolutionary derivative
Vpi=F0,+ Dy(F)dy, + -+ D¥(F)0y, + ... (2)

and the differential operator called Frechet derivative or Gato derivative or linearization operator

d
G* = Gu+Gu1D$++GUmD;n’ G*(U): (%G[U‘FFJU})

(3)

e=0

Definition 1. An evolutionary PDE ur = G(x,u,uq,...,uy) is called the symmetry of (1) if the cor-
responding evolutionary derivatives commute: [V, V] = 0. The set of all G satisfying this equation is
denoted Sym(F).

In addition to the commutator of vector fields, we will use the brackets for denoting of the commutator
of differential operators, and also for the operation

[F,G] = Vi(G) — Va(F) = G.(F) — F.(G), F.G€F. (4)

This does not lead to any misunderstanding, since the use of notation is clear from the type of operands.
Obviously, both Vg and F are linear in F'. The other important properties of the introduced operations
are listed below.

Statement 2. The identities hold:

—_

[Dz, VF] = 0;
[

[\

=~ W
NSNS AN NN
—

(F G, H]) + G, [H, ]| + [H, [F,G)] = 0
FG). = FG, + GFy;

Dy(F))s = D, FL;

Vi — Fi,Vg — G.] = Vipg — [F, Gl

(=21
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Proof. 1,2) It is sufficient to apply the commutator to the dynamical variables x,u = ug,u1,... We have:
1) [De,Vr)(x) =0, [Dy, V)(ur) = Do(DY(F)) = Vi(ugsr) =0 = [Dy, Vi] =0;

2) [Vp,Vel(z) =0, [Vp,Vel(ue) = Vr(DE(G)) — Va(Di(F))
1
2 DE(Vr(G) - Va(F) = DAIF,G) = [Vr Vel = Ving:

The identity 3) follows from 2) and the Jacobi identity for the vector fields. The identity 4) is obvious, 5)
requires some calculations:

(Do(F))e = (3 Fusiesn) =D Fu DE 3" whia Fu, Dh = Du Y Fu D = Dy F
% * & Gk %

In order to prove 6), we first prove the relation (Vp(Q)). = [V, Gy] + G Fy:

(Ve(@). = (3. GuDE(EF)) =D (Gun DEF. + DEF) Y. Guyo, D3
k k j

J
=G.Fu+ Y DE(F)Guypu, D} = G.F.+ Y Vip(Gu,)D) = G.F. + [V, G..

gk J
Now, 6) follows from here and 2):

[VF - F, Vg — G*] = [VFaVG'] - [VFaG*] -G+ [VG7F*] + PG,
=Vira — (Vr(G))s + (Va(F)) = Virg + [F. Gl u

In particular, this statement implies that the following definitions of symmetry are equivalent:
Ve, Ve]=0 < [F,G]=0 & (Vr—F)(G)=0 < [Vi—F,Vg—G.=0. (5)

The latter formula is of particular importance for the definition of the necessary integrability conditions (see
symmetry approach).
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Moreover, the Jacobi identity 3) implies that the space F equipped with the operation [,] is a Lie algebra
and the symmetries set Sym(F') is its Lie subalgebra. The integrable equations can be defined as those
with an infinite-dimensional Lie algebra of symmetries. The structure of this Lie algebra can be different. If
the equation is linearizable then it contains an infinite-dimensional Lie subalgebra of classical symmetries.
For the KdV-type equations it is typical that classical symmetries form a finite-dimensional noncommutative
Lie subalgebra while the higher symmetries form an infinite-dimensional commutative Lie subalgebra (called
“hierarchy”).
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210 Thomas equation

Ugr = QU + DUy + CUuz Uy
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211 Toda lattice

Qn.oz = eqn+l_qn _ eQn_qn—l
,

> The higher symmetries
nte = Qg + €T £ e =g (Gt +200)0e® T+ (200 + Goo1)ae™ T,
can be rewritten as the NLS hierarchy for the variables u = e, v = e~ I~ 1:

Up, = Ugg + 2u2v, —Vt, = Ugg + 2v2u; Uty = Ugzg + OUVUL, Vi = Ugge + OUVVL;

> Hamiltonian structure (p, = ¢n4):

1
{pnchn} = ]_, H = 2(51)2 + eQn+1—qn).

> Zero curvature representation:

Gnao+2)\ e B
L":( —e—in 0 )’ Up = e~ dn—-1 A
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212 Toda lattice, two-dimensional

G oy = €319 _ gdn—dn=1
)

> Introduced in [1]

> In slightly different form, 2D Toda lattice describes the sequence of Laplace invariants.
> Infinite Toda lattice admits a number of reductions to finite exponential systems. The most important
examples are related to semisimple Lie algebras, see e.g. [2].
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eQn—l_Qn
2
An,ce = 9 4z (Qn—l,a:

1+ gQQQn—lquz

- Q’n-i-l,a:

eQn —Aqn+1

1+ g2e‘In*Qn+l

)
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1. Diagonalization of quadratic part
2. Universal solution of Hamilton—Jacobi equation
3. Examples

In this article we study the pairs of Hamiltonians of the form
H = ap? + 2bpipz + cp3 +dp1 + ep2 + f, K = Ap} + 2Bp1ps + Cp5 + Dp1 + Eps + F (1)

commuting with respect to the standard Poisson bracket {pa,qs} = da5. The coeflicients of the Hamiltonians
are assumed to be locally analytical functions of ¢1,¢e. This problem was considered in papers [1, 2, 3, 4,
5, 6, 7]. Here we present some new many-parametrical families of such pairs and the universal method of
constructing the full solution of Hamilton—Jacobi equation in terms of integrals on some algebraic curve. In
several examples this curve is a non-hyperelliptic covering over an elliptic curve.

1. Diagonalization of quadratic part

It is possible to introduce new coordinates s1, s2 such that quadratic parts of H, K became diagonal. The
condition {H, K} = 0 is essential for existence of this transformation. Let s1, so be roots of equation

®(s,q1,q2) = (B —bs)? — (A —as)(C —cs) =0

and ®' = ®(s;,q1,g2), then the canonical transformation

Pl P2 ol 2
P P . — _ q1 P q1 P — _ q2 P q2 P
(91,92, p1,p2) — (81,82, P1, P2) 1 p1 B 1+ 2, 2|, D2 1 11 + P2z 12

S1 S2
brings the pair (1) to the form

S1(s1) po  Sa(s2) P2idP+iP+ [, K = 5251(51) po _ 5192(s2)

H= 1 1
§1 — 82 51 — S2 81 — S2 §1 — 82

P} + DP, + EP, + F,
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where

Si(si) =

e (05— AY@},)° 4 2065, — B}, @), + (es: — O)(®},)?).

Theorem 1. Any pair of commuting Hamiltonians (1) can be brought by canonic transformation

- OF(s1,s . OF(s1,s
13121314-7<1 2), 13221324-7(1 2)
0s1 0s2
to the pair of the form
g U —U27 i 52U =510y 2)
S1 — S92 S1 — 82

where

U, = 51(31)P12 51(81)52(32) Lp, 51(81)281

+ o 5 + Vi(s1, s2),
(s1 — s2) 4(s1 — s2) (3)
A/ S92 2
Uy = 52(82)P22 - 51 Ezi)szs(;)z) P1 - 4‘5(22 )8215)2 + Vv2(517 52)

\/Sl 51 851 (\/ Sl 31 51 —

Z2
\/ S2(82)0s, <\/ Sa(s2) 5 _8281> + fa(s2)

) T fils), .

for some functions Z(s1, s2), Si(s;) and fi(s;). The Poisson bracket {H, K} equals to zero if and only if the
following conditions are fulfilled:

Zsy — Ls,
2(82 — 81) ’

(Z81852 - 282851) (Vl — V2) =0. (6)

S1 — S2

281,52 =
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The general analytical solution of Euler-Darboux equation (5) has the following expansion in the neigh-
borhood of the singular line z = y:

Z(wy) = A+loglz —y)B, A=) alz+y)(z—y)*, B=Y blx+y)(z—y™
0 0

Here ag and a; are arbitrary functions and the other coefficients are expressed through these two functions
and their derivatives. For example, by = %ag .
We insert this expansion into (6) in order to prove B = 0. It is easy to check that any solution of the

equation (5) with B =0 is of the form

o (2K) (5
Z(fmy)=zO+6(x+y)+(x_y)2Z2g (x+y)

)2k7 (7)
2k

(x—y

where g(z) is some function and zg, § are constants. We call g(x) generating function for (7). Without loss
of generality we choose zg = 0. The parameter § is very important for classification of Hamiltonians from
Theorem 1.

We find all functions Z, corresponding to the rational generating functions g. Choosing g(z) = =", we
obtain an infinite set of polynomial solutions Z(™ for (5). In particular,

gz)=1 & ZO(z,y) = (z—y)?
gz)=2 & ZW(z,y)=(z+y)(z—y)?*
glx) =2 & ZO(z,y) =1 (@ —y)*+4z+y)?) (z—y)*

The whole set can be obtained by applying ‘creating’ operator 229, + y2ay — %(z +y) to Z°. The rational
functions g(x) = (z — p)~" correspond to another class of exact solution of equation (5), for example

1 1
= & Z = — — - — L.
gu(@) =) (@5 y) (=) (p—y) + 5@ +y) —p
The solution corresponding to the poles of order n > 2 can be obtained by differentiating the last formula
with respect to the parameter p. Since function Z is linear in g we obtained the solution Z with rational

generating function g(z) = Y, c;a’ + > dij(z — wi) 7.
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Conjecture 2. For all Hamiltonians (2)-(6) the generating function g is rational of the form g(x) = 5(2)
where P and S are polynomials with deg P < 5, deg S < 6.

In papers [5, 6] the following solution of the system (5), (6) has been considered:

6

2
. 3 1 _
Zwg)=oty, Sie) =) =Y e, filw) = fale) = —esrt — sesa + 3 kit
i=0 =0

where ¢;, k; are constants. It should be noted that Clebsch top and so(4)-Schottky—Manakov top [8, 9, 10]
are the particular cases of this model [6]. The full solution of Hamilton-Jacobi equation of this model was
obtained in [6] by means of some kind of separation of variables on a non-hyperelliptic curve of genus 4.

2. Universal solution of Hamilton—Jacobi equation

Let H and K be of the form (2)—(4) and let p; = Fi(x,y), p2 = Fa(z,y) be solution of the system H = e,
K = ey where e; are constants. Here and below we denote for short = s1, y = s5. Accordingly to Jacobi
lemma, if {H, K} =0 then Fy , = F5,. To find the action S(z,y, e1, e2) it is sufficient to solve the system

Sz = F1, Sy:F2~

We rewrite the system H = e;, K = es in the form

pi+aps+b=0,  p3+Ap+B=0, (8)
where
7. Z,
a = i 527(3/), A=— Y Sl(x)7 (9)
r—y\ Si(z) z—y\ Sa2(y)
b _ Z3 Vi—ewr+e B__ z; yVazayte (10)

Az —y)? Si(z) Az —y)? Sa(y)
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It easy to prove the following identities (the last one is obtained by use of (5), (6)):

2b, + Aag + 2a4A, =0, 24a,+aAy, +2B, =0, (11)
Ab, — aB, + 2A,b — 2a,B = 0. (12)

Using the standard technique of Lagrange resolvents, we rewrite the system (8) in the form

1 4b 4B
uv = ZaA, AU3 + E'LLQ'U — 71“12 - G/U3 = 07 (13)

which is equivalent to a cubic equation on u?. Let (uy,vr), k = 1,2, 3 be solutions of (13) then
u? tudtui=—b, v+l +vi=-B, Sujuguz = —a’A, Svivvz = —A%

and the formulas
pP1 =u1 +uz +uz, p2=v1+v2+ U3
P1=U3 — UL — U2, P2 =7V3z— VU1 — U
P1 =Uz2 — Uy — Uz, P2 = V2 — V1 — Us;
P1=uUp —Uu2 —uz, P2 =701 — V2 =703

define four solutions of (8). Counsider first of them.

Lemma 3. The equations u;y = vi 5 hold for i =1,2,3.

Proof. Differentiating equations (13) with respect to « and y we find u, and v, as functions on u and v.
Then expressing v through u we obtain that u, = v, is equivalent to identities (11), (12). |

The above Lemma means that variables uq,uq,us are “particular” separation variables. Indeed, the
action takes the form S = S; + Ss + S3 where functions S; are defined from the system

Siz = Uiy Siy = ;.

)

Let
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It easy to see that the pair (u,v) is a solution of (13) for all £. If Z is a solution of (5) then u, = v,. Using
this fact we introduce the function o(z,y,&) such that o, = u, o, = v. In the case of a rational function
g the corresponding function Z is expressed through quadratic radicals and the function ¢ can be found
explicitly.

After multiplication of second equation (13) by expression

V1) VS (y) vV —Evy — E(z —y)
22y

it takes the form

2 2
; Si(x)Zz ) oz =¢ (V2 N S2(y)Z, ) —0
(@-8@@-y)/) x—y Aly =&z —v)
Statement 4. Let the conditions (5), (6) hold. Then the function ¥ (z,y,§) depends on the variables Y = o¢
and & only: U(z,y,&) = ¢(£,Y).
Proof. Consider Jacobian J = ¥,Y, — ¥,Y,. We change Y, Y, to vg, us respectively, then Jacobian J
vanishes identically in virtue of (5), (6). The function ¢ can be found by setting y = x. [ |

‘Il(xayaf)__e2+elg+y z(‘/l_

Equation ¢(&,Y) = 0 defines a curve, and differentials of this curve define the function of action S. Let
&k(z,y), k =1,2,3 be the roots of the cubic equation ¥(z,y,&) = 0.

Theorem 5. Function of action S is of the form
3

S@.y) =Y (ol@.y.&) - / ! Y(€)ds). (14)

k=1
where Y (€) is algebraic function defined by equation ¢(£,Y) = 0.
Proof. We obtain

3 3
Sa(m,y) = > 0a(@, 4, 6) + Y _(0e(,y, &) = V(€k))ha = Zuk—m
k=1 k=1

Analogously, S, (z,y) = p2. "
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3. Examples

Here we list all known at the moment pairs of Hamiltonians (2)—(6).

Class 1. For models of this class

S1=52=05, h=h="I (15)
Theorem 6. Let ~ .
G 5 d _ 4G* 45 -, &%,
9—§7 G—G—ES’ __?_KG_ES’

where S(x) = s52° + s42% + 8323 + 502% + 512+ 80, G(7) = 932> + gox? + g12 + go and s;, gi, § are constants.
Then functions S, f and function Z corresponding to the generating function g (see Section 214) satisfy the
systems (5), (6).

Remark 7. The parameter ¢ in Theorem 6 coincides with parameter in (7). In the case § = 0 this Theorem
describes all pairs of Hamiltonians (2)—(6), (15).

Consider a general case

S(x) = ss(x — ) (x — po)(z — ps)(z — pa) (@ — pis),
where s5 # 0 and all zeroes p; are distinct. Then the function Z is of the form

5

Z(w,y) =3 vir/Gs — )i — ), nus = const. (16)
i=1
Coefficients g; and § are expressed through constants v; from (7). For example, 26 = — Y v;. Function f is
defined by
5
1 S’ (g
f(m) - 2 (M ) + klx + k07



Index <« 214. Tops. Pairs of commuting Hamiltonians quadratic in momenta 413

with constant k1, ko.
Calculation for a function (16) gives

log YE—EVY — i+ VY — &VT — i
Zzlg NG , (17)

72 V/( (x — pa)(y — i) .
f /~Lz (x—ﬁ)(y—ﬁ)

Algebraic curve is hyperelliptic of genus 2: ¢(Y,&) = S(€)Y?2 + f(&) — &eq + e2 = 0.
Steklov top on so(4) [11] is a particular case of Theorem 6.

o(z,y,&

Class 2. Functions Z for models of this class are the special cases of the functions Z of Class 1. But this
Class contains much more parameters than in Theorem 6.
These functions Z can be defined as solutions of system

Zy— 2,

1
ZI = — 7 = —
Yo 2y—x) 3

U(2)Z,Z,, (18)

where U are some functions of one variable.

Remark 8. It easy to see that this class of solutions of Euler-Darboux equation Z,, =

class of solutions of the form ,
2= p (MZH0),
r—y

Zo—2 . .
Y coincide with
2(y—=)

where U = F"' | F'2.
Lemma 9. The system (18) is compatible if and only if

3B’
U — 55 B(Z) = byZ% + b1 Z + by, b; = const.
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Three cases are possible:

degB=2: Z=+/(z— )y — )+ (x—p)ly— o), bp=1, b1 =0, byp=—(p1—p2)? (19)

1
degB=1: Z:,/xy+§(z+y), by=1, by=09=0, (20)
degB=0: Z=x+y. (21)

Case deg B = 2. Consider function Z of the form (19). Then

S(a) = (& — m)(@ = p2) P) + (x — m)* (@ — p2)*?Q(), degP <3, degQ <2,

) = o+ Kol — ) V2o — )2+ L2 t) (P0)_ Pl

1/2(x _ #2)1/2 <M _ M)

T—H1 T M2

(MQ — lu’l)(

* 32

T — )

In the case @ = 0, ko = 0 these formulas coincide with the corresponding formulas of Class 1. The functions
0, Y are defined by the same formula (17) as for Class 1:

o, €) = Zl VT =&y — i +Vy — 5\/x—ul 122: V(@ — i) (y — ;) .
VT =y — ¢ 4= (=) (=Y —9§)

Algebraic curve in this case is of the form

(SrR(&) +nS1(£)Y? — k(&) — nk1(€) =0 (22)
where
Sr(x) = (x — 1) (@ — p2)P(x), Sp(x) = (x — 1) (@ — p2)Q(x), (23)
_ (p2 —pn) ( P(pa)  P(p2)
kr(z) = —es + 1z — fo — frz — 16 (:E—M1_3?—M2)7 (24)
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ki) = b = g5 1 = pa)? = 5 — o) (20 20) (25)

Hl — M2)2

1
no \/7\/57,1@\/ 6(€ — pn)?(€ — p2)?Y?

Expressing Y as a function of (£,n) and substituting to (22) we obtain 10-parameter cubic in (£, n) variables.
So, in general the curve ¢(Y, &) = 0 is a covering over an elliptic curve. We obtain

(26)

_ §—m §— po
N T VY= N y—pz’
VT —p2 y— 2 VT —p1 VY=

therefore points (£1,71), (§2,m2), (§3,m3) lie on a straight line.
Case deg B = 1. For the function Z of the form (20) we have

S(z) = xP(z) + xS/QQ(x), degP <3, degQ <2,

F£) = 1 P(e) — g2 Q) + i+ it fu Y =
The curve in this case can be written in the form (22) where
Sele) =Pl S1) =200
bu(@) = ~e2-+ 3 — fo — o + 7= Pla), ale) = 1 Q@) ~ fy e

16z 16x

= eveee -1

In (&, n) variables it also has the form of arbitrary cubic. Formulan = f;jr\ﬁf proves that points (§1,71), (€2,m2), (:

are collinear.

Case deg B = 0. For the function Z given by (21) we have

6 5 4 3 2
S(x) = sex” + s52° + s42” + s32° + s92° + 512 + S0,
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_ 7i 1" . 1 2 _ 1
f@) = =55 (@) 732\/5Q(55)+f239 + fiz + fo, Y*—Q\/ﬁ —
The algebraic curve is
1, 7 k
SEOY® = FOY* = (SF(O) + 15355™ (O = 5 ) Y2 = 22 =0, F(©) = e+ ex6 = £(©):

It is an arbitrary cubic in the variables (&,7), where n = £2 — 1/(4Y?). Since = £(z + y) — 2y the points
(§1,m), (§2,m2), (§3,m3) are collinear.

Class 3. We will say that Hamiltonian (2)—(6) is non-symmetrical if Sy (z) # Sa2(z) or fi(x) # fa(x).
Theorem 10 ([7]). In non-symmetrical case the functions Z, S;, f; are solutions of (5), (6) if and only if

1

5:07 gzﬁv

Sio=WH+MHY? f,= —% FoOMH Y2+ aH'Y?,
where g is the generating function for Z and

W(z) = wsa® + wor? + w1z +wo, H(x) = hoa® + hyx +hg, M (z) = max? + miz +mg
with constant w;, h;, m;, a.

Consider the general case H(z) = (z — p1)(x — p2). The algebraic curve U(£,Y) = 0 in this case is of
the form

—eg+e1§— RW(S) @ (5_M1)3/2(§_u2)3/2_
U e € ) ) MOV T e VRASWRY T e =0
where

yo Veomom) Vb k) g2 )P - ()

E—p)VE-8u -8 (E—pm)V/—-8l -5
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Substituting
Yy — (1 — ﬂ2)3/277
4(& = p2) (€ — ) v/m2 (2 — 1) — 8(€ — 1) (€ — o)

into this equation we obtain the cubic in variables (£,7) with a full set of ten independent parameters. It
easy to see that n = a(z,y)¢ + b(x,y) where a,b are some functions.

Summing up, we have seen that in all cases of Classes 2 and 3 the algebraic curve is a non-hyperelliptic cov-
ering over an elliptic curve. The dynamics of the points (£1,Y7), (€2, Y2), (€3, Y3) on this curve (see Theorem 5)
satisfies the following condition: the projections of these points onto the elliptic base (£1,m1), (§2,72), (€3,M3)
lie on a straight line.

Conjecture 11. Any pair of the Hamiltonians (2)-(6) belongs to one of above three classes.
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215 Tzitzeica equation

2u _ —u

Ugy = € e

Aliases: Bullough-Dodd equation [2], Zhiber—Shabat equation [3]
This equation is the reduction v = 0 of the system

Ugy = €** — cosh(3v)e ™™, vy, = sin®(v)e ™™
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216 Variational derivative

The variational problem is called the problem on finding the extrema of the functional

Clu] = / Liz,ulds, LER, zcR™, ueR"
Q

where the Lagrange function L depends on z and a finite set of derivatives u, = D?(u) = D} --- Dg™ (ul, ...

The solution of this problem is defined by Euler—Lagrange equation (with appropriate boundary condi-
tions)

) 0 0 0 0
SL=0, &= (——) 2 N (=D)L =S (D). (=D, )L
IS S D) S = YD) (D
The operator 6/du’ is called the variational derivative. The term Euler operator and the notation
E,; are used as well. The Euler-Lagrange equation is written compactly as LI(1) = 0 by use of Frechet
derivative and the formal conjugation of differential operators.

In the discrete setup the variational derivative is of the form

5 ., 0 .
m:ZU:T @ZZQ T P

o

where T; is the shift operator z; — z; + 1. The definition in the case of mixed continuous and discrete
independent variables is straightforward as well.
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217 Vector field

A wvector field on a manifold M is a smooth mapping F' : x — T, M, x € M. In a local coordinates

x = (x',...,2") on M, the vector field is given by an expression of the form

F = fY2)0p 4 ... f"(2)0pn

where f? are smooth functions on M and 0,: € T, M is the tangent vector to the i-th coordinate line.

The formula F(a) = fla, +... f"a,n associates the vector field with the differentiation in the associative
algebra of the smooth functions on M. The converse is true as well, that is any differentiation is defined
by a vector field, and its components are just the values of the differentiation on the coordinate functions
x'. The commutator of the differentiations defined as [F,G](a) = F(G(a)) — G(F(a)) corresponds to the
commutator of the vector fields

[F,G] = (F(g") = G(f1))0p1 + -+ + (F(g") = G(f"))un

which equips the space of the vector fields with the structure of a Lie algebra.

The existence of some additional structures on the manifold allows to distinguish several special Lie
subalgebras of the vector fields. For example, a Hamiltonian vector field Xy is defined by a single function
H accordingly to the rule Xy (a) = {H,a} if M is equipped with a Poisson bracket.

> See also: contact vector field, evolutionary derivative.
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218 Vector integrable evolutionary equations
Author: V.V. Sokolov, 08.02.2009

1. Introduction. Examples

Definitions and notations

Isotropic equations on the sphere

Anisotropic equations on the sphere

Bécklund transformations for equations on the sphere
Divergent equations

A e

1. Introduction. Examples

An example of vector equation is given by two different vector analogs of mKdV equation:
ur = ug + (u, w)uy, and ur = uz + (u, w)u; + (u, ug)u.

Here u denotes a N-dimensional vector and (-,-) stands for the standard scalar product. It is well known
that these equation are integrable at any N by inverse scattering method and, consequently, possess infinite
sets of symmetries and conservation laws. It is clear that both equations possess SO(N)-symmetry (that is,
are invariant with respect to all rotations). Such equations are called isotropic. These examples belong to
the class of isotropic equations of the general form

uy = u3 + fous + frur + fou (1)

where the coefficients f; are real-valued functions with the argument set of six different scalar products of
the vectors u, u; and us.
A more general class of equations (1) consists of vector anisotropic equations. The example of such an
equation is [1]
3 3
Uy = (uz + 5(“1,’“1)“) + 5(’“, Ru)u, (u,u) =1 (2)
xr
where R is an arbitrary constant symmetric matrix. If N = 3 then (2) is the symmetry of the famous
Landau-Lifshitz equation. Equation (2) is integrable for any N and R. In contrast to the isotropic case, the
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coefficients of anisotropic equations (1) depend on six more arguments defined by means of additional scalar
product (X,Y) = (X, RY).

2. Definitions and notations

Let us introduce the following notations. In the isotropic case, let F denote the set of locally analytic
functions on the variables

Here (-,-) is a scalar product in a N-dimensional (or infinite-dimensional) vector space V.
In the anisotropic situation, let F denote the set of locally analytic functions on the variables (3) and
additional variables
Upij) = (us,uy), 0<i<j (4)

where (-,-) is another scalar product in V. The differential order of the variables u; ;) and 4y, ;) is equal j.
If a function depends on variables (3) and (4) up to order n then we say that n is order of this function.
We consider the properties of vector equations which do not depend on the nature of the space V' and of
the scalar products. This important assumption is formalized as follows: no constraints exist between the
scalar products (3), (4) which will play the role of independent variables.
The results on the formal symmetry obtained in papers [2, 3, 4, 5] can be generalized in the vector case
as follows:

Theorem 1 ([6]). i) If equation (1) possesses an infinite sequence of the symmetries of the form
Ur = gmUm + Gm—-1Um—1 + - + g1U1 + gou
then a formal series exists
L:alDI+a0+a,1D;1+a,2D;2+~-- , a; € F
which satisfies the operator relation

L, =[A L], A=D+ fD?+ fiD, + fo. (5)
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it) The functions
1 a .
po1=—, po=—, pi=tesl’, i€N (6)
al ay
are conserved densities of equation (1).
i11) If equation (1) possesses an infinite sequence of conservation laws with the densities belonging to F
then a formal symmetry L exists as well as the formal series S of the form

5281D$+80+8_1D;1+8_2D;2+"' s; € F

such that
S+ ATS+SA=0, ST=-S5

where the superscript T denotes the transposition in the algebra of formal series (see e.g. [5]).
iv) If the conditions of the part iii) are fulfilled then the canonical conservation laws (6) with i = 2k are
trivial (that is, the densities are of the form par, = Dy (o) with some functions oy, € F ).

Notice, that the operator A in the relation (5) is not the Frechet derivative of the right hand side of
equation, in contrast to the scalar case.
The conservation laws
Dypy, = Dy0,, n>0

described in the Theorem 1 are called canonical. They can be defined by recurrent formula [6]:

1
Priz =7 [971 — fo0n,0 — 2f2pns1 — foDepn — flpn]

n+1
Y |:f2 Zpspn S + Z PsPkPn—s—k + 3 Z PsPn— s+1:|

0<s+k<n

1 1
— Dy {pn-‘rl + ) Zpspn—s + 3Dw(pn):| ;, n=>0 (7)
s=0
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where 0; ; is Kronecker delta, pg and p; are of the form

1 1, 1, 1
- — 2 S f 4 Du(fo)
Po 3f27 p1 9f2 3f1+3 (f2)

In particular, the next conserved density can be found by this formula is
1, 1 2 4 1 1, 2 1
=—- =0y — — — —D, (= -D, - = .
P2 3fo-f'390 81f2 +9f1f2 <9f2 +9 (f2) 3f1)

3. Isotropic equations on the sphere

The constraint (w,w) := wujo,0) = 1 appears on the sphere by definition, and it implies also up; = 0,
Ufo,2] = —U[1,1], U[0,3] = —3U[1,2] and so on. These relations allow to eliminate u ), ¢ = 0,1,2,... from the
set of independent scalar products.

Moreover, the condition (u,u;) = 0 holds on the sphere which implies fo = foup 1] + 3up; 2. Thus, the
equation on the sphere takes the form

ug = uz + fauz + frur + (faup gy + 3up ) u. (8)
In this section we consider isotropic equations on the sphere. We assume, without loss of generality, that

coefficients f; and f, in equation (8) depend on the variables uy 1), uj1 2], U[2,2) only.
The complete list of isotropic integrable equations on the sphere was obtained in [6]:

[ 3u
U =u3z —3 2.2] Uz + = 2.2] uy, 9)
up) 2up
2
up,2) 3(Umm U2 )
U = U3 — 3——Ugs + — + uy, 10
t 3 up 1) 27Ty upy 1) u[?m(l + au[m]) 1 (10)
2,2
3 U 2
U = us + 5 <1+(1’LM — a(u[z,g} — u[l,l]) + u[1’1]>u1 + 3u[1,2]u, (11)
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+ 1u —1u
ut:u3—3(q ) [1’2]u2+3(q ) L2,
2qup q 2q
2 (12)
3 ((g+Dupy (g+1Dauf o
+3 S -0 )
2 ) qup,

where a is an arbitrary constant and ¢ = €y/1 + auyy 1, €2 =1.

Remark 2. A more detailed list appears if we consider the cases a = 0 or a # 0 separately. In particular,
equation (12) with a = 0 and € = —1 is of the form

uy = ug + 3up U1 + 3up g u. (13)

If @ = 0 and € = 1 then equation (12) takes another form:

U U
wp = ug — 328y, 1322, (14)
UL, UL,
Remark 3. Each equation from the list admits a fifth order symmetry. For instance, the symmetry of
equation (13) is

U = Uy + 511,[1,1]’11,3 + 15u[172]u2 +5 (311,[21,1] + QU[ZQ] + 3U[173]> w1 +5 (6U[172]U[171] + 2U[273] + U[174]) u.

Remark 4. Equation (9) in RY appeared in the papers [7, 8, 9] in connection with triple Jordan systems.
This is the vector analog of well known Schwarz—-KdV equation.

Remark 5. Equations (10) and (11) a = 0 on the one-dimensional sphere are reduced to the potential KdV
equation
V¢ = Uggy + vi

by use of stereographic projection and certain point transformations. In the case a = —1, these equations
are reduced to Calogero—Degasperis equation

1 3((Q—ui)a)?

= tewe = 50 TR Q- w2)
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where Q(v) = i(v2 + 1)2. This form of polynomial Q(v) corresponds to the trigonometric degeneration of
the elliptic curve underlying the Calogero—Degasperis equation.
Equation (12) is reduced to integrable equation

2
6av, vz,

I 4 SuP,
1+4av§+ Ve

UVt = VUggx —

4. Anisotropic equations on the sphere

Coefficients of anisotropic equations (1) on the sphere depend a priori on nine variables. The complete list
of integrable equations was obtained in [6, 10] (a and b are arbitrary constants):

3 N
Uy = usz + 5 <U[171] + U[070])U1 + 3u[172]u, (15)
2 ~
U 3/u u U
uy = uz — 32,y 4+ ( 22, LA, Ll >u1, (16)
U1 2\upa) Uag o U
2 ~ 2 ~
U 3/u Uu U +u u
= g — 302 < [2,2] [21,2] ~ (ap, t 1,2]) N [1,1]>u1’ (17)
U[L,1] 2\upy whyy o (upg + Gy
i o) + Ay +a 5 R i
Uy = U3 — 3111[0’1] Ug — 3 u[072] = U[l’l] ¢ - = ~[2071] u + 3 (u[l’Q] - ’If[O,l] U[171]> u, (18)
Uo,0) 24,0} 2 4jp ) Ufo,0)
o] G, oy 0,1
U =uz—3—"—uy—3| —— —2—5— |ur +3 (U[l,z] - = U[1,1]> u, (19)
U{0,0] U[o,0] Uip,0] U[o,0]
U
U =uz — 3 N[O’” (uQ + u[m]u) + 3up g u
U{o,0]
3 U U + 2 U +u 2 @ — Uo,0U[1,1
L3 ~[2,2] 4 ( [1,?] [0,1]) I ( [0,0]~ [1,1]) n [0,1] _ [0,0]%[1,1] uy, (20)
2\ oo Up0(Tp,0 + up,) u[o,0] Uq o]
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Urg 110 Uy 01U u
Uy =us +3 ( 0.1170.2 711,21 710.0) + N[O’”) (uz + U[1,1]u) + 3up 2w
3 £ Ufo,0]
3 -3 - ~ - 2 ~o - ~ - ~ 2
+ ez <u[o,0]“[2,2]§ — &(& + 0,21 (0,0))” + (Tjo,0%1,2) — 2§T(0,1) — Tjo0,0]T[0,1]T[0,2]) )u1
[0,0]
T2 + @3
[0,0] “[1,1] [0,1] - - -2
_ = — 21
a o0t u, £ = o,0)[1,1] — U 115 (21)
U = uz + 3 <U[071]U[O,2] - H11,21%00.0 + %[071]> (UQ + u[l,l]u) + SU[LQ]U
3 § Ujo,0)
3 (. L (tj0,2)810,0 — 217y 17) (€ + Tjo,21%(0,0))
+ — | o,008[2,2] — 20,1 U[1,2] — —5 U1,
£ “0,0]
& = Tijo,07lp1,1) — Ufo 135 (22)

aﬁ[o’l]

— a1l 3 = Y O + 2
up2m — @y L3 (u[z,z] +a€ (tjo,2) + 1) )U1

Uz + 3 p
n 2 n nu[o,0)

U = ug — 3

~ ~ -~ ~ - 2 ~ ~
L3 (jo,01Tq1,2) — Tjo,1) (2atiyo,0) + b+ p,2))) ba“[zo,u o)
Py ~ - o 1
2 néto,0) 1 T[o,0]

n = atj,o] + b, § = tjo,0)(n — tp,1) + 71[20,1]» (23)

U Ujo. 11U Ufo.o) U
w = s 43 (~[0’l] L oo Yooz

U0,0] 3 3

) (’LLQ + u[l,l]u) + 3u[1’2]u
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~ ~ ~2 ~ ~ 2
3 [ Ujo,0]U[2,2] _oupantaujy gy (do,0%o,2) +§)
+ _ % + bu b _ 9 _ b u
2 < ¢ o e .06 1
. . . . L 2
3 (fy,0 (a&tijo,1) — Mg 21) + Mo, (Tjo,01po,2) + €))
T3 ~2 2 U1,
MUo,0) (E+n)
§=1p,0U,1) — ﬂ[2071]a n = (atip,0] + b)tpo,0], (24)
3 (t,01U1,2) — U102, Uo 1})
U = U3 + — : . — e us +upp ) + 3u u
' °T2 ( (e + dgo,01) M (b2 - up ) 2l

3
+— _
2ap0,0) (1 + Uo,0)

_ - - - - 2 - - -
) [M 2 (@0,081,2) — Tj0,1)Tj0,2)) + Upo,0]Tf2,2) — Ufp o)

— 20Ty 1 (Tpo,0)8p1,2) — Tpo,1)80,2)) (1 + 271[0,0])] U
+ (617 2R 3 — Bl oz ), i = 3y + @y ) — G0y (25)

Remark 6. Equations (15) — (17) were announced in [6]. Equation (15) coincides with (2).

Remark 7. The presented list can be considered in more details. For instance, one can assume a = 0 in (18)
and (21). It is possible to assume a = 0 or b = 0, but {a,b} # 0 in (23). Equation (23) takes the following
form at a = 0:

N N L N - 2
3 <U[2,2] _ (Uo,2) + )* + (0,01011,2) — Ggo,1] (Tjo,2) + b))

Uy = u3z + — — —
t ’ b bty o] b€to,0)

5 - U[1,1]> u + 3U[172]’U, (23&)

where § = g o] (b— ﬂ[1,1]) + ﬁ[2071]'
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The assumptions a = 0 and then b = 0 in (24) reduce this equation to the form

U Ufo. 11U — Ufg.o|U
w =y +3 <~[0’1] + Ho.11%0,2) = o0y 2

U[0,0] §

> (w2 + up yu) + 3up g u

3 (ﬁ[o,o]ﬂ[z,z] (& + tpo,0Tp0,2))?
+3 -

¢ fﬂ[Zo p ) wy, &= o,0Up,1 — ﬂ[20,1]~ (24a)

This is an anisotropic generalization of Schwarz-KdV equation.

5. Backlund transformations for equations on the sphere

All integrable equations on the sphere admits auto-Bécklund transformations. These transformations contain
an arbitrary parameter which allows, in principle, to construct multisoliton and finite-gap solutions, even if
the Lax representation is not known (see [11])

The first order Backlund auto-transformation for a scalar evolutionary equation is a relation between two
solutions u and v of this equation and their derivatives u, and v,. In the vector case, first order Backlund
auto-transformation were introduced in the paper [6] as ODE of the form

u; = fu+gv + hv, (26)

where f,g and h are certain scalar function depending on the products of the vectors w,v and v,. The
arguments of f, g and h, in the case of isotropic equation in R", are

Ulo,0] = (’U,,'U/)7 Wo = (u,'v), w1 = (’U,,'Ur)7 Ulo,0] = (’U,'U), Vlo,1] = (quz)a Ui, = (U:L’av:r)~
In the anisotropic case, the products
ﬂ[0,0] - <uau>v wo = (u,'v>, wy = <u7vr>a 'D[O,O] - (v,v), @[0,1] - <’U,’Um>, f}[l,l] = <vmavm>

should be added. The constraints eliminate the variables oo}, v[0,0) and v[p,1) in the case of equations on
the sphere or on a cone.
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In order to find Bécklund auto-transformation for the evolutionary equation (1) we differentiate (26) with
respect to ¢ in virtue of equation (1) and then eliminate u; by use of (26). By the definition of Bécklund
transformation, the resulting equation must hold identically. The splitting of this equation with respect
to those independent variables which do not occur as arguments of the functions f,g and h brings to an
overdetermined system on nonlinear PDE for these functions. If this system has a solution which depend
essentially on the parameter A then this solution defines the desired Backlund auto-transformation.

6. Divergent equations

The general classification problem for integrable equations (1) is very cumbersome and it is not solved at
present. The coefficients of the equation depend on the large number of variables, but this is not the only
difficulty. The known examples (see [12, 13]) demonstrate that the dependence of these coeflicients on their
arguments can be extremely complicated.

The problem which leads to a quite visible answer is the classification of integrable vector evolutionary
equations of the form

uy = (ug + frug + fou)s, fi = filup,015 @o,005 wo,1]» Tjo,1]» U[1,1)» U[1,1])

where f; are scalar functions. The list of such equations, obtained in [14] is as follows, after the transformation
to the potential form by the change u — wu:

9 2
@U2]

3
_ 3 N 27
Uy = Uz + 2 (1 + aup ) au[272]>u17 (27)
3
U = U3 — 3’111[1,2] us + 12,2 Ui, (28)
U] Bup )

U 2] 3 (“[2’2] up 2 )
U = U3 — 3— Uy + — + uy, 29
! U[1,1) T U[1,1] U[1,1]2(1 + au[m]) ! (29)

3 U[1,2] 3 Upa  aup )’
w =ug—=(p+1)—u +p+1(’—’ uy, 30
R (et R TRl Crmit el (30)
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U 3 /u U 2 U

wy =y 3002, 4 3 ( 22 | Una L, [171]) ., 31)
uf,1) 2 \upa) U up,1)
u u

U =u3 — 3 (.2 ug + 3 2,2) ui. (32)
U[1,1] U[1,1]

Here p = /1 + auy 1; and a is a constant.

It should be noted that the form of equations (28), (29), (31) and (32) coincide with the respective
equations on the sphere.
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219 Veselov—Novikov equation

Ut = a(u:c:v + 3pxu):c + ﬂ(uyy + SQyu)yy Py =u, gz =1u

Alias: BKP

> Linear problem:

LZme = u’l/), Q/Jt = Ol('(/}:vxm + 3pz1/fz) + 6(1/)yyy + 3Qy¢y)

> VN equation appears as the reduction v = 1 of the 3-rd order symmetry (40.1) of the Davey—Stewartson
system.
> Higher symmetry:

Uty = (umza:a: + 5(uzw$)a: + 5u(wa:ww + wi + wl@))x; Wy = U, Wi,y = UWy.
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220 Veselov—Novikov equation modified

3
Up = Uppe + Uz Wy + iuwm, Wy = U

This is the reduction v = u of the 3-rd order symmetry (40.1) of the Davey—Stewartson system.
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221 Volterra lattice

Un,x = un('ufn—i-l - un—l) (1)

Aliases: Lotka—Volterra model, Kac-van Moerbeke lattice, Langmuir lattice.

> Bi-Hamiltonian structure [5, 6, 7]:
Upp = {tn, HV} ) = {un, H?},,
{tn, tUng1 }1 = Untingy, HY = Zun
{tn tUns1 Yo = Untingy (Un 4 Uns1);,  {Un, Unia}s = Unlniitinge, H® = %Zlog Up,
> Bécklund transformation:

U = (fo+0)(fat1 —0),  Gn = (fut1+6)(fn —9).
The variable f satisfies the modified Volterra lattice f, » = (f2 — 62)(fut1 — fu-1)-

> Zero curvature representation:

A

go— —\up, I A Up M 95 fut0
n — _)\ )\2+un—1 9 n — 1 0 ) n — 1 B )\ 71
fn =9 fn -0 26
> The lattice [§]
Pnax = pn(sn+1 - 3n71)7 —Sn,x = Sn<pn+1 - pnfl)

is splitted into two disjoint copies of the Volterra lattice (1) and @, o = @y (dnt1 — n—1) after the change
U2pn = —P2n; Unt1 = S2n+1, U2n = S2p, U2p41 = —P2n+1-

> Nonabelian generalization: let A be an associative algebra with unity, then the lattice [9]

Un,z = Un4+1Un — UpUn—1, Up € A
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admits the ZCR with the matrices U,, W, of the same form as in scalar case. The simplest higher symmetry
takes the form

— 2 2 2 2
Up,t = Up4-2Un41Un + un+1un + Un41Uy — UpUp—1 — UpUy 1 — UpUpn—1Unp—2.

> Another multifield generalization [10, 11]:

j—1 m
un])w =u) (Z(unk)l —ul)) - Z (uf) — ugc_)l))’ J=1...,m
k=1 k=j+1
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222 Volterra lattice modified

Up,o = (1- ui)(uvﬁl — Uy, 1)

Alias: discrete mKdV equation.
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223 Volterra lattice twodimensional

The version from [1, 2]:

up = u(ury —ud) £wy, (vu_1)y, =vw_1 —u_jw

The version from (3, 4]:

ur =u(v—v1), vy =0v(u—u_1)
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224 Volterra type lattices, classification
Volterra-type lattices are differential-difference equations of the form (for short, let w, = u, up+1 = us1)

U= f(ur,u,u_1). (1)

They are named after the Volterra lattice which is one of the most important integrable models.
According to the general results of the symmetry approach, the existence of higher symmetries implies
solvability of the necessary integrability conditions in the form of the conservation laws

Dy(pW)y = (T = 1)(cW), j=0,1,2,..., (2)
while the existence of higher order conservation laws implies conditions of the form
PV = (T =1)(6), §=0,1,2,.... (3)

The quantities p(), ) are expressed explicitly in terms of the lattice r.h.s. and previously found o), (),
in particular

_ 1
p(o) = log fuu p(l) = fu + 0’(0), p(2) — fu_lT 1(fu1) + 5(p(l))2 + 0_(1),
PO =log(—fu/fu ), PN = 2fu + Dy(6).

(4)

More precisely, pl9) are obtained by computing the free terms of the formal power series LY where L is the
formal symmetry defined by equation

Dt(L):['f*7L]’ f* = fu1T+fu+fu71T71a L:alT‘i‘aO‘Fa:—lTil“‘...
and the conditions of the second kind are obtained from the formal conservation law
Si+Sf+fIS=0, S=so+s 1T ' +s T 2+...

It turns out that few first conditions suffice to obtain the complete classification.
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Theorem 1 (Yamilov [1]). The lattices (1) satisfying the necessary integrability conditions (2), (3) with the
quantities given in (4) are exhausted, up to the point transformations @ = a(u), by the following list:

4= P(u)(u; —u_1) (5)
i= P (s = o) (©
i = Q) (7 + ) ™)

H(uy, uyuy) + v(H (ur,w,ug) H(u_g,u,uq))/?

0= , v=0,%1 (8)
Uy — U1
= f(uy —u)+ flu—u_y), f =P(f) (9)
= flug —uw)flu—u_y)+pn, f =Pf))f (10)
= (f(ur—u)+ flu—u_1)"+pn, f =P (11)
i=(f(ur +u)— flutu_)™', f=Q(f) (12)
flun+uw) = flutua) o
flur +u) + flu+u)’ =P/ (13)
 flu4u) + flutu) s
= Ftu) — fatu) =QN/f (14)
(= flur —w)(L = fu—u_1)) ,  P(f?
e ey A o= 15)

where P = QY =0 and H(u,v,w) = (aw? + 26v + y)uw + (Bv? + Av + 8)(u + w) + yv? + 200 + €.
All these lattices are integrable indeed, that is they belong to infinite hierarchies of commuting flows.
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225 Wadati—-Konno—Ichikawa—Shimizu equation

iy = (14 uit) V?),,
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226 Wojciechowski system
12
qk_pk__kak—i___QQqu]a :1a"'7N
Ak j=1
> The Hamiltonian structure:
| XN 2 Al 2
{aj, e} ={pj,pe} =0, Apj,a} =6, H= 5 > (Pk + wrgh + 5) t3 (Z q,%) :
k=1 £ k=1
> The N independent first integrals in involution (assuming wy # wj, Vk, j):
2 12
Fy, —pk +wqu+ +qk2q] +Z (pkqj—quk)2+’2]+j2’> , Fi+---+Fy=2H.
j=1 A YT k 4
> The Lax pair L = [M, L]:
. %VI#LQJHJZT M+l u (—;Mﬂ"; —q)
I Y T (2 _1y\2 o140 - q
AT +p Z(q) A —dTq qT I
where p, q, L are column vectors with the k-th entry pg, qx, i respectively and Q = diag(w,...,wn),
q dk

H . M1 KN
= = d1ag<—,...,—).
¢ I @y

> See also: Rosochatius system
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227 Wronskian

Wide classes of explicit solutions to soliton equations, including rational, multi-soliton, multi-kink and others,
possess a compact representation in terms of determinants. Fach entry of such determinant is given by a
simple expression corresponding in some way to a linear wave while the size of determinant depends on the
number of poles of rational solution or the number of solitons. There are several types of such formulas related
with Wronsky, Gram or Casorati type determinants or Pfaffians (recall that the Pfaffian of skew-symmetric
matrix A of even order satisfies the relation Pf(A4)? = det(A)).

Pfaffianization is a certain procedure which allows to replace multi-soliton solutions represented by
determinants with solutions represented by Pfaffians, in expense of adding some extra field variables into the
system under scrutiny. This procedure was originally applied to Kadomtsev—Petviashvili equation, resulting
in Hirota—Ohta system [3]. Later on, this procedure was applied to many other equations, see e.g. [4].
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1. 3D-consistency

2. Yang—Baxter mappings on the linear pencils of conics
3. Quadrirational mappings

4. Multifield Yang-Baxter maps

Yang-Baxter maps, or set-theoretical solutions of Yang—Bazter equation [1] are 2D discrete equations which
satisfy the property of 3D-consistency. A difference with the quad-equations is that the field variables are
associated with the edges of square lattice rather than the vertices.

1. 3D-consistency

Consider mappings R;; : C; x C; — C; x C; where C; are some spaces or manifolds. Let the mapping
R;j: C1 x Cy x C3 = Cy x Uy x C5 act as R;; on i-th and j-th factors and be identical on the rest one.

Definition 1. R;; are called Yang—Baxter mappings if
R23 © R13 © RlQ = R12 © 1%13 © Rzg
We will use also an alternative definition. Let Fj; : C; x C; — C; x C; be given, in components, as
Fyj: (2%, 27) — (x;,zf) = (f;(xi,xj),f;(zj,xi)), ,j=1,2,3, i#}].
Definition 2. The mappings Fj; are called 3D-consistent if x%; = xj;, that is

FUfL, ), (@ ak)) = fi(fial,a?), fRak 20), i#j#k#i
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Both notions define essentially the same property of consistency around the cube for mappings with
variables on edges of the square lattice. These notions are equivalent under assumption that the mapping
can be resolved w.r.t. variables on any adjacent pair of edges. In such situation, the difference is only in
the order of computations and the choice of initial data, as shown on the following pictures (white, grey and
black mark correspondingly initial data, intermediate values and consistency conditions).

Yang-Baxter mappings:

3D-consistent mappings:
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2. Yang—Baxter mappings on the linear pencils of conics

Let X!, X2 be points on conic sections C;, Cs, respectively. Define the mapping Fip : C; x Cy — Cp x Cy
as follows:
X =X1XoNCp, X?=X1X2NCo.

Now let us consider the initial data on three conics from the linear pencil. On the first step we apply
the mappings Fj; : (X;, X;) — (X;,Xf). Next, we apply the mappings once more and see the remarkable
incident theorem.

Theorem 3. The mappings F;; are 3D-consistent: X;k = X,ij.
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Under a rational parametrization of the conics C; : X* = X*(x%) the mapping F}, turns into a birational
mapping on CP' x CP'. There exist 5 projective types of the linear pencils of conics C; = C + a; K [2].
These types lead to the following list of the mappings (4,5 € {1,2}):

(1 —az)zy +az —ay + (ap — 1)z
as(1 —ay)zt + (a1 — az)x?2! + aj(ag — 1)a?

J 1_ 2 _
i X al1x asx” + ag — ay

T = a;x’

xr., — — -«
J a; el — 2
j 1_ 2
P L (1)
J a; 1 — 22
; i a2—al)
1 j(l
T, = +
J rl — 22
; i a1 — a2
x;:x]+ﬁ
Tt —x

The first one corresponds to the above figures with 4-point locus.

All these mappings can be obtained from those quad-equations listed in Theorem 187.3, which are
invariant with respect to the shift « — u + ¢ or scaling u — cu, by the changes z* = u; — u or z* = u; /u.

3. Quadrirational mappings

Definition 4 ([3, 4]). The mapping F : C; x Co — C; x Cs is called quadrirational if it and the mappings
F(xy,"): Cy — Cy, F(-,x2) : C1 — C for almost all x; € C; are birational isomorphisms.

T12 T12

Z2 T21 T21

& T
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In the case C; = Cy = CP', a quadrirational mapping is of the form

a(xg)xy + b(wa)
c(xe)wy +d(z2)’

A(z1)z2 + B(x1)
C(l‘l)xg =+ D(J?l)

F: xpp= f(thz) = T21 = 9(3017962) =

with some special coefficients, such that the mappings F'~!, F,F~! be of the same form.
Assuming the nondegeneracy conditions

fl’lg[DQ - fl’ngL’l ¢ 0’ fxl 5_& 07 ffL’2 ¢ 0’ ngl ¢ 0’ gCE2 $ 0’

one can prove that the coefficients can be at most quadratic polynomials. Moreover, the mapping F is
defined by the pair of polynomial equations

P(x,21,721) =0, Q(x2,212,221) =0,
where either P,(Q are linear in each argument or P, are linear in x5, x2; and quadratic resp. in x1, 12,
and are related by formula
azp+f )
7%12-'—67 21 ) -

Theorem 5. Up to the Mobius transformations, all nondegenerate quadrirational mappings, such that

max deg(a, b, ¢,d) = maxdeg(A, B,C, D) = 2, are ezhausted by the list (1).

Q(z2,712,721) = (Y712 + 5)2P(x2,

4. Multifield Yang—Baxter maps

The geometric construction of Yang—Baxter maps works also on the linear pencil of quadrics. Indeed, all
points lie on the plane defined by the initial data X!, X2, X3, so that 3D-consistency is inherited from the
planar situation. Nevertheless, the mapping itself cannot be reduced to the scalar one. Its general form is

(a; —a;)((X7,SX7) + (s, X7) + o)
(Xt = X7, (; S+ T)(X* — X7))
where S, T are arbitrary symmetric matrices, s is an arbitrary vector and o is an arbitrary scalar.

Another examples of multifield Yang—Baxter maps were obtained in [5] by consideration of the interaction
of matrix solitons with the non-trivial internal parameters (vector analog of phase shift).

Xj= X0 + (X'~ x)
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229 Yang—Mills equation

(UﬁlUZ1)21 =+ (U71U22)22 =0
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230 Zakharov system

Wy = Ype — MY, Ny = Uy, U =Ng+ (|¢|2)z

This nonintegrable system describes the nonlinear interaction of two waves corresponding to the different
time-spatial scales.
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231 Zero curvature repesentation

A nonlinear equation admits the zero curvature representation (ZCR) if it is equivalent to the com-
patibility condition of a pair of auxiliary linear problems. Partial differential, differential-difference and
difference-difference equations correspond to the following auxiliary problems:

DD : v, =0V, U, =VVv = U=V, +[V,U]

DA : ‘Iln,m = Un\I’na \Iln—i-l = Ln\Iln = Ln,;r = n+1Ln - LnUn

AA: \Ijm,n+1 = Lm,n\Ijm,nv \Ijerl,n = Mm,n\Ilm,n = Merl,an,n = Lm,nJrle,n
where matrices depend on the variables of the equation, their derivatives or shifts, and the spectral parameter
A

> A ZCR is called trivial, if it can be reduced to the scalar one or the spectral parameter can be eliminated.

> An important special case of ZCR is the Lax pair.
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232 3-wave equation

Uy = qug + ww”, vy = Pug +iuw, wg = ywg + iuv
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233 p*-equation

Prx — Ptt = i(@ - QOB)
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234 %-equation

Pir = Ap + cp®

Although this equation is not integrable, it possesses rich families of soliton-like solutions [1].
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