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Ââåäåíèå

Ïóñòü äàíî èíòåãðèðóåìîå ýâîëþöèîííîå óðàâíåíèå èëè ñèñòåìà

ut = a(u, ux, uxx, . . . ),

âûñøèå ñèììåòðèè êîòîðîé ñòðîÿòñÿ îïåðàòîðîì ðåêóðñèè

utn = Rn(ut0), n = 0, 1, 2, . . .

Çäåñü ut0 � çàòðàâî÷íàÿ ñèììåòðèÿ, íàïðèìåð ut0 = ux, ut0 = ut èëè
ïðîñòî ut0 = 0.

Åñòåñòâåííî îïðåäåëèòü íåãàòèâíûå ñèììåòðèè (ÍÑ) êàê

ut−n = R−n(ut0). (1)

Ïðîáëåìà â òîì, ÷òî ýòè óðàâíåíèÿ ñèëüíî íåëîêàëüíû; òåì íå ìåíåå,
òàêîé ïîäõîä ñóùåñòâóåò, ñì. íàïð. [1].

[1] Y.F. Adans, G. Fran�ña, J.F. Gomes, G.V. Loboa, A.H. Zimerman. JHEP 08 (2023)
160.
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Ìû áóäåì îïðåäåëÿòü ÍÑ ïî äðóãîìó:

uz = (R− µ)−1(ut0), (2)

ãäå µ ïðîèçâîëüíûé ïàðàìåòð. Ýòî áîëåå ïðîñòûå �ãèïåðáîëè÷åñêèå�
óðàâíåíèÿ.

Äëÿ óðàâíåíèé òèïà ÊäÔ ut = uxxx + a(u, ux, uxx) ÍÑ èìåþò âèä

uxxz = f(u, ux, uxx, uz, uxz;µ), (3)

èíîãäà âîçìîæíî ïîíèæåíèå ïîðÿäêà äî óðàâíåíèé òèïà ñèíóñ-Ãîðäîíà

uxz = g(u, ux, uz).

Ñèñòåìû òèïà ÍÓØ:{
ut = uxx + a(u, v, ux, vx),

−vt = vxx + b(u, v, ux, vx)
←→

{
uxz = f(u, v, ux, vx, uz, vz;µ),

vxz = g(u, v, ux, vx, uz, vz;µ).
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ÍÑ ÷àñòî èíòåðåñíû ñàìè ïî ñåáå (óðàâíåíèÿ ñèíóñ-Ãîðäîíà,
Êàìàññû�Õîëìà, Ìàêñâåëëà�Áëîõà, ÑÈÏ, Ïîëìàéåðà�Ëóíäà�Ðåäæå �
âñå èìåþò òàêîå ïðîèñõîæäåíèå).

ÍÑ (2) � ïðîèçâîäÿùàÿ ôóíêöèÿ äëÿ âûñøèõ è äëÿ ñèììåòðèé âèäà
(1), ñì. íàïð. [2, 3]:

uz = (R− µ)−1(ut0) = − 1

µ

(
ut0 +

1

µ
ut1 +

1

µ2
ut2 + . . .

)
= ut−1

+ µut−2
+ µ2ut−3

+ . . .

Êîììóòàòèâíîñòü âûñøèõ ñèììåòðèé ⇔ êîììóòàòèâíîñòü ÍÑ,
îòâå÷àþùèõ ïàðàìåòðàì µ1 è µ2. Ýòî äà¼ò ïðèìåðû 3D-ñîâìåñòíûõ
íåïðåðûâíûõ óðàâíåíèé.

[2] A.M. Kamchatnov, M.V. Pavlov. Phys. Lett. A 301:3�4 (2002) 269�274.

[3] S.Y. Lou, M. Jia. JHEP 02 (2024) 172.
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Ïðèëîæåíèÿ ê ïîñòðîåíèþ íåàâòîíîìíûõ ðåäóêöèé Ïåíëåâå-òèïà.
Èíòåãðèðóåìîå óðàâíåíèå ìîæåò èìåòü êëàññè÷åñêèå ñèììåòðèè
(íàïðèìåð, ðàñòÿæåíèå), êîòîðûå ïîðîæäàþò äîïîëíèòåëüíóþ àëãåáðó
ñèììåòðèé:

ut0
R−→ ut1

R−→ ut2
R−→ . . . , uτ0

R−→ uτ1
R−→ uτ2

R−→ . . . ,

ïðè÷åì uτi îêàçûâàþòñÿ íåëîêàëüíûìè, íåàâòîíîìíûìè è íå
êîììóòèðóþò ñ utj è äðóã ñ äðóãîì.

Ñòàöèîíàðíîå óðàâíåíèå äëÿ ëþáîé ñèììåòðèè îïðåäåëÿåò íåêîòîðóþ
êîíå÷íîìåðíóþ ðåäóêöèþ (ÎÄÓ):

A(R)(ut0) +B(R)(uτ0) = 0,

ãäå A è B � ìíîãî÷ëåíû (ñ ïîñòîÿííûìè êîýôôèöèåíòàìè) îò îïåðàòîðà
ðåêóðñèè.

Åñëè B = 0, òî ýòî óðàâíåíèÿ Íîâèêîâà, èíòåãðèðóåìûå ïî Ëèóâèëëþ
(êîíå÷íîçîííûå ðåøåíèÿ).
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Åñëè B 6= 0, òî ýòî �ñòðóííûå� óðàâíåíèÿ òèïà Ïåíëåâå.

Îáû÷íî äîáàâëÿþò ëèøü ñàìó êëàññè÷åñêóþ ñèììåòðèþ, òàê êàê âûñøèå
ñîäåðæàò íåëîêàëüíîñòè è ÷åì âûøå degB = n, òåì îíè ñëîæíåå.
Îäíàêî, ìîæíî ïåðåéòè ê óðàâíåíèþ

(B−1A)(R)(ut0) + uτ0 = 0.

Â ñëó÷àå îáùåãî ïîëîæåíèÿ (B áåç êðàòíûõ êîðíåé), ðàçëîæåíèå íà
ïðîñòûå äðîáè äà¼ò ñòàöèîíàð äëÿ ñóììû âûñøèõ ñèììåòðèé,
íåãàòèâíûõ è êëàññè÷åñêîé [4]:

Ã(R)(ut0) +

n∑
i=1

ci(R− µi)−1(ut0) + uτ0 = 0.

Âñå íåëîêàëüíîñòè ïåðåìåùàþòñÿ â íåãàòèâíûå ñèììåòðèè è
çàïèñûâàþòñÿ åäèíîîáðàçíî ïðè ëþáîì n.

[4] A.Yu. Orlov, S. Rauch-Wojciechowski. Physica D 69:1�2 (1993) 77�84.
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Ïëàí äîêëàäà

ÍÑ äëÿ óðàâíåíèÿ ÊäÔ

ñâîéñòâî 3D-ñîâìåñòíîñòè, ïðèìåðû

íåàâòîíîìíûå ðåäóêöèè äëÿ ÊäÔ [5]

ÍÑ è íåàâòîíîìíûå ðåäóêöèè äëÿ öåïî÷êè Âîëüòåððû [6]

[5] V.E. Adler, M.P. Kolesnikov. J. Math. Phys. 64 (2023) 101505.

[6] V.E. Adler. Open Comm. in Nonl. Math. Phys., Special Issue in Memory of D. Levi
(2024) 11597.
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Íåãàòèâíàÿ ñèììåòðèÿ
äëÿ óðàâíåíèÿ ÊäÔ
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Âûâîä íåãàòèâíîé ñèììåòðèè

ut = uxxx − 6uux KdV

Îïåðàòîð ðåêóðñèè (D = ∂x):

R = D2 − 4u− 2uxD
−1

Èåðàðõèÿ ÊäÔ:

ut0 = ux ñäâèã ïî x

ut1 = R(ux) = (uxx − 3u2)x ÊäÔ

ut2 = R2(ux) = (uxxxx − 10uuxx − 5u2x + 10u3)x âûñøàÿ ñèììåòðèÿ

. . . . . . . . . . . .

Íåãàòèâíàÿ ñèììåòðèÿ (µ = −4α):

(R− µ)(uz) = ux ⇔ (D2 − 4(u− α)− 2uxD
−1)(uz) = ux.

Ïðàâóþ ÷àñòü ìîæíî çàìåíèòü íà 0 áåç ïîòåðè îáùíîñòè: êîýôôèöèåíò
ïðè ux âêëþ÷àåòñÿ â ïåðâîîáðàçíóþ D−1(uz).
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×òîáû ïðîèíòåãðèðîâàòü, ââåäåì íîâóþ íåëîêàëüíóþ ïåðåìåííóþ q:

uz = qx, qxxx − 4(u− α)qx − 2uxq = 0.

Åñòü èíòåãðèðóþùèé ìíîæèòåëü 2q. Òàêæå ìîæíî îïðåäåëèòü ïðàâèëî
äèôôåðåíöèðîâàíèÿ q ïî t, ÷òîáû áûëà ñîâìåñòíîñòü ñ ÊäÔ. Â
ðåçóëüòàòå, ïðèõîäèì ê ÍÑ (γ � ïîñòîÿííàÿ èíòåãðèðîâàíèÿ)

uz = qx, (4)

ãäå q � íåëîêàëüíîñòü, îïðåäåëÿåìàÿ óðàâíåíèÿìè{
2qqxx − q2x − 4(u− α)q2 + 4γ = 0,

qt = qxxx − 6uqx.
(5)

Óðàâíåíèÿ (5) ñîâìåñòíû â ñèëó KdV, òî åñòü, îïðåäåëÿþò ðàñøèðåíèå
ÊäÔ íà ïåðåìåííóþ q.

Óðàâíåíèå (4) îïðåäåëÿåò ïîòîê íà ýòîì ðàñøèðåííîì ïðîñòðàíñòâå, è
óòâåðæäàåòñÿ, ÷òî [Dz, Dt] = 0.
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Ôàêòè÷åñêè q � ýòî ðåçîëüâåíòà îïåðàòîðà Øòóðìà�Ëèóâèëëÿ
L = −D2

x + u, ïðè÷åì α èãðàåò ðîëü ñïåêòðàëüíîãî ïàðàìåòðà [7]. Òàêæå,
q ìîæíî ïðåäñòàâèòü â âèäå q = ψϕ, ãäå Lψ = αψ, Lϕ = αϕ (squared
eigenfunction symmetry).

Èç (5) ñëåäóåò, ÷òî q óäîâëåòâîðÿåò (âûðîæäåííîìó) óðàâíåíèþ
Êàëîäæåðî�Äåãàñïåðèñà [8, 9]

qt = qxxx −
3qxqxx
q

+
3qx(q2x − 4γ)

2q2
− 6αqx.

Â ïðèíöèïå, ìîæíî ðàáîòàòü è â èñõîäíûõ ïåðåìåííûõ u, èñêëþ÷èâ q
èç (5), (4):

4uz = Dx

(
uxz +

√
u2xz − 4(u− α)(u2z − 4γ)

u− α

)
⇒

uxxz = Φ(u, ux, uz, uxz;α, γ).

[7] I.M. Gelfand, L.A. Dikii. Russian Math. Surveys 30:5 (1975) 77�113.

[8] F. Calogero, A. Degasperis. J. Math. Phys. 22 (1981) 23�31.

[9] A.S. Fokas. J. Math. Phys. 21:6 (1980) 1318�1325.
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Óäîáíàÿ ôîðìà çàïèñè ÍÑ ïîëó÷àåòñÿ ïðè ââåäåíèè ïîòåíöèàëà:

2vx = u, 2vz = q ⇒

vt = vxxx − 6v2x, pot-KdV

2vzvxxz − v2xz − 4(2vx − α)v2z + γ = 0. (6)

Óðàâíåíèå (6) èçâåñòíî êàê associated Camassa�Holm equation [10, 11].

Ñîâìåñòíîñòü óðàâíåíèé pot-KdV è (6) îçíà÷àåò ñëåäóþùåå: ïóñòü F �
ëåâàÿ ÷àñòü (6), òîãäà

Dt(F ) = A(F ),

ñ îïåðàòîðîì A = D3 − 3 vxz

vz
D2 + 3

(
v2xz

v2z
− 4vx

)
D. Ýòî ìîæíî ïðèíÿòü çà

ôîðìàëüíîå îïðåäåëåíèå ÍÑ äëÿ ýâîëþöèîííîãî óðàâíåíèÿ, íå
àïåëëèðóþùåå ê îïåðàòîðó ðåêóðñèè.

[10] J. Schi�. Physica D 121:1�2 (1998) 24�43.

[11] A.N.W. Hone. J. Phys. A 32:27 (1999) L307�314.
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Ïðîèçâîäÿùàÿ ôóíêöèÿ äëÿ âûñøèõ ñèììåòðèé

Òàê êàê

uz = qx = (R− µ)−1(ux) = −µ−1ut0 − µ−2ut1 − . . . ,
òî èìååò ìåñòî ñëåäóþùåå ñâîéñòâî.

Ñèììåòðèè ÊäÔ èìåþò âèä uti = hi+1
x , ãäå hi � êîýôôèöèåíòû

ôîðìàëüíîãî ðÿäà

q = h0 +
h1

µ
+
h2

µ2
+ . . . , h0 = −1

2
,

óäîâëåòâîðÿþùåãî óðàâíåíèþ

2qqxx − q2x − (4u+ µ)q2 +
µ

4
= 0,

÷òî ðàâíîñèëüíî ðåêóððåíòíûì ñîîòíîøåíèÿì

hi+1 =

i∑
s=0

(
hsxh

i−s
x − 2hshi−sxx + 4uhshi−s

)
+

i∑
s=1

hshi+1−s.
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Ïðåäñòàâëåíèÿ Ëàêñà

Èåðàðõèÿ ÊäÔ ñëóæèò óñëîâèåì ñîâìåñòíîñòè äëÿ ìàòðè÷íûõ óðàâíåíèé

Ψx = UΨ, Ψti = ViΨ ⇒ Uti = Vi,x + [Vi, U ],

ãäå U = V0 è âñå Vi èìåþò îáùóþ ñòðóêòóðó

M(g) =

(
−gx 2g

2(u− λ)g − gxx gx

)
.

Â ÷àñòíîñòè,

U = M(1/2) =

(
0 1

u− λ 0

)
, V1 = M(−u− 2λ).

ÍÑ (4) äîïóñêàåò ïðåäñòàâëåíèå íóëåâîé êðèâèçíû Uz = Vx + [V,U ], ãäå

V = M
( q

4(α− λ)

)
.
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Àëüòåðíàòèâíî, èìååòñÿ ïðåäñòàâëåíèå Ëàêñà â äèôôåðåíöèàëüíûõ
îïåðàòîðàõ.

ÍÑ (4) ýêâèâàëåíòíà óðàâíåíèþ

Lz = [P (L− α)−1, L] ⇔ Lz(L− α) = [P,L],

ãäå

L = −D2 + u, P = −1

2
qD +

1

4
qx.

Òàêîå ïðåäñòàâëåíèå ïîëó÷åíî â [12]; åãî âûâîä ñâÿçàí ñ êîíñòðóêöèåé
îïåðàòîðà ðåêóðñèè èç [13].

[12] V.E. Adler. J. Math. Phys. 65 (2024) 023502.

[13] M. G�urses, A. Karasu, V.V. Sokolov. J. Math. Phys. 40:12 (1999) 6473�6490.
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Ñâîéñòâî 3D-ñîâìåñòíîñòè, ïðèìåðû
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Ñîâìåñòíû ëè íåãàòèâíûå ñèììåòðèè äðóã ñ äðóãîì?

ÍÑ äëÿ ÊäÔ ñîäåðæèò ïàðàìåòð α. Ðàçíûì α îòâå÷àþò ðàçíûå ïîòîêè.

ßñíî, ÷òî îíè äîëæíû êîììóòèðîâàòü, ïîñêîëüêó ÍÑ èíòåðïðåòèðóåòñÿ
êàê ðÿä ïî α, êîýôôèöèåíòû êîòîðîãî � êîììóòàòèâíûå âûñøèå
ñèììåòðèè.

Íàîáîðîò, åñëè ÍÑ ñ ðàçíûìè α êîììóòèðóþò, òî ýòî äîêàçûâàåò
êîììóòàòèâíîñòü âûñøèõ ñèììåòðèé.

Âîçíèêàåò âîïðîñ, êàê ïðîâåðèòü êîììóòàòèâíîñòü ÍÑ íåçàâèñèìî, íå
èñïîëüçóÿ ñâîéñòâà îïåðàòîðà ðåêóðñèè è âûñøèõ ñèììåòðèé. Çàáóäåì
âîîáùå ïðî âûñøèå ñèììåòðèè, ïóñòü åñòü óðàâíåíèÿ âèäà

uxxzi = Fi(u, ux, uxx, uxxx, uzi , uxzi), i ∈ I. (7)

Òðåáóåòñÿ îïðåäåëèòü ïîíÿòèå ñîâìåñòíîñòè äëÿ íàáîðà òàêèõ óðàâíåíèé.
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3D-cîâìåñòíîñòü êâàä-óðàâíåíèé

0 i

j ij

k ik

jk ijk

Íàïîìíèì, ÷òî äëÿ äèñêðåòíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

uij = f(u, ui, uj ;αi, αj)

(èíäåêñ îçíà÷àåò ñäâèã ïî êîîðäèíàòå
ni: ui = u(ni + 1, nj)) ñîâìåñòíîñòü
ôîðìóëèðóåòñÿ íå äëÿ ïàðû óðàâíåíèé,
à äëÿ òðîéêè [14].

Òðè ñïîñîáà âû÷èñëèòü uijk ïî íà÷àëüíûì äàííûì u, ui, uj , uk äîëæíû
äàâàòü ñîâïàäàþùèå ðåçóëüòàòû.

[14] V.E. Adler, A.I. Bobenko, Yu.B. Suris. Comm. Math. Phys. 233:3 (2003) 513�543.
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3D-cîâìåñòíîñòü êâàä-óðàâíåíèé
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k ik

jk ijk

Íàïîìíèì, ÷òî äëÿ äèñêðåòíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

uij = f(u, ui, uj ;αi, αj)

(èíäåêñ îçíà÷àåò ñäâèã ïî êîîðäèíàòå
ni: ui = u(ni + 1, nj)) ñîâìåñòíîñòü
ôîðìóëèðóåòñÿ íå äëÿ ïàðû óðàâíåíèé,
à äëÿ òðîéêè [14].

Òðè ñïîñîáà âû÷èñëèòü uijk ïî íà÷àëüíûì äàííûì u, ui, uj , uk äîëæíû
äàâàòü ñîâïàäàþùèå ðåçóëüòàòû.

[16] V.E. Adler, A.I. Bobenko, Yu.B. Suris. Comm. Math. Phys. 233:3 (2003) 513�543.
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Äèñêðåòíûì àíàëîãîì ÍÑ ìîæíî ñ÷èòàòü óðàâíåíèÿ íà ïàðå ñîñåäíèõ
êâàäðàòîâ. Â [16] èññëåäîâàëàñü ñîâìåñòíîñòü ïàðû òàêèõ óðàâíåíèé:

uiij = f(u, ui, uii, uj , uij), uiik = g(u, ui, uii, uk, uik),

è îêàçàëîñü, ÷òî äîïîëíèòåëüíî íåîáõîäèìî ðàññìàòðèâàòü
2-êîìïîíåíòíûå êâàä-óðàâíåíèÿ(

ujk
uijk

)
=

(
h1

h2

)
(u, ui, uj , uij , uk, uik).

jk ijk iijk

k ik iik

j ij iij

i ii

Åñòåñòâåííî îæèäàòü ÷åãî-òî ïîäîáíîãî è â íåïðåðûâíîì ñëó÷àå.

[16] V.E. Adler, V.V. Postnikov. J. Phys. A: Math. Theor. 47:4 (2014) 045206.
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Ïðèìåð Ôåðàïîíòîâà

Ñëåäóþùàÿ òðîéêà 3D-ñîâìåñòíà:

uxy = sinhu
√

1 + u2x,

uyz = coshu
√

1 + u2z,

uxz =
√

1 + u2x
√

1 + u2z.

Ïåðåêð¼ñòíûå ïðîèçâîäíûå äëÿ êàæäîé ïàðû óðàâíåíèé ñîâïàäàþò, ïðè
óñëîâèè, ÷òî âûïîëíÿåòñÿ òðåòüå. Íàïðèìåð, äëÿ ïåðâûõ äâóõ:

(uxy)z − (uxz)y = (uxz −
√

1 + u2x
√

1 + u2z)

(
uz coshu√

1 + u2z
− ux sinhu√

1 + u2x

)
,

÷òî îáðàùàåòñÿ â 0 â ñèëó òðåòüåãî óðàâíåíèÿ. Àíàëîãè÷íî è äëÿ äðóãèõ
ïàð: êàæäîå óðàâíåíèå òðîéêè âîññòàíàâëèâàåòñÿ ïî äâóì äðóãèì, åñëè â
ðàâåíñòâå äëÿ ïåðåêð¼ñòíûõ ïðîèçâîäíûõ îòáðàñûâàòü ìíîæèòåëè ñ
ìëàäøèìè ïðîèçâîäíûìè.

[17] E.V. Ferapontov. J. Phys. A 30:19 (1997) 6861�6878.
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Õîðîøî èçâåñòíî, ÷òî ãèïåðáîëè÷åñêèå óðàâíåíèÿ ñëóæàò ñèììåòðèÿìè
äëÿ ýâîëþöèîííûõ, ñì. íàïð. [18]. Òàêèå óðàâíåíèÿ ìîæíî ñ÷èòàòü
ñïåöèàëüíûì ñëó÷àåì ÍÑ.

Îäíàêî, ïî-âèäèìîìó, ñîâìåñòíûå òðîéêè äëÿ íèõ � ýòî ðåäêîñòü.

[18] A.G. Meshkov, V.V. Sokolov. Theor. Math. Phys. 166:1 (2011) 43�75.

Â.Ý. Àäëåð Íåãàòèâíûå ñèììåòðèè 18 àïðåëÿ 2024 21 / 69

https://doi.org/10.1007/s11232-011-0004-3


3D-cîâìåñòíîñòü íåãàòèâíûõ ñèììåòðèé

Îïðåäåëåíèå. Óðàâíåíèÿ

uxxzi = Fi(u, ux, uxx, uxxx, uzi , uxzi), i ∈ I, (8)

3D-ñîâìåñòíû, åñëè èõ ìîæíî äîïîëíèòü óðàâíåíèÿìè

uzizj = Gij(u, ux, uxx, uzi , uxzi , uzj , uxzj ), i 6= j, (9)

òàêèìè, ÷òî Gij = Gji è, äëÿ ïîïàðíî ðàçëè÷íûõ i, j, k ∈ I,

Dzi(Fj) = Dzj (Fi) = D2
x(Gij), (10)

Dzi(Gjk) = Dzj (Gik) = Dzk(Gij), (11)

òîæäåñòâåííî â ñèëó (8), (9) è äèôôåðåíöèàëüíûõ ñëåäñòâèé
uxxxzi = Dx(Fi), uxzizj = Dx(Gij).

Îòñþäà ñëåäóåò ñîâïàäåíèå ëþáûõ ïåðåêð¼ñòíûõ ïðîèçâîäíûõ, ÷òî
ãàðàíòèðóåò ñóùåñòâîâàíèå ëîêàëüíûõ ðåøåíèé îáùåãî âèäà,
óäîâëåòâîðÿþùèõ îäíîâðåìåííî âñåìó íàáîðó óðàâíåíèé.
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Êîíñòðóêòèâíî ëè ýòî îïðåäåëåíèå? Óðàâíåíèÿ (9) çàðàíåå íå èçâåñòíû,
íî èõ ìîæíî âîññòàíîâèòü ïðÿìûì âû÷èñëåíèåì � åñëè îíè ñóùåñòâóþò.

Ïåðâûé øàã:

0 = Dzi(Fj)−Dzj (Fi) = Pij(u, ux, uxx, uxxx, uzi , uxzi , uzj , uxzj , uzizj , uxzizj ),

ãäå â ïðàâîé ÷àñòè ïðîèçâîäíûå òèïà uxxxz è uxxz èñêëþ÷åíû èç (8).
Ðàçðåøàÿ ýòî óðàâíåíèå îòíîñèòåëüíî uxzizj , ïîëó÷àåì

uxzizj = Hij(u, ux, uxx, uxxx, uzi , uxzi , uzj , uxzj , uzizj ). (12)

Ýòî äîëæíî áûòü ñëåäñòâèåì (9), ÷òîáû ñîâìåñòíîñòü èìåëà ìåñòî.

Âòîðîé øàã:

0 = Dx(Hij)−Dzj (Fi) = Qij(u, ux, uxx, uxxx, uxxxx, uzi , uxzi , uzj , uxzj , uzizj ),

ãäå èñêëþ÷àþòñÿ uxxxz, uxxz è uxzizj . Ðàçðåøàÿ îòíîñèòåëüíî uzizj ,
ïîëó÷àåì èñêîìîå óðàâíåíèå (9).

Ïîñëå ýòîãî îñòà¼òñÿ òîëüêî ïðîâåðèòü ðàâåíñòâà Dx(Gij) = Hij è
Dzi(Gjk) = Dzj (Gik).
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Pot-KdV

Ñëåäóþùèå óðàâíåíèÿ 3D-ñîâìåñòíû:

vxxzi =
v2xzi − γi

2vzi
+ 2(2vx − αi)vzi , (13)

vzizj =
vzivxzj − vzjvxzi

αi − αj
, αi 6= αj . (14)

Ïðîäåìîíñòðèðóåì âûâîä äîïîëíèòåëüíûõ óðàâíåíèé (14). Íà ïåðâîì
øàãå, ðàâåíñòâî (vxxzi)zj = (vxxzj )zi äà¼ò

vxzizj =

(
2(αi − αj)vzivzj +

γjvzi
2vzj

−
γivzj
2vzi

)
vzizj

vzjvxzi − vzivxzj

+
1

2

(
vxzi
vzi

+
vxzj
vzj

)
vzizj + 4vzivzj .

(15)
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Íà âòîðîì øàãå, óñëîâèå (vxzizj )x = (vxxzi)zj ïðèâîäèò ê
ôàêòîðèçîâàííîìó óðàâíåíèþ

((αi − αj)vzizj + vzjvxzi − vzivxzj )×

×
(v2ziv

2
xzj − v

2
zjv

2
xzi − 4(αi − αj)v2ziv

2
zj + γiv

2
zj − γjv

2
zi)

(vzjvxzi − vzivxzj )2
= 0.

Ïðèðàâíèâàÿ ïåðâûé ìíîæèòåëü íóëþ, ïîëó÷àåì (14).

Äàëåå, ïðîâåðÿåì, ÷òî ðàâåíñòâî (vzizj )x = vxzizj âûïîëíÿåòñÿ
òîæäåñòâåííî. Äèôôåðåíöèðîâàíèå (14) ïî x äà¼ò

vxzizj = 2vzivzj +
1

2(αi − αj)

(
vzi
vzj

(v2xzj − γj)−
vzj
vzi

(v2xzi − γi)
)
. (16)

Ýòî ñîâïàäàåò ñ (15) ïðè çàìåíå vzizj â ñèëó (14), òî åñòü (15) ÿâëÿåòñÿ
ñëåäñòâèåì (14) è (13).

Íàêîíåö, íà çàêëþ÷èòåëüíîì ýòàïå ïðîâåðÿåì âûïîëíåíèå òîæäåñòâ (11),
òî åñòü (vzizj )zk = (vzizk)zj , ÷òî çàâåðøàåò äîêàçàòåëüñòâî
3D-cîâìåñòíîñòè.
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Çàìå÷àíèå. Óðàâíåíèå (14)

vzizj =
vzivxzj − vzjvxzi

αi − αj
, αi 6= αj

� ýòî ñàìîñòîÿòåëüíîå 3D èíòåãðèðóåìîå óðàâíåíèå, ñâÿçàííîå ñ
óíèâåðñàëüíîé ãèäðîäèíàìè÷åñêîé èåðàðõèåé Àëîíñî�Øàáàòà [19].
Â [20] áûëî ïîêàçàíî, ÷òî äëÿ íåãî âûïîëíÿåòñÿ òîæäåñòâî

(vzizj )zk = (vzizk)zj .

Óðàâíåíèÿ (13) ïðè ýòîì íå íóæíû, îíè ëèøü îïðåäåëÿþò 2D ðåäóêöèþ
ýòîãî 3D-óðàâíåíèÿ, ñîõðàíÿþùóþ ñâîéñòâî ñîâìåñòíîñòè.

Îäíàêî, â îáùåì ñëó÷àå, â îïðåäåëåíèè 3D-ñîâìåñòíîñòè íå òðåáóåòñÿ,
÷òîáû òîæäåñòâà (11) âûïîëíÿëèñü áåç ó÷¼òà (8).

[19] L. Mart��nez Alonso, A.B. Shabat. Phys. Lett. A 300:1 (2002) 58�64; Theor. Math.
Phys. 140:2 (2004) 1073�1085.

[20] V.E. Adler, A.B. Shabat. Theor. Math. Phys. 153:1 (2007) 1373�1387.
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Schwarzian-KdV

Îïåðàòîð ðåêóðñèè:

R = D2
x −

2uxx
ux

Dx +
uxxx
ux
− u2xx

u2x
− uxD−1x ·

(
uxxxx
u2x

− 4uxxuxxx
u3x

+
3u3xx
u4x

)
Ñèììåòðèè:

ut0 = ux, ut = R(ux) = uxxx −
3u2xx
2ux

, . . .

Íåãàòèâíûå ñèììåòðèè R(uzi) = 4αiuzi :

uxxzi =
u2xzi − γiu

2
x

2uzi
+
uxxuxzi
ux

+ 2αiuzi (17)

3D-ñîâìåñòíîñòü: äîïîëíèòåëüíûå óðàâíåíèÿ

uzizj =
αiuziuxzj − αjuzjuxzi

(αi − αj)ux
, αi 6= αj
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Óðàâíåíèå ÊäÔ íå èìååò ãèïåðáîëè÷åñêèõ ñèììåòðèé, òî åñòü,
ïðîñòåéøàÿ ÍÑ äëÿ íåãî èìååò âèä uxxz = . . .

Â îòëè÷èå îò íåãî, Schwarzian-KdV ñîâìåñòíî ñ íåñêîëüêèìè
ãèïåðáîëè÷åñêèìè óðàâíåíèÿìè:

uxz = 2ux
√
uz,

uxz = 2uux,

uxz =
2uuxuz
u2 + 1

.

Èç íèõ ïåðâîå îïðåäåëÿåò ñïåöèàëüíûå ðåøåíèÿ (17) ïðè α = γ = 0, à äâà
äðóãèõ èìåþò êàêîå-òî äðóãîå ïðîèñõîæäåíèå.
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Óðàâíåíèå Äèìà

Îïåðàòîð ðåêóðñèè:

R = u2D2
x − uuxDx + uuxx + u3uxxxD

−1
x u−2 = u3D3

xuD
−1
x u−2

Çàòðàâî÷íàÿ ñèììåòðèÿ ñîâïàäàåò ñ ñàìèì óðàâíåíèåì:

ut = u3uxxx

Íåãàòèâíàÿ ñèììåòðèÿ (R− α)(uz) = 0:

uz = u2qx, u3(uq)xxx − αu2qx = 0

Ïîòåíöèàëüíàÿ âåðñèÿ (çàìåíà x↔ v äà¼ò Schwarzian KdV):

vt = −vxxx
v3x

+
3v2xx
2v4x

, u = − 1

vx
, q = vz

2
vzi
vx

(
vzi
vx

)
xx

=

(
vzi
vx

)2

x

+ αiv
2
zi + γi

vzizj =
αivzjvxzi − αjvzivxzj

(αi − αj)vx
, αi 6= αj
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Âûâîä ÍÑ èç öåïî÷åê

Îïåðàòîð ðåêóðñèè � íå åäèíñòâåííûé ìåòîä ïîñòðîåíèÿ ÍÑ. Äðóãîé
ñïîñîá (äëÿ óðàâíåíèé òèïà ÊäÔ) ñâÿçàí ñ àññîöèèðîâàííûìè
óðàâíåíèÿìè äëÿ ñîâìåñòíîé ïàðû öåïî÷åê âèäà

un+1,x = a(un,x, un, un+1;α), un,z = b(un−1, un, un+1). (18)

Ïåðâûå ïðèìåðû òàêèõ ïàð ïîÿâèëèñü â [21].

Äèôôåðåíöèðóÿ âòîðîå óðàâíåíèå ïî x è çàìåíÿÿ un±1,x â ñèëó ïåðâîãî,
ïîëó÷àåì

un,z = b(un−1, un, un+1)
Dx−−→ un,xz = b(un−1, un, un+1, un,x).

Îòñþäà âûðàæàåòñÿ un+1 = ϕ(u, ux, uz, uxz), ãäå u = un, è ïîäñòàíîâêà â
ïåðâîå óðàâíåíèå (18) äà¼ò òî, ÷òî íóæíî:

uxxz = f(u, ux, uxx, uz, uxz;α).

[21] R.I. Yamilov. Theor. Math. Phys. 85:3 (1990) 1269�1275.
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Ñèìâîëè÷åñêè,

negative �ow(x, z;α) =
Volterra chain(n, z)

dressing chain(n, x;α)
.

Ïðîñòåéøèé ïðèìåð:

Îäåâàþùàÿ öåïî÷êà è öåïî÷êà òèïà Âîëüòåððû

vn+1,x + vn,x = (vn+1 − vn)2 + α, vn,z =
β

vn+1 − vn−1

ñîâìåñòíû; â ñèëó ýòèõ óðàâíåíèé ïåðåìåííàÿ v = vn óäîâëåòâîðÿåò ÍÑ
äëÿ pot-KdV (6) c γ = β2:

2vzvxxz − v2xz − 4(2vx − α)v2z + β2 = 0.
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Ñèìâîëè÷åñêè,

negative �ow(x, z;α) =
Volterra chain(Xn, z)
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Îòñþäà ñòàíîâèòñÿ ïîíÿòíî, ÷òî 3D-ñîâìåñòíîñòü íåãàòèâíûõ ñèììåòðèé
òåñíî ñâÿçàíà ñ 3D-ñîâìåñòíîñòüþ êâàä-óðàâíåíèé, ñ êîòîðîé ìû
íà÷èíàëè. Êâàä-óðàâíåíèÿ îïðåäåëÿþò ïðèíöèï íåëèíåéíîé
ñóïåðïîçèöèè äëÿ ïðåîáðàçîâàíèé Áýêëóíäà, òî åñòü, äëÿ îäåâàþùèõ
öåïî÷åê. Âñå óðàâíåíèÿ ðàñïðîñòðàíÿþòñÿ íà ìíîãîìåðíóþ ðåøåòêó.

Íàïðèìåð, äëÿ îäåâàþùåé öåïî÷êè âîçíèêàåò óðàâíåíèå

(v − TiTj(v))(Ti(v)− Tj(v)) = αi − αj ,

ãäå Ti : v(. . . , ni, . . . ) 7→ v(. . . , ni + 1, . . . ). Ýòè óðàâíåíèÿ îïðåäåëåíû íà
êàæäîì 2D ñå÷åíèè ìíîãîìåðíîé ðåøåòêè, à êàæäîé ïåðåìåííîé ni
îòâå÷àåò ñâîÿ ïàðà öåïî÷åê

Ti(vx) + vx = (Ti(v)− v)2 + αi, vzi =
βi

Ti(v)− T−1i (v)
.

Â ðåçóëüòàòå, ñ êàæäûì êîîðäèíàòíûì íàïðàâëåíèåì ni àññîöèèðîâàíà
ñâîÿ ÍÑ ñ ïåðåìåííîé ∂zi è ïàðàìåòðàìè αi, βi, à èõ ñîâìåñòíîñòü
ÿâëÿåòñÿ ñëåäñòâèåì ñîâìåñòíîñòè öåïî÷åê òèïà Âîëüòåððû íà
êâàäðàòíîé ðåøåòêå.
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Ñëåäóåò îòìåòèòü, ÷òî ñîâìåñòíîñòü öåïî÷åê òèïà Âîëüòåððû ñ
êâàä-óðàâíåíèÿìè èññëåäîâàëàñü âî ìíîæåñòâå ðàáîò. Îäíàêî, èõ
èíòåðïðåòàöèÿ êàê ÍÑ, âðîäå áû, ÿâëÿåòñÿ íîâîé.

[22] F.W. Nijho�, V.G. Papageorgiou. Phys. Lett. A 153:6�7 (1991) 337�344.

[23] F.W. Nijho�, A.J. Walker. Glasgow Math. J. 43A (2001) 109�123.

[24] F.W. Nijho�, A. Ramani, B. Grammaticos, Y. Ohta. Studies in Appl. Math. 106:3
(2001) 261�314.

[25] A. Tongas, D. Tsoubelis, P. Xenitidis. J. Math. Phys. 42:12 (2001) 5762�5784.

[26] A. Tongas, D. Tsoubelis, P. Xenitidis. Phys. Lett. A 284:6 (2001) 266�274.

[27] D. Tsoubelis, P. Xenitidis. J. Phys. A: Math. Theor. 42:16 (2009) 165203.

[28] P.D. Xenitidis. J. Phys. A: Math. Theor. 44:43 (2011) 435201.

[29] P.D. Xenitidis. Proc. R. Soc. A 474 (2018) 20180340.

[30] R.N. Garifullin, I.T. Habibullin, R.I. Yamilov. J. Phys. A: Math. Theor. 48:23 (2015)
235201.

[31] R.N. Garifullin, I.T. Habibullin. J. Phys. A: Math. Theor. 54:20 (2021) 205201.
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Óðàâíåíèå Êðè÷åâåðà�Íîâèêîâà

ut = uxxx −
3(u2xx − r(u))

2ux
, r = 4u3 − g2u− g3.

Îïåðàòîð ðåêóðñèè èìååò ïîðÿäîê 4 è ïåðåïðûãèâàåò ÷åðåç ñèììåòðèè.
Ïîñòðîåííàÿ ïî íåìó ÍÑ äîïóñêàåò ïîíèæåíèå ïîðÿäêà è ðåçóëüòàò
ìîæåò áûòü çàïèñàí â âèäå ñëåäóþùåé ñèñòåìû:

uz =
u2xq

2
x − r(u)q2

(u− α)q
− u− α

q
, (19)

ãäå q � íåëîêàëüíàÿ ïåðåìåííàÿ, îïðåäåëÿåìàÿ óðàâíåíèÿìè

2qqxx − q2x + 2qqx

(
uxx
ux
− ux
u− α

)
− q2

(
r(u)

u2x
− 2γ

u− α

)
+

(u− α)2

u2x
= 0,

qt = −qx
(
uxxx
ux
− u2xx − r(u)

2u2x
− 2(uxx − γ)

u− α

)
− q

ux

(
2(γuxx − r(u))

u− α
+ r′(u)

)
,

γ2 = r(α).
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Ýòî áûëî ïîêàçàíî â [12], ñòàðòóÿ ñ îïåðàòîðà ðåêóðñèè äëÿ ñèñòåìû
Äðèíôåëüäà�Ñîêîëîâà, äëÿ êîòîðîé ÊÍ ñëóæèò ðåäóêöèåé. Èñêëþ÷åíèå
q ïðèâîäèò ê âåñüìà ãðîìîçäêîìó óðàâíåíèþ âèäà uxxz = . . .
Äðóãîé âûâîä îñíîâàí íà ñîâìåñòíîé ïàðå öåïî÷åê

un,xun+1,x = h(un, un+1), un,z =
h(un, un+1)

un+1 − un−1
− 1

2

∂h(un, un+1)

∂un+1
, (20)

ãäå h � ñèììåòðè÷íûé áèêâàäðàòè÷íûé ìíîãî÷ëåí, äèñêðèìèíàíò
êîòîðîãî ñîâïàäàåò ñ r(u):

h(u, v) = h(v, u), huuu = 0, r(u) = h2v − 2hhvv.

Â ÷àñòíîñòè, r(u) = 4u3 − g2u− g3 îòâå÷àåò

h =
1

γ
((uv + αu+ αv + g2/4)2 − (u+ v + α)(4αuv − g3)), γ2 = r(α).

Ïàðà (20) ñîâìåñòíà � ýòî ëåãêî ïðîâåðÿåòñÿ äëÿ ëþáîãî h. Ïðÿìûìè
âû÷èñëåíèÿìè ìîæíî äîêàçàòü, ÷òî îíà ýêâèâàëåíòíà ñèñòåìå (19). Íî,
ïî-âèäèìîìó, â ýòîì ïðèìåðå èñêëþ÷åíèå ñäâèãîâ äåëàòü
íåöåëåñîîáðàçíî è ÍÑ ñëåäóåò ïîíèìàòü ïðîñòî êàê ñàìó ïàðó (20).
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Íåàâòîíîìíûå ðåäóêöèè äëÿ ÊäÔ
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Äîïîëíèòåëüíûå ñèììåòðèè

Óðàâíåíèå ÊäÔ èìååò íå îäíó çàòðàâî÷íóþ ñèììåòðèþ, à äâå:

ut0 = ux, uτ0 = 6tux − 1 (ñèììåòðèÿ Ãàëèëåÿ)

Ñîîòâåòñòâåííî, îïåðàòîð ðåêóðñèè R = D2 − 4u− 2uxD
−1 ïîðîæäàåò äâå

ñåðèè ñèììåòðèé

utn = Rn(ux) = D(hn), uτn = Rn(6tux − 1).

Â ÷àñòíîñòè, ñêåéëèíã è ìàñòåð-ñèììåòðèÿ èìåþò âèä

uτ1 = 3t(uxx − 3u2)x + xux + 2u,

uτ2 = 3t(uxxxx − 10uuxx − 5u2x + 10u3)x + x(uxxx − 6uux)

+ 4uxx − 8u2 − 2uxD
−1(u).

Êîììóòàöèîííûå ñîîòíîøåíèÿ:

[∂ti , ∂tj ] = 0, [∂τi , ∂tj ] = (4j + 2)∂tj+i−1
, [∂τi , ∂τj ] = 4(j − i)∂τj+i−1
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Ñòðóííûå óðàâíåíèÿ

Îòêðûòîé çàäà÷åé ÿâëÿåòñÿ èññëåäîâàíèå ðåøåíèé ñòàöèîíàðíûõ
óðàâíåíèé îáùåãî âèäà

A(R)(ux) +B(R)(6tux − 1) = 0 −→ ?

Êëàññè÷åñêèå ðåäóêöèè:

ut1 + uτ0 = 0 −→ uξξ = 6u2 + ξ P1

uτ1 = 0 −→ fξξ = 2f3 + ξf + α P2

Òàêæå èçó÷àþòñÿ èõ âûñøèå àíàëîãè:

Pn1 : utn + uτ0 = 0, Pn2 : utn + uτ1 = 0.

[32] G. Moore. Comm. Math. Phys. 133:2 (1990) 261�304.

[33] N.A. Kudryashov. Phys. Lett. A 224:6 (1997) 353�360; J. Phys. A: Math. Gen. 35
(2002) 93�99.

[34] M. Mazzocco, M.Y. Mo. Nonlinearity 20:12 (2007) 2845�2882.
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Ó ýòèõ óðàâíåíèé åñòü ñïåöèàëüíûå ðåøåíèÿ ñ íåñòàíäàðòíîé
àñèìïòîòèêîé, âàæíûå ñ òî÷êè çðåíèÿ ôèçè÷åñêèõ ïðèëîæåíèé, õîòÿ
âûäåëèòü èõ èç ðåøåíèé îáùåãî âèäà êðàéíå íåïðîñòî. Â ÷àñòíîñòè, P2

1

uxxxx − 10uuxx − 5u2x + 10u3 + 6tu+ x = 0

ñîäåðæèò åäèíñòâåííîå ðåøåíèå ñ
àñèìïòîòèêîé 10u3 + 6tu+ x = 0,
x→ ±∞, êîòîðîå äàåò òî÷íîå
ðåøåíèå â çàäà÷å
Ãóðåâè÷à�Ïèòàåâñêîãî [37] îá
îïðîêèäûâàíèè ôðîíòà óäàðíîé
âîëíû [35, 36].

[35] B.I. Suleimanov. JETP 78:5 (1994) 583�587.

[36] B. Dubrovin. Commun. Math. Phys. 267 (2006) 117�139.

[37] A.V. Gurevich, L.P. Pitaevskii. JETP Lett. 17:5 (1973) 193�195; Sov. Phys.-JETP
38:2 (1974) 291�297.
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Â [38] áûëî ðàññìîòðåíî óðàâíåíèå uτ2 + auτ1 + buτ0 = 0:

3t(uxxxx − 10uuxx − 5u2x + 10u3)x

+ x(uxxx − 6uux) + 4uxx − 8u2 − 2uxD
−1(u)

+ a(3t(uxxx − 6uux) + xux + 2u) + b(6tux − 1) = 0

(21)

×èñëåííûé ñ÷¼ò ïîçâîëÿåò âûäåëèòü
â íåì ðåøåíèÿ äðóãîé çàäà÷è
Ãóðåâè÷à�Ïèòàåâñêîãî, î ðàñïàäå
ñòóïåíüêè. Êàê âèäèì, çäåñü
óðàâíåíèå âûãëÿäèò äîâîëüíî
ãðîìîçäêî. Íåãàòèâíûå ñèììåòðèè
äàþò ñïîñîá âûáðàòü ðàçóìíûå
ïåðåìåííûå. Ýòî íå ïîçâîëÿåò
âûäåëèòü èíòåðåñóþùèå íàñ
ðåøåíèÿ, íî âñå æå êàæåòñÿ øàãîì â
ïðàâèëüíîì íàïðàâëåíèè.

[38] V.E. Adler. J. Nonl. Math. Phys. 27:3 (2020) 478�493.
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×èñëåííûé ñ÷¼ò äëÿ (21)

Ñ ó÷¼òîì òî÷å÷íûõ çàìåí, â (21) ìîæíî ñ÷èòàòü, íå òåðÿÿ îáùíîñòè, ÷òî
a = −4 è b = 0. Òàêæå ñäåëàåì çàìåíó u→ −u (äëÿ íàãëÿäíîñòè, ÷òîáû
ñîëèòîí áûë ãîðáèêîì, à íå ÿìêîé). Òîãäà çàäà÷à ñâîäèòñÿ ê
ñòàöèîíàðíîìó óðàâíåíèþ äëÿ ñóììû äâóõ ÍÑ è ñèììåòðèè Ãàëèëåÿ, ÷òî
ýêâèâàëåíòíî ñëåäóþùåé ñèñòåìå:

2qqxx = q2x − 4uq2 − γ0,

2ppxx = p2x − 4(u− 1)p2 − γ1,

u := − x
6t

+
p+ q

3t
,

(22)

 qt = 2uqx − 2uxq,

pt = 2(u− 1)px − 2uxp,
(23)

Ýòè ñèñòåìû ñîâìåñòíû è â ñèëó íèõ âûïîëíåíî óðàâíåíèå
ut = uxxx + 6uux.
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Èç-çà äåëåíèÿ íà t, ïðÿìàÿ t = 0 îñîáàÿ. Ðåøåíèå îáùåãî ïîëîæåíèÿ
èìååò íà íåé ñèíãóëÿðíîñòü.

Ïðîñòåéøèé òî÷íûé ïðèìåð ñèíãóëÿðíîãî ðåøåíèÿ: u = − x
6t
.

Â ïîëóïëîñêîñòè t < 0 (èëè t > 0) ðåøåíèå ñòðîèòñÿ òàê:

Íà÷àëüíûå äàííûå â òî÷êå (x0, t0), t0 < 0.
↓

Ðåøåíèå ñèñòåìû (23) ïî t ïðè x = x0.
Ýòî íà÷àëüíûå äàííûå äëÿ ñèñòåìû (22).

↓
Ðåøåíèå ñèñòåìû (22) ïî x ïðè âñåõ t ∈ (−∞, 0).

Èëè íàîáîðîò, ìîæíî ñíà÷àëà ðåøèòü ñèñòåìó (22) ïðè t = t0, çàòåì ñ
ýòèìè íà÷àëüíûìè äàííûìè ðåøàòü ñèñòåìó (23) ïðè âñåõ x.

Äëÿ íåêîòîðîé îáëàñòè â ïðîñòðàíñòâå íà÷àëüíûõ äàííûõ, ðåøåíèÿ íå
èìåþò îñîáåííîñòåé ïðè x ∈ R è t ∈ R<0. Â ýòîì ñëó÷àå îáà ñïîñîáà
ïîñòðîåíèÿ ðåøåíèÿ äàþò îäíî è òî æå.
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Ïðè íåáîëüøèõ x òèïè÷íîå ðåøåíèå âûãëÿäèò, êàê îñöèëëÿöèè îêîëî
u = 1, íî, íà ñàìîì äåëå, îíî ðàñòåò ïî x íà îäíîé ïîëóîñè. Ïðè
óìåíüøåíèè |t| ðîñò çàìåòåí óæå ïðè íåáîëüøèõ x, à íà äðóãîé ïîëóîñè
óñèëèâàþòñÿ îñöèëëÿöèè. Ïðè t→ 0 âîçíèêàåò ñèíãóëÿðíîñòü.
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Äàëåå ðàññìàòðèâàåì òîëüêî ðåøåíèÿ, ðåãóëÿðíûå ïðè t = 0. Äëÿ íèõ íà
ýòîé ïðÿìîé ïîðÿäîê óðàâíåíèÿ ïàäàåò: èìååì p+ q = x/2 è

qqxx − q2x + 4uq2 − γ0 = 0,

2(q − x/2)qxx − (qx − 1/2)2 + 4(u− 1)(q − x/2)2 − γ1 = 0.
(24)

Ïîñëå èñêëþ÷åíèÿ u, íà q ïîëó÷àåòñÿ óðàâíåíèå ïîðÿäêà 2,
ýêâèâàëåíòíîå P3.

Â ñâîþ î÷åðåäü, ñèñòåìà (24) èìååò îñîáóþ òî÷êó x = 0. Äëÿ ðåøåíèé,
ðåãóëÿðíûõ â ýòîé òî÷êå, íà÷àëüíûå óñëîâèÿ îïðåäåëÿþòñÿ îäíèì
ïàðàìåòðîì

u(0, 0) = 2qx(0, 0) + 1 = c.

Òàêèì îáðàçîì, óñëîâèå ðåãóëÿðíîñòè ïîíèæàåò ðàçìåðíîñòü åù¼ íà
åäèíèöó. Â îêðåñòíîñòè x = 0 ðåãóëÿðíûå ðåøåíèÿ ñòðîÿòñÿ â âèäå ðÿäîâ
Òåéëîðà, èõ ðàäèóñ ñõîäèìîñòè ïîðÿäêà 1. Äàëüøå ðåøåíèå ìîæíî
ïðîäîëæèòü, ÷èñëåííî ðåøàÿ (24).
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Ðåøåíèÿ ìîãóò èìåòü ïîëþñû è ïðè x 6= 0. Îäíàêî, ÷èñëåííûå
ýêñïåðèìåíòû ïîêàçûâàþò, ÷òî èìååòñÿ îáëàñòü íà÷àëüíûõ äàííûõ, äëÿ
êîòîðûõ ðåøåíèÿ ðåãóëÿðíû íà âñåé îñè. Òèïè÷íîå òàêîå ðåøåíèå èìååò
âèä ìåäëåííî çàòóõàþùèõ (êàê x−1) îñöèëëÿöèé îêîëî u = 1,
ðàçäåëåííûõ ïðîâàëîì îêîëî 0, ïðè÷åì àìïëèòóäà îñöèëëÿöèé ñëåâà è
ñïðàâà ðàçíàÿ.

-100 -50 50 100
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Èòàê, âñå ðåãóëÿðíûå ðåøåíèÿ íàøèõ óðàâíåíèé ïàðàìåòðèçóþòñÿ òðåìÿ
÷èñëàìè: γ0, γ1 è åäèíñòâåííûì íà÷àëüíûì äàííûì c â òî÷êå (0, 0).

Ñíà÷àëà ìû ñòðîèì ïî íèì ðåøåíèå ïðè t = 0, ÷òî îêàçûâàåòñÿ íå î÷åíü
ñëîæíûì ñ âû÷èñëèòåëüíîé òî÷êè çðåíèÿ.

Äàëüøå òðåáóåòñÿ ïðîäîëæèòü åãî íà âñå çíà÷åíèÿ t. Ýòî áîëåå ñëîæíûé
ýòàï. Îí òîæå ñâîäèòñÿ ê ðåøåíèþ ÎÄÓ, íî èç-çà 1/t óðàâíåíèÿ êðàéíå
íåóñòîé÷èâû (æåñòêèå ñèñòåìû) è ðåøåíèÿ ñáèâàþòñÿ íà ñèíãóëÿðíûå.
Ïîýòîìó, íà ïðàêòèêå, ýòî ðàáîòàåò, íî íå î÷åíü õîðîøî. Âîçìîæíî,
òðåáóåòñÿ êàêàÿ-òî íåòðèâèàëüíàÿ çàìåíà ïåðåìåííûõ.

Òåì íå ìåíåå, ñ÷èòàòü ìîæíî.

Âàðüèðóÿ íà÷àëüíûå äàííûå äëÿ ñèñòåìû (24) (òî åñòü, ïðè t = 0),
ìîæíî çàìåòèòü óøèðåíèå öåíòðàëüíîãî ïðîâàëà â ìîìåíò,
ïðåäøåñòâóþùèé îáðàçîâàíèþ ïîëþñà. Íà îäíîé ïîëóîñè ðåøåíèå
ïðàêòè÷åñêè íå ìåíÿåòñÿ, à íà äðóãîé îñöèëëÿöèè îòúåçæàþò âñå äàëüøå
è äàëüøå. Ýòî íàïîìèíàåò ïðåäåëüíûé ïåðåõîä îò êíîèäàëüíîé âîëíû ê
ñîëèòîíó, íî çàòðàãèâàåò ëèøü îäíó âïàäèíó. Ïðèìåíÿÿ ìåòîä
ïðèñòðåëêè äëÿ ïîäáîðà íà÷àëüíîãî çíà÷åíèÿ, ìîæíî ïîëó÷èòü
ñåïàðàòðèñíîå ðåøåíèå â âèäå ñòóïåíüêè.
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Ãèïîòåçà. Ðåøåíèÿ òèïà ñòóïåíüêè ñ àñèìïòîòèêîé u→ 0, x→ −∞,
u→ 1, x→ +∞ ñóùåñòâóþò ïðè íåêîòîðûõ äâóõ çíà÷åíèÿõ c äëÿ ëþáûõ
çíà÷åíèé γ0 > −1 è γ1 < 0.

Â.Ý. Àäëåð Íåãàòèâíûå ñèììåòðèè 18 àïðåëÿ 2024 49 / 69



Ïðîìåæóòî÷íîå ðåøåíèå ñ øèðîêîé ÿìîé:
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Âîëíà ñæàòèÿ (ýâîëþöèÿ â ñòîðîíó t > 0).
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Âîëíà ðàçðåæåíèÿ (ýâîëþöèÿ â ñòîðîíó t < 0).
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Âèä ñâåðõó. Âûäåëåíû ëó÷è x = −6t, t < 0 è x = −4t, t > 0.
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Èòàê, ÊäÔ äîïóñêàåò ðåøåíèÿ, îïðåäåëÿåìûå ïàðîé ÎÄÓ (22) è (23).
×èñëåííûå ýêñïåðèìåíòû ïîêçûâàþò, ÷òî â ýòèõ ÎÄÓ åñòü òàêàÿ
ïîñëåäîâàòåëüíîñòü âûðîæäåíèé:

ðåøåíèÿ îáùåãî ïîëîæåíèÿ (6 ïàðàìåòðîâ)
↓

ðåøåíèÿ, ðåãóëÿðíûå ïðè t = 0 (4 ïàðàìåòðà),
óðàâíåíèå P3

↓
ðåøåíèÿ, ðåãóëÿðíûå ïðè x = 0, t = 0 (3 ïàðàìåòðà),

ÿâíîå ñïåöèàëüíîå íà÷àëüíîå óñëîâèå
↓

ñåïàðàòðèñíûå ðåøåíèÿ òèïà ñòóïåíüêè (2 ïàðàìåòðà),
íåÿâíîå ñïåöèàëüíîå íà÷àëüíîå óñëîâèå (ïðèñòðåëêà)

Ýôôåêòèâíîñòü âûäåëåíèÿ î÷åðåäíîãî ïîäêëàññà ïàäàåò íà êàæäîì
øàãå: ÷èñëåííûé ñ÷¼ò ïîñòîÿííî ñáèâàåòñÿ íà ðåøåíèÿ áîëåå îáùåãî âèäà.
Äëÿ äâóõ ïîñëåäíèõ êëàññîâ ðåøåíèé íóæíà àäåêâàòíàÿ õàðàêòåðèçàöèÿ.

Òåì íå ìåíåå, îáíàä¼æèâàåò ñàì ôàêò, ÷òî äëÿ ðåøåíèé òèïà ñòóïåíüêè
óäàëîñü íàéòè õîòü êàêèå-òî äèôôåðåíöèàëüíûå óðàâíåíèÿ.
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n-êîìïîíåíòíûé àíàëîã P34

Ïóñòü degA ≤ degB = n, B = (R+ 4α1) · · · (R+ 4αn), αi 6= αj .

Òîãäà óðàâíåíèå A(R)(ux) +B(R)(6tux − 1) = 0 ýêâèâàëåíòíî ñèñòåìå

qj,xx =
q2j,x − β2

j

2qj
+ 2(u− αj)qj , j = 1, . . . , n, (25)

u :=
x

6t
+

1

3t
(q1 + · · ·+ qn). (26)

Âåêòîðíîå ïîëå ∂x êîììóòèðóåò ñ ∂t, çàäàííûì óðàâíåíèåì

qj,t = 2uxqj − 2(u+ 2αj)qj,x. (27)

Ïåðåìåííàÿ u óäîâëåòâîðÿåò ÊäÔ â ñèëó ýòèõ ñèñòåì.

Åñëè degA− degB = r > 0, òî (25) è (27) íå ìåíÿþòñÿ, à ñâÿçü (26)
çàìåíÿåòñÿ íà

D−1C(R)(ux) + 6tu− x = 2q1 + · · ·+ 2qn, degC = r.
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Äîêàçàòåëüñòâî ñëåäóåò èç ôîðìóë äëÿ ÍÑ. Èìååì

6tux − 1 = −B−1A(ux) =

n∑
j=1

cj(R+ 4αj)
−1(ux) =

n∑
j=1

2qj,x,

ãäå qj óäîâëåòâîðÿþò (5), ÷òî è äà¼ò (25) è (27) ñ çàìåíîé γj íà β
2
j .

Ïîñòîÿííûå cj = 2 áåç ïîòåðè îáùíîñòè, òàê êàê qj ìîæíî óìíîæàòü íà
ïîñòîÿííóþ.

Ïðè n = 1 óðàâíåíèÿ ñâîäÿòñÿ ê P34 (ýêâèâàëåíòíî P2), à n = 2 îòâå÷àåò
(21) (c ó÷åòîì ïîíèæåíèÿ ïîðÿäêà çà ñ÷åò äâóõ ïåðâûõ èíòåãðàëîâ).
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Çàìå÷àíèå. Åñëè B = 0, òî ñâÿçü (26) çàìåíÿåòñÿ íà u = q1 + · · ·+ qn,
ñèñòåìà ïîëó÷àåòñÿ àâòîíîìíîé è èíòåãðèðóåìîé ïî Ëèóâèëëþ.
Ôàêòè÷åñêè, ýòî ñèñòåìà Ãàðíüå (ïðè ïîäñòàíîâêå qj = ψjϕj)

ψj,xx = (u− αj)ψj ,
ϕj,xx = (u− αj)ϕj ,
u = ψ1ϕ1 + · · ·+ ψnϕn.

è åå ñèììåòðèÿ

ψj,t = uxψj − 2(u+ 2αj)ψj,x,

ϕj,t = uxϕj − 2(u+ 2αj)ϕj,x.

[39] R. Garnier. Rend. Circ. Mathem. Palermo 43:4 (1919) 155�191.

[40] D.V. Choodnovsky, G.V. Choodnovsky. S�eminaire sur les �equations non lin�eaires
(Polytechnique) (1977�1978), exp. no 6, p. 1�9.

[41] M. Antonowicz, S. Rauch-Wojciechowski. Phys. Lett. A 147:8�9 (1990) 455�462.

[42] M. Antonowicz, S. Rauch-Wojciechowski. J. Phys. A: Math. Gen. 24:21 (1991)
5043�5061.
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Ïðåîáðàçîâàíèÿ Áýêëóíäà

Ïàðàìåòðû βj ìîæíî ìåíÿòü ïðåîáðàçîâàíèÿìè A1, B1, . . . , An, Bn (íî âñå
αj ôèêñèðîâàíû, ñ òî÷íîñòüþ äî ïåðåñòàíîâîê).

Ïðåîáðàçîâàíèÿ Ak òðèâèàëüíû è òîëüêî ìåíÿþò çíàê βk, ÷òî
ôàêòè÷åñêè íå ìåíÿåò óðàâíåíèÿ:

Ak :

{
q̃j = qj ,

β̃j = βj , j 6= k, β̃k = −βk.

Ïðåîáðàçîâàíèå Bk âûâîäèòñÿ èç ïðåîáðàçîâàíèÿ Äàðáó äëÿ −D2 + u,
îïðåäåëÿåìîãî ïî âñïîìîãàòåëüíîé ôóíêöèè fk = ψk,x/ψk, ãäå ψk
îòâå÷àåò λ = αk:

Bk :



fk =
qk,x + βk

2qk
,

q̃j =
(qj,x − 2qjfk)2 − β2

j

4(αj − αk)yj
, β̃j = βj , j 6= k,

q̃k = −qk + 6t(f2k + αk)− x−
∑
j 6=k

(q̃j + qj), β̃k = 1− βk.
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Ïðåîáðàçîâàíèÿ Aj , Bk ñîõðàíÿþò âèä óðàâíåíèé (25), (26), (27). Ýòè
ïðåîáðàçîâàíèÿ èíâîëþòèâíû è ïåðåñòàíîâî÷íû ïðè j 6= k:

A2
k = id, AjAk = AkAj , B2

k = id, BjBk = BkBj , AjBk = BkAj , j 6= k.

Ãðóïïà, ïîðîæäåííàÿ A1, B1, . . . , An, Bn èçîìîðôíà Zn2 × Zn.
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Íåãàòèâíàÿ ñèììåòðèÿ è íåàâòîíîìíûå ðåäóêöèè
äëÿ öåïî÷êè Âîëüòåððû
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Èåðàðõèÿ öåïî÷êè Âîëüòåððû

Öåïî÷êà Âîëüòåððû [43]:

un,x = un(un+1 − un−1)

Îïåðàòîð ðåêóðñèè [45]:

R = un + un(un+1T
2 − un−1T−1)(T − 1)−1

1

un
, T : n 7→ n+ 1

Âûñøèå ñèììåòðèè:

un,ti = Ri−1(un,x) = un(T − T−1)(h(i)n ), i = 1, 2, . . . ,

ãäå h
(i)
n � îäíîðîäíûé ìíîãî÷ëåí îò un−i+1, . . . , un+i−1.

[43] S.V. Manakov, JETP 40:2, 1975.

[44] D. Levi, J. Phys. A 14:5, 1981.

[45] W. Oevel, H. Zhang, B. Fuchssteiner, Progr. Theor. Phys. 81:2, 1989
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Â ÷àñòíîñòè, ñèñòåìà Ëåâè [44] àññîöèèðîâàíà ñ ïîòîêàìè ∂x = ∂t1 è
∂t = ∂t2 :

un,t = un(T − T−1)
(
un(un+1 + un + un−1)

)
⇔

ut = −uxx + (2uv + u2)x, vt = vxx + (2uv + v2)x,

ãäå u = un, v = un+1.

Êàê è â ñëó÷àå ÊäÔ, åñòü äîïîëíèòåëüíûå íåêîììóòàòèâíûå ñèììåòðèè

un,τj = Rj−1(un,τ1).

Ïåðâûå äâà ïîòîêà ëîêàëüíû:

scaling un,τ = un,τ1 = un + xun,x + 2tun,t + 3t3un,t3 + . . .

master-symmetry un,τ2 = xun,t + un((n+ 3)un+1 + un − nun−1),

ñëåäóþùèå íåëîêàëüíû.
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Íåãàòèâíàÿ ñèììåòðèÿ

Äåëàåì êàê äëÿ ÊäÔ:

un,z = (R− α)−1(un,x) ⇔ (R− α)(un,z) = un(un+1 − un−1).

×ëåí (T − 1)−1 â

R = un + un(un+1T
2 − un−1T−1)(T − 1)−1

1

un

âûäàåò un(un+1 − un−1) ñ ïðîèçâîëüíîé êîíñòàíòîé èíòåãðèðîâàíèÿ,
ïîýòîìó ýòî ìîæíî çàìåíèòü íà

Run,z = αun,z.

×òîáû ïðîèíòåãðèðîâàòü, ïîëîæèì un,z = un(Gn+1 −Gn), òîãäà

u2n(Gn+1 −Gn) + un(un+1Gn+2 − un−1Gn−1) = αun(Gn+1 −Gn) ⇒

(T + 1)(unGn+1 − un−1Gn−1)− α(Gn+1 −Gn) = 0.
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×òîáû ïðîèíòåãðèðîâàòü åùå ðàç, ïîëîæèì Gn = qn + qn−1, òîãäà

un(qn+1 + qn)− un−1(qn−1 + qn−2)− α(qn − qn−1) + (−1)nβ = 0,

÷òî äîïóñêàåò èíòåãðèðóþùèé ìíîæèòåëü qn + qn−1.

Â ðåçóëüòàòå, ïðèõîäèì ê íåãàòèâíîé ñèììåòðèè

un,z = un(qn+1 − qn−1),

ãäå qn � íåëîêàëüíîñòü, îïðåäåëÿåìàÿ óðàâíåíèÿìè{
un(qn+1 + qn)(qn + qn−1) = αq2n + (−1)nβqn + γ,

qn,ti = h
(i)
n,z.
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Ïðîèçâîäÿùàÿ ôóíêöèÿ äëÿ âûñøèõ ñèììåòðèé

Òàê êàê un,z = (R− α)−1(un,x) = −α−1un,t1 − α−2un,t2 − . . . , ãäå
un,ti = un(T − T−1)(h

(i)
n ), òî qn � ïðîèçâîäÿùàÿ ôóíêöèÿ äëÿ h

(i)
n .

Ìíîãî÷ëåíû h
(i)
n (un−i+1, . . . , un+i−1), îïðåäåëÿþùèå âûñøèå ñèììåòðèè

VL, ñëóæàò êîýôôèöèåíòàìè ôîðìàëüíîãî ðÿäà

qn = h(0)n +
h
(1)
n

α
+
h
(2)
n

α2
+ . . . , h(0)n =

1

2
,

óäîâëåòâîðÿþùåãî óðàâíåíèþ

un(qn+1 + qn)(qn + qn−1) = αq2n −
α

4
,

÷òî ðàâíîñèëüíî ÿâíûì ðåêóððåíòíûì ñîîòíîøåíèÿì

h(i+1)
n = un

i∑
s=0

(
h
(s)
n+1 + h(s)n

)(
h(i−s)n + h

(i−s)
n−1

)
−

i∑
s=1

h(s)n h(i+1−s)
n . (28)
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Äèñêðåòíûå ñòðóííûå óðàâíåíèÿ

Êàê è â íåïðåðûâíîì ñëó÷àå, îáùàÿ ñâÿçü

A[R](un,x) +B[R](un,τ ) = 0

ýêâèâàëåíòíà (â ïðåäïîëîæåíèè, ÷òî íóëè B ïðîñòûå) óðàâíåíèþ

un,τ = (R− α1)−1(un,x) + · · ·+ (R− αm)−1(un,x).

Ïðîñòåéøèå ðåäóêöèè Ïåíëåâå-òèïà

un,τ1 = 0:

4tun(un+1 + un + un−1) + 2xun + n− δ + (−1)nε = 0 (dP1)

un,τ2 − αun,τ1 − δun,x = 0:

(qn+1 + qn)(qn + qn−1) = 2x
αq2n + (−1)nβqn + γn
qn − n+ δ − (−1)nε

(dP34)

[46] A.S. Fokas, A.R. Its, A.V. Kitaev. Commun. Math. Phys. 142 (1991) 313�344.

[47] V.E. Adler, A.B. Shabat. Theoret. Math. Phys. 201:1 (2019) 1442�1456.

[48] B. Grammaticos, A. Ramani. Physica Scripta 89 (2014) 038002.
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n-êîìïîíåíòíûé àíàëîã dP34

Óðàâíåíèå A[R](un,x) +B[R](un,τ ) = 0 ýêâèâàëåíòíî íåàâòîíîìíîé
ñèñòåìå O∆E

un(qjn+1 + qjn)(qjn + qjn−1) = αj(qjn)2 + (−1)nβjqjn + γj , j = 1, . . . ,m, (29)

2

r∑
i=1

itih
(i)
n + n− δ + (−1)nε = q1n + · · ·+ qmn (30)

ãäå h
(i)
n � ìíîãî÷ëåíû, îïðåäåëåííûå ðåêóððåíòíîé ôîðìóëîé (28). Ýòà

ñèñòåìà ñîâìåñòíà ñ äèôôåðåíöèðîâàíèÿìè

un,ti = un(h
(i)
n+1 − h

(i)
n−1), qjn,ti = h(i)n,zj .

Ïðè r = 1, ñâÿçü (30) ïðèíèìàåò âèä

un =
1

2x

(
q1n + · · ·+ qmn − n+ δ − (−1)nε

)
.
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Ïðåîáðàçîâàíèÿ Áýêëóíäà

Ïóñòü âñå αj 6= 0, βj = 0 è γj = −αj(ωj)2. Îïðåäåëèì ïðåîáðàçîâàíèÿ

Ak : ω̃k = −ωk;

Bk :



ũn = un
(qkn+1 − ωk)(qkn−1 + ωk)

(qkn)2 − (ωk)2
, ω̃k = 1− ωk, ε̃ = −ε,

q̃jn =
1

αj − αk

(
(αj + αk)qjn − αk(qkn + ωk)

qjn+1 + qjn
qkn+1 + qkn

− αk(qkn − ωk)
qjn + qjn−1
qkn + qkn−1

)
, j 6= k,

q̃kn = −
∑
j 6=k

q̃jn + 2

r∑
i=1

itih
(i)
n (ũn−i+1, . . . , ũn+i−1) + n− δ − (−1)nε.
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Ïðåîáðàçîâàíèÿ Ak, Bk ñîõðàíÿþò óðàâíåíèÿ (29), (30) è óäîâëåòâîðÿþò
òîæäåñòâàì

A2
k = id, AjAk = AkAj , B2

k = id, BjBk = BkBj , AjBk = BkAj , j 6= k.

Ãðóïïà ïîðîæäåííàÿ A1, B1, . . . , An, Bn èçîìîðôíà Zn2 × Zn.
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