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p = 1, öåïî÷êà Âîëüòåððû:
Êóëàåâ, Øàáàò 2019 (1)
Àäëåð, Øàáàò 2018 (3) ↔ (2) → (1)

Àäëåð, Øàáàò 2019 (4) → (2)
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Îáîáù¼ííûå ÷èñëà Êàòàëàíà

C p
j,n =

j

pn + j

(
(p + 1)n + j − 1

n

)
=

j

(p + 1)n + j

(
(p + 1)n + j

n

)

p j\n 0 1 2 3 4 5 6 7 OEIS

1 1 1 1 2 5 14 42 132 429 . . . A000108

2 1 1 1 3 12 55 273 1428 7752 . . . A001764
2 1 2 7 30 143 728 3876 21318 . . . A006013

3 1 1 1 4 22 140 969 7084 53820 . . . A002293
2 1 2 9 52 340 2394 17710 135720 . . . A069271
3 1 3 15 91 612 4389 32890 254475 . . . A006632

4 1 1 1 5 35 285 2530 23751 231880 . . . A002294
. . .
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ïåðâàÿ ñòðî÷êà, p = j = 1: ÷èñëà Êàòàëàíà (Catalan 1838)

ñòðî÷êè j = 1 ïðè p > 1: ÷èñëà Ïôàôôà�Ôóññà�Êàòàëàíà èëè
ïîñëåäîâàòåëüíîñòè Ðåíüè (Fuss 1791, Graham, Knuth & Patashnik 1990)

âñÿ òàáëèöà: Hilton & Pedersen 1991

Î×Ê îïðåäåëåíû ïðè âñåõ j , íî îáû÷íî ðàññìàòðèâàþò òîëüêî j îò 1 äî
p èëè äî p + 1
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Îäíà èç ìíîãèõ êîìáèíàòîðíûõ èíòåðïðåòàöèé:

C p
j,n ðàâíî ÷èñëó ïóòåé èç òî÷êè (0, 0) â òî÷êó (pn + j , n), ëåæàùèõ

ñòðîãî íèæå ïðÿìîé j = pn, åñëè ðàçðåøåíî äâèãàòüñÿ òîëüêî íà
åäèíèöó âïðàâî èëè ââåðõ.

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
j0

1

2

3

4

5
n

A

Â òî÷êó A = (3 · 4+ 2, 4) âåä¼ò C 3

2,4 = 340 ïóòåé
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Ïðèëîæåíèÿ (ïîìèìî êîìáèíàòîðíûõ):

Ñòàòôèçèêà, òåîðèÿ ñëó÷àéíûõ ìàòðèö. Àíñàìáëü èç n × n ìàòðèö G ,
ýëåìåíòû êîòîðûõ � íåçàâèñèìûå êîìïëåêñíûå ñëó÷àéíûå ÷èñëà ñ
ãàóññîâñêèì ðàñïðåäåëåíèåì N(0, 1/n), èìååò, ïðè n→∞, ðàâíîìåðíîå
ðàñïðåäåëåíèå ñïåêòðà ïî åäèíè÷íîìó êðóãó (Ginibre 1965). Äëÿ ìàòðèö
GG † ñïåêòð ïîëîæèòåëåí è ïðè n→∞ îïèñûâàåòñÿ ðàñïðåäåëåíèåì
Ìàð÷åíêî�Ïàñòóðà (1967). Åãî ìîìåíòû � ×Ê. Äëÿ ïðîèçâåäåíèÿ
G1 · · ·Gp(G1 · · ·Gp)

† âîçíèêàåò ðàñïðåäåëåíèå, ìîìåíòû êîòîðîãî ðàâíû

Î×Ê (Penson & 
Zyczkowski 2011).

Â ðàáîòàõ Kodama & Pierce 2009, Takasaki 2018 ×Ê ñâÿçûâàþòñÿ ñ
áåçäèñïåðñèîííîé öåïî÷êîé Òîäû.

×Ê è ìíîãî÷ëåíû ×åáûøåâà:
Àðòèñåâè÷, Áû÷êîâ, À.Á.Øàáàò 2020, Áû÷êîâ, Ã.Á.Øàáàò 2021.
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Ïðîèçâîäÿùàÿ ôóíêöèÿ

Îáîáùåííûé ãèïåðãåîìåòðè÷åñêèé ðÿä (ó íàñ áóäåò q = p):

pFq(a1, . . . , ap; b1, . . . , bq; z) =
∞∑
n=0

(a1)n · · · (ap)n
(b1)n · · · (bq)n

zn

n!
,

ãäå (a)0 = 1, (a)n = a(a+ 1) · · · (a+ n − 1). Åñëè p < q + 1, òî ðÿä ñõîäèòñÿ
ïðè âñåõ z ∈ C.

Óòâåðæäåíèå 1

Ïðè ôèêñèðîâàííîì p è j = 1, p + 1, EGF ïîñëåäîâàòåëüíîñòè C p
j,n ðàâíà

fj(t) = C p
j,0 + C p

j,1t + C p
j,2

t2

2!
+ · · ·+ C p

j,n

tn

n!
+ . . .

= pFp

(
j

p + 1
, . . . , 1̂, . . . ,

j + p

p + 1
;
j + 1

p
, . . . ,

j + p

p
;
(p + 1)p+1

pp
t

)
,

ãäå 1̂ â ïåðâîé ãðóïïå ïàðàìåòðîâ îáîçíà÷àåò èñêëþ÷¼ííîå çíà÷åíèå (òî
åñòü, ÷èñëèòåëè èçìåíÿþòñÿ îò j äî j + p ñ ïðîïóñêîì p + 1).
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Äåòåðìèíàíòíûå òîæäåñòâà

Îòîáðàæåíèå Õàíêåëÿ äëÿ ÷èñåë Êàòàëàíà � åäèíè÷íàÿ
ïîñëåäîâàòåëüíîñòü.

Óòâåðæäåíèå 2 (Aigner 1999)

×èñëà Êàòàëàíà cn = C 1

1,n (1, 1, 2, 5, 14, 42, 132, 429, . . . ) óäîâëåòâîðÿþò
ðàâåíñòâàì (è îäíîçíà÷íî îïðåäåëÿþòñÿ èìè)

c0 = c1 =

∣∣∣∣c0 c1
c1 c2

∣∣∣∣ = ∣∣∣∣c1 c2
c2 c3

∣∣∣∣ = . . .

=

∣∣∣∣∣∣
c0 . . . ck
. . . . . . . . .
ck . . . c2k

∣∣∣∣∣∣ =
∣∣∣∣∣∣
c1 . . . ck+1

. . . . . . . . .
ck+1 . . . c2k+1

∣∣∣∣∣∣ = · · · = 1.

Äëÿ p > 1 òîæå åñòü îáîáùåíèå.
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Óòâåðæäåíèå 3 (Krattenthaler, 2010)

×èñëà C p
j,n óäîâëåòâîðÿþò ðàâåíñòâàì (è îäíîçíà÷íî îïðåäåëÿþòñÿ èìè)

det

(
C p

1+(i+k−1) mod p, b i+k−1

p c+n

) ∣∣∣m
k,n=0

= 1, ïðè i = 1, p + 1.

Íàïðèìåð (îïóñêàÿ âåðõíèé èíäåêñ p = 3),

1 = C1,0 = C2,0 = C3,0 = C1,1

=

∣∣∣∣C1,0 C2,0

C1,1 C2,1

∣∣∣∣ = ∣∣∣∣C2,0 C3,0

C2,1 C3,1

∣∣∣∣ = ∣∣∣∣C3,0 C1,1

C3,1 C1,2

∣∣∣∣ = ∣∣∣∣C1,1 C2,1

C1,2 C2,2

∣∣∣∣
=

∣∣∣∣∣∣
C1,0 C2,0 C3,0

C1,1 C2,1 C3,1

C1,2 C2,2 C3,2

∣∣∣∣∣∣ =
∣∣∣∣∣∣
C2,0 C3,0 C1,1

C2,1 C3,1 C1,2

C2,2 C3,2 C1,3

∣∣∣∣∣∣ =
∣∣∣∣∣∣
C3,0 C1,1 C2,1

C3,1 C1,2 C2,2

C3,2 C1,3 C2,3

∣∣∣∣∣∣ =
∣∣∣∣∣∣
C1,1 C2,1 C3,1

C1,2 C2,2 C3,2

C1,3 C2,3 C3,3

∣∣∣∣∣∣ = . . .

è ýòè ðàâåíñòâà îäíîçíà÷íî îïðåäåëÿþò ïîñëåäîâàòåëüíîñòü

C1,0, C2,0, C3,0, C1,1, C2,1, C3,1, C1,2, C2,2, C3,2, C1,3, C2,3, C3,3, . . .
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Öåïî÷êè Áîãîÿâëåíñêîãî

Öåïî÷êà Áîãîÿâëåíñêîãî ïîðÿäêà p èìååò âèä

u′j = uj(uj+p + · · ·+ uj+1 − uj−1 − · · · − uj−p), j ∈ Z, (BLp)

ãäå uj = uj(t) ∈ R, u′ = du/dt.

p = 1 (öåïî÷êà Âîëüòåððû, ëåíãìþðîâñêàÿ öåïî÷êà): Ìàíàêîâ 1974,
Kac & van Moerbeke 1975

p > 1: Narita 1982, Itoh 1987, Áîãîÿâëåíñêèé 1988, 1991

Èíòåðïðåòàöèÿ ¾õèùíèêè�æåðòâû¿

Ïåðåìåííàÿ uj � ÷èñëåííîñòü âèäà j â ïîäõîäÿùèõ åäèíèöàõ.

Âèä j ïèòàåòñÿ âèäàìè j + 1, . . . , j + p è, ñîîòâåòñòâåííî, ñëóæèò ïèùåé äëÿ
âèäîâ j − p, . . . , j − 1. Ïîýòîìó öåïî÷êè ñ p > 1 èíîãäà íàçûâàþò
¾ãîëîäíûìè öåïî÷êàìè Âîëüòåððû¿.
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Ðàñïàäíûå ðåøåíèÿ

Ëþáàÿ êîíñòàíòà � ñòàöèîíàðíîå ðåøåíèå öåïî÷êè. ×òî ïðîèçîéäåò ñ
íà÷àëüíûìè äàííûìè, ðàâíûìè ðàçíûì ïîñòîÿííûì ïðè n→ −∞ è
n→ +∞? Ýòî äîâîëüíî ñëîæíàÿ çàäà÷à. Íåïðåðûâíûé ïðåäåë íå ðàáîòàåò.

-1000 -500 0 500 1000
j

0.5

1.0

1.5

2.0

2.5
u

t= 700

t= 0

Êîíöåïòóàëüíî, ýòî íàïîìèíàåò çàäà÷ó Ãóðåâè÷à�Ïèòàåâñêîãî î ñòóïåíüêå
äëÿ ÊäÔ.
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Ìîæíî òàêæå ÷åðåäîâàòü êîíñòàíòû â ÷åòíûõ è íå÷åòíûõ óçëàõ (åñòü è
áîëåå ñëîæíûå ñòàöèîíàðíûå ðåøåíèÿ). Åñòü íåêîòîðûå ðåçóëüòàòû
(1-çîííàÿ àñìèïòîòèêà) äëÿ p = 1 (Âåðåùàãèí 1997).

×èñëåííûé ïðèìåð (p = 1); ðàçíûå êîíñòàíòû äëÿ ÷åòíûõ (êðàñíûå) è
íå÷åòíûõ n (ñèíèå).

-1000 -500 500 1000
n

0.5

1.0

1.5

2.0

2.5

3.0

un
t = 0

1.45

0.65
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Ðåøåíèå ïðè t = 250 è t = 1000:
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Íóëåâîé îáðûâ

Ñèòóàöèÿ óïðîùàåòñÿ ïðè îãðàíè÷åíèè íà ïîëóïðÿìóþ. Îñíîâíàÿ çàäà÷à �
èññëåäîâàòü ðàñïàä åäèíè÷íîé ñòóïåíüêè

· · · = u−2(t) = u−1(t) = u0(t) = 0, u1(0) = u2(0) = · · · = 1.

Ó u1 âðàãè èñ÷åçëè, à ïèùà îñòàëàñü. Çíà÷èò, u1 áóäåò áûñòðî ðàñòè è
ïîæèðàòü u2, . . . , up+1. Â ðåçóëüòàòå, ÷åðåç íåêîòîðîå âðåìÿ íà÷í¼ò ðàñòè
up+2, è òàê äàëåå, ïî ïðèíöèïó äîìèíî.

Åñëè ñðàâíèâàòü ñ çàäà÷åé ÃÏ, ýòî íàïîìèíàåò çàäíèé êðàé âîëíû ñæàòèÿ.
Íî îêàçûâàåòñÿ ïðîùå, áëàãîäàðÿ îáðûâó íà ïîëóïðÿìóþ.
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u
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p = 1, u1 → 4 p = 2, u1 → 6.75
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p = 3, u1 → 9.5 p = 4, u1 → 12.2

Ê êàêîé êîíñòàíòå ñòðåìÿòñÿ ïåðåìåííûå u1+(p+1)k(t) ïðè t → +∞?

C êàêîé ñêîðîñòüþ ðàñòåò ðàñïàäíàÿ çîíà?
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Ðåçóëüòàòû

Â ñëó÷àå åäèíè÷íîé ñòóïåíüêè çàäà÷à Êîøè ÿâëÿåòñÿ òî÷íî-ðåøàåìîé,
â òîì ñìûñëå, ÷òî ôóíêöèè u1(t), . . . , up(t) îïðåäåëÿþòñÿ òî÷íî.
Èìåííî, ýòè ôóíêöèè � ðàöèîíàëüíûå âûðàæåíèÿ îò
ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé òèïà pFp, ñëóæàùèõ ýêñïîíåíöèàëüíûìè
ïðîèçâîäÿùèìè ôóíêöèÿìè äëÿ Î×Ê.

Îòñþäà ìîæíî íàéòè àñèìïòîòèêó äëÿ u1(t), . . . , up(t) è äàëåå
ðàñïðîñòðàíèòü å¼ íà âñå j > 0. Â ÷àñòíîñòè,

u1+(p+1)k(t)→
(p + 1)p+1

pp
, t → +∞.
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Îöåíêà äëÿ ñêîðîñòè ðàñïàäíîé òî÷êè j = vt:

v <
(p + 1)p+2

2pp
.
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Ïåðâûé ïîäõîä: äåòåðìèíàíòíûå ôîðìóëû

Âû÷èñëèòåëüíûé ýêñïåðèìåíò. Áóäåì ñòðîèòü ðåøåíèå â âèäå ðÿäà

uj(t) = uj(0) + u′j (0)t + u′′j (0)
t2

2
+ · · ·+ u

(n)
j (0)

tn

n!
+ · · ·

Ïðîèçâîäíàÿ u
(n)
j (t) âû÷èñëÿåòñÿ â ñèëó öåïî÷êè êàê ìíîãî÷ëåí îò

uj−rn, . . . , uj+rn, ïîñëå ÷åãî îñòà¼òñÿ ïîäñòàâèòü t = 0. Ýòî íå î÷åíü
ýôôåêòèâíî, íî íåñêîëüêî êîýôôèöèåíòîâ ðÿäà Òåéëîðà íàéòè íåñëîæíî.

Åäèíè÷íàÿ ñòóïåíüêà � ýòî ¾âîëøåáíûå¿ íà÷àëüíûå äàííûå, ïðèâîäÿùèå ê
÷åìó-òî èçâåñòíîìó äëÿ u1(t). Îêàçûâàåòñÿ, ÷òî

u1 =
w ′
1

w1

,

ãäå w1 � EGF äëÿ C p
1,n.

×òîáû äîêàçàòü ýòî è îáîáùèòü äëÿ âñåõ j , íóæíî ñðàâíèòü äåòåðìèíàíòíûå
ôîðìóëû äëÿ öåïî÷êè ñ Óòâåðæäåíèÿìè 2 è 3.
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Òàó-ôóíêöèè äëÿ öåïî÷êè

Óòâåðæäåíèå 4

Ðåøåíèå öåïî÷êè Áîãîÿâëåíñêîãî ïðåäñòàâëÿåòñÿ â âèäå

uj =
w ′j
wj
−

w ′j−1
wj−1

,

ãäå wj óäîâëåòâîðÿåò áèëèíåéíîé öåïî÷êå

wj−1w
′
j − w ′j−1wj = wj−p−1wj+p. (1)

Íóëåâîìó îáðûâó uj(t) = 0, j ≤ 0, îòâå÷àåò îáðûâ

w−2p(t) = · · · = w−p−1(t) = 0, w−p(t) = · · · = w0(t) = 1.

Â ñâîþ î÷åðåäü, îáùåå ðåøåíèå áèëèíåéíîé öåïî÷êè âûðàæàåòñÿ ÷åðåç
îïðåäåëèòåëè, ïîñòðîåííûå ïî p ïðîèçâîëüíûì ôóíêöèÿì ïî òîé æå ñõåìå,
÷òî îïðåäåëèòåëè èç Óòâåðæäåíèÿ 3.
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Óòâåðæäåíèå 5

Îáùåå ðåøåíèå (1) íà ïîëóïðÿìîé j > 0 èìååò âèä

wj = det

(
f
(b i+k−1

p c+n)

1+(i+k−1) mod p

) ∣∣∣m
k,n=0

ïðè j = i +m(p + 1), i = 1, p + 1,

ãäå f1, . . . , fp ïðîèçâîëüíûå ãëàäêèå ôóíêöèè îò t.

Ïðèìåð ïðè p = 1 (f = f1):

w1 = f , w2 = f ′, w3 =

∣∣∣∣ f f ′

f ′ f ′′

∣∣∣∣ , w4 =

∣∣∣∣ f ′ f ′′

f ′′ f ′′′

∣∣∣∣ , . . .

w2k+1 =

∣∣∣∣∣∣
f . . . f (k)

. . . . . . . . .
f (k) . . . f (2k)

∣∣∣∣∣∣ , w2k+2 =

∣∣∣∣∣∣
f ′ . . . f (k+1)

. . . . . . . . .
f (k+1) . . . f (2k+1)

∣∣∣∣∣∣ , . . .
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Ïðèìåð ïðè p = 3: âûïèñûâàåì ïîñëåäîâàòåëüíîñòü

f1, f2, f3, f ′
1
, f ′

2
, f ′

3
, f ′′

1
, f ′′

2
, f ′′

3
, f ′′′

1
, f ′′′

2
, f ′′′

3
, . . . (2)

è ñòðîèì âðîíñêèàíû ãðóïïàìè ïî p + 1 = 4, ñ ïîä÷¼ðêíóòûìè ýëåìåíòàìè
â ëåâîì âåðõíåì óãëó:

w1 = f1, w2 = f2, w3 = f3, w4 = f ′
1
,

w5 =

∣∣∣∣f1 f2
f ′
1

f ′
2

∣∣∣∣ , w6 =

∣∣∣∣f2 f3
f ′
2

f ′
3

∣∣∣∣ , w7 =

∣∣∣∣f3 f ′
1

f ′
3

f ′′
1

∣∣∣∣ , w8 =

∣∣∣∣ f ′1 f ′
2

f ′′
1

f ′′
2

∣∣∣∣ ,
w9 =

∣∣∣∣∣∣
f1 f2 f3
f ′
1
f ′
2
f ′
3

f ′′
1
f ′′
2
f ′′
3

∣∣∣∣∣∣ , w10 =

∣∣∣∣∣∣
f2 f3 f ′

1

f ′
2
f ′
3
f ′′
1

f ′′
2
f ′′
3
f ′′′
1

∣∣∣∣∣∣ , w11 =

∣∣∣∣∣∣
f3 f ′

1
f ′
2

f ′
3
f ′′
1

f ′′
2

f ′′
3
f ′′′
1

f ′′′
2

∣∣∣∣∣∣ , w12 =

∣∣∣∣∣∣
f ′
1

f ′
2

f ′
3

f ′′
1

f ′′
2

f ′′
3

f ′′′
1

f ′′′
2

f ′′′
3

∣∣∣∣∣∣ , . . .

Ýëåìåíòû â ïðàâîì íèæíåì óãëó îáðàçóþò èñõîäíóþ ïîñëåäîâàòåëüíîñòü
(2). Åñëè âñå wj 6= 0, òî ïðåîáðàçîâàíèå îò (2) ê wj îáðàòèìî.
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Ñëåäñòâèå

Ðåøåíèå áèëèíåéíîé öåïî÷êè, ïîñòðîåííîå ïî EGF f1, . . . , fp äëÿ Î×Ê
(Óòâåðæäåíèå 1) óäîâëåòâîðÿåò íà÷àëüíûì äàííûì wj(0) = 1 ïðè âñåõ
j ≥ −p.

Ôóíêöèè uj =
wj−p−1wj+p

wj−1wj
äàþò ðåøåíèå öåïî÷êè Áîãîÿâëåíñêîãî

íà÷àëüíûì óñëîâèåì u0 = 0, uj(0) = 1, j > 0.
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Âòîðîé ïîäõîä: ñèììåòðèéíûå ðåäóêöèè

Öåïî÷êó ìîæíî ïðåâðàòèòü â êîíå÷íîìåðíóþ ñèñòåìó, íàëîæèâ ñâÿçü,
ñîâìåñòíóþ ñ äèíàìèêîé. Åñëè âîçìîæíî ïîäîáðàòü ñâÿçü òàê, ÷òîáû
âûïîëíÿëîñü íóæíîå íàì íà÷àëüíîå óñëîâèå ïðè t = 0, òî ðåøåíèå ñ òàêèì
íà÷àëüíûì óñëîâèåì óäîâëåòâîðÿåò ñâÿçè ïðè âñåõ t.

Ñòàíäàðòíûé èñòî÷íèê ðåäóêöèé � ñòàöèîíàðíûå óðàâíåíèÿ äëÿ
ñèììåòðèé. Ïóñòü ut = f [u] è uτ = g [u] ñèììåòðèè, òî åñòü

[∂t , ∂τ ] = 0.

Òîãäà ñòàöèîíàðíîå óðàâíåíèå g = 0 îïðåäåëÿåò èíâàðèàíòíîå
ïîäìíîãîîáðàçèå:

∂t(g) = 0
∣∣
g=0

.
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p = 1: ðåäóêöèÿ äëÿ öåïî÷êè Âîëüòåððû

Öåïî÷êà Âîëüòåððû
uj,t = uj(uj+1 − uj−1)

èìååò ñëåäóþùèå ñèììåòðèè:

âûñøàÿ ñèììåòðèÿ: uj,t2 = uj(T − T−1)
(
uj(uj+1 + uj + uj−1)

)
,

ñêåéëèíã: uj,τ0 = tuj,t + uj ,

ìàñòåð-ñèììåòðèÿ: uj,τ1 = tuj,t2 + uj
(
(j + 3

2
)uj+1 + uj − (j − 3

2
)uj−1

)
.

Ñòàöèîíàðíîå óðàâíåíèå

uj,τ1 − 4auj,τ0 − duj,t = 0

� 5-òî÷å÷íîå ðàçíîñòíîå óðàâíåíèå, íî ïîðÿäîê ïîíèæàåòñÿ äî 3-òî÷å÷íîãî.
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Óòâåðæäåíèå 6 (Àäëåð, Øàáàò 2019)

Öåïî÷êà Âîëüòåððû ñîâìåñòíà ñî ñâÿçüþ

(qj+1 + qj)(qj + qj−1)uj − 4(aq2j + (−1)jbqj + c) = 0, (3)

ãäå qj := 2tuj + j − d .

ýòî äèñêðåòíîå óðàâíåíèå Ïåíëåâå dP34 (Grammaticos, Ramani 2014);

ñâÿçü (3) ïðåâðàùàåò öåïî÷êó Âîëüòåððû, äëÿ êàæäîé ïåðåìåííîé uj , â
ÎÄÓ ýêâèâàëåíòíîå P5 (ïðè a 6= 0) èëè P3 (ïðè a = 0);

ïðè äîïîëíèòåëüíîì îãðàíè÷åíèè íà ïîëóïðÿìóþ Ïåíëåâå âûðîæäàåòñÿ
â ãèïåðãåîìåòðèþ.

Ïðè t = 0 ñâÿçü (3) ïðåâðàùàåòñÿ â ÿâíîå óðàâíåíèå

uj(0) =
4a(j − d)2 + (−1)jb(j − d) + c

4(j − d)2 − 1
.

Ðåøåíèå öåïî÷êè Âîëüòåððû ñ òàêèìè ñïåöèàëüíûìè íà÷àëüíûìè äàííûìè
óäîâëåòâîðÿåò ñâÿçè (3) ïðè âñåõ t.
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Ïðè âûáîðå a = 1, b = 0, d = −1/2 è c = −1/4 ïîëó÷àåì îáðûâ â íóëå è
åäèíè÷íóþ ñòóïåíüêó: u0(0) = 0, uj(0) = 1, j > 0.

Ïðè ýòîì óðàâíåíèå öåïî÷êè ïðè j = 1 ñâîäèòñÿ ê óðàâíåíèþ Ðèêêàòè

u′
1
+ u2

1
+
(
2

t
− 4

)
u1 −

2

t
= 0, u1(0) = 1,

è ëèíåàðèçóåòñÿ ïîäñòàíîâêîé u1 = f ′/f :

f ′′ +
(
2

t
− 4

)
f ′ − 2

t
f = 0, f (0) = 1, f ′(0) = 1.

Ýòî è îïðåäåëÿåò ãèïåðãåîìåòðè÷åñêóþ ôóíêöèþ

f (t) = 1F1(
1

2
, 2, 4t).
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p > 1: ðåäóêöèÿ äëÿ BLp

Ñëîæíîñòü çàäà÷è â êàòàñòðîôè÷åñêîì óñëîæíåíèè ìàñòåð-ñèììåòðèè. Óæå
ïðè p = 2 îíà íåëîêàëüíà (Zhang, Tu, Oevel & Fuchssteiner 1991).
Ôîðìàëüíî, å¼ ìîæíî çàïèñàòü, êàê ðåçóëüòàò ïðèìåíåíèÿ îïåðàòîðà
ðåêóðñèè R ê ñêåéëèíãó uj,τ0 = uj :

uj,τ1 = R(uj),

íî ñàì R î÷åíü ñëîæåí (Wang 2012):

R = uj(T − T−p)(T − 1)−1

y
p∏

i=1

(T p+1−iuj − ujT
−i )(T p−iuj − ujT

−i )−1.

Ïðè p = 2 ìîæíî âûïèñàòü, ïðè ïîìîùè êîìïüþòåðà, ãðîìîçäêóþ
9-òî÷å÷íóþ ñâÿçü, è ïðîâåðèòü, ÷òî îíà äåéñòâèòåëüíî îáñëóæèâàåò
åäèíè÷íóþ ñòóïåíüêó. Âûòàùèòü èç íå¼ ãèïåðãåîìåòðèþ ìîæíî, íî î÷åíü
òðóäíî. Ïðè p = 3 âû÷èñëåíèÿ áåçíàä¼æíû.
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Òåì íå ìåíåå, íóæíàÿ ñâÿçü ìîæåò áûòü çàïèñàíà â íîâûõ ïåðåìåííûõ.
Ïåðåéäåì ê ìîäèôèöèðîâàííîé öåïî÷êå Áîãîÿâëåíñêîãî

v ′j = (c − vj)vj(vj+1 · · · vj+p − vj−1 · · · vj−p),

ñâÿçàííîé ñ BLp ïîäñòàíîâêîé òèïà Ìèóðû

uj = vj · · · vj+p−1(c − vj+p).

Óòâåðæäåíèå 7

Ýòà öåïî÷êà ñîâìåñòíà ñ (2p + 1)-òî÷å÷íûì ðàçíîñòíûì óðàâíåíèåì

Gj = t(c − vj)

( p∑
s=0

vj−p+s · · · vj+s − c

p∑
s=1

vj−p+s · · · vj+s−1

)
+ bjvj − caj = 0,

ãäå bj , aj � ïàðàìåòðû òàêèå, ÷òî bj+p = bj + 1, aj+p+1 = aj + 1.

Ýòî îáîáùåíèå äèñêðåòíîãî óðàâíåíèÿ Ïåíëåâå äëÿ ñëó÷àÿ p = 1.
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Ïðè äîïîëíèòåëüíîì îáðûâå íà ïîëóïðÿìóþ óðàâíåíèÿ ëèíåàðèçóþòñÿ.

Óòâåðæäåíèå 8

Ïóñòü ïàðàìåòðû c 6= 0, a0 = 0, aj 6= 0, bj 6= 0 ïðè j > 0. Òîãäà ðåøåíèå
öåïî÷êè BLp ñ îáðûâîì uj = 0 ïðè j ≤ 0 è íà÷àëüíûìè äàííûìè

u1(0) = cp+1
aj · · · aj+p−1

bj · · · bj+p−1
, uj(0) = cp+1

(bj−1 − aj−1)aj · · · aj+p−1

bj−1 · · · bj+p−1
, j > 1,

ñòðîèòñÿ ïî äåòåðìèíàíòíûì ôîðìóëàì ñ ôóíêöèÿìè

fj = pFp(aj , . . . , 1̂, . . . , aj+p; bj , . . . , bj+p−1; c
p+1t), j = 1, . . . , p,

ãäå 1̂ îáîçíà÷àåò èñêëþ÷¼ííîå çíà÷åíèå ap+1 = 1 â ïåðâîé ãðóïïå
ïàðàìåòðîâ.

Â ÷àñòíîñòè, åäèíè÷íàÿ ñòóïåíüêà ïîëó÷àåòñÿ ïðè âûáîðå

aj = j/(p + 1), bj = (j + 1)/p, cp+1 = (p + 1)p+1/pp.
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Çàêëþ÷åíèå

1 ðàñïàä ñòóïåíüêè

2 äåòåðìèíàíòíûå ôîðìóëû, òàó-ôóíêöèè, ãèïåðãåîìåòðèÿ

3 îáîáù¼ííûå ÷èñëà Êàòàëàíà

4 ñèììåòðèéíûå ðåäóêöèè

1

2

OO

3
}}
==

4

aa

Ïóòü (3)→ (2)→ (1) îñíîâàí íà äåòåðìèíàíòíîì òîæäåñòâå äëÿ Î×Ê.

Ïóòü (4)→ (2)→ (1) áîëåå îáùèé: áîëüøå ïàðàìåòðîâ, äåòåðìèíàíòû
ôàêòè÷åñêè íå íóæíû. Íàîáîðîò, ýòî äà¼ò àëüòåðíàòèâíîå
äîêàçàòåëüñòâî òîæäåñòâà äëÿ Î×Ê.

Ñ äðóãîé ñòîðîíû, åñëè áû íå Î×Ê, âðÿä ëè áû ýòà ðåäóêöèÿ áûëà
çàìå÷åíà.
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