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Ââåäåíèå

Ïóñòü äàíî èíòåãðèðóåìîå ýâîëþöèîííîå óðàâíåíèå (èëè ñèñòåìà)

ut = a(u, ux, uxx, . . . ),

âûñøèå ñèììåòðèè êîòîðîé ñòðîÿòñÿ îïåðàòîðîì ðåêóðñèè

utn = Rn(ut0), n = 0, 1, 2, . . .

Çäåñü ut0 � çàòðàâî÷íàÿ ñèììåòðèÿ, íàïðèìåð ut0 = ux, ut0 = ut èëè
ïðîñòî ut0 = 0.

Ïðèìåð R (äëÿ ÊäÔ): R = D2 − 4u− 2uxD
−1, ãäå D = ∂/∂x.

Òîãäà ìîæíî îïðåäåëèòü ïîòîêè

ut−n = R−n(ut0), (1)

êîòîðûå îáû÷íî è íàçûâàþò íåãàòèâíûìè. Íåäîñòàòîê òàêîãî ïîíèìàíèÿ
â òîì, ÷òî ýòî ñèëüíî íåëîêàëüíûå óðàâíåíèÿ ñ êîòîðûìè òÿæåëî
ðàáîòàòü (õîòÿ è âîçìîæíî).
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Ìû áóäåì îïðåäåëÿòü ÍÑ íåìíîãî ïî äðóãîìó:

uz = (R− α)−1(ut0), (2)

ãäå α ïðîèçâîëüíûé ïàðàìåòð. Ýòî áîëåå ïðîñòûå �ãèïåðáîëè÷åñêèå�
óðàâíåíèÿ.

Ïîíÿòíî, ÷òî òàêîé ïîòîê ÿâëÿåòñÿ ïðîèçâîäÿùåé ôóíêöèåé êàê äëÿ
âûñøèõ ñèììåòðèé, òàê è äëÿ ñèììåòðèé âèäà (1):

uz = (R− α)−1(ut0) = −
1

α

(
ut0 +

1

α
ut1 +

1

α2
ut2 + . . .

)
= ut−1

+ αut−2
+ α2ut−3

+ . . .

Òî åñòü, ýòî ïðîñòî íåêîòîðûé àëüòåðíàòèâíûé ¾áàçèñ¿ â
áåñêîíå÷íîìåðíîé èåðàðõèè ñèììåòðèé, ÷òî è îïðåäåëÿåò çíà÷åíèå ýòèõ
óðàâíåíèé.

Óðàâíåíèÿ (2) ÷àñòî èíòåðåñíû è ñàìè ïî ñåáå. Íàïðèìåð, óðàâíåíèÿ
ñèíóñ-Ãîðäîíà, Êàìàññû�Õîëìà, Ìàêñâåëëà�Áëîõà,
Ïîëìàéåðà�Ëóíäà�Ðåäæå � âñå èìåþò òàêîå ïðîèñõîæäåíèå.
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Äëÿ óðàâíåíèé òèïà ÊäÔ

ut = uxxx + a(u, ux, uxx)

ÍÑ èìåþò ñðàâíèòåëüíî ïðîñòîé âèä

uxxz = f(u, ux, uxx, uz, uxz;α), (3)

èíîãäà îíè äîïóñêàþò ïîíèæåíèå ïîðÿäêà äî óðàâíåíèé òèïà
ñèíóñ-Ãîðäîíà (áåç ïàðàìåòðà)

uxz = g(u, ux, uz).

Äëÿ ñèñòåì òèïà ÍÓØ:{
ut = uxx + a(u, v, ux, vx),

−vt = vxx + b(u, v, ux, vx)
←→

{
uxz = f(u, v, ux, vx, uz, vz;α),

vxz = g(u, v, ux, vx, uz, vz;α).

Äëÿ óðàâíåíèé òèïà Áóññèíåñêà âèä ÍÑ óñëîæíÿåòñÿ, òàê êàê
óñëîæíÿåòñÿ R.
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Èíòåðåñíû ïðèëîæåíèÿ ê ïîñòðîåíèþ ðåäóêöèé Ïåíëåâå-òèïà.
Èñõîäíîå óðàâíåíèå ìîæåò èìåòü êëàññè÷åñêèå ñèììåòðèè (íàïðèìåð,
ðàñòÿæåíèå), êîòîðûå ïîðîæäàþò äîïîëíèòåëüíóþ àëãåáðó ñèììåòðèé:

ut0
R−→ ut1

R−→ ut2
R−→ . . . , uτ0

R−→ uτ1
R−→ uτ2

R−→ . . .

Ïîòîêè uτi íåëîêàëüíû, íåàâòîíîìíû è íå êîììóòèðóþò ñ utj è äðóã ñ
äðóãîì.

Ñòàöèîíàðíîå óðàâíåíèå äëÿ ëþáîé ñèììåòðèè îïðåäåëÿåò íåêîòîðóþ
êîíå÷íîìåðíóþ ðåäóêöèþ â âèäå ÎÄÓ

A(R)(ut0) +B(R)(uτ0) = 0,

ãäå A è B � ìíîãî÷ëåíû (ñ ïîñòîÿííûìè êîýôôèöèåíòàìè) îò îïåðàòîðà
ðåêóðñèè.

Åñëè B = 0, òî ýòî óðàâíåíèÿ Íîâèêîâà, èíòåãðèðóåìûå ïî Ëèóâèëëþ
(êîíå÷íîçîííûå ðåøåíèÿ).

Â.Ý. Àäëåð Íåãàòèâíûå ñèììåòðèè 2 îêòÿáðÿ 2024 5 / 36



Åñëè B ̸= 0, òî ýòî �ñòðóííûå� óðàâíåíèÿ òèïà Ïåíëåâå. ×åì âûøå
degB = n, òåì îíè ñëîæíåå. Îäíàêî, ìîæíî ïåðåéòè ê óðàâíåíèþ

(B−1A)(R)(ut0) + uτ0 = 0.

Â ñëó÷àå îáùåãî ïîëîæåíèÿ, ðàçëîæåíèå íà ïðîñòûå äðîáè äà¼ò
ñòàöèîíàð äëÿ ñóììû âûñøèõ ñèììåòðèé, íåãàòèâíûõ è êëàññè÷åñêîé:

Ã(R)(ut0) +

n∑
i=1

ci(R− αi)
−1(ut0) + uτ0 = 0.

Âñå íåëîêàëüíîñòè ïåðåìåùàþòñÿ â íåãàòèâíûå ñèììåòðèè è
çàïèñûâàþòñÿ åäèíîîáðàçíî ïðè ëþáîì n.

A.Yu. Orlov, S. Rauch-Wojciechowski. Dressing method, Darboux transformation and
generalized restricted �ows for the KdV hierarchy. Physica D 69:1�2 (1993) 77�84.

VA, M.P. Kolesnikov. Non-autonomous reductions of the KdV equation and
multi-component analogs of the Painlev�e equations P34 and P3. J. Math. Phys. 64

(2023) 101505.

VA. Negative �ows and non-autonomous reductions of the Volterra lattice. Open
Comm. in Nonl. Math. Phys., Special Issue in Memory of D. Levi (2024) 11597.
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Â äîêëàäå áóäóò îáñóæäàòüñÿ ñëåäóþùèå ñâîéñòâà, íà íàèáîëåå ïðîñòîì
ïðèìåðå ÍÑ äëÿ óðàâíåíèé òèïà ÊäÔ, âèäà (3).

3D-ñîâìåñòíîñòü ÍÑ. Ïîòîêè, îòâå÷àþùèå ðàçíûì ïàðàìåòðàì α1 è α2,
äîëæíû êîììóòèðîâàòü � ýòî ýêâèâàëåíòíî êîììóòàòèâíîñòè âûñøèõ
ñèììåòðèé. Òàê êàê ÍÑ íå ýâîëþöèîííû, îïðåäåëåíèå ñîâìåñòíîñòè
íåîáõîäèìî óòî÷íèòü.

Ñâÿçü ñ ïðåîáðàçîâàíèÿìè Áýêëóíäà. Îêàçûâàåòñÿ, ÷òî ÍÑ ìîæíî
âûâîäèòü íå ïî îïåðàòîðó ðåêóðñèè, à èç ïàðû ñîâìåñòíûõ öåïî÷åê �
òèïà îäåâàþùåé öåïî÷êè è öåïî÷êè òèïà Âîëüòåððû. Â ðåçóëüòàòå
óñòàíàâëèâàåòñÿ ñâÿçü ñî ñâîéñòâîì 3D-ñîâìåñòíîñòè óðàâíåíèé íà
êâàäðàòíîé ðåø¼òêå.

Â êëàññå óðàâíåíèé òèïà ÊäÔ íàèáîëåå ñëîæíûé ïðèìåð � óðàâíåíèå
Êðè÷åâåðà�Íîâèêîâà. Äëÿ íåãî îïåðàòîð R èìååò ïîðÿäîê 4 è ïðèâîäèò
ê áîëåå ñëîæíîé ÍÑ. Å¼, òåì íå ìåíåå, ìîæíî ðåäóöèðîâàòü ê óðàâíåíèþ
òèïà (3). Öåïî÷êè çäåñü îêàçûâàþòñÿ óäîáíåå, ÷åì R.

VA. Negative �ows for several integrable models. J. Math. Phys. 65 (2024) 023502.

VA. 3D consistency of negative �ows (2024) arXiv.2407.09813
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Ñâîéñòâî 3D-ñîâìåñòíîñòè
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Ãèïåðáîëè÷åñêèå óðàâíåíèÿ. Ïðèìåð Ôåðàïîíòîâà

Ñëåäóþùàÿ òðîéêà 3D-ñîâìåñòíà:

uxy = sinhu
√
1 + u2x, uyz = coshu

√
1 + u2z,

uxz =
√

1 + u2x
√
1 + u2z.

Ïåðåêð¼ñòíûå ïðîèçâîäíûå äëÿ êàæäîé ïàðû óðàâíåíèé ñîâïàäàþò ïðè
óñëîâèè, ÷òî âûïîëíÿåòñÿ òðåòüå. Íàïðèìåð, äëÿ ïåðâûõ äâóõ:

(uxy)z − (uxz)y = (uxz −
√
1 + u2x

√
1 + u2z)

(
uz coshu√

1 + u2z
− ux sinhu√

1 + u2x

)
,

÷òî ðàâíî 0 â ñèëó òðåòüåãî óðàâíåíèÿ. Òî æå è äëÿ äðóãèõ ïàð: êàæäîå
óðàâíåíèå âîññòàíàâëèâàåòñÿ ïî äâóì äðóãèì, åñëè â ðàâåíñòâå äëÿ
ïåðåêð¼ñòíûõ ïðîèçâîäíûõ îòáðîñèòü ìíîæèòåëü ñ ìëàäøèìè
ïðîèçâîäíûìè.

Ãèïåðáîëè÷åñêèå óðàâíåíèÿ ñëóæàò ñèììåòðèÿìè äëÿ ýâîëþöèîííûõ è
ÿâëÿþòñÿ âûðîæäåííûì ñëó÷àåì ÍÑ, áåç ïàðàìåòðà.

E.V. Ferapontov. J. Phys. A 30:19 (1997) 6861�6878.

A.G. Meshkov, V.V. Sokolov. Theor. Math. Phys. 166:1 (2011) 43�75.
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Êâàä-óðàâíåíèÿ

0 i

j ij

k ik

jk ijk

Àíàëîãè÷íî, äëÿ äèñêðåòíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

uij = f(u, ui, uj ;αi, αj)

(èíäåêñ îçíà÷àåò ñäâèã ïî êîîðäèíàòå
ni: ui = u(ni + 1, nj)) ñîâìåñòíîñòü
ôîðìóëèðóåòñÿ íå äëÿ ïàðû óðàâíåíèé,
à äëÿ òðîéêè, êàê ñîâìåñòíîñòü âîêðóã
êóáà.

Òðè ñïîñîáà âû÷èñëèòü uijk ïî íà÷àëüíûì äàííûì u, ui, uj , uk äîëæíû
äàâàòü ñîâïàäàþùèå ðåçóëüòàòû.

V.E. Adler, A.I. Bobenko, Yu.B. Suris. Comm. Math. Phys. 233:3 (2003) 513�543.
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Äèñêðåòíûì àíàëîãîì íàøèõ óðàâíåíèé uxxz = . . . ñëóæàò óðàâíåíèÿ íà
ïàðå ñîñåäíèõ êâàäðàòîâ

uiij = f(u, ui, uii, uj , uij), uiik = g(u, ui, uii, uk, uik).

Äëÿ íèõ 3D-ñîâìåñòíàÿ òðîéêà òðåáóåò âêëþ÷åíèÿ äîïîëíèòåëüíîãî
óðàâíåíèÿ âèäà (

ujk
uijk

)
=

(
h1

h2

)
(u, ui, uj , uij , uk, uik).

jk ijk iijk

k ik iik

j ij iij

i ii

Åñòåñòâåííî îæèäàòü ÷åãî-òî ïîäîáíîãî è â íåïðåðûâíîì ñëó÷àå.

V.E. Adler, V.V. Postnikov. J. Phys. A: Math. Theor. 47:4 (2014) 045206.
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3D-cîâìåñòíîñòü íåãàòèâíûõ ñèììåòðèé

ÍÑ äëÿ ÊäÔ ñîäåðæèò ïàðàìåòð α. Ðàçíûì α îòâå÷àþò ðàçíûå ïîòîêè.

ßñíî, ÷òî îíè äîëæíû êîììóòèðîâàòü, åñëè âûñøèå ñèììåòðèè
êîììóòàòèâíû, òàê êàê ÍÑ èíòåðïðåòèðóåòñÿ êàê ïðîèçâîäÿùèé ðÿä ïî
α.

Íàîáîðîò, åñëè ÍÑ ñ ðàçíûìè α êîììóòèðóþò, òî ýòî äîêàçûâàåò
êîììóòàòèâíîñòü âûñøèõ ñèììåòðèé.

Âîçíèêàåò âîïðîñ, êàê ïðîâåðèòü êîììóòàòèâíîñòü ÍÑ íåçàâèñèìî, íå
èñïîëüçóÿ ñâîéñòâà îïåðàòîðà ðåêóðñèè è âûñøèõ ñèììåòðèé. Çàáóäåì
âîîáùå ïðî âûñøèå ñèììåòðèè, ïóñòü åñòü óðàâíåíèÿ âèäà

uxxzi = Fi(u, ux, uxx, uxxx, uzi , uxzi), i ∈ I. (4)

Òðåáóåòñÿ îïðåäåëèòü ïîíÿòèå ñîâìåñòíîñòè äëÿ íàáîðà òàêèõ óðàâíåíèé.
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Îïðåäåëåíèå. Óðàâíåíèÿ

uxxzi = Fi(u, ux, uxx, uxxx, uzi , uxzi), i ∈ I, (5)

3D-ñîâìåñòíû, åñëè èõ ìîæíî äîïîëíèòü óðàâíåíèÿìè

uzizj = Gij(u, ux, uxx, uzi , uxzi , uzj , uxzj ), i ̸= j, (6)

òàêèìè, ÷òî Gij = Gji è, äëÿ ïîïàðíî ðàçëè÷íûõ i, j, k ∈ I,

Dzi(Fj) = Dzj (Fi) = D2
x(Gij), (7)

Dzi(Gjk) = Dzj (Gik) = Dzk(Gij), (8)

òîæäåñòâåííî â ñèëó (5), (6) è äèôôåðåíöèàëüíûõ ñëåäñòâèé
uxxxzi = Dx(Fi), uxzizj = Dx(Gij).

Îòñþäà ñëåäóåò ñîâïàäåíèå ëþáûõ ïåðåêð¼ñòíûõ ïðîèçâîäíûõ, ÷òî
ãàðàíòèðóåò ñóùåñòâîâàíèå ëîêàëüíûõ ðåøåíèé îáùåãî âèäà,
óäîâëåòâîðÿþùèõ îäíîâðåìåííî âñåìó íàáîðó óðàâíåíèé.
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Êîíñòðóêòèâíî ëè ýòî îïðåäåëåíèå? Óðàâíåíèÿ (6) çàðàíåå íå èçâåñòíû,
íî èõ ìîæíî âîññòàíîâèòü ïðÿìûì âû÷èñëåíèåì � åñëè îíè ñóùåñòâóþò.

Ïåðâûé øàã:

0 = Dzi(Fj)−Dzj (Fi) = Pij(u, ux, uxx, uxxx, uzi , uxzi , uzj , uxzj , uzizj , uxzizj ),

ãäå â ïðàâîé ÷àñòè ïðîèçâîäíûå òèïà uxxxz è uxxz èñêëþ÷åíû èç (5).
Ðàçðåøàÿ ýòî óðàâíåíèå îòíîñèòåëüíî uxzizj , ïîëó÷àåì

uxzizj = Hij(u, ux, uxx, uxxx, uzi , uxzi , uzj , uxzj , uzizj ). (9)

Ýòî äîëæíî áûòü ñëåäñòâèåì (6), ÷òîáû ñîâìåñòíîñòü èìåëà ìåñòî.

Âòîðîé øàã:

0 = Dx(Hij)−Dzj (Fi) = Qij(u, ux, uxx, uxxx, uxxxx, uzi , uxzi , uzj , uxzj , uzizj ),

ãäå èñêëþ÷àþòñÿ uxxxz, uxxz è uxzizj . Ðàçðåøàÿ îòíîñèòåëüíî uzizj ,
ïîëó÷àåì èñêîìîå óðàâíåíèå (6).

Ïîñëå ýòîãî îñòà¼òñÿ òîëüêî ïðîâåðèòü ðàâåíñòâà Dx(Gij) = Hij è
Dzi(Gjk) = Dzj (Gik).
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Ïðîñòåéøèé ïðèìåð: pot-KdV
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ÍÑ äëÿ ïîòåíöèàëüíîãî ÊäÔ

vt = vxxx − 6v2x, (10)

2vzvxxz − v2xz − 4(2vx − α)v2z + γ = 0. (11)

Óðàâíåíèå (11) èçâåñòíî êàê associated Camassa�Holm equation.

Ñîâìåñòíîñòü óðàâíåíèé 10 è (11) îçíà÷àåò ñëåäóþùåå: ïóñòü F � ëåâàÿ
÷àñòü (11), òîãäà

Dt(F ) = A(F ),

ñ îïåðàòîðîì A = D3 − 3 vxz

vz
D2 + 3

(
v2
xz

v2
z
− 4vx

)
D. Ýòî ìîæíî ïðèíÿòü çà

ôîðìàëüíîå îïðåäåëåíèå ÍÑ äëÿ ýâîëþöèîííîãî óðàâíåíèÿ, íå
àïåëëèðóþùåå ê îïåðàòîðó ðåêóðñèè.

J. Schi�. Physica D 121:1�2 (1998) 24�43.

A.N.W. Hone. J. Phys. A 32:27 (1999) L307�314.
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Ïðîâåðêà 3D-ñîâìåñòíîñòè

Ñëåäóþùèå óðàâíåíèÿ ñîâìåñòíû:

vxxzi =
v2xzi − γi

2vzi
+ 2(2vx − αi)vzi , (12)

vzizj =
vzivxzj − vzjvxzi

αi − αj
, αi ̸= αj . (13)

Ïðîäåìîíñòðèðóåì âûâîä äîïîëíèòåëüíûõ óðàâíåíèé (13). Íà ïåðâîì
øàãå, ðàâåíñòâî (vxxzi)zj = (vxxzj )zi äà¼ò

vxzizj =

(
2(αi − αj)vzivzj +

γjvzi
2vzj

−
γivzj
2vzi

)
vzizj

vzjvxzi − vzivxzj

+
1

2

(
vxzi
vzi

+
vxzj
vzj

)
vzizj + 4vzivzj .

(14)
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Íà âòîðîì øàãå, óñëîâèå (vxzizj )x = (vxxzi)zj ïðèâîäèò ê
ôàêòîðèçîâàííîìó óðàâíåíèþ

((αi − αj)vzizj + vzjvxzi − vzivxzj )×

×
(v2ziv

2
xzj − v

2
zjv

2
xzi − 4(αi − αj)v

2
ziv

2
zj + γiv

2
zj − γjv

2
zi)

(vzjvxzi − vzivxzj )2
= 0.

Ïðèðàâíèâàÿ ïåðâûé ìíîæèòåëü íóëþ, ïîëó÷àåì (13).

Äàëåå, ïðîâåðÿåì, ÷òî ðàâåíñòâî (vzizj )x = vxzizj âûïîëíÿåòñÿ
òîæäåñòâåííî. Äèôôåðåíöèðîâàíèå (13) ïî x äà¼ò

vxzizj = 2vzivzj +
1

2(αi − αj)

(
vzi
vzj

(v2xzj − γj)−
vzj
vzi

(v2xzi − γi)
)
. (15)

Ýòî ñîâïàäàåò ñ (14) ïðè çàìåíå vzizj â ñèëó (13), òî åñòü (14) ÿâëÿåòñÿ
ñëåäñòâèåì (13) è (12).

Íàêîíåö, íà çàêëþ÷èòåëüíîì ýòàïå ïðîâåðÿåì âûïîëíåíèå òîæäåñòâ (8),
òî åñòü (vzizj )zk = (vzizk)zj , ÷òî çàâåðøàåò äîêàçàòåëüñòâî
3D-cîâìåñòíîñòè.
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Çàìå÷àíèå. Óðàâíåíèå (13)

vzizj =
vzivxzj − vzjvxzi

αi − αj
, αi ̸= αj

� ýòî ñàìîñòîÿòåëüíîå 3D èíòåãðèðóåìîå óðàâíåíèå, ñâÿçàííîå ñ
óíèâåðñàëüíîé ãèäðîäèíàìè÷åñêîé èåðàðõèåé Àëîíñî�Øàáàòà. Äëÿ íåãî
âûïîëíÿåòñÿ òîæäåñòâî

(vzizj )zk = (vzizk)zj .

Óðàâíåíèÿ (12) ïðè ýòîì íå íóæíû, îíè ëèøü îïðåäåëÿþò 2D ðåäóêöèþ
ýòîãî 3D-óðàâíåíèÿ, ñîõðàíÿþùóþ ñâîéñòâî ñîâìåñòíîñòè.

Îäíàêî, â îáùåì ñëó÷àå, â îïðåäåëåíèè 3D-ñîâìåñòíîñòè íå òðåáóåòñÿ,
÷òîáû òîæäåñòâà (8) âûïîëíÿëèñü áåç ó÷¼òà (5).

L. Mart��nez Alonso, A.B. Shabat. Phys. Lett. A 300:1 (2002) 58�64; Theor. Math.

Phys. 140:2 (2004) 1073�1085.

VA, A.B. Shabat. Theor. Math. Phys. 153:1 (2007) 1373�1387.
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Âûâîä íåãàòèâíîé ñèììåòðèè

ut = uxxx − 6uux KdV

Îïåðàòîð ðåêóðñèè (D = ∂x):

R = D2 − 4u− 2uxD
−1

Èåðàðõèÿ ÊäÔ:

ut0 = ux ñäâèã ïî x

ut1 = R(ux) = (uxx − 3u2)x ÊäÔ

ut2 = R2(ux) = (uxxxx − 10uuxx − 5u2x + 10u3)x âûñøàÿ ñèììåòðèÿ

. . . . . . . . . . . .

Íåãàòèâíàÿ ñèììåòðèÿ (α→ −4α):

(R+ 4α)(uz) = 0 ⇔ (D2 − 4(u− α)− 2uxD
−1)(uz) = 0.
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×òîáû ïðîèíòåãðèðîâàòü, ââåäåì íîâóþ ïåðåìåííóþ q:

uz = qx, qxxx − 4(u− α)qx − 2uxq = 0.

Åñòü èíòåãðèðóþùèé ìíîæèòåëü 2q. Òàêæå ìîæíî îïðåäåëèòü ïðàâèëî
äèôôåðåíöèðîâàíèÿ q ïî t, ÷òîáû áûëà ñîâìåñòíîñòü ñ ÊäÔ. Â
ðåçóëüòàòå, ïðèõîäèì ê òàêîé çàïèñè ÍÑ (γ � ïîñòîÿííàÿ
èíòåãðèðîâàíèÿ):

uz = qx, (16){
2qqxx − q2x − 4(u− α)q2 + 4γ = 0,

qt = qxxx − 6uqx.
(17)

Ââåäåíèå ïîòåíöèàëà ïðèâîäèò ê (11):

2vx = u, 2vz = q ⇒ 2vzvxxz − v2xz − 4(2vx − α)v2z + γ = 0.

Óðàâíåíèÿ (17) ñîâìåñòíû â ñèëó KdV, òî åñòü, îïðåäåëÿþò ðàñøèðåíèå
ÊäÔ íà ïåðåìåííóþ q.

Óðàâíåíèå (16) îïðåäåëÿåò ïîòîê íà ýòîì ðàñøèðåííîì ïðîñòðàíñòâå è
ìîæíî ïðîâåðèòü, ÷òî [Dz, Dt] = 0.
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Ôàêòè÷åñêè q � ýòî ðåçîëüâåíòà îïåðàòîðà Øòóðìà�Ëèóâèëëÿ
L = −D2

x + u, ïðè÷åì α èãðàåò ðîëü ñïåêòðàëüíîãî ïàðàìåòðà. Òàêæå, q
ìîæíî ïðåäñòàâèòü â âèäå q = ψφ, ãäå Lψ = αψ, Lφ = αφ (squared
eigenfunction symmetry).

Èç (17) ñëåäóåò, ÷òî q óäîâëåòâîðÿåò (âûðîæäåííîìó) óðàâíåíèþ
Êàëîäæåðî�Äåãàñïåðèñà�Ôîêàñà

qt = qxxx −
3qxqxx
q

+
3qx(q

2
x − 4γ)

2q2
− 6αqx.

Â ïðèíöèïå, ìîæíî ðàáîòàòü è â èñõîäíûõ ïåðåìåííûõ u, èñêëþ÷èâ q
èç (17), (16):

4uz = Dx

(
uxz +

√
u2xz − 4(u− α)(u2z − 4γ)

u− α

)
⇒

uxxz = Φ(u, ux, uz, uxz;α, γ).

I.M. Gelfand, L.A. Dikii. Russian Math. Surveys 30:5 (1975) 77�113.

F. Calogero, A. Degasperis. J. Math. Phys. 22 (1981) 23�31.

A.S. Fokas. J. Math. Phys. 21:6 (1980) 1318�1325.
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Ïðîèçâîäÿùàÿ ôóíêöèÿ äëÿ âûñøèõ ñèììåòðèé

Òàê êàê
uz = qx = (R− µ)−1(ux) = −µ−1ut0 − µ−2ut1 − . . .

(µ = −4α), òî èìååò ìåñòî ñëåäóþùåå ñâîéñòâî.

Ñèììåòðèè ÊäÔ èìåþò âèä uti = hi+1
x , ãäå hi � êîýôôèöèåíòû

ôîðìàëüíîãî ðÿäà

q = h0 +
h1

µ
+
h2

µ2
+ . . . , h0 = −1

2
,

óäîâëåòâîðÿþùåãî óðàâíåíèþ

2qqxx − q2x − (4u+ µ)q2 +
µ

4
= 0,

÷òî ðàâíîñèëüíî ðåêóððåíòíûì ñîîòíîøåíèÿì

hi+1 =

i∑
s=0

(
hsxh

i−s
x − 2hshi−s

xx + 4uhshi−s
)
+

i∑
s=1

hshi+1−s.
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Áëèçêèå ïðèìåðû: Schwarzian-KdV

è óðàâíåíèå Äèìà
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Schwarzian-KdV

Îïåðàòîð ðåêóðñèè:

R = D2
x −

2uxx
ux

Dx +
uxxx
ux
− u2xx

u2x
− uxD−1

x ·
(
uxxxx
u2x

− 4uxxuxxx
u3x

+
3u3xx
u4x

)
Ñèììåòðèè:

ut0 = ux, ut = R(ux) = uxxx −
3u2xx
2ux

, . . .

Íåãàòèâíûå ñèììåòðèè R(uzi) = 4αiuzi :

uxxzi =
u2xzi − γiu

2
x

2uzi
+
uxxuxzi
ux

+ 2αiuzi (18)

3D-ñîâìåñòíîñòü: äîïîëíèòåëüíûå óðàâíåíèÿ

uzizj =
αiuziuxzj − αjuzjuxzi

(αi − αj)ux
, αi ̸= αj

Â.Ý. Àäëåð Íåãàòèâíûå ñèììåòðèè 2 îêòÿáðÿ 2024 25 / 36



Óðàâíåíèå ÊäÔ íå èìååò ãèïåðáîëè÷åñêèõ ñèììåòðèé, òî åñòü,
ïðîñòåéøàÿ ÍÑ äëÿ íåãî èìååò âèä uxxz = . . .

Â îòëè÷èå îò íåãî, Schwarzian-KdV ñîâìåñòíî ñ íåñêîëüêèìè
ãèïåðáîëè÷åñêèìè óðàâíåíèÿìè:

uxz = 2ux
√
uz,

uxz = 2uux,

uxz =
2uuxuz
u2 + 1

.

Èç íèõ ïåðâîå îïðåäåëÿåò ñïåöèàëüíûå ðåøåíèÿ (18) ïðè α = γ = 0, à äâà
äðóãèõ èìåþò êàêîå-òî äðóãîå ïðîèñõîæäåíèå.
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Óðàâíåíèå Äèìà

ut = u3uxxx

Îïåðàòîð ðåêóðñèè:

R = u2D2
x − uuxDx + uuxx + u3uxxxD

−1
x u−2 = u3D3

xuD
−1
x u−2

Íåãàòèâíàÿ ñèììåòðèÿ (R− α)(uz) = 0:

uz = u2qx, u3(uq)xxx − αu2qx = 0

Ïîòåíöèàëüíàÿ âåðñèÿ (çàìåíà x↔ v äà¼ò Schwarzian KdV):

vt = −
vxxx
v3x

+
3v2xx
2v4x

, u = − 1

vx
, q = vz.

Ñîâìåñòíûå ÍÑ:

2
vzi
vx

(
vzi
vx

)
xx

=

(
vzi
vx

)2

x

+ αiv
2
zi + γi

vzizj =
αivzjvxzi − αjvzivxzj

(αi − αj)vx
, αi ̸= αj
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ÍÑ êàê àññîöèèðîâàííûå óðàâíåíèÿ äëÿ öåïî÷åê
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Âûâîä ÍÑ èç öåïî÷åê

Îïåðàòîð ðåêóðñèè � íå åäèíñòâåííûé ìåòîä ïîñòðîåíèÿ ÍÑ. Äðóãîé
ñïîñîá (äëÿ óðàâíåíèé òèïà ÊäÔ) ñâÿçàí ñ ñîâìåñòíûìè ïàðàìè öåïî÷åê
âèäà

un+1,x = a(un,x, un, un+1;α), un,z = b(un−1, un, un+1). (19)

Äèôôåðåíöèðóÿ âòîðîå óðàâíåíèå ïî x è çàìåíÿÿ un±1,x â ñèëó ïåðâîãî,
ïîëó÷àåì

un,xz = c(un−1, un, un+1, un,x).

Îòñþäà âûðàæàåòñÿ un+1 = φ(u, ux, uz, uxz), ãäå u = un, è ïîäñòàíîâêà â
ïåðâîå óðàâíåíèå (19) äà¼ò òî, ÷òî íóæíî:

uxxz = f(u, ux, uxx, uz, uxz;α).

Ïåðâûå ïðèìåðû òàêèõ ïàð ïîÿâèëèñü â ðàáîòàõ ßìèëîâà.

R.I. Yamilov. Theor. Math. Phys. 85:3 (1990) 1269�1275.
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Èíà÷å ãîâîðÿ, ÍÑ � ýòî ôàêòîð-óðàâíåíèå

negative �ow(x, z;α) =
Volterra chain(n, z)

dressing chain(n, x;α)
.

Ïðîñòåéøèé ïðèìåð:

Îäåâàþùàÿ öåïî÷êà è öåïî÷êà òèïà Âîëüòåððû

vn+1,x + vn,x = (vn+1 − vn)2 + α, vn,z =
β

vn+1 − vn−1

ñîâìåñòíû; â ñèëó ýòèõ óðàâíåíèé ïåðåìåííàÿ v = vn óäîâëåòâîðÿåò ÍÑ
äëÿ pot-KdV (11) c γ = β2:

2vzvxxz − v2xz − 4(2vx − α)v2z + β2 = 0.
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Èíà÷å ãîâîðÿ, ÍÑ � ýòî ôàêòîð-óðàâíåíèå

negative �ow(x, z;α) =
Volterra chain(Xn, z)

dressing chain(Xn, x;α)
.

Ïðîñòåéøèé ïðèìåð:

Îäåâàþùàÿ öåïî÷êà è öåïî÷êà òèïà Âîëüòåððû

vn+1,x + vn,x = (vn+1 − vn)2 + α, vn,z =
β

vn+1 − vn−1

ñîâìåñòíû; â ñèëó ýòèõ óðàâíåíèé ïåðåìåííàÿ v = vn óäîâëåòâîðÿåò ÍÑ
äëÿ pot-KdV (11) c γ = β2:

2vzvxxz − v2xz − 4(2vx − α)v2z + β2 = 0.
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Îòñþäà ñòàíîâèòñÿ ïîíÿòíî, ÷òî 3D-ñîâìåñòíîñòü íåãàòèâíûõ ñèììåòðèé
òåñíî ñâÿçàíà ñ 3D-ñîâìåñòíîñòüþ êâàä-óðàâíåíèé, ñ êîòîðîé ìû
íà÷èíàëè. Êâàä-óðàâíåíèÿ îïðåäåëÿþò ïðèíöèï íåëèíåéíîé
ñóïåðïîçèöèè äëÿ ïðåîáðàçîâàíèé Áýêëóíäà, òî åñòü, äëÿ îäåâàþùèõ
öåïî÷åê. Âñå óðàâíåíèÿ ðàñïðîñòðàíÿþòñÿ íà ìíîãîìåðíóþ ðåøåòêó.

Íàïðèìåð, äëÿ îäåâàþùåé öåïî÷êè âîçíèêàåò óðàâíåíèå

(v − TiTj(v))(Ti(v)− Tj(v)) = αi − αj ,

ãäå Ti : v(. . . , ni, . . . ) 7→ v(. . . , ni + 1, . . . ). Ýòè óðàâíåíèÿ îïðåäåëåíû íà
êàæäîì 2D ñå÷åíèè ìíîãîìåðíîé ðåøåòêè, à êàæäîé ïåðåìåííîé ni
îòâå÷àåò ñâîÿ ïàðà öåïî÷åê

Ti(vx) + vx = (Ti(v)− v)2 + αi, vzi =
βi

Ti(v)− T−1
i (v)

.

Â ðåçóëüòàòå, ñ êàæäûì êîîðäèíàòíûì íàïðàâëåíèåì ni àññîöèèðîâàíà
ñâîÿ ÍÑ ñ ïåðåìåííîé ∂zi è ïàðàìåòðàìè αi, βi, à èõ ñîâìåñòíîñòü
ÿâëÿåòñÿ ñëåäñòâèåì ñîâìåñòíîñòè öåïî÷åê òèïà Âîëüòåððû íà
êâàäðàòíîé ðåøåòêå.
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Ñîâìåñòíîñòü öåïî÷åê òèïà Âîëüòåððû ñ êâàä-óðàâíåíèÿìè
èññëåäîâàëàñü âî ìíîãèõ ðàáîòàõ. Îäíàêî, èõ ñîâìåñòíîñòü ñ
îäåâàþùèìè öåïî÷êàìè è èíòåðïðåòàöèÿ êàê ÍÑ íå èçó÷àëàñü.

F.W. Nijho�, V.G. Papageorgiou. Phys. Lett. A 153:6�7 (1991) 337�344.

F.W. Nijho�, A. Ramani, B. Grammaticos, Y. Ohta. Studies in Appl. Math. 106:3

(2001) 261�314.

A. Tongas, D. Tsoubelis, P. Xenitidis. Phys. Lett. A 284:6 (2001) 266�274.

P.D. Xenitidis. Proc. R. Soc. A 474 (2018) 20180340.

R.N. Garifullin, I.T. Habibullin, R.I. Yamilov. J. Phys. A: Math. Theor. 48:23 (2015)
235201.

Â.Ý. Àäëåð Íåãàòèâíûå ñèììåòðèè 2 îêòÿáðÿ 2024 32 / 36

https://doi.org/10.1016/0375-9601(91)90955-8
https://doi.org/10.1111/1467-9590.00167
https://doi.org/10.1016/S0375-9601(01)00295-X
https://doi.org/10.1098/rspa.2018.0340
https://doi.org/10.1088/1751-8113/48/23/235201


Óðàâíåíèå Êðè÷åâåðà�Íîâèêîâà

Óðàâíåíèå Êðè÷åâåðà�Íîâèêîâà èìååò âèä

ut = uxxx −
3(u2xx − r(u))

2ux
, r = 4u3 − g2u− g3.

Îïåðàòîð ðåêóðñèè èìååò ïîðÿäîê 4 è ïåðåïðûãèâàåò ÷åðåç ñèììåòðèè,
ïîýòîìó îáùàÿ ôîðìóëà ïðèâîäèò ê î÷åíü ñëîæíîé ÍÑ áîëåå âûñîêîãî
ïîðÿäêà ïî ïðîèçâîäíûì.
Åå ìîæíî ïîëó÷èòü òàêæå, ñòàðòóÿ ñ îïåðàòîðà ðåêóðñèè äëÿ îäíîé èç
ñèñòåì Äðèíôåëüäà�Ñîêîëîâà, äëÿ êîòîðîé ÊÍ ñëóæèò ðåäóêöèåé.
Îäíàêî, ïîðÿäîê óäàåòñÿ ïîíèçèòü è ðåçóëüòàò ìîæåò áûòü çàïèñàí â
ñëåäóþùåì âèäå:

2uz =
u2xq

2
x − r(u)q2

(u− α)q
− u− α

q
, (20)

ãäå q � íåëîêàëüíàÿ ïåðåìåííàÿ, îïðåäåëÿåìàÿ óðàâíåíèÿìè

VA. J. Math. Phys. 65 (2024) 023502.
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2qqxx − q2x + 2qqx

(
uxx
ux
− ux
u− α

)
− q2

(
r(u)

u2x
− 2β

u− α

)
+

(u− α)2

u2x
= 0,

qt = −qx
(
uxxx
ux
− u2xx − r(u)

2u2x
− 2(uxx − β)

u− α

)
− q

ux

(
2(βuxx − r(u))

u− α
+ r′(u)

)
,

ãäå β2 = r(α). Èñêëþ÷åíèå q ïðèâîäèò ê ÍÑ âèäà uxxz = . . . :

P (u)(uxuxxz − uxxuxz)2

− u2x
(
P ′(u)uxz − (4u2 − 8αu− 8α2 + g2)uxuz

)
(uxuxxz − uxxuxz)

+ (2βu2x − P (u))
(
r(u)u2xz − r′(u)uxuzuxz + 4(2u+ α)u2xu

2
z

)
+ 4u2x((u− α)uxz − uxuz)2 − 4u2x(βu

2
x − P (u))2 = 0,

(21)

ãäå P (u) = u4 + 1
2g2u

2 + 2g3u+ 1
16g

2
2 − αr(u).
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Ïîäõîä ñ öåïî÷êàìè ýêâèâàëåíòåí, íî äàåò áîëåå óäîáíîå ïðåäñòàâëåíèå
ÍÑ â âèäå ñîâìåñòíîé ïàðû

un,xun+1,x = h(un, un+1), un,z =
h(un, un+1)

un+1 − un−1
− 1

2

∂h(un, un+1)

∂un+1
, (22)

ãäå h � ñèììåòðè÷íûé áèêâàäðàòè÷íûé ìíîãî÷ëåí. Åå ñîâìåñòíîñòü
ëåãêî ïðîâåðÿåòñÿ äëÿ ëþáîãî h.

Öåïî÷êà ïî x îïðåäåëÿåò ïðåîáðàçîâàíèå Áýêëóíäà äëÿ ÊÍ, åñëè

h(u, v) = h(v, u), huuu = 0, r(u) = h2v − 2hhvv.

Â ÷àñòíîñòè, r(u) = 4u3 − g2u− g3 îòâå÷àåò

h(u, v) =
1

ν
((uv + µu+ µv + g2/4)

2 − (u+ v + µ)(4µuv − g3)), ν2 = r(µ).

Ïðÿìûìè âû÷èñëåíèÿìè ìîæíî ïîêàçàòü, ÷òî ïàðà (22) ýêâèâàëåíòíà
ÍÑ (20) ïðè ñëåäóþùåé ñâÿçè ìåæäó òî÷êàìè íà ýëëèïòè÷åñêîé êðèâîé:

α =
16µ4 + 8g2µ

2 + 32g3µ+ g22
16r(µ)

,

β =
ν(64µ6 − 80g2µ

4 − 320g3µ
3 − 20g22µ

2 − 16g2g3µ− 32g23)

32r(µ)2
.
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Çàêëþ÷åíèå

íåãàòèâíûå ñèììåòðèè � ïðîèçâîäÿùèå ôóíêöèè äëÿ âûñøèõ
ñèììåòðèé

ïðèëîæåíèÿ � àëüòåðíàòèâíûé, áîëåå óäîáíûé ñïîñîá çàïèñè âûñøèõ
ñòðóííûõ óðàâíåíèé

êîììóòàòèâíîñòü ïîòîêîâ ôîðìóëèðóåòñÿ êàê ñâîéñòâî
3D-ñîâìåñòíîñòè

ìåòîäû âûâîäà: îïåðàòîð ðåêóðñèè, êâàäðàòû ñîáñòâåííûõ ôóíêöèé,
öåïî÷êè ïðåîáðàçîâàíèé Áýêëóíäà
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