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Ïîñòðîåíû íåàáåëåâû àíàëîãè äëÿ íåêîòîðûõ óðàâíåíèé òèïà ÊäÔ, âêëþ÷àÿ
ýêñïîíåíöèàëüíîå óðàâíåíèå Êàëîäæåðî-Äåãàñïåðèñà (â ðàöèîíàëüíîé
ôîðìå) è îáîáùåíèÿ øâàðöèàííîãî óðàâíåíèÿ ÊäÔ.

Èñïîëüçóåìûé ìåòîä ñâÿçàí ñî âñïîìîãàòåëüíîé ëèíåéíîé çàäà÷åé äëÿ
ÊäÔ, ïðè÷åì îáû÷íûé ñïåêòðàëüíûé ïàðàìåòð çàìåíÿåòñÿ íåàáåëåâûì.

Ýòî ïîçâîëÿåò ââåñòè íåàáåëåâû ïàðàìåòðû â óðàâíåíèÿ è ñâÿçûâàþùèå èõ
äèôôåðåíöèàëüíûå ïîäñòàíîâêè.
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Ñêàëÿðíûå èíòåãðèðóåìûå óðàâíåíèÿ òèïà ÊäÔ

Èçâåñòåí ïîëíûé ñïèñîê èíòåãðèðóåìûõ óðàâíåíèé âèäà

ut = uxxx + F (x , u, ux , uxx)

(Ñâèíîëóïîâ, Ñîêîëîâ 1982). Îí äåëèòñÿ íà òðè ãðóïïû (Ñâèíîëóïîâ,
Ñîêîëîâ, ßìèëîâ 1983):

ëèíåàðèçóåìûå

ñâÿçàííûå ïîäñòàíîâêàìè ñ KdV

èçîëèðîâàííîå óðàâíåíèå Êðè÷åâåðà�Íîâèêîâà (1980)

zt = zxxx −
3(z2xx − R(z))

2zx
+ αzx , R(5)(z) = 0, (KN)

ãäå R íå èìååò êðàòíûõ êîðíåé.

Òî÷íåå, KN � ýòî 1-ïàðàìåòðè÷åñêîå ñåìåéñòâî (ìîäóëü ýëëèïòè÷åñêîé
êðèâîé). Cëó÷àè R ñ êðàòíûìè êîðíÿìè ñâîäÿòñÿ ê KdV. Â ÷àñòíîñòè, R = 0

� øâàðöèàííîå óðàâíåíèå (SKdV).
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Îñíîâíàÿ ïîñëåäîâàòåëüíîñòü ïðåîáðàçîâàíèé òèïà Ìèóðû (â ñêàëÿðíîì
ñëó÷àå):

ut = uxxx − 6uux , (KdV)x u = fx + f 2 + α

ft = fxxx − 6(f 2 + α)fx , (mKdV)x 2f = (px + p2 + β)/p

pt = pxxx − 3
pxpxx
p

+
3p3x
2p2
− 3

2

(
p +

β

p

)2
px − 6αpx , (exp-CD)x 2p =

(√
w2
x + 4R(w)− wx

)
/(w − γ),

wt = wxxx −
3wx(wxx + 2R ′(w))2

2(w2
x + 4R(w))

+ 6(2w − α)wx , (℘-CD)

ãäå R(w) = (w − γ)(w + γ)(w + γ + β).
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exp-CD è ℘-CD � ðàöèîíàëüíàÿ ôîðìà óðàâíåíèé èç (Fokas 1980),
(Calogero, Degasperis 1981). Ïðè çàìåíå p = eP , exp-CD ïðèíèìàåò âèä

Pt = Pxxx −
1

2
P3

x −
3

2
(eP + βe−P)2Px − 6αPx .

Êàæäàÿ ìîäèôèêàöèÿ äîáàâëÿåò ïðîèçâîëüíûé ïàðàìåòð.

Ýòî íå âñå óðàâíåíèÿ è ïîäñòàíîâêè ñâÿçàííûå ñ KdV.

Ho, åñëè äîáàâèòü íåñêîëüêî áîëåå ïðîñòûõ çàìåí òèïà ââåäåíèÿ
ïîòåíöèàëà, ýòî äàñò ïî÷òè âñå (èñêëþ÷åíèåì ÿâëÿåòñÿ ëèøü KN ñ
îäíîé ïàðîé êðàòíûõ êîðíåé; îíî ñâÿçàíî ñ KdV ïîäñòàíîâêîé òðåòüåãî
ïîðÿäêà, íå ðàñêëàäûâàþùåéñÿ íà áîëåå ïðîñòûå).
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Íåàáåëåâû óðàâíåíèÿ òèïà ÊäÔ

Õîðîøî èçó÷åíû íåàáåëåâû àíàëîãè KdV è mKdV1, mKdV2 (Wadati,
Kamijo 1974, Calogero, Degasperis 1977, Alonso, Olmedilla 1982,
Marchenko 1986, Khalilov, Khruslov 1990).

Âñå óðàâíåíèÿ è ïîäñòàíîâêè îáîáùèòü, ïî-âèäèìîìó, íåëüçÿ.

Â ÷àñòíîñòè, äëÿ KN è ℘-CD îáîáùåíèÿ íåèçâåñòíû.

Íåêîòîðûå ïàðàìåòðû ìîãóò áûòü íåàáåëåâûìè.

Ïàðàìåòð a â mKdV2 ââåäåí â (Adler, Sokolov 2021).

Íîâûå ïðèìåðû: àíàëîãè exp-CD è SKdV (òî÷íåå, âûðîæäåíèÿ KN ñ
R(z) = 0, 1 èëè z2).

Êàê îáû÷íî, ïîäñòàíîâêè ñîåäèíÿþòñÿ â ïðåîáðàçîâàíèÿ Áýêëóíäà.

Îáîçíà÷åíèÿ:

D = ∂/∂x
u, . . . , z ∈ A � íåàáåëåâû ïîëåâûå ïåðåìåííûå

a, b, c ∈ A � íåàáåëåâû ïîñòîÿííûå

α, β ∈ C � ñêàëÿðíûå ïîñòîÿííûå

u + α = u + α1, 1 ∈ A

Â.Ý. Àäëåð (ÈÒÔ èì. Ë.Ä. Ëàíäàó) Íåàáåëåâû ïîäñòàíîâêè 17 äåêàáðÿ 2021 6 / 14

https://doi.org/10.1143/PTP.52.397
https://doi.org/10.1143/PTP.52.397
https://doi.org/10.1007/BF02738174
https://doi.org/10.1063/1.525265
http://dx.doi.org/10.1088/0266-5611/6/2/004
https://doi.org/10.1134/S0040577921050020


ut = uxxx − 3uux − 3uxu (KdV)

wt = wxxx − 3w2

x (pKdV)

ft = fxxx − 3f 2fx − 3fx f
2 − 6αfx (mKdV1(α))

vt = vxxx + 3[v , vxx ]− 6vvxv − 3(vx + v2)a− 3a(vx − v2) (mKdV2(a))

yt = yxxx − 3yxxy
−1yx − 3yxa− 3yay−1yx (pmKdV(a))

pt = (D − ad p)
(
pxx −

3

2
(px + p2 − a)p−1(px − p2 + a)

+ [p, px ]− 2p3 − 6βp
)

(CD(a, β))

qt = qxxx −
3

2
D
(
(qx − c)q−1(qx + c)

)
(CD0(c))

zt = zxxx −
3

2
(zxx − az + zb − c)z−1x (zxx + az − zb + c)

− 3azx − 3zxb (SKdV(a, b, c))
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Âûâîä óðàâíåíèé è ïîäñòàíîâîê èç ëèíåéíûõ çàäà÷

Íåàáåëåâî KdV
ut = uxxx − 3uux − 3uxu

åñòü óñëîâèå ñîâìåñòíîñòè äëÿ

ψxx = (u − λ)ψ, ψt = uxψ − (2u + 4λ)ψx . (1)

Êëþ÷åâîå îáîáùåíèå

Ñêàëÿðíûé ñïåêòðàëüíûé ïàðàìåòðà λ ìîæíî çàìåíèòü íà íåàáåëåâ ñïðàâà:

ψxx = uψ − ψΛ, ψt = uxψ − 2uψx − 4ψxΛ, ψ,Λ ∈ A. (2)

Ïåðâîå äîêàçàòåëüñòâî: Â ìàòðè÷íîì ñëó÷àå, ìîæíî ñîñòàâèòü ψ èç
ñòîëáöîâ, êàæäûé èç êîòîðûõ óäîâëåòâîðÿåò (1) ñî ñâîèì ñîáñòâåííûì λ. Â
ðåçóëüòàòå, ïîëó÷èòñÿ (2) ñ Λ = diag(λ1, . . . , λn), ÷òî ñîïðÿæåíèåì
ïðèâîäèòñÿ ê Λ îáùåãî ïîëîæåíèÿ.
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Âòîðîå äîêàçàòåëüñòâî: Λ äåéñòâóåò íà ψ êàê îïåðàòîð ïðàâîãî óìíîæåíèÿ
RΛ, à êîýôôèöèåíòû u è ux êàê îïåðàòîðû ëåâîãî óìíîæåíèÿ Lu è Lux .
Ëþáûå îïåðàòîðû ëåâîãî è ïðàâîãî óìíîæåíèÿ êîììóòèðóþò:

RaLb = LbRa, a, b ∈ A,

ïîýòîìó ïðè âû÷èñëåíèè óñëîâèÿ ñîâìåñòíîñòè RΛ âåäåò ñåáÿ òî÷íî òàê æå,
êàê ñêàëÿðíûé êîýôôèöèåíò λ.

Îòñþäà ñëåäóåò, ÷òî çàìåíà ñïåêòðàëüíîãî ïàðàìåòðà íà íåàáåëåâ âîçìîæíà
â ëþáîì ïðåäñòàâëåíèè íóëåâîé êðèâèçíû At = Bx + [B,A], ãäå A è B �
ìàòðèöû ñ ýëåìåíòàìè èç A, çàâèñÿùèìè îò λ è íåàáåëåâûõ ïåðåìåííûõ.
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(pmKdV) Ðàññìîòðèì ÷àñòíîå ðåøåíèå ψ = y ïðè Λ = a ∈ A:

yxx = uy − ya, yt = uxy − 2uyx − 4yxa.

Èç ïåðâîãî óðàâíåíèÿ ìîæíî âûðàçèòü u, òîãäà âòîðîå äàåò pmKdV(a):

u = yxxy
−1 + yay−1, yt = yxxx − 3yxxy

−1yx − 3yxa− 3yay−1yx .

Òî åñòü, ýòî óðàâíåíèå äëÿ âîëíîâîé ôóíêöèè, à ïîäñòàíîâêà ýêâèâàëåíòíà
óðàâíåíèþ Øðåäèíãåðà äëÿ íåå.

(mKdV1) è (mKdV2) Ïðåîáðàçîâàíèå Ìèóðû � ïåðåõîä ê f = yx/y . Â
íåàáåëåâîì ñëó÷àå åñòü äâà ñïîñîáà.

Çàìåíà f = yxy
−1 ïðîõîäèò ëèøü ïðè a = α ∈ C. Ïðè ýòîì ïîëó÷àåì mKdV1

u = fx + f 2 + α, ft = fxxx − 3f 2fx − 3fx f
2 − 6αfx .

Ïîëàãàÿ v = y−1yx , ïîëó÷àåì mKdV2(a)

vt = vxxx + 3[v , vxx ]− 6vvxv − 3(vx + v2)a− 3a(vx − v2),

ïîäñòàíîâêè â KdV íåò (èìååì y−1uy = vx + v2 + a, ïåðåìåííàÿ y ëèøíÿÿ).
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(CD) è (SKdV) Íà ñëåäóþùåì øàãå ïðåîáðàçóåì óðàâíåíèÿ (2) âî
âñïîìîãàòåëüíûå ëèíåéíûå çàäà÷è äëÿ mKdV2, òàê, ÷òîáû ïîòåíöèàë u
çàìåíèëñÿ íà v . Äëÿ ýòîãî äîñòàòî÷íî ñäåëàòü çàìåíó ψ = yϕ, òî åñòü,
ϕ = îòíîøåíèå îáùåãî è ÷àñòíîãî ðåøåíèé (2). Èìååì{

ϕxx = aϕ− ϕΛ− 2vϕx ,

ϕt = 4v(aϕ− ϕΛ)− 2(vx + v2 + a)ϕx − 4ϕxΛ,
ϕ, a,Λ ∈ A. (3)

Ïî ïîñòðîåíèþ, óñëîâèå ñîâìåñòíîñòè ýêâèâàëåíòíî mKdV2(a).

Òåïåðü ìîæíî ïðîäåëàòü òî æå, ÷òî ðàíüøå äåëàëè ñ ïàðîé (2). Óðàâíåíèå
äëÿ ÷àñòíîãî ðåøåíèÿ ϕ = z ïðè Λ = b ∈ A äà¼ò SKdV.

Ïåðåõîä ê ëîãàðèôìè÷åñêîé ïðîèçâîäíîé p = zxz
−1 ïðèâîäèò ê CD (â

äàííîì ñëó÷àå äëÿ z−1zx ïîëó÷àåòñÿ èäåíòè÷íîå óðàâíåíèå).
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Îêîí÷àòåëüíî, ïîëó÷àåì òàêîé ãðàô çàìåí:

KdV pKdV
oo

mKdV1(α)

OO

pmKdV(a)a=α
oo //

gg

mKdV2(a) mKdV2(0)

SKdV(a, b, c)
c=0

b=β
//

66

CD(a− β, β)

OO

CD0(c)

OO

SKdV(0, 0, c)

gg

oo

Ïîäñòàíîâêà pmKdV(a)→ mKdV1(α) ïðîõîäèò òîëüêî ïðè ñêàëÿðíîì
ïàðàìåòðå a = α.

Àíàëîãè÷íî, ïîäñòàíîâêà SKdV(a, b, c)→ CD(a− β, β) ïðîõîäèò ëèøü
ïðè b = β, c = 0.

Â ñêàëÿðíîì ñëó÷àå âñå ïóòè âåäóò â KdV (åäèíñòâåííîå óðàâíåíèå, èç
êîòîðîãî íå âûõîäèò ñòðåëîê). Â íåàáåëåâîì ñëó÷àå òóïèêîâîé
âåðøèíîé ÿâëÿåòñÿ òàêæå mKdV2.
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pKdV→ KdV : u = wx

pmKdV(α)→ mKdV1(α) : f = yxy
−1

mKdV1(α)→ KdV : u = fx + f 2 + α

pmKdV(a)→ KdV : u = yxxy
−1 + yay−1

pmKdV(a)→ mKdV2(a) : v = y−1yx

SKdV(a, β, 0)→ CD(a− β, β) : p = zxz
−1

CD(a− β, β)→ mKdV2(a) : v = − 1

2
(px + p2 − a + β)p−1

SKdV(0, 0, c)→ CD0(c) : q = zx

CD0(c)→ mKdV2(0) : v = − 1

2
(qx − c)q−1

SKdV(a, b, c)→ mKdV2(a) : v = − 1

2
(zxx − az + zb − c)z−1x
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Ïðåîáðàçîâàíèÿ Áýêëóíäà

Âñå ïîëó÷åííûå óðàâíåíèÿ èíâàðèàíòíû îòíîñèòåëüíî òðàíñïîíèðîâàíèÿ,
âîçìîæíî, ñ òî÷íîñòüþ äî ñìåíû çíàêà (â pmKdV � çàìåíà y → y−1) è
ïåðåîáîçíà÷åíèÿ ïàðàìåòðîâ. Ýòî äà¼ò åù¼ îäíó ïîäñòàíîâêó ìåæäó ïàðîé
óðàâíåíèé. Êîìïîçèöèÿ äâóõ ïîäñòàíîâîê äà¼ò ïðåîáðàçîâàíèå Áýêëóíäà.

Ïðèìåð. Óðàâíåíèÿ mKdV2 è CD(a, β) èíâàðèàíòíû îòíîñèòåëüíî çàìåí
v → −v t , p → −pt . Îòñþäà ñëåäóåò, ÷òî CD(a− β, β) è mKdV2(a) ñâÿçàíû
ïîäñòàíîâêàìè

−2v = p−1(−px + p2 − a + β) è − 2v = (px + p2 − a + β)p−1.

Ïàðàìåòð β ìîæíî ìåíÿòü, íî ïàðàìåòð a ôèêñèðîâàí, òàê êàê âõîäèò â
öåëåâîå óðàâíåíèå mKdV2(a). Ýòî ïðèâîäèò ê ïîñëåäîâàòåëüíîñòè çàìåí

−2vn = p−1n (−pn,x + p2n − a + βn) = (pn+1,x + p2n+1
− a + βn+1)p−1n+1

,

÷òî äà¼ò îäåâàþùóþ öåïî÷êó äëÿ CD:

(pnpn+1)x = pn(pn − pn+1)pn+1 − (a− βn)pn+1 + pn(a− βn+1).
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