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Abstract: We present the study of the ST6 balanced set of wind energy input and wave energy
dissipation due to wave breaking source terms, offered as the option in operational wave forecasting
models and based on theoretical self-similarity analysis and numerical simulation of the wave energy
radiative transfer equation. The study relies on the classical limited fetch wind wave excitation
problem with constant wind blowing orthogonally to the shoreline toward the open ocean. It is found
that the ST6 model exhibits asymptotic quasi self-similar behavior for fetches exceeding ~ 25 km,
as well as non-universal wave energy growth for shorter fetches, depending on the shoreline wave
energy levels. We construct the alternative model PGZ-2 from a self-similar consideration, which
reproduces field experimental data almost in the whole fetch span and reduces wave energy evolution
dependence on the shoreline energy level. We assert that the PGZ-2 model is more accurate than the
ST6 model. Moreover, it has a wider area of applicability.

Keywords: water waves; wave spectra; limited fetch; wind wave pumping; self-similarity; kinetic
equation; forecasting; modeling

1. Introduction

The study of ocean waves is significant in many ways. First, waves are one of the main
mechanisms of interaction between air and water. As such, they determine the effect of
the ocean on the weather (both locally and globally) as well as the weather effect on the
ocean motion. The impact of the ocean on the Earth’s climate cannot be overestimated.
Another important field is the study of the waves themselves. This is of great value for ship
navigation, coastal construction, and other fields.

It is widely accepted nowadays that [1,2] the wave kinetic equation based on slowly
changing wave amplitude (WKB approximation), also known in physical oceanography as
the radiative transfer equation [3], statistically describes the evolution of nonlinear ocean
surface waves:

%+g%%:snl+sin+sds 1
where ¢(k, 0, 1, t) is the wave energy spectral density, r = r(x, y) and k = (k, 0) are the real
space vector coordinate and Fourier space wave vector, k and 6 are the modulus of the wave
number and the angle of wave propagation, w = /kg is deep water dispersion relation,
and g is the gravity acceleration. Sy, Sin, and Sqs are the nonlinear wave interaction, the
wind energy input, and the dissipation source terms, respectively.

For more than 40 years, significant efforts have been devoted to the construction of
different forms of Si, and Sgs. In the current research, we are focusing on the assessment
of recently developed ST6 wind energy input S37® and wave energy dissipation 5356
source terms, recently included as a package in the operational wave forecasting model
WAVEWATCH III [4].
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We formulated the new model of the balanced wind energy input and dissipation
source terms with two unknown tunable parameters, the amplitude and index of the
power-like wind source term, and call it PGZ-2 . Those unknown values are obtained with
the help of matching the PGZ-2 numerical results with the field experimentally observed
energy growth curve KC1992 and theoretically predicted PGZ-2 self-similar relations.

The formulated PGZ-2 model significantly improves the correspondence of the to-
tal wave energy behavior for smaller fetches as well as larger ones with experimental
curve KC1992.

Both ST6 and PGZ-2 models exhibit dependence of the wave energy growth along the
fetch on the total wave energy value at the shore. The scatter of this dependence is lower
for the PGZ-2 model.

One should note that the alternative PGZ-2 model should be construed as the demon-
strational one and not for practical purposes since the KC1992 experiment analysis presents
not quite typical behavior for the pool of the multiple experimental observations, studied
in Badulin et al. [12], where the characteristic power-like total wave energy index value
was p = 1. In this relation, in the authors’ opinion, though close in spirit, the different ZRP
approach to the formulation of the balanced source terms presents the better alternative.

The tuning of the PGZ-2 model was performed to be in agreement with the experimen-
tal data. More fine tuning may be performed on the basis of more numeric experiments.

We believe that the PGZ-2 model is a basis for further study. In the near future, we
plan to study its properties in more detail and continue the tuning of the model.
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Abstract

Asymptotic solutions describing linear waves generated by oscillating elliptic source
are constructed employing the recently developed ‘“Reference Solution Approach”
(RSA). The source is assumed to be in rest. The resulting wave pattern exhibits pro-
nounced anisotropy of the solutions for elongated sources. The classic Kelvin angles
of the ship wave patterns determine specific distinguished directions. The analyti-
cal results within the RSA are shown to agree remarkably well with the exact linear
solutions of the problem.

Keywords Cauchy—Poisson problem - Surface gravity waves - The Kelvin wake -
Kelvin’s angle - Stationary phase approach (SPA)

1 Introduction

There is a vast anecdotal evidence that in the presence of swell ship wakes exhibit
St. Andrew’s cross-shaped patterns superimposed on the classical Kelvin wake. Here
we explain these observations following Sir Lighthill [17, § 6] as “surface gravity
waves generated by a traveling disturbance that is not steady but oscillatory with
frequency wg”. The new family of cross-shaped waves does not vanish when ship is at
rest but still oscillating. In this paper we focus on this simplified problem statement.
The shape and finite size of the oscillating wave source turn out essential factors. Their
effect is found to be counterintuitive, at the first glance: an oscillating elliptic source
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The price for the convenience of RSA for the special problem is a necessity of
careful accounting for the physical scale hierarchy. The wave envelope should be much
longer than the carrier wavelength to imitate the oscillating source. Additionally, this
envelope should be short enough as compared with the distance (time) where the effect
of strong anisotropy of the wave field occurs. It is shown that the latter scale is rather
short and cannot be captured by conventional asymptotic methods like SPA operating
in a far zone [18]. The Reference Solution Approach is used as an alternative which is
capable to describe the intermediate asymptotic regime of the wave evolution. In the
above examples, the wave envelopes contain approximately 4-10 wavelengths, and
the pronounced anisotropy of wave amplitudes is observed at distances less than 100
wave periods.

An experimental demonstration of the wave pattern anisotropy in a wave tank would
be highly desirable but, probably, hardly feasible for deep water waves with these
spatial scaling. Laboratory experiments or careful analysis of ship wakes [21, 25] at
low speeds (low Froude numbers) would be helpful for verification of the phenomenon
presented in this paper.
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o-mail: We consider the model of the focusing one-
dimensional nonlinear Schrodinger equation (fNLSE)
in the presence of an unstable constant background,
which exhibits coherent solitary wave structures —
breathers. Within the inverse scattering transform
(IST) method, we study the problem of the scattering
data numerical computation for a broad class of
breathers localized in space. Such direct scattering
transform (DST) procedure requires a numerical
solution of the auxiliary Zakharov-Shabat system
with boundary conditions corresponding to the
background. To find the solution we compute the
transfer matrix using the second-order Boffetta—
Osborne approach and recently developed high-order
numerical schemes based on the Magnus expansion.
To recover the scattering data of breathers, we derive
analytical relations between the scattering coefficients
and the transfer matrix elements. Then we construct
localized single- and multi-breather solutions
and verify the developed numerical approach by
recovering the complete set of the scattering data with
the built-in accuracy providing the information about
the amplitude, velocity, phase, and position of each
breather. To combine the conventional IST approach
with the efficient dressing method for multi-breather
solutions, we derive the exact relation between the
parameters of breathers in these two frameworks.
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into the formulas obtained in [47] for the soliton scattering data. Our derivation is based on the
asymptotic behavior of the wave function (2.8) for spatially localized KM and TW breathers.
To evaluate the scattering matrix numerically, we use the standard second-order approach
from [47] and the recently developed advanced high-order numerical schemes based on the
Magnus expansion [37,48]. Our numerical tests demonstrate accurate recovery of the breather’s
parameters and confirm the declared convergence orders of the developed schemes. Note that
identifying the complete discrete scattering data set {\n, pn } always requires consideration of the
full scattering problem as we present here. Meanwhile computing solely the breathers eigenvalues
{An} can be performed using other techniques [60] such as for example Fourier collocation
method [61]. In our approach, we consider the general case of arbitrary asymptotic condensate
phases ©+ and thereby cover the whole general class of the localized breathers, except the P
breather and its high-order analogue [62]. The first and high-order P breathers being a degenerate
case of the KM class require a separate consideration.

Extending the frontiers of the numerical DST applications by considering the constant
amplitude boundary conditions, we highlight that the problem of characterization of arbitrary
wave fields remains open. An accurate treatment of the data obtained in experiments or numerical
simulations requires further development of periodic and quasi-periodic DST procedures,
particularly for the norming constants of the A breathers. In addition, the existence of the variety
of data analysis approaches, such as windowing or periodization methods and finite gap theory
or theta-functions framework rises the question of finding direct links between different wave
field sacttering data interpretations [21,55,63-65].

Our work contributes to the domain of numerical DST tools and suggests an efficient way
to analyze the nonlinear dynamics of wave fields containing breathers. The latter is of special
importance in light of the problem of modulation instability development, where breathers play
one of the critical roles [2,12,66]. In particular, our DST algorithm can be used for a comprehensive
analysis of breathers embedded into localized arbitrary-shaped background perturbations [60].
With the complete set of scattering data, one can predict the picture of wave field evolution
and also compute the pure breather’s part of the wave field, elucidating their impact to the
injtial condition similar to as it was recently done with solitons [55,67]. In addition one can use
M1 which is important for problems
where continuous spectrum waves dominate in the development of modulation instability

our approach to compute the reflection coefficients {r°, r

or are in interplay with breathers [60,68]. Another important direction represents the rapidly
growing field of integrable turbulence, where the DST algorithms can be used to study phase
correlations of individual breathers as well as phase correlations in gases of breathers [55,69-75].
Note that both IST and DST algorithms face rapid growth of numerical errors when increasing
the number of discrete spectrum components, which can be coped with using high-precision
arithmetic as recently suggested in [55,57,76]. We highlight that the complete characterization of
the breather’s parameters benefits the IST analysis of experimental data on coherent structures
in optics, hydrodynamics, and other nonlinear waveguides described by nearly integrable
models [21,32,34,77,78]. Also our approach can be generalized to the case of vector breathers of
the Manakov system [79-83] and other integrable systems with constant amplitude boundary
conditions.
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HOHyLIeHHOI‘/JI B IIPEAIIOJIOZKEHNN O JOMUHUDPYIOIEM BINAHUN PE3OHAHCHBIX IIATUBOJJIHOBBIX B3aHMO,Z[efICTBHfI.
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Bsenenue. Xopoio M3BECTHO, YTO HEIUHEHHbIE
BOJIHOBBIE CHCTEMBI MOTYT MEPEXOIUTH B KBA3UCTAIO-
HAPHOE XA0TUIECKOe COCTOsIHME (PeXKUM BOJIHOBOI Typ-
Oy/JIEHTHOCTH) B PE3YJIbTATe€ PE30HAHCHBIX BOJHOBBIX
B3aumMoeiicruii [1]. fIBienue BosHOBOI TYypPOYyJIEHTHO-
CTA MOXKET BO3HUKHYTH B IIPOU3BOJIbHON HEJIMHENHON
BOJIHOBO# cucreme. Tax, Hampumep, W3BECTHA OITHIE-
CKasl TYypPOYJIEHTHOCTD [2], MAPHUTO- U JIEKTPOTUIPOJIU-
HAMMYECKasl BOJHOBas TypOysieHTHOCTD [3-7], akycru-
veckast TypOyseHTHOCTD [8-10] 1 TypOymeHTHOCTD IuC-
MEPCUOHHBIX KAMIISPHBLIX ¥ IPABATAIMOHHBIX BOJIH HA
cB0oGOIHOI oBepxHOCTH Kuaxoctu [11-13]. B paGorax
Baxaposa u coaBTopos [11, 8] 6K BlIepBBIE Oy YEHBI
TOYHBIE PEIICHUs KUHETUIECKUX yPaBHEHU 111 (DyHK-
UM PACIIPEIEIEHNsT KBA3UIACTHI-BOJIH, OIMICHIBAIOIINE
CTAIMOHAPHBIN IIEPEHOC SHepruu (MM JAPYIUX UHTErpa-
JIOB JIBUKEHNUS) BJOJb PA3IMIHBIX Macirabos. Takue
peIennst MOJIyYnI HA3BAHUE CIEKTPOB TypOyJIeHTHO-
ctu Komvoroposa—3axapoBa 1o aHAJOTUU C KJIACCHIE-
CKO#i THIPOIMHAMUIECKOH TyPOYIeHTHOCTHIO [1].

B macrosmuii MOMEHT BPEMEHH CIEKTP H30TPOII-
HOW KAIMIIAPHON TypOYJEHTHOCTH Ha IOBEPXHOCTH
JKUJIKOCTU (TaKyKe U3BECTHBIA KaK CIEKTD 3axapoBa—
®uionenko [11]) moATBEPXKIEH ¢ BBICOKOH TOYHOCTHIO
KaK 9KCIlepruMeHTasIbHO [14, 15], Tak u uncenno [16-18].
CruexTp 3axapoBa—PUIOHEHKO OOBITHO 3AIMCHIBAETCS B
repmunax Pypbe cruexrpos dyuknuu 7(r, t), onpemesis-

De-mail: kochurin@iep.uran.ru
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romeit opmy nosepxrocru xkugkocru, Sy(k) = || u
Sp(w) = |nw|*:

S(w) = G5, PV (a /) /01T,

Sy(k) = Ch, PYV2(a/p) 3/ k=14 k=K, (1)

rie k — BosHOBOI BekTOp, W — yrioBag wactota, Ck,
u Cf, — 6e3pa3MepHble KOHCTAHTHI, P — CKOPOCTb JHC-
CUTIAIINY SHEPTUH HA €IUHUILY ILIOIMIAIN IIOBEPXHOCTH,
0 U p — MOBEPXHOCTHOE HATSKEHUE W MACCOBAsS ILJIOT-
HOCTH JKUJIKOCTH, COOTBETCTBEHHO. IIpocTpancTBeHHbII
U 9aCTOTHBIN crekTphl (1) cBsA3aHbI MKy cOBOIt 3aK0-
HOM COXpaHeHHs dHepruu B npocrpanctBe Pypbe, T.e.
Sy(k)dk = Sy, (w)dw. Crenennas saBucuMocts or P B
crekrpax (1) ¢ mokazareseM crenenu 1/2 orparkaer pe-
30HAHCHBIN XapaKTep TPEeXBOJHOBBIX B3aUMMO/ICHCTBIIA:

k = k; + ko, (2)

W = wp + w2,

rJie W CBSA3aHA C BOJHOBBIM YHCJIOM k 3aKOHOM JUCIIED-
cun, w = (o /p)'/2k3/2.

Takum 06pa3zom, cupaBeuBocTh crekrpa (1) juis
ONMCAHUS U30TPONHON KANWLISPHON TYpOYJIeHTHOCTH
B HACTOslIllee BpeMsi He TOJyiexkuT comMHeHntoo. Cu-
Tyanus MEHS€TCS B CJIy9Iae AHU30TPONHBIX BO3MYIIE-
HUIl TOBEPXHOCTH, KOTJ[A PACCMATPUBAEMBIE BOJIHBI Pac-
[POCTPAHSIIOTCS. B OJHOM HAIPABJIEHWUHU, T.e. SIBJISIFOT-
sl KOJUIMHEAPHBIMA. B Takoil cuTyanum ycioBust Tpex-
BOJIHOBOT'O PE30HAHCHOTO B3anMoJeiictsus (2) mepecra-
IOT BBIIOJIHATHCA. TypOyJIeHTHOCTD KOJUIMHEAPHBIX Ka-
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0OHOI TOBEPXHOCTU KUIKOCTHA. BHIUCIATEIbHAS MO-
JeJIb SIBJISIETCH IIOJIHOCTHIO HEJIMHEHHONW W y4YUThIBAET
3 PEKTHI TOBEPXHOCTHOT'O HATAXKEHUS, HAKATKHU U JIAC-
cunanuyu dHeprun. Pe3ysibTaThl MOIETHPOBAHUS TOKa-
3BIBAIOT, YTO CHUCTEMa B3aMMOJCHCTBYIONINX HEJMHEH-
HBIX KAIWJJIAPHBIX BOJIH MOXKET II€PEXOJIUTH B KBa3U-
CTaIlOHAPHOE COCTOAHUE, KOT/a JefiCTBUE BHENTHENH CU-
JIBI TIOJTHOCTHIO KOMIIEHCUPYETCS [UCCUIATUBHBIMA (-
dekramu. B 3TOM pexkume JBMKEHUE KUJIKOCTU IPU-
obpeTaeT CJI0XKHBIM U HEPErYIIPHBIN XapaKTep, a IJIOT-
HOCTb BEPOATHOCTH AMILIATYAbl I'PDAHUIBI CTAHOBUTCH
6/IM3KO#l K HOpMaJIbHOMY pacupeiesienuio [aycca. W3-
MEPEHHBIH CIIEKTP NOBEPXHOCTHBIX BO3MYIIEHUI B KBa-
3UCTAIMOHAPHOM COCTOSHUHM TPUOOPETAET CTEIEHHYIO
3aBUCHMOCTbD C ITOKa3aTeseM, OJIM3KAM K aHAJTUTAIECKO-
MY CHEKTPY, HOJIyYeHHOMY B IPEIIOJIOKEHUA O JTOMU-
HUPYIOIIEM BJINAHUN PE30HAHCHBIX HATHUBOJHOBBIX B3a-
IMOJEHUCTBUN B aHU3O0TPOIHON IIOCKO-CHIMMETPHYIHON
reomerpun. AHaJIU3 IPOCTPAHCTBEHHO-BPEMEHHOT'O IIpe-
obpazoBanusg Pypbe TakkKe CBUAECTEIHCTBYET O CJIAa00
HeJIMHEITHOM XapakTepe 3Bosionun BoH. Cremyer Tak-
K€ OTMETUTh, YTO YUCJIEHHBbIE Pe3yJIbTaThbl XOPOIIO CO-
IJIACYIOTCS C IKCIEPUMEHTAJIbHBIMU HCCJE/IOBAHUSIMU,
UPOBEICHHBIMY J1Jist KUJKON pryTu [20].
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Abstract: Magnetic fields of different astrophysical objects are generated by the dynamo mechanism.
Dynamo is based on the alpha-effect and differential rotation, which are described using a system
of parabolic equations. Their solution is an important problem in magnetohydrodynamics and
mathematical physics. They can be solved assuming exponential growth of the solution, which
leads to an eigenvalue problem for a differential operator connected with spatial coordinates. Here,
we describe a system of equations connected with the generation of magnetic field in discs, which
are associated with galaxies and binary systems. For an ideal case of an infinitely thin disc, the
eigenvalue problem can be precisely solved. If we take into account the finite thickness of the
disc, the problem becomes more difficult. The solution can be found using asymptotical methods
based on perturbations of the eigenvalues. Here, we present two different models which describe
field evolution for different cases. For the first, we find eigenvalues taking into account linear and
quadratic terms for the perturbations in the eigenvalue problem. For the second, we find eigenvalues
using only linear terms; this is quite sufficient. Results were verified through numerical modeling,
and basic computational tests show proper correspondence between different methods.

Keywords: eigenvalue problem; perturbations; eigenfunctions; dynamo; magnetic field;
differential operator

MSC: 35Q85; 35P15

1. Introduction

Magnetic fields of different astrophysical objects play an important role in astronomy.
They have been studied for a long time, beginning with research regarding sunspots, which
are the basic tracers of magnetic fields of the Sun [1]. It has been shown that the generation
of such fields is described by the dynamo mechanism [2]. Dynamo is an important process
in magnetohydrodynamics, which is based on the helicity of turbulent motions and non-
uniform rotation of the medium (differential rotation) [3-5]. Such mechanisms take place
not only on the Sun; similar processes also describe magnetic fields in other celestial bodies,
such as stars [6], galaxies [7-9], accretion discs [10,11], planets [12], etc. Usually, three-
dimensional equations for magnetic fields are reduced to simpler problems based on the
properties of symmetry. One of the most important cases is connected with objects that
have the shape of a disc [13-15]. Such models are connected with spiral galaxies and
accretion discs surrounding compact astrophysical objects (black holes, neutron stars and
white dwarfs) in binary systems.

First models for the dynamo process in discs were devoted to the thin objects and
connected with so-called no-z approximation, constructed first by Mestel, Brandenburg [13]
and Moss [14]. Such models used a specific law for the z-dependence of the magnetic field
and assumed that the vertical component of magnetic field could be neglected. Thickness
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values. The value of the critical dynamo number, which characterizes the possibility of
generating a magnetic field, was obtained; it was shown to be higher (reaching values up
to D¢y = 10..12) than that of the dynamo model of a thin disk. Thus, it was shown that
vertical flows can complicate the conditions for field generation, although they provide
alpha-effect, which is necessary for the dynamo. So, we should have some balance between
different factors.

We also considered the problem of generating a magnetic field within the framework
of a model that takes into account a more complex structure of the field. In this case,
it was necessary to solve the eigenvalue problem for an operator acting in the space of
two-dimensional functions. In this case, a linear approximation was constructed. Note that
quadratic approximation is extremely cumbersome. In addition, numerical simulations
show that linear approximation provides much more accurate results than the case of a
one-dimensional model does. Note that in this case, taking vertical fluxes into account also
led to an increase in the generation threshold of the magnetic field.

This approach is not the only possible way to describe magnetic field generation.
First, we should take into account the model for axially-symmetric galactic dynamos
developed by Henriksen and colleagues [30-32]. There are exact solutions for some cases
for alpha—alpha dynamo and classical dynamo with zero and non-zero diffusion. These
results correspond to modern observational data connected with edge-on galaxies [33].
Mathematically, this work describes cases when equations cannot be solved exactly, but we
can take into account special effects using perturbation theory.

Thus, it can be summarized that in the case of thick disks, the process of generating
a magnetic field is significantly complicated. This is due to the presence of vertical flows.
This result was confirmed by solving the eigenvalue problem in various approximations.
In addition, it agrees with numerical simulation data.

Author Contributions: Conceptualization, E.M.; methodology, E.M.; investigation, M.P.; numerical
results, M.P;; writing, EIM. and M.P. All authors have read and agreed to the published version of
the manuscript.
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Appendix A

Here we describe the main stages of the derivation of equations for the magnetic
field, based on approaches described in [21]. First, we use the Steenbeck-Krause—Raedler
equation [3]:

oB

§:VX(V><B)+V><(0¢B)+17AB (A1)

where Vis the regular velocity, « = — v e Vv is the alpha-effect coefficient, and 7 is the
turbulent velocity coefficient. As for velocity, we can introduce the law V = rQe,, and for
the alpha-effect & = a7, where ay is the typical value and  is the half-thickness.

If we introduce the field in Equation (57), the equation will be:

0B 0A

S TV % (atqu) =V x (rQV x (Aey)) + V x (aBey) + 11ABe, + 11(AAe,) (A2)
We can divide this equation in two parts [21]. The first part corresponds to ¢-

component, and the second part is included into curl. If we measure the distances in

units of radius of the disc and time in units of %2 we obtain Equations (58) and (59).
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KBA3UKJIACCUYECKAS INHAMUKA HEJIMHENHBIX BOJTHOBBIX
CUCTEM

E. A. Kysneyos™

! ®uzmueckmit uncruryT M I1. H. Jle6enesa PAH;
2 Uncruryr teopernueckoit duzuxu um JL. 1. Jlangay PAH;
3 Ckonxosekuit MucturyT Haykn u Texnosornu, Ckoaxoso, r. Mocksa, Poccus

IIpencraBiaen kparkuit 0630p MO KBA3WUKJIACCUIECKON BOJIHOBON JWHAMUKE I HEJUHEWHOTO ypaBHe-
nus Ipenunrepa (HYII) npumennrensHo K ¢okycupyomuM u gedokycupyomuM cpepaM. CpoiicTsa
HVYIII cymecTBeHHO pasindHbl B 3aBUCHUMOCTH OT pa3MepHOCTH mpocrpancTBa d. JIsymepnoe HYIIL 06-
JIAZIAeT JOTIOJHUTENBHON cuMMeTpuell KOHMOPMHOIO THIa OTHOCHTEILHO mpeobpasosanuii Tamaxosa [1],
BIIEPBbIE HANJIEHHBIX JJIsI CTAIIMOHAPHON caMO(OKYCUPOBKH B CPeJie C KepPOBCKOIl HesmHeiiHocTbo. Cres-
CTBHEM 9TOH cuMMeTpuu siBjisiercsi Teopema BitacoBa—Ilerpuiesa—Tasanosa 2], csi3biBaomast cpeiHee
3HAYEHUE KBaJpaTa PaclpelesieHus ¢ TaMUJIbTOHUAHOM CHCTEMBI. DTa TeopeMa CIIPpaBeIjInBa Kak Jyisd (o-
KYCHUDPYIOIIIX, TaK U 11 1e(OKYCUPYIONNX cpell. B KBasukaccuueckoM Ipejiesie 3To I03BOJISET IIOCTPOUTH
aHU30TPOIHBIE PEIIEHNs], OMUCHLIBAIONINE KAK CXKATHE MydYKa MPU CaMO(POKYCUPOBKE, TaK U PA3JIET KBAaH-
TOBBIX 'a30B B BAaKyyM B PaAMKaxX TaK HA3bIBAEMbBIX KPUTHUIECKUX HeJunHeHbIX ypasueuuit lllpenunrepa, B
YaCTHOCTH JJIsl ypaBHeHus ['pocca—IInTaeBCKOTro ¢ XUMUYECKHUM IIOTEHIIAJIOM CO CTEIIEHHOH 3aBUCUMOCTHIO
OT ILUIOTHOCTH ¢ mokazareneM v = 2/d. {na ypasuenus I'pocca—IIuTaesckoro cay4vait d = 2 oTBe9aeT KOH-
J[eHCaTy CIabOHenIeaIbHOro 603e-ra3a, a d = 3 ONICHIBAET KOHJEHCAT hepMU-Ta3a B YHUTAPHOM IIPEJIeIe.
IIpu d = 3 ypaBrenus I'pocca—IluTaeBcKOro B KBa3MKJIACCHYECKOM IIpeJiesie IIPEBPAIIAETCS B yPABHEHUS
ra30JJAHAMUKH C TIOKa3aTeseM aanabarsl ¥ = 5/3. ABTOMOJIC/IbHBIE PENICHUST B 9TOM TPUOIMKEHUH OITUCHI-
BarOT Ha (POHE PACIIMPSIONIErocs ra3a JedopMaliii ra3oBoro obJaka. Takoro Tura yrjoBble gedopMalin
HaOJIIOMAIOTCST KaK IPU Pa3jiéTe KBAHTOBBIX Ma30B, TaK U IIPU BO3JEHCTBUN MOIIHOIO JIA3€PHOIO U3JIy YeHUsT
Ha BemecTBo. /ly1s cBepxkpuTmaeckoro okycupytoriero tpéxmepuoro HYIII mpesacrasmenbr KBa3ukKIac-
CHYeCKre PeIeHNs] KOJIJIAIICUPYIONIEro THUIIA, BK/IIOYas TOYHOE KBA3WKJIACCHYIECKOE DEIeHUe, OIMCHIBAIO-
1ee PexKMM CHJIBHOI'O KOJLIAICA. BBISICHEHO, 4TO BCe TaKue KBa3WKJIACCHYECKHE KOJIIAIICHI OKA3bIBAIOTCS
HEYCTONYIUBBIMY, 33 HUCKJIIOYEHHEM CAMOIO CJIab0ro M OJHOBPEMEHHO CaMOro OBICTPOro KOJIJIAICA, COOT-
BETCTBYIOIIEro asromoenbaomy perternio HYIIL. Paccmorpen Bompoc 0 mocTKosIance Kak MPOIOIzKEHUN
€s1ab0oro KoJIJIAIICa, B pe3yJsibrare KOTOPOro MPOUCXOAUT (POPMUPOBAHNE KBA3UCTAIIMOHAPHONW OCOOEHHOCTH
B BHUJe YEPHON IBIPBI, B KOTOPYIO YHEPTHs MOCTYHAET M3 OKPYKAIIEH KoJutancupyforeit obmactu. st
HYII opu d > 4 dopmupoBanmne 4EPHOI ABIPHI MOXKET OBITH OIMMCAHO B KBA3WKJ/IACCUIECKOM IIPUOJIIKE-
Hun. [lokazaHo, 9TO aHU30TPOIHSsI, OO6YCIOBJIEHHAsT MATHUTHBIM II0JIEM, CYIIIECTBEHHO U3MEHSIET CTPYKTYPY
JIEHTMIOPOBCKOT'O KOJIJIATICA, B YACTHOCTH MPUBOIUT K OOPA30BAHUIO CHJILHO AHU3OTPOIHBIX UEPHBIX JIBIP,
OIHUCHIBAEMBIX KBA3UKJIACCUIECKU.

BBEJEHWUE

C Tex mop, Kak ObLI OIyOJIMKOBaH IEPBBI 0030p aBTOPa IO WHTEIPAJIBLHBIM KPUTEPUSAM BOJHOBBIX
KOJLJIAIICOB [3| B clienmasibHOM BbIITycKe KypHaia «Pagunodusukay, nocssmménaom 70-seruto Biraumvu-
pa Wibnua Tamanosa, npomuio yxke 20 jet. [TosTomy BTOpOit 0630p NpUMEpHO HA Ty KE TEMY B 9TOM
BhITycke, nocssmeaHoMm 90-meruio B. U. Tananosa, xodeTcd Ha3BaTh TOYHO TaK 2Ke, KAK U 3HAMEHU-
ThIl pomaH Autekcanapa [roma: «JIBagmars Jier ciycTs». DTOT 0030p HAIMCAH y2Ke IOCIe KOHUMHBI
B. 1. Tananosa, ogHako ero paboThl 10 TeOpun caMO(pPOKYCUPOBKU CBETA — OJHOT0 U3 APUANIITNX HEJIU-
HEWHBIX SIBJIEHUN — IPEICTABIAIOT OO0 PyHIAMEHTAJIBHDBIN BKJIaJ B TEOPUIO BOJHOBBIX KOJIJIAIICOB.
B sHaunTenbHON cTeneHn PasBUTHIO €ro Mjel HMOCBSIIEH JaHHbI 0030p. OCHOBHOE BHUMAaHUE B HEM
YeJIgeTCsd KBA3UKJIACCUYECKOMY OIIMCAHUIO HEeJMHEHHONW BOJHOBOM JAMHAMUKU B PAMKax HEJIUHEHHOI'O
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CTAIMOHAPHON caMogOKycupoBku ceeta. JIpyroit dbusndeckuii mpumMep KPUTHIECKOTO TOBEJIECHUS Je-
MoHcTpupyeT ypasuenune ['pocca—ITuraesckoro (ono xe HYIIL) B 1BymMepHOM citydae, KOTOPOE OIHCHI-
BaeT IPU TOJIOXKUTETHHO JIJINHE PAacCesHus HeJMHElHbIe KoieDaHusl KOHIEHCATa CJIab0Hen 1eaIbHOTO
6oze-raza. [Ipn d = 3 u v = 2/3 ypasuenne ['pocca—IluraeBckoro onucbBaer KoHeHCAT hepMU-Ta3a
B TaK HA3bIBAEMOM YHUTApHOM mpejieie (cm., Hampumep, [15]). s Bcex oTux cucreM HpuUMEHHMA
teopema Biacosa—Ilerpurnesa—TaanoBa. Ciieyer OTMETHTh, ITO 9Ta TEOPeMa CIPABEINBA TAKXKe
pu KBazukJjaccuieckoM ommcannu kpurudeckoro HYIII kak mjist dhokycupyoomux, Tak u s gedo-
KyCUDYIOIIUX cpeJl. B KBasuK/accuieckoM Ipejiesie npu d = 3 U COOTBETCBEHHO v = 2/3 ypaBHeHHe
I'pocca—IIuraeBckoro mpeBpalaeTcsa B ypaBHEHUs THAPOIMHAMUKI JIJIA Fa3a ¢ IOKa3aTeeM auadaThl
~ = 5/3, 1Jist KOTOPBIX TaK»Ke BBINOJIHsIeTCs Teopema Biracosa—IlerpunieBa—TaianoBa, CBA3BIBAIOIIAS
cpenHUiT pa3Mep pacupefiesenns R ¢ raMmiabToHnaHOM H .

B mamHO# cTaThe MBI pacCMOTpeIn, KaKuM o0pa3oM paboTaeT TeopeMa BHPHAJIA IPUMEHHUTEILHO
K KBaszukJjaccuieckoil muHamuke kpurudeckux HYII. Bwuio BeisicHeHO, uTO [jist JeOKYCUPYIOIe-
ro CIydasi, B YaCTHOCTH JJisi Pa3JéTa KBAHTOBOI'O U KJIACCHYIECKOT'O I'a30B B BaKyyM, aBTOMO/IE/IbHBIC
AHM30TPOIIHBIE PENIEHUsT OIMMCHIBAIOT Ha YIJIOBBIE jiehOPMAIIUU ra30BOr0 00JIaKa IIPU €ro PACIIUPEHUH.
Takoro Tuna jJedopmaln HabIIOAAI0TCs KaK [IPU pasJieTe KBAHTOBBIX ra30B |25, 26, Tak u npu Bo3/ieii-
CTBHH MOIIHOTO JIA3€PHOIO U3JIyUYeHUsT Ha MeTaJsul [21], Korjia npiuMeHrMbl ypaBHEHUs THIPOINHAMUKI
JUIsi rasa ¢ Y = 5/3 u coorBercrBenHO perenne Anncumoa—/JIbicukosa [18]. B dokycupyromem ciy-
9Jae aBTOMOJIEJIbHBIE AaHU30TPOIIHBIE PellleHnsl, KaK ObLIO ToKa3aHo B [27], npuBoasT K (hOKyCHPOBKe Ha
JINHUAX, & He K (POPMUPOBAHUIO CUILHOI'O KOJLIAICA, KaK ObLIO 1mo3ke rpojaeMoHcTpupoBano Opaiima-
HOM [45], a 3arem B paborax [46-48].

Js ceexkpurnaeckoro HYII npu d = 3 B paboTe mpeacTaB/ieHO TOYHOE KBA3UKIACCUIECKOe Pelle-
HUE, OIUBIBAIOIIECE PEXKUM CUJILHOT'O KOJIJIAIICA, JIJIsi KOTOPOIO 3aXBaTbiBaeMasi B 0COOCHHOCTh SHEPIus
BOJIH KOHeuHa. Bce npyrue perenust n3 nepapxun KBa3uK/IACCUIECCKUX PEIIeHUN OTHOCATCS K C1abbiM
KOJIJIaIIcaM, JJjisi KOTOPBIX (pOPMaJIbHO 3aXBadeHHasi B OCOOEHHOCTD SHEPIusi paBHa HyJI0. Bce Takme
KBa3UK/IACCUIECKNE KOJIJIATICHI OKA3BIBIOTCA HEYCTONYMBLIMU, 38 UCKJIIOYEHUEM CaMOr'o CJiaboro u oJ-
HOBPEMEHHO CaMOr'0 OBICTPOrO KOJLJIAICA, COOTBETCTBYIONIEr0 aBTOMOJIEIBHOMY PEIIEHNIO TPEXMEPHOTO
HYII [32]. PaccMorpen BOmpoc 0 MOCTKOJLIAIICE KaK MPOJIOJIZKEHUU CJIAbOro KOJLIAICA, B PE3yJIbTaTe
KOTOPOTr'0 IIPOUCXOIUT (hOPMUPOBAHNE KBA3UCTAIIMOHAPHON OCOOEHHOCTH B BHUJE BOPOHKH — YEPHOIT
JIBIPBI, B KOTOPYIO SHEPTHs deplaeTcs U3 oKpykaromieil kojutamnc obmactu. as HYII Beicokoit pas-
MepHOCTH d > 4 dopMUpPOBaHIE BOPOHKH MOYKET OBITH OMMCAHO B KBA3UKJIACCHIECKOM TPUOJIMKEHN,
TOYHOCTB KOTOPOIO YJIydUIIaeTCs M0 Mepe npubjnmkenns: K ocobennoctu. [lokazano, 9To aHU30TPOIHS,
00yC/IOBJIeHHAST MATHUTHBIM I10JIEM, CYIIECTBEHHO M3MEHSIET CTPYKTYPY JIEHTMIOPOBCKOTO KOJLJIAIICa, B
YaCTHOCTH IPUBOJINAT K 0OPA30BaHUIO CHJILHO aHM30TPOITHBIX YEPHBIX JIBIP, KOTOPhIE OMMMCHIBIOTCSA KBa-
SUKJIACCUYIECKU. B 9TOM CJIy4da€ TaK2Ke TOYHOCTH KBAa3UKJIACCUIECKOI'O HpI/I6.HI/I)KeHI/IH yay4dniaeTcd 110
Mepe pUOIMKEHNA K OCOOEHHOCTH.

Aprop 6staromapen C. H. 'ypbaroBy 3a moJjie3Hble 06CyKIEHUST U 38 TO, ITO TOT OOpaTH/I BHUMAHUE
aBropa Ha crarbu |27, 29, 30]. Asrop Takxke Giaromaper A.A.Bajakuny 3a oJe3Hble 3aMeYaHUS.
Hannast pabora BBIIOIHsIACH IPK TIOIepKKe Poccuiickoro Hayanoro dbonga (mpoekt Ne 19-72-30028).
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NONLINEAR DYNAMICS OF SLIPPING FLOWS

E. A. Kuznetsov,"?3 * E. A. Mikhailov,"** and
M. G. Serdyukov * UDC 537.86

We develop a new concept for the formation of behavior features of inviscid incompressible fluids
on the rigid boundary due to breaking of slipping flows. The breaking possibility is related to the
compressibility of such flows due to the boundary. For two- and three-dimensional inviscid Prandtl
equations, we analytically obtain the criteria for a gradient catastrophe for slipping flows. For the
two-dimensional Prandtl equations, breaking occurs for both the velocity component parallel to the
boundary and the vorticity gradient. The explosive growth of the vorticity gradient correlates with
the appearance of a jet in the direction perpendicular to the boundary. For the three-dimensional
Prandtl flows, breaking (fold formation) leads to an explosive growth for both the symmetric part
of the velocity-gradient tensor and its antisymmetric part, i.e., vorticity. The blow-up generation
of vorticity is possible due to the fluid suction from the slipping flow with simultaneous formation
of a jet perpendicular to the boundary. These factors can be considered as a tornado-formation
mechanism. Within the framework of the two-dimensional Euler equations, we numerically study
the problem of the formation of increasing velocity gradients for the flows between two parallel
plates. It is revealed that on the rigid boundary, the maximum velocity gradient exponentially
increases with time simultaneously with an increase in the vorticity gradient according to the
double exponential law. This process is also accompanied by a jet formation in the direction
perpendicular to the boundary.

1. INTRODUCTION

Collapse, i.e., the process of the formation of a singularity in a finite time under smooth initial condi-
tions, plays a primary role in understanding the turbulence nature in nonlinear dynamics. This is especially
important for a developed hydrodynamic turbulence at large Reynolds numbers Re > 1 in the inertial scale
interval, in which, according to the Kolmogorov theory [1], the interaction between the fluctuations is consid-
ered local and can be described within the framework of the Euler equation. In this scale range, turbulence
has a universal character and is determined by the only dimensional quantity, namely, the energy flow € from
large energy-containing scales to small viscous ones. In this case, the velocity fluctuations with scale ¢ are
found from the dimension considerations, i.e., (Jv) o '/3¢1/3 (hereinafter, the angle brackets denote aver-
aging over the statistical ensemble). Correspondingly, the vorticity fluctuations behave as (dw) o< e'/3¢=2/3,
i.e., diverge for £ — 0. In this case, the transition time turns out to be a finite quantity determined by the
characteristic scale of the energy-containing region, which is indicative of the collapse possibility in the three-
dimensional Eulerian hydrodynamics. Although many numerical experiments conducted in the late 1990s
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dependence between the maximum velocity gradient and its thickness /¢, i.e., max |0u/dx| oc £=2/3. It should
be noted that we have succeeded in obtaining a much better resolution (by about an order of magnitude)
compared with that of our previous numerical experiments [19]. This allowed us not only to refine earlier
results related to an exponential increase in the velocity gradient, but also study an increase in the vorticity
gradient in detail. It has been demonstrated that it increases according to the double exponential law such
that the numerical characteristics of an increase are in full agreement with theoretical prediction given by
Eq. (20). It is also worth noting that a superexponential increase leads to an increase in the vorticity gradient
for the studied time interval by three orders of magnitude, which would be impossible without an accuracy
improvement and use of parallel calculations. It should be mentioned that such regimes with an exponential
growth were observed in the three-dimensional Euler equations for the pancake vortex structures and in the
two-dimensional Euler equations for the quasi-one-dimensional structures in the form of the vorticity quasi-
shocks [12]. For the three-dimensional Prandtl equations, we have shown that the slipping flows demonstrate
the blow-up behavior for both the velocity stress tensor and the vorticity. In this case, a jet is formed in
the direction transverse to the boundary, which, combined with an explosive increase in the vorticity, can be
considered as a tornado-formation mechanism. Thus, it is of fundamental importance to clarify the role of
the boundary in the collapse formation in the three-dimensional flows of inviscid fluid within the framework
of the Euler equations.

We thank B.G.Konopelchenko, A.A.Kiselev, A. M. Gaifullin, G. E. Volovik and V.E. Zakharov for
useful discussions. This work was supported by the Russian Science Foundation (project No.19-72-30028).
This work was carried out using the equipment of the shared research facilities of High-Performance Com-
putational resources at M. V. Lomonosov Moscow State University (“Lomonosov-2” supercomputer).
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3BOJIIOUNA HEJIMHENHbLIX BOJIHOBbLIX MMMY/1bCOB B
TEOPUN YPABHEHNA CNHYC-TOPAOOH

X
A. M. Kamuwammnos
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[aHo pelueHne MogyNnAUNOHHbBIX ypaBHEHN Yi3ema, OonucbiBaoWwmx 3B0oLMio ornbatowmx ogHodasHbIX ne-
pYOAMYECKNX BOJIH, MOLHYMHSIOWNXCA ypaBHeHuto cunyc-FopgoH. Metogom rogorpacba 3agaya ceefeHa K -
HeliHOMY YPaBHEHUIO B YAaCTHbIX MPON3BOAHbLIX N OMMCaH KJIAacC PELLEHNIA 3TOro YpaBHEHNS C pa3fesoWwMmncs
NMepeMeHHbIMU. Teopusi UIIOCTPUPYETCS MPUMEPOM, B KOTOPOM MOJIYHEHO MOJIHOE AaHANINTUHECKOE peLueHie
3afa4” O CaMOCXKATWMN HEJMHEHOrO BOJIHOBOrO MakeTa, KOTOPOe COMPOBOXKAAETCS YXOLOM BOJIH U3 obsiacTu

HeSIMHERHbIX KonebaHuiA.

DOI: 10.31857/S0044451023050127
EDN: BFLYCL

1. BBEAEHUE

SIBJeHne MOJYJISIMOHHON HEYCTORUIMBOCTU HEJU-
HeIHBIX BOJIH OBLIO OTKPBITO HE3ABUCUMO B HECKOJIBKHX
PasIMIHBIX (DUBHIECKNX KOHTEKCTax: KakK caMO(OKy-
CHPOBKA HHTEHCUBHBIX IIy9KOB CBETA, PACIPOCTPAHSIO-
muxcst B HesmHeiHOH cpene [1-3], kKak pasbueHne ra-
3a JICHTMIOPOBCKHX ILIA3MOHOB Ha OTJEIBHBIE CIYCTKH
[4,5], KaK caMOC)KaTHe BOJHOBBIX ITAKETOB JJIst BOJIH B
ouruke [6] u ma ruiyGokoit Boze [7,8]. Ecin nauamsb-
HOe pacrpejieieHne (bU3NIeCKUX [apaMeTPOB BOJIHBI
[IPOMOJLYJIMPOBAHO JIOCTATOYHO IIJIABHBIMU (DYHKI[HA-
MU, TO B IVIABHOM NPUOJINKEHUU JHHAMHUKA MOJLYJIsi-
Ui ONUCBIBAETCS YPABHEHUSAME TUIPOJIXHAMITIECKOTO
TUNA, JJIS PENIeHUst KOTOPBIX MOTYT OBITH HCIIOJIB30-
BaHBl METOJbI ra30Boil JuHaMuku. IlepBble mpuMeps!
TAKOTO TI0JIX0/a OBLIM JIAHBI B TEOPUH CAMObOKYCH-
POBKH, KOTJIa IBOJIIOIHS Iy IKa CBETA ONUCHIBACTCs (Do~
KyCHDYIOIINM HeJIMHeHHbIM ypasHeHueM [IIpennnrepa,
TAK YTO MOJIYJISIIHOHHBIMU TTADAMETPAMHA CJIy?KAT MH-
TEHCHBHOCTD CBETA M MOIIEPETHOE BOJHOBOE UUCJIO CBE-
TOBOM BOJIHBI, KOTOPBIE OIIUHSIOTCS Y PABHEHUAM I'€0-
MeTPHUYECKOI ONTHKH, SKBUBAJEHTHBIM I'HJIPO/MHAMI-
YeCKUM yPABHEHUsIM JIJIsl BOJH Ha «OIPOKUHYTOH MeJl-
Koit Boziey. st aToro ciaydast B. Y. Tamanos namen pe-

* E-mail: kamch@isan.troitsk.ru
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[eHne JJIs Iy 9Ka ¢ TapabOInIeCKIM HAYAIbHBIM IPO-
dbusnem unrencusnocru [9], a C. A. Axmanos, A. I1. Cy-
xopykos, P. B. Xoxzos [10] — auist mydukoB ¢ HaYaIb-
HBIM TTPOdUIEM UHTEHCUBHOCTHU BHUIA Ch72($). B pab6o-
rax [11,12] anasoruuanstii nogxosn 6611 copmyupoBan
umezapucumo ot Teopun HYII, Ho rakke B npubiimke-
HUU YMEPEHHOM aMILINTY bl BOJHBI, U B PE3YIbTATE MO-
JLYJISITAOHHAST THIPOIMHAMIYECKasi CUCTeMa ObLia CBe-
JIeHA METOJIOM TojIorpada K IHHEHHOMY YPABHEHUIO JJI-
JIMIITHYECKOro Tura. [Ipumeps! perennii 5Toro ypasHe-
HUsI, OIUCBIBAIONINX CAMOMOKYCUPOBKY IIYIKOB CBETA U
CaAMOKOMIIPECCUIO UMILYJIbCOB, ObLiu HaHbl B [13] u apy-
rue MHOTOYHC/ICHHBIE IPUMEPBI MOYKHO HANTH B KHUTE

[14].

EcrecrBenno, stm permienusi, IpeoJaraone
IUTABHYIO MOJIYJ/ISIIIAIO BOJIHBI, CIIPABEJJIMBLI JIUIIH JIO
MOMeHTa pOKycupoBKu. KpomMe TOro, oHm HeyCcTONIn-
BBl OTHOCHUTEJILHO MAJIbIX BO3MYIIEHUN, HAPYIITAIOIIAX
wiaBHOCTh npoduist BoaHbl. Eme B paBorax [15, 16]
ObLTTIO 3aMeteHo, 9To B Teopun dokycupyitomero HYIII
JIOKAJIN30BAHHOE HAYAJIHHOE BO3MYIIEHHUE OHOPOIHOMN
IUTOCKO# BOJIHBI BEJET K OOPA30BAHUIO PACITUPSIO-
melicss coO BPEMEHEM ITPOMOJIYTUPOBAHHON BOJHOBOI
CTPYKTYpbl. llpuMenenne MOIYJISAIMOHHON —Teopuu
Yuzema [17-20] K ONHCAHUIO SBOJIONUH 3TOH CTPYK-
Typhl noKasano [21-23], aro dpoHT HeycroiunBocTH
IBUZKETCA € MHUHUMAJBHON TI'PYIIIOBOA CKOPOCTBIO
JeICTBUTEJIbHO BETBU 3aKOHA JIUCIEPCUUA, U ITOT
pesyJabTar GBI MOATBEPXK/IEH B [24] B paMKax MeToza
obparHoii 3amaun paccesnns gy HYII. O6obienue
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CJlydasiMU THUIIA «IBOJIONUHU CTyIeHbKU» [21-23] (cMm.
takxke [47] u npuBegeHEbBIe TaM cCbUIKE). PasBurne 06-
JIACTH HEYCTOWYNBOCTHU B HEOJHOPOJHBIX CHCTEMAX 00-
CyKJIaJI0Ch B paboTe [25] Tak:Ke TOJBKO Jis MAJIOAM-
IUINTYHOTO Kpas W He 3aTPAruBaJio BOIPOca 00 3BO-
JIIOTAY TIAPAMETPOB BO BCEil 00JIACTH HEJIMHEWHBIX OC-
muJLIAIIii. B HacToser pabore IaHO TOYHOE PelleHne
MOJIY/ISIIMOHHBIX YPABHEHUN Y U3eMa, I MOy ISAITHOH-
HO HEYCTONYMBOU HEJIMHEHHON BOJIHBI B MOJICJIA CUHYC-
Topnon. Pazsuras Teopusi HOKa3bIBa€T BEChbMa HETPHU-
BHAJIBHYIO 9BOJIIOIUIO HEJIMHETHOTO BOJTHOBOTO TTaKeTa,
KOTOpas 3aK/IF0YAETCS B €10 C2KATUU, COITPOBOYKIAEMOM
YXOJIOM BOJIH U3 OOJIACTH HEJIMHEHHBIX OCITUJLISTINIMA,
TaK 9TO 38 KOHEYHOE BPEMs B 9TONH OOJACTU OCTAETCS
JIAIITb MAJIOE YUCJIO TTOPHA/IKA €INHUIIBI HEeJTMHEITHBIX KO-
snebanuii. Ha aToit crajiun Teopust Yuzema TepseT CBOIO
[IPUMEHUMOCTD ¥ BOIIPOC O JaJIbHeHIeil 9BOJIIONNN BOJI-
HOBOTO HMITYJIbCA JIOJIPKEH PACCMATPUBATHCS JIPYTHIMI
METOJIAM.

MOKHO TIPE/IIoJIaraTh, 9T0 MPEJJIOKEHHBIN 3/1eCh
TTOIXO OKarKeTCsT 3(PPEKTUBHBIM U TPU 00CY K ICHIT
MOJIY/ISIIMOHHO HEYCTOMYMBBIX I JAPYTUX BapHAH-
TOB HesimHeitHoTO ypasuenus Kueitna—I'op/rona, B qact-
HOCTHU [JIsi YPaBHEHUsl, OIMCHIBAIONIETO BO30YXKIEeHUE
BOJIH BeTPOM (CM. [55]) miin ypaBHEHHUIA, OIICHIBAIONIAX
PACIIPOCTPAHEHNE IEKTPOMAIHUTHBIX BOJIH B HEJIMHETH-
HBIX cpejiax (cM., Hapumep, [56-58]).

Baarogapuoctu. Asrop BbIpazkaer OJjarojap-
mocts C. 10. [o6poxoromy, E. A. KyzuemnoBy u
C. B. CazonoBy 3a 1oJie3ubie 006CyKI€HUSI.

dunancupoBaHue. Pabora BbIoHEHA TIPU IO~
nepxkke Poccniickoro Hayanoro dbonga (rpaar N 19-72-
30028).
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ACMMIMTOTUHECKAA TEOPUA COJIMTOHOB,
MOPOXAOAEMbIX N3 NHTEHCMBHOIO BOJIHOBOIO
NMMMNVYJIbCA

*

A. M. Kamuwammnros

Hremumym cnexmpockonuu Poccutickoti akademuu Hayx,
108840, Mocksa, Tpouur, Poccus

Tloctynmna B pemakmuio 26 mas 2023 r.,
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[Ipunsara x nybsaukanun 1 wrons 2023 1.

PaseuTta Teopus npeobpas3oBaHusi UHTEHCMBHOrO Ha4ajbHOrO BOJHOBOIMO UMMYAbCA B COAUTOHbLI MpY aCMMMTO-
Tuyecku bonblnx BpeMeHax asostouun. Haw noaxoa ocHoBaH Ha ToM, 4To Takoe Npeobpa3oBaHMe NPONCXOANT
Yyepes MPOMEXYTOUHYIO CTaauio (hOPMUPOBaHNS 1 DBOSIOLNN ANCNEPCUOHHBIX YAAPHbIX BOJH, TaK 4TO YMCAO
HEeJINHERHbIX OCLJ,MﬂﬂﬂLLI/IIZ B HUX OKa3blBAa€TCA PaABHbIM HUCAY COJIMTOHOB B AaCMMMNTOTUHECKOM COCTOAHWN. C
MOMOLLbIO TEOPUM MHTErpanbHoro nHeapuanTa lNyaHkape—KaptaHa Mbl MokasbiBaeM, YTO 3TO HMUC/AO OCLMJI-
ﬂﬂLl,I/II7I, pPaBHOE K/laCCUHeCKOMY AGIZCTBMIO HacTtunubl, aCCOLLI/IVIpOBaHHOﬁ C BOJIHOBbIM MAaKETOM B OKPECTHOCTU
ManoamMnanTyaHOro Kpas ,ELI/ICI'IepCVIOHHOVI yp,apHoﬁ BOJIHbI, OCTA€TCA MNOCTOAHHbLIM MPU NEPEHOCE TEHEHNEM, ONN-
CbiBaeMbIM 6e3p,|/ICI'IepCI/IOHHbIM npegenomMm paccMaTpuBaeMbIX HEJINHEWHBIX BOJIHOBbIX ypaBHeHMI7I. 3TO NMno3BO-
nsietT cpopmMynnposaTh obobuieHHoe npasuio kBaHToBaHusi Bopa—3ommepdensaa, koTopoe onpeaensieT Habop
((CO6CTBeHHI>IX 3Ha‘-|eHI/II7I)>, CBA3aHHbIX C CbMBI/I‘-ieCKI/IMVI napamMmeTpamMmm COJIMTOHOB B aCMMNTOTUHECKOM COCTO-
SIHUN, B HAaCTHOCTMN, C UX CKOPOCTSIMU. T€opusi HE NCMOJIb3YeT CBOWCTB MOJIHON WHTErPUPYEMOCTUN HENVHERHBIX
BOJIHOBbIX ypaBHeHvu7|, HO BOCNPOM3BOAUT COOTBETCTBYHOLLMNE PE3YNbTAaTbl N B 3TOM CJly4ae. AHaJ'II/ITI/I‘-ieCKVIe
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1. BBEAEHUE

Eciin B mesmHeitHON BOJHOBOI crCTeMe BO3MOXKHO
pacipocTpaHeHre COJTUTOHOB, TO BO MHOIUX TUITAYHBIX
CUTYAIMSX JIOCTATOYHO MHTEHCUBHBII HAYAJBHBIA M-
IIyJIBC BOJIIOIMOHUPYET B KOHEYHOM CUYETE€ B HEKOTO-
poe [ncjio N COJIMTOHOB U OTHOCUTEJIbHO HeGOJIbINoe
KOJIMYECTBO HEPruu TPpaHC(HOPMUPYETCsi B JIMHEHHbIE
BOJIHBI. BBUy yHHBEPCAJbHOCTH ITOrO (DU3UIECKOTO
SIBJICHUS $IBJISIETCS BAaYKHBIM yMETb BBIYUCJIATH I1apa-
MeTpPbl 00pPa3yIIUXCsl COJIUTOHOB 110 (popMe HadajIb-
HOTO WMITyJIbCA. DTa 3aJada JIETKO PEIIaeTcs B CIIy-
9ae IMOJIHOCTHIO MHTEIPUPYEMbBIX HEJUHEHHBIX BOJIHO-
BBIX ypaBHeHWH (cM., Hanpumep, KHUru [1-3] u nme-
omuecsd TaM ccblikn). Kaxkioe trakoe ypaBHeHue CBsi-
3aHO C HEKOTOPOW JIMHENHON CHeKTpasJbHON 3aladvei,

) E-mail: kamch@isan.troitsk.ru
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B KOTOPOH PACIPEICJICHIs BOJHOBBIX IT€PEMEHHBIX WT-
pParoT POJIb «IIOTEHIHAJIOBY. XOTsl ITH <«IIOTEHIHAJIBI»
U3MEHSIIOTCsI CO BDEMEHEM COIJIACHO PACCMATPUBAEMbIM
BOJIHOBBIM YPABHEHUSM, CIIEKTD COOTBETCTBYIOIIEH JIU-
HENHOW 331491 OCTAETCs ITOCTOSIHHBIM U KarKJ0€e JIC-
KpeTHOe COOCTBEHHOE 3HAaYeHHe OTBeYaeT COJIUTOHY B
ACHMIITOTUIECKOM cocTosaun nipu t — oo. Cremosa-
TEJBHO, €CJIM MBI HalileM CIIeKTD JIMHEWHON 3818491 1JId
HavYaJIbHBIX PaCIPeJIe/IeHUil, TO JUCKPEeTHbIE COOCTBEH-
Hble 3HAYEHUs TAJyT HAM BCIO HEOOXOAMMYIO WHMOP-
MAITHIO O ITapaMeTPax COJUTOHOB IIPU ACUMITOTHIECKT
0OJIBINNX 3HAYMEHUX .

OTa Teopusl CYIIECTBEHHO VIIPOIIAECTCH, €CJIn
YUCJI0 COJINTOHOB B KOHEYHOM COCTOSIHUU BEJIMKO,
N > 1, a Hada/ibHbIe PacCIpejeIeHns] BbIPAXKAIOTCsI
JIOCTATOYHO TIJIaJKAMU (DYHKIUAMEA, TaK 9TO K JIH-
HEHHOM CIEKTPAJIBHON 3aatde MOXKET ObITh TPUMEHEH
kBasukjaaccudeckuit meron BKDB. Hampuwmep, ypas-
uwenne Kopresera-ne Ppuza (Kad) acconumposano
co cramuonapubiM ypasuenuem [lpenunrepa [4], rax
9TO XOPOIIO M3BECTHOE IPAaBUJIO KBaHTOBaHUS Bopa—

Sommepdenbaa Jerko JaeT IpUOINyKEeHHbIe 3HAUCHUS
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AcumMmnToTunyeckas TEOPUA COJINTOHOB

6. SAKJIFOUYEHUE

PazButniit B sT0it pabore acHMIOTOTHICCKU Me-
TOJ[ TPEIJIAraeT IPOCTONH CIIOCOO BBIYUCJICHUSA IIa-
pPAMETPOB COJINTOHOB, OOPA3yIOIMNXCS M3  HCXOJHO
IJIaJIKOTO HeJIMHeHHbIX ypaBHeHuil. [IpuMmennTebHO K
WHTETPUPYEMBIM YPABHEHUSM OH IMIPEIOCTABJIAET IIPO-
croil crocob BBIBOJA IIpaBuUjia KBaHTOBaHUs Bopa—
Sommepdenbaa s TMHERHON ClIeKTPaIbHOR 3a0a4M,
aCCOIMMPOBAHHON € HEJMHEHHBIM ypaBHEHHEM B CXe-
vme AKHC. YeinoBre KOMMYTATUBHOCTH TIPOU3BOHBIX,
onpesiesieHHbIx dopmyaamu (41) mim ux o6oOIeHus-
Mmu (cM. [35]) MOXKET HCIIOIB30BATHCH KAK <TECT Ha
WHTETPUPYEMOCTh»: €CJIA OHU KOMMYTHUDPYIOT, TO IIPE/I-
CTaBJISIETCS] BECbMA [IPABJIOIOI00HBIM, YTO PACCMATPU-
BaeMOe ypaBHEHUE ITOJTHOCThIO UHTErPUPYEMO B CXEMe
AKHC u dopmyist (109) mpenocraBisior HOJIE3HYIO
nHGOPMAIIIO O KBAa3UKJIACCHIECKOM Ipejiesie (byHK-
Ui, OIPEJIEISIONINX COOTBETCTBYIONYIO napy Jlakca.
Hakomer, pesyabraTsl cTarbu MOTYT OBITH HCIIOJIB30-
BAHbBI TAKXKe IPU PACCMOTPEHUU 3a/1ad, CBA3BAHHBIX C
pacipocTpaHeHneM BbICOKOYACTOTHBIX BOJIHOBBIX ITaKe-
TOB TI0 HEOHOPOIHOMY U MEHSIOIIEMYCS CO BPEMEHEM
dony, Kax 3TO0 OBLIO TPOIEMOHCTPUPOBAHO B pabore
[35].

Baarogaproctu. Asrop 6iarogapur JI. @. Kasa-
zanca e bpuro u /. B. [Tlaiikuna 3a moje3nbie 06Cy K-
JIeHUS.

dunancupoBanue. PaboTa BBITOIHEHA, TP O
nepzkke rpanta Poccuiickoro maygnoro domma N 19-
72-30028 (pazmenst 1I-111) u B pamkax npoexra ['ocsa-
narnst FFUU-2021-0003 (pasaess IV-V).
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We consider propagation of solitons along large-scale background waves in the generalized Korteweg—de
Vries (gKdV) equation theory when the width of the soliton is much smaller than the characteristic size of
the background wave. Due to this difference in scales, the soliton’s motion does not affect the dispersionless
evolution of the background wave. We obtained the Hamilton equations for soliton’s motion and derived simple
relationships which express the soliton’s velocity in terms of a local value of the background wave. Solitons’
paths obtained by integration of these relationships agree very well with the exact numerical solutions of the

gKdV equation.

DOI: 10.1103/PhysRevE.108.054205

I. INTRODUCTION

Perturbation theory for solitons has a long history and a
number of publications are devoted to different approaches to
it which span from simple variational estimates to rigorous
mathematical investigations based on the inverse scatter-
ing transform method (see, e.g., review articles [1,2] and
references therein). In spite of that, there still exist some
specific situations where the methods developed so far are
either insufficient or too complicated for practical use, and
simpler approaches are needed. One such situation refers to
propagation of solitons along a large-scale background wave
u = u(x,t), where u(x, t) obeys in the simplest case of unidi-
rectional propagation the Hopf-like equation

u; + Vo(uuy, = 0. ey

If we denote a characteristic width of a soliton as ~k !,

then it is assumed that u(x, ) changes considerably at dis-
tances of about / much greater than ~«~!, so that (k1) «
1 is a small parameter of the theory. At the same time,
Eq. (1) is just a dispersionless approximation of the non-
linear wave equation under consideration for unidirectional
wave propagation. It is supposed that the soliton’s propagation
does not influence the evolution of the background wave, so
this equation does not contain any perturbation terms. This
scheme corresponds to the generally accepted qualitative pic-
ture according to which the soliton’s propagation through a
nonuniform and varying with time background can be treated
as the motion of a classical particle under the action of an
external time-dependent field. Consequently, the first task is
to derive equations for the soliton’s motion along the evolv-
ing background wave u = u(x, t). In fact, this problem was
solved for Korteweg—de Vries (KdV) solitons in Refs. [3,4]
(see also Refs. [5,6]), but this rigorous approach was quite
involved mathematically and was not, apparently, widely used
in physical literature. Recently this problem was reconsidered
in Ref. [7] for propagation of KdV solitons along rarefaction
waves by different methods including the Whitham theory of

2470-0045/2023/108(5)/054205(6)

054205-1

modulations, and this approach was extended to the problem
of propagation of KdV solitons along dispersive shock waves
(DSWs).

Application of the Whitham modulation theory to this type
of problem seems very natural since propagation of the soliton
edge of a DSW reduces exactly to the motion of the leading
soliton along the background dispersionless wave. For exam-
ple, this approach easily reproduces equations of motion [8]
in Bose-Einstein condensate in the case of the absence of
external perturbations (see Ref. [9]). In this paper we com-
bine some ideas developed earlier in the Whitham modulation
theory with elementary results of the perturbation theory and
reproduce very simply the Hamilton equations of Refs. [3,4]
for the soliton’s motion. These equations can be integrated to
give the useful relationship

k = k(u) ()

between the soliton’s inverse half-width « and the background
wave amplitude u. Since the soliton’s velocity V can be ex-
pressed in terms of the dispersion relation w = w(k,u) for
linear waves with the wave number k propagating along the
constant background u by the Stokes formula [10] (it was
published first in the early edition of Lamb’s Hydrodynamics
[11], Sec. 252; see also Ref. [12] and references therein)

V = M (3)
ik
then substitution of Eq. (2) gives the equation
dx _
— = Vlu(x,1)] (4)

dt

for the soliton’s path x = x(¢), which can be easily integrated.

The relationship (2) can be treated as an analytical contin-
uation of the relationship between the carrier wave number
k of a short-wavelength wave packet and the background
amplitude u which follows from the Hamilton theory of prop-
agation of such packets [13] as well as from the Whitham
theory for propagation of small-amplitude edges of dispersive

©2023 American Physical Society
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and substitution of this expression for V to Eq. (40) gives the
dependence of the amplitude along the soliton’s path,

At) = /q — 2ulx(t),t]. (46)

Of course, this result can also be obtained directly from
Eq. (34), which is applicable to the general nonlinearity func-
tion Vp(u), with the use of Egs. (35) and (44).

The Hamilton equations for the soliton’s motion in the case
of the gKdV equation can be obtained without much difficulty.
We denote again k> = f(p), and integration of the equation

‘;_x Oy @ + K = Vo@ + f(p)
t ap

gives

H =Vo(u)p + / f(p)dp. (47)

Differentiation of Eq. (43) along the soliton’s path yields

9 2y + Vi) = — 2V
— = —=Vy)(u Uy) = —=Vy(Wuk”.
dt 3 0 370

Then the second Hamilton equation dp/dt = —dH /dx gives

dp 2 f ) = —v @i
3<_§ 0(”)”xf> = - O(M)MJCP

and, hence, f(p) = p?/3, with p = k3. Thus, we obtain the
Hamiltonian

H = Volax, 0)]p + 3p°"° (48)
and the Hamilton equations

dp - dx -
= = ~Vo@p, - =Vo@) + p*3. (49)

Let us apply the developed theory to the problem of propaga-
tion of solitons in the case of the nonlinearity function (37)
and for the initial background wave distribution

1/
o

, x < 0. (50)

Then the solution of the Hopf equation (1) reads

X 1y 1
ulx,t)=a , T =—) on
t/t+5 6ar

and Vj(u) is given by

Volu(x, )] = (52)

t+57°

Let the soliton start its motion at the point x = 0 at the moment
t =ty > 0 with the initial velocity vy. Then Eq. (44) takes
the form

dx 1 x

E_gt-i-S‘L'

and it can be easily solved to give

3 to + 57\’
x(t)—zvo(t~|—51'){1—<t+5_c> } (54)

+ vo, (53)

1,000 |

FIG. 2. Paths x(r) of the solitons propagating along the
background waves (51) for different data sets (y, a, vy, xo): gray (2,
0.25, 40, —20), brown (1.5, 0.1, 15, —25), and green (0.8, 0.005, 10,
0). The circles correspond to the numerical solution of Eq. (31), the
solid lines correspond to Eq. (53), and the dashed lines correspond to
the free motion of the soliton along a zero background.

The soliton’s amplitude along the path can be found from
Egs. (34) and (35) with

@) = ———— 0", (55)
(y + Dy +2)
and V is defined by Eq. (53). These analytical predictions are
compared with numerical solutions of Eq. (31) in Fig. 2 and
very good agreement is observed.

IV. CONCLUSION

We showed that the KdV soliton dynamics along a
large-scale background wave can be reduced to Hamilton
equations with the use of elementary perturbation theory ar-
gumentation. Preservation of the Hamiltonian structure by the
dispersionless flow leads to a simple relationship between
the inverse half-width of a moving soliton and a local
value of the background wave. This relationship can be in-
terpreted as an analytical continuation of the relationship
between the carrier wave number of a wave packet propa-
gating along a large-scale background wave which follows
from the well-known optical-mechanical analogy where the
packet’s dynamics is also treated by the Hamilton methods.
This type of reasoning first introduced by Stokes allows one
to extend the theory to the generalized KdV equation case, and
the analytical results are confirmed by comparison with exact
numerical solutions.

We believe that our approach based on preservation of
Hamiltonian dynamics of both high-frequency wave packets
and narrow solitons by dispersionless hydrodynamic flow can
be applied to other problems of soliton dynamics.
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Abstract

We study theoretically the nonlinear interactions of
vector breathers propagating on an unstable wavefield
background. As a model, we use the two-component
extension of the one-dimensional focusing nonlinear
Schrodinger equation—the Manakov system. With the
dressing method, we generate the multibreather solu-
tions to the Manakov model. As shown previously in
[D. Kraus, G. Biondini, and G. Kovadi¢, Nonlinear-
ity 28(9), 3101, (2015)], the class of vector breathers is
presented by three fundamental types I, II, and III.
Their interactions produce a broad family of the two-
component (polarized) nonlinear wave patterns. First,
we demonstrate that the type I and the types II and
III correspond to two different branches of the disper-
sion law of the Manakov system in the presence of the
unstable background. Then, we investigate the key inter-
action scenarios, including collisions of standing and
moving breathers and resonance breather transforma-
tions. Analysis of the two-breather solution allows us
to derive general formulas describing phase and space
shifts acquired by breathers in mutual collisions. The
found expressions enable us to describe the asymptotic
states of the breather interactions and interpret the reso-
nance fusion and decay of breathers as a limiting case
of infinite space shift in the case of merging breather
eigenvalues. Finally, we demonstrate that only type I
breathers participate in the development of modulation

Stud Appl Math. 2023;150:841-882.
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rogue waves has been studied experimentally in a Manakov fiber system.**%9 At the same time,
the experimental observation of vector breathers represents a challenging task for further studies,
see also, Ref. 80 where experimental conditions for experimental observation of vector breathers
have been discussed.
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ARTICLE INFO ABSTRACT

Keywords:

Solitons

Landau-Lifshitz equation
Image method

Kinks

Breathers

The modification of the inverse scattering problem is proposed to investigate solitons and dispersive waves in
the framework of the Landau-Lifshitz model for semi-infinite ferromagnet with an <<easy-plane>> anisotropy
under the mixed boundary conditions, corresponding to different degrees of spin pinning on the edge of the
sample. New types of solitons are obtained and their elastic reflection from the edge of the sample is analyzed.
Spectral expansions of the integrals of motion for solitons and waves are found. Additional integrals of motion

are established that guarantee true boundary conditions for solitons, when they interact with the edge of the

sample.

1. Introduction

Ferromagnetic materials attract steady attention and are intensively
studied due to the variety of dynamical, thermodynamical, kinetic
properties, abundance of structural and phase transitions. Nonlinear
properties of ferromagnets are successfully employed in microelectron-
ics and computer engineering, different modulators, multiplicators and
elements of logical devices, in diagnostics and control of products. The
physics of magnets provides the basis of development and verification
for many methods of the modern theory of nonlinear phenomena. It
was established that under strong external actions a rich palette of
magnetic physical properties is largely determined by the long-lived
particle-like states, namely, dynamical and topological solitons. Among
the magnetic solitons the most simple are quasi-one-dimensional ones.
Their unique properties could be changed and controlled by external
fields [1-4] and spin currents [5].

In the last decades, this interest has got a considerable impact, moti-
vated particularly by the increasing availability of new low-dimensional
magnetic materials. In the works [6-9] the new methods of auto-
resonance generation of one-dimensional solitons and driving their
properties were found. It was shown that the velocity of solitons
motion, as well as their amplitude and energy, could be purposefully
controlled by small-amplitude external pumping. This is of a great
importance for technological applications. In the works [10,11] a new
way to control the quantum bits (qubits) in quantum computers was
proposed. It was found that soliton propagating along ferromagnetic

chain induces well-localized magnetic field, which can be exploited as a
means to manipulate the state of a spin-1,/2 localized particle (two-level
qubit) that is weakly coupled to the chain.

Investigations of ferromagnetic solitons and their practical applica-
tions are largely developed for simplified models, such as scalar sine—
Gordon equation [2-4] and generalized nonlinear Shrédinger equation
for the envelope of small-amplitude waves [3,6-9,11]. However, the
ferromagnetic dynamics is described by the vector Landau-Lifshitz
model, which is only approximately could be reduced to the above
models. The basis Landau-Lifshitz equations for magnetization are
essentially nonlinear and complicated. Therefore, the majority of the
works, dedicated to magnetic solitons, gravitate towards the numerical
modeling without using the analytical techniques. Micromagnetic sim-
ulator mumax3 is widely employed that allows to make corresponding
research on the advanced level [12,13]. However, the numerical ap-
proach does not show the full picture of the observed phenomena and
possibilities of driving solitonic regimes. For this aim the combination
of analytical and numerical techniques seems to be more effective.

For ferromagnetic materials the most important are exchange inter-
actions, the energy of crystallographic anisotropy and magnetostatics.
Taking these interactions into account, the typical one-soliton states for
quasi-one-dimensional ferromagnets were found in [14-16] by direct
integration of the Landau-Lifshitz equations. In these works a general
concept of the dynamical solitons in the condensed matter physics was
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The only result of reflection of the breather from the boundary of
the sample is the shift of the coordinate of the soliton center:

S

L0 _
+ x tanhp cothy I’

Iy S—S— 70 = lyln
tanhp cothu

and change of the initial precession phase:
S(O) —ar h -1 ©0) _ -1
. = arg[tanhp cothu x™'], s’ = arg[k tanhp cothy " (u)].

The asymptotic formulas (91) coincide with the expressions for the
breather of the unbounded medium, which were obtained and analyzed
in detail in [17,43,44]. However, in contrast to the case of unbounded
medium, the breather on the semiaxis, as well as the rotation wave, is
always moving (p # 0, V # 0).

9. Conclusion

In this work, elastic reflection of solitons from the boundary of an
easy-plane ferromagnet is studied by the inverse scattering problem
technique in combination with the «image method». The boundary
conditions of the problem correspond to the partial spin pinning on
the edge of the sample. Let us remind that the exchange interaction and
the crystallographic anisotropy of an easy-axis type (the anisotropy axis
is parallel to the boundary of the sample) admit the formation of the
localized near-boundary solitons with discrete frequencies and specific
modulation properties [29,30]. In this work we show that an easy-
plane anisotropy (the easy plane is also parallel to the boundary of the
sample) excludes the formation of immobile near-boundary solitons.

We predicted the new types of solitons and analyze changes of their
dynamical properties depending on the character of spin pinning. We
show that the cores of the solitons during their reflection from the
surface of the sample undergo strong nonadiabatic deformations, which
are accompanied by magnetization changes near the surface of the
sample on the value about saturation magnetization. Therefore, such
solitons are impossible to describe by the traditional methods of the
nonlinear theory for unbounded medium. The obtained peculiarities are
typical for the magnetic samples with finite sizes. Their experimental
confirmation is of great interest.

It is shown that the magnetization rotation in the center of the
particle-like rotation waves after their reflection from the boundary
of the sample depends in a threshold way on the amplitude of the
surface anisotropy field. It is established that the formation of odd or
even number of rotation waves in the sample could be controlled by
the character of spin pinning at the boundaries of the sample. The
reflection of the breathers from the edge of the sample is accompanied
by splash of the specific oscillations and magnetization rotation in the
near-surface layer of the sample.

We find the spectral expansions for integrals of motion that allow
to treat the strongly excited states of a semi-infinite ferromagnet in
terms of an ideal gas of solitons and quasi-particles of the continuous
spectrum of spin waves. We obtain additional integrals of motion that
guarantee true boundary conditions for solitons under their interaction
with the edge of the sample.

The results of the work should be taken into account, when model-
ing solitonic processes in the samples of finite sizes. Analytical solutions
could be useful to verify the numerical calculations.
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J1J1s1 JIerKoIUIOCKOCTHOTO (heppomarHeTrka Oe3 IieHTpa MHBEpCHH B paMkax mozesn Jlannay —JIundmmuna HaiineHst
U IPOAaHAJM3UPOBAHBl HOBBIC THIBl COJMTOHOB, BCTPOCHHBIX B T'E€JIMKOUJAJIbHYIO CTPYKTYpPY IOTyOECKOHEUHOro
o0paslia. YUUTHIBAIUCh CMEUIAHHBIC KPAaeBbIC YCJIOBHUS, TPEICIbHBIMU CIIy4asiMH KOTOPBIX SIBJISIOTCS CBOOOIHBIC U
THIOJIHOCTBIO 3aKpEIICHHbIC CIUHBI Ha IpaHuIle oOpasia. Bee KupasibHbIe COJIMTOHBI SABJISAIOTCA IBIKYIMHUCH. [Toka-
3aHO, 4TO BOJIM3M MOBEPXHOCTH 00pasia UX sapa NPeTepreBaloT CHIIbHbIE leopMalii, KOTOPBIE COIPOBOXKIAIOTCSH
HepeMarHuuMBaHueM cpefbl. [1poaHannsupoBaHbl JUHAMUYCCKHE CBOWCTBA KHPAJIbHBIX COJIMTOHOB M OCOOCHHOCTH
UX YIPYroro OTPaXeHHsl OT TPaHHLpbl 00pasiia B 3aBUCHMOCTH OT XapaKTepa 3aKpEeIUICHUS! KPAaeBbIX CIIMHOB.

Kirouessbie ciioBa: commroHsl, ypaBHeHue Jlanpay —JIudmmmna, BosHA TOBOPOTA, JIETKOIUIOCKOCTHAsT aHU30TPOIINS,

KUpaJIbHBIA Opusep.
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1. BBepeHune

B mocnensee necstuiietre GONMBIIOS BHUMAHAC YHEISICT-
Csl MATHUTHBIM MaTeprasiaM, OCHOBHOE COCTOSIHAE KOTOPBIX
IPEACTaBJIACT CIUPAJIbHYIO CTPYKTYpY. B Kkpucramiax Ge3
LICHTPa UHBEPCUU CIIMPAJIbHOE YIOPSAAOYCHHE YacTO CBsi3a-
HO C B3amMozelicTBieM [I3stommHcKkoro—Mopuu, KoTopoe
TEOPETUYCCKA OIMCHBACTC WHBapuaHTamu Jlnmdrmmma B
pasnoxeHun cBoOomHONM sHepruu [1-4]. BsammoneiicTBue
JzsumonmHcKkoro—MopHi KOHKYpUpyeT ¢ OOMCHHBIM B3a-
MMOJICHCTBIEM, DPa3BOpaduMBasi CIMHBL JPYT OTHOCHTEIIb-
HO Jpyra Ha Majeii yroi MccremoBanuio (u3mIecKnx
CBOJICTB MaTCpPHAJIOB C [CIMKOUIAIBHON MAarHUTHON CTPYK-
TYPOIi IIOCBSIICHO 3HAYUTEIPHOE YUCIIO PaboT (CM., HAIpH-
mep, [5-11]). TompoGHbIA 0630p TeOpur OTHOOCHBIX (ep-
POMArHETHKOB C TEIMKOMAATBHBIM OCHOBHBIM COCTOSTHHEM
npefcrasiieH B pabote [12].

IIpy BKIOYCHHM BHELIHErO0 MArHUTHOTO IOJISI MEpICH-
MUKYJSPHO OCH TEMKOMAATIBHON CTPYKTYPH MAarHHTHast
CIIMpaJIb C TIOCTOSIHHBIM IIIaroM IIPEBPAMIACTCS B OHOMEP-
HYIO PEIIETKY MPOTSDKCHHBIX TOMEHOB. BHYTpH Kakmoro u3
HUX paclpene/icHue HaMarHUYCHHOCTH IIOYTH OXHOPOLIHO.
CocenHue JOMEHBl Pa3fesicHbl Y3KMMU JOMCHHBIMH CTCH-
KaMH — TOIOJIOTHYECKAMHA COJTATOHAMH, B KOTOPHIX JIOKa-
JIA3YETCsI CIUPATIbHBIN MOBOPOT HaMarHmaeHHocTH. CocTaB-
JISTIOIME PELICTKY COJIMTOHBI BBHUAY CBOCH MOOHJIBHOCTH U
MarHUTOPE3UCTUBHBIX CBOHCTB IEPCIICKTUBHBL IJIsI HCIIOJb-
30BaHMsI B YCTPOMCTBAaX CIMHTPOHHMKH. BoJbImoN mHTepec

IIPEOCTaBJIAeT HCCJICIOBAaHUE MABWKEHUA U YCTOHYMBOCTH
OTHEJIbHBIX [JOMEHHBIX CTEHOK U PEIIeTKH B IEJIOM IIOf
BJIMSIHAECM 3JICKTPHYECKOro Toka [13-16].

CripaibHOE  YIIOPSITOYCHHE peai3yeTcsi B  TSHKENBIX
PEIKO3EMEIIbHBIX MeTaJlIaX, B OOJIBLIIOM KJlacce IPOBO-
OS0MX KyOMYEeCKHMX MarHeTHKOB Oe3 LeHTpa HWHBEPCHUH H
psine apyrux coemuHeHmit. Cpen M3BECTHBIX OTHOOCHBIX
resumaraeTukoB  (CrNb;Sg, CrTaSg, CuB,04, CuCsCls,
Yb(Ni; _xCuy)3Aly, Ba;CuGe,07) [17-21] naubosnee wusy-
yeH CrNbsSg. B Hem ynanoch 3kcriepruMeHTal bHO HabJio-
JaTh PEelIeTKY KUPaJIbHBIX COJMTOHOB [22].

KupasbHple MYJIBTHCOJIUTOHBI, BCTPOCHHBIC B TCJIMKOH-
IaJIbHYIO CTPYKTYpY (eppOMarHeTHKOB, OOJIATAIOT IOJIe3-
HBIMH TEXHOJIOTMYeCKuMH cBoictBamu [12,23]. Opnako ux
AQHAIMTHICCKOE ONHCAHNE CBA3aHO CO 3HAUYMTEIIbHBIMU TPYA-
HOCTSIMH H3-332 HEJIMHEHHOCTH 0a30BBIX YPaBHEHHN TEOPHU
U 10 NPUYMHE HEOTHOPOMHOCTU CIHMPAJIBHOTO YIOpSIOYe-
HUA cpefbl. 31ech pedb UaeT 00 HU3yYeHWH KOJUICKTHUBHBIX
YaCTULIENIONOOHBIX BO30Y)XACHMI T'eJIMKOMOAJIBHON CTPYK-
TYpbl, KOTOpasi B MarHUTHOM IIOJIe, OPTOIOHAJbHOM OCH
MarHuTHOU CIUpaY, cama SIBJISETCA CYILIECTBEHHO HENHU-
HEWHOH PeIleTKON U3 COJIMTOHOB. B cBfI3M ¢ 3THUM HMeeTcs
MaJIo paboT Ha 3Ty TeMy. PerieHue npo06seMbl BOSMOYKHO ¢
[IPUBJICUYCHUEM YIIPOLICHHBIX MOJesIel, KOTOpble KOPPEKTHO
YUYHATHIBAIOT OCHOBHBIC B3aHMOJICHUCTBUSI U B TOXE BpeMs
IOITyCKAIOT TOYHBIC penieHus. OTHONW W3 TaKWX Momesien
SIBJISICTCS TIOMYJISIPHOE KBa3HOTHOMEPHOE YPaBHEHUE CUHYC-
Toprona. B GesrpaHu4HOIl cpene ¢ OMHOPOIHBIM OCHOBHBIM
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COJINTOHA W SHEPIueil T'eJIMKOMIaIbHOIO OCHOBHOTO COCTO-
AHUA cpenbl 0e3 coimuToHa. KoppekTHoe BHIYMCIICHUE TaKoi
SHEPIUM — MPEIMET OTAEIPHOTO M3YYCHHs. 3aBHCHMOCTB
SHEPruU KUPAJIbHBIX COJIMTOHOB OT NapaMeTPOB I'€JIMKOU-
HaJbHOM CTPYKTYPHl M IOBEPXHOCTHOM AHW3OTPOIUH CJIe-
AyeT yYHATHIBaTh, HAPHMEP, IIPH ONMUCAHHU TSPMOINHAMH-
YECKHX CBOMCTB CHCTEMBI COJIMTOHOB B IOJIyOrPAHUYEHHOM
obpasre.

YcTaHOBNICHO, YTO CTPOEHHWE KHUPAJIBHBIX BOJIH ITOBOPO-
ta (7), (18) mocie oTpakeHHs OT IIOBEPXHOCTH 00pasIia mo-
POTOBEIM 00pa30M 3aBUCHUT OT aMILJIUTYIbI IOBEPXHOCTHOT'O
nosist h. Kpome rtoro, ,,qepopmarus™ simpa COJMTOHA B MO-
MEHT CTOJIKHOBEHHMS C IIOBEPXHOCTbIO 00pa3lia CyLIeCTBEH-
HO 3aBUCHUT OT 3Haka h. KupasbHble Opu3epbl, B OTJIHYNE OT
KUPaJIbHBIX BOJIH IOBOPOTa, OOJIAHAIOT XapaKTepHBIMU Ya-
CTOTaMH BHYTPEHHUX ITysibcanuil. [ToaTroMy Gpusepbl MOXKHO
OOHAPYXUTH 10 PE30HAHCHOMY IOTJIONICHHIO SHEPIUHM Ha
4acToTax UX KoJeOaHUN.

Bce THIB COJIMTOHOB B TeJIMKOMIAIBHON CTPYKTYpe fB-
JITIOTCS ABMKYIIAMICS 9aCTHIETIONOOHBIMI OOBEKTaMH. AK-
TyaJbHO 3KCIIEPUMCHTAJIbHOE IOATBEP)KICHHAE YCTAHOBJICH-
HbIX B paboTe 3aKOHOMEpPHOCTEH MX YIPYroro OTPaKCHUS
OT TpaHUIBLl 0Opasma.

CTOJIKHOBEHHSI KUPAJIbHBIX COJIMTOHOB C IOBEPXHOCTBIO
obpasiia CONPOBOXKIAIOTCS CYNICCTBEHHBIM W3MEHEHHUEM UX
BHYTPEHHEH CTPYKTYpbl U IMHAMUYECKUX CBOWCTB, a TaK-
JKE MPOLIECCaMH IIepEMarHUYMBaHMsl Cpelbl Ha BEJIUYHHY
HOpsAAKa HAMarHW4eHHOCTU HacbimeHus. [losTomy Kupab-
HbIC COJIUTOHBI B TIOJIyOTPaHUYCHHOM 00pasiie HEBO3MOXKHO
oIycaTh TPAJULIOHHBIMI METONaMH TEOPHUH BO3MYIICHHUI
1151 6e3rpaHyHON cpenbl. TakoBas IpenmnosiaraeT JoCTaToy-
HYIO ,)KECTKOCTB COJIMTOHHBIX SICP W MaJible M3MCHCHHUS
UX CBOICTB IOJ BIUSIHUEM BO3MYIICHHUIL

PesynpraTel paboTHl ClledyeT Y4YUTBHIBaTb IIPU MOMEJIH-
POBaHMU COJIMTOHHBIX IIPOIIECCOB BOJIM3M IOBEPXHOCTEH
peabHBIX (PeppPOMArHETHKOB C TEIMKOMIAIBbHON CTPYKTY-
poii. IlosyueHHble aHAIUTUYECKHE pEIICHHs IOJIe3Hbl IS
Bepu(HUKALNK YACIICHHBIX PACUYETOB.
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We consider nonlinear wave structures described by the modified Korteweg—de Vries equation, taking into
account a small Burgers viscosity for the case of steplike initial conditions. The Whitham modulation equa-
tions are derived, which include the small viscosity as a perturbation. It is shown that for a long enough time

of evolution, this small perturbation leads to the stabilization of cnoidal bores, and their main characteristics
are obtained. The applicability conditions of this approach are discussed. Analytical theory is compared with

numerical solutions and good agreement is found.

DOI: 10.1103/PhysRevE.109.015102

I. INTRODUCTION
The modified Korteweg-de Vries (mKdV) equation
U — 6om2ux F Uy =0 (D)
appeared first in the study of the famous KdV equation
u; + Ouuy + ey =0 2)

related to Eq. (1) by the Miura transformation [1]. The ex-
istence of such a transformation allowed the pioneers of the
inverse scattering transform method to discover this method
[2—-4] for the KdV equation, and it was extended later to many
other equations, including the mKdV equation [5,6] (see also,
e.g., the books in [7-9] and references therein). The mKdV
equation is almost as widely used in physical applications as
the KdV equation. Actually, the Gardner equation

u; + 6Buu, — 6au2ux + Uy =0, 3)

combining the nonlinear terms of the KdV and mKdV equa-
tions, can be transformed into Eq. (1) by a simple change of
variables. In addition, in physical applications, it often hap-
pens that the coefficient 8 is very small and can be neglected,
so Eq. (3) reduces directly to the equation. The Gardner
equation and its simplified mKdV version find applications
to the theory of nonlinear waves in stratified fluids, for ex-
ample, for the description of large-amplitude internal waves
[10-12].

One of the most important and universal phenomena in
nonlinear physics is the formation and evolution of dispersive
shock waves (see, e.g., review articles in [13,14] and refer-
ences therein). They are called undular bores in water wave
physics and they were observed in both surface and inter-
nal waves. Their theory was initially developed by Gurevich
and Pitaevskii [15], who represented such structures as mod-
ulated nonlinear periodic waves governed by the Whitham
modulation equations [16,17]. They gave two typical exam-
ples of solutions that describe dispersive shock waves: the
evolution of an initial discontinuity and the formation of a
shock after generic wave breaking for the KdV equation case.

2470-0045/2024/109(1)/015102(11)
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The Whitham modulation equations for the mKdV case were
derived in Ref. [18], but their application to the theory of
dispersive shock waves turned out to be quite a difficult task
even in the case of an initial discontinuity problem. The reason
for this difficulty is that the mKdV equation is not genuinely
nonlinear. (This notion was introduced by Lax in Ref. [19] for
hyperbolic systems of first-order partial differential equations
and it plays an important role in the classification of wave
structures evolving from initial discontinuities in dispersive
nonlinear systems; see, e.g., Ref. [20].) This means that in
the dispersionless approximation, the nonlinear velocity 6cru?
has an extremal (minimal for > 0) value at u = 0, whereas
in the case of the genuinely nonlinear KdV equation, the
nonlinear velocity 6u is everywhere a monotonic function of
the wave amplitude u. As a result, in the KdV case an initial
discontinuity can only evolve into two different structures
(rarefaction waves or cnoidal undular bores), whereas in the
mKdV case an initial discontinuity evolves into eight different
wave structures depending on the parameters of the initial
jump of u. Some particular results in this direction were ob-
tained in Ref. [21] and the full solution was given in Ref. [22]
in the context of the Gardner equation (3).

In Gurevich-Pitaevskii theory, dispersive shock waves
are wave structures that expand with time, so in initial
discontinuity-type problems, the change of modulation pa-
rameters per unit length decreases with time and can become,
at large enough time, smaller than some other physical pa-
rameters that were neglected in the derivation of Eq. (1) or
(2). For such large values of time, the neglected effects must
be taken into account in the modulation theory. For example,
small dissipation stops the infinite expansion of undular bores
and their length is stabilized at some value inversely propor-
tional to the viscosity coefficient in accordance with the early
ideas of Refs. [23,24] about the structure of undular bores in
water-wave physics and plasma. The corresponding modified
Whitham equations for the KdV theory with weak Burgers
dissipation were derived in Refs. [25,26] and were applied in
these papers to the description of stationary dispersive shocks
whose characteristic length is defined by the small viscosity

©2024 American Physical Society
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must be positive. Hence, to realize such a structure the left
boundary must satisfy the additional condition

14
u_ > 3a (85)
If this condition is not fulfilled, then a combined rarefaction
wave matched with a kink is formed (see the discussion of
such situations in Ref. [27]).
Inregion 6 withu_ < 0 and u; > 0 we get a structure with
a growing kink, so the intermediate plateau has the amplitude

e = —uy + L <u_, (86)

3Ja

and such a structure is realized for

14
u_ < i 87
We compare analytical and numerical solutions for regions
2 and 6 in Figs. 5(c) and 5(d), respectively. Again, quite
satisfactory agreement is observed.

It is clear that when u_ reaches the level u_ = u,, the
cnoidal bore disappears and the wave structure reduces to
a sole kink. After a further increase of u_ we get into
region 3 where the left boundary u_ is joined with the
plateau u, by a rarefaction wave (7). Its left edge propagates
with velocity V,, = —6au® and its right edge propagates with

velocity VI = —6au?, which must be smaller than the kink’s
velocity. This gives the condition
2
uy < ==L or 0>up>——2_ (88)

3/a 6V
for the realization of such a structure in region 3. A similar
structure in the symmetrical region 7 is realized for

uy > 2L or .

3Ja 6/

As one can see in Figs. 5(e) and 5(f), the analytical theory

agrees very well with the numerical solutions for these two
regions.

Finally, in regions 4 and 8 the boundary values u4 have
the same signs, so they are connected by standard rarefac-
tion waves with negligible influence of the Burgers friction
[see Figs. 5(g) and 5(h)]. This completes the classification
of possible wave structures supported by different boundary
conditions in the theory of the mKdVB equation.

0<uy <

(89)

VI. WHITHAM EQUATIONS FOR CYLINDRICAL
AND SPHERICAL mKdV EQUATIONS

We obtained the Whitham modulation equations in a quite
general form (54) where the expression for the perturba-
tion term R in Eq. (33) was not specified. Therefore, this
universal form of the Whitham equations can be applied to
other problems of the dynamics of mKdV dispersive shock
waves. In particular, when we consider cylindrical or spherical
dispersive shock waves whose width is much smaller than
the radius of the whole wave structure, the curvature of the
shock can be treated as a small parameter of the theory and

Eq. (54) becomes applicable. Cylindrical or spherical mKdV
equations were derived, for example, in Ref. [37] and they can
be written in the form

d

T2+ ©0)

U, — 60U’ + Ugey =
where d = 1 or 2 for cylindrical or spherical geometry, re-
spectively. For a large enough time of evolution 7y >> 1 the
perturbative right-hand side term is small, so the dispersive
shock wave solutions to this equation can be approximated by
periodic solutions of the standard mKdV equation with slowly
changing parameters, whose evolution is governed by Eq. (54)
with

(R) = — d udu
20t +10) J Wy
d u?du
R) = — k . 91
R = ) %W oD

The integrals here can be expressed in terms of standard
Jacobi elliptic integrals of first, second, and third kinds, so we
arrive quite easily at the Whitham equations derived earlier
by different methods in Ref. [38] for cylindrical cases and in
Ref. [39] for spherical cases, respectively. Thus, the Whitham
equations (54) can find various applications besides consider-
ation of the effects of the small viscosity.

VII. CONCLUSION

The above theory confirms the general statement that
weak dissipative effects stabilize the expanding evolution of
dispersive shock waves, so after a long enough time, they
converge to stationary structures characterized by some finite
length, which is inversely proportional to the viscosity coef-
ficient. The appearance of the new parameter leads to some
limitations for the applicability of the Whitham method used
in the Gurevich-Pitaevskii approach to description of bores.
In particular, the condition that the size of the whole shock
is much greater than the typical wavelength inside the shock
demands that the jump between the boundary conditions is
large enough. Since the mKdV equation is not genuinely non-
linear, we get combined wave structures consisting of a kink
and a cnoidal bore or a rarefaction wave. Small viscosity leads
to modification of the kink solution found in Ref. [31] and
the condition that the two structural elements of a combined
structure propagate separately from each other also leads to
some limitations for boundary conditions. Although in the
case of small viscosity these restrictions are not essential, one
should keep in mind their existence in the practical application
of the theory.

ACKNOWLEDGMENTS

This research was funded by the research Project No.
FFUU-2021-0003 of the Institute of Spectroscopy of the Rus-
sian Academy of Sciences (Secs. II and IIT) and by the RSF
Grant No. 19-72-30028 (Secs. IV and V).

015102-10



Physica D 460 (2024) 134085

journal homepage: www.elsevier.com/locate/physd —_—

Contents lists available at ScienceDirect

Physica D

Check for

Quasiclassical integrability condition in AKNS scheme o

A.M. Kamchatnov *, D.V. Shaykin

Institute of Spectroscopy, Russian Academy of Sciences, Troitsk, Moscow, 108840, Russia

Moscow Institute of Physics and Technology, Institutsky lane 9, Dolgoprudny, Moscow region, 141700, Russia

Skolkovo Institute of Science and Technology, Skolkovo, Moscow, 143026, Russia

ARTICLE INFO ABSTRACT

Communicated by L. Ling In this paper, we study the condition of quasiclassical integrability of soliton equations. This condition states
that the Hamiltonian structure of equations, which govern propagation of high-frequency wave packets, is
preserved by the dispersionless flow independently of initial data. If this condition is fulfilled, then the carrier
wave number of any packet is a certain function of the local values of the dispersionless variables pertained
to the soliton equation under consideration. We show by several examples that this function together with the

dispersion relation for linear harmonic waves determine the quasiclassical limit of the Lax pair functions in

Keywords:

Integrable nonlinear wave equations
Quasiclassical approximation

AKNS scheme

the scalar representation of the Ablowitz—-Kaup-Newell-Segur scheme.

1. Introduction

The general definition of the “integrability” property of nonlin-
ear wave equations is apparently impossible (see, e.g., discussion in
Ref. [1]). In a narrow sense, integrability is often related with existence
of the Lax pair of linear systems whose compatibility condition leads to
the nonlinear wave equations under consideration. First discovered for
the Korteweg—de Vries (KdV) equation [2,3] and nonlinear Schrodinger
(NLS) equation [4], Lax pairs were found for a number of wave equa-
tions and they were widely used in various physical applications (see,
e.g., Refs. [5-7] and references therein). However, the relationship
between the physical properties of wave equations and associated with
them Lax pairs still remains unclear.

As was noticed in Ref. [8] in the theory of the generalized NLS
equation

. 1
iy + Sy = [lw Py =0, €]

the integrable case with f(|y|?) = |w|? is distinguished by a very special
property of propagation of high-frequency wave packets along large
scale background waves, and this property can be formulated in purely
physical characteristics of Eq. (1). In the problem of packets propa-
gation, we have two very different characteristic length parameters:
a small wavelength ~ k=! of harmonics that compose the packet (k
is the carrier wave number) and a size ~ I/ of the background wave,
so (kI)™! <« 1 is a small parameter of the theory. Its existence allows
one to separate dispersionless evolution of the background wave from
propagation of the linear wave packet. The dispersionless evolution is

described by the hydrodynamic equations
2

p+(pu), =0, u +uu, + %px =0, 2)

where p and u are defined according to the formula

w(x,1) =\ p(x,1)exp (i /X u(x’,t)dx') 3)

and
= pf(p). )

It is worth noticing that substitution (3) allows one to separate fast os-
cillations of the phase of the y-variable for large u from slow changes of
u, u, < 1, in the hydrodynamic approximation (2). A small-amplitude
wave packet propagates along smooth distributions p = p(x,1),u =
u(x,t), given by some specific solution of Eq. (2), according to the
Bogoliubov dispersion relation

w=k<ui\/c2+%2>, ®)

where due to the condition (k/)™! <« 1 one can consider u and ¢ =
c(p) constant within the packet’s width. This means that the packet
is considered as a point-like particle with coordinate x = x(r) whose
motion obeys the Hamilton equations (see, e.g., [9,10])
dx _ Ow dk Jdo

@Sk A ox ©
As we showed in Ref. [8], the system (2), (6) admits the solution in the
form k = k(p,u), where the wave number depends on (x, 7)-coordinates
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ARTICLE INFO ABSTRACT

Keywords: We study dynamics of dark solitons in the theory of the derivative nonlinear Schroédinger
Integrable nonlinear wave equations equations by the method based on imposing the condition that this dynamics must be
Dl\{LS equation Hamiltonian. Combining this condition with Stokes’ remark that relationships for harmonic
Soliton

linear waves and small-amplitude soliton tails satisfy the same linearized equations, so the
corresponding solutions can be converted one into the other by replacement of the packet’s
wave number k by ik, k being the soliton’s inverse half-width, we find the Hamiltonian and
the canonical momentum of the soliton’s motion. The Hamilton equations are reduced to the
Newton equation whose solutions for some typical situations are compared with exact numerical
solutions of the Kaup-Newell DNLS equation.

Dedicated to the memory of Noel Smyth
1. Introduction

In situations when the soliton’s width is much smaller than the typical length of the background wave along which the soliton
propagates, one can introduce with good enough accuracy the soliton’s coordinate x(¢) and describe its propagation as a motion
of a point-like particle through a non-uniform and varying with time surrounding. In this case, evolution of the background wave
is governed by the equations of dispersionless (hydrodynamic) approximation independently of the soliton’s motion. However, the
soliton’s motion cannot be separated from the background wave evolution: this motion causes a counterflow around the soliton and
such a counterflow changes drastically the soliton’s dynamics. Well-known examples of this back reaction on the soliton’s motion
are the formation of shelves behind Korteweg-de Vries (KdV) solitons propagating along shallow water with uneven bottom (see,
e.g., [1-4]) and change of the frequency of oscillations of a dark soliton in a Bose-Einstein condensate confined in a harmonic trap
(see, e.g., [5,6]).

So far, the counterflow effects were studied by different forms of perturbation analysis (see, e.g., the references above). If the
wave dynamics is described by a completely integrable equation for which the Whitham modulation equations are already known,
then the soliton limit of the Whitham equations provides a convenient tool for investigation of soliton’s motion along varying
background [7-10]. However, this approach cannot be applied to perturbed integrable equations, and in this case one has to use
more general analytical or numerical methods not limited to integrable equations; see, e.g., [11-13] and references therein.

It was recently noticed [14], that if the nonlinear wave equation under consideration can be written in a Hamiltonian form
and one assumes that the reduction of the wave evolution to the soliton’s motion along the large-scale background wave remains

* Corresponding author at: Institute of Spectroscopy, Russian Academy of Sciences, Troitsk, Moscow, 108840, Russia.
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These formulas can be obtained from the corresponding formulas for the DNLS-I case by means of the replacements

1
Uy =uyy+ P> PL=5P111> (81)

which are accompanied by the change of the time variable
tp=2tyyy. (82)

The same transformations yield the canonical momentum and the Hamiltonian for the Gerdjikov-Ivanov soliton dynamics.

These results show that at the level of equations for the soliton motion, the gauge equivalence of different DNLS equations reduces
to simple linear transformations of the wave variables for the background flows. It is worth noticing that Eqgs. (44), (73), (80) can
be derived from the soliton limit of the Whitham equations [7-10], however their extension to situations when background flows
are affected by external forces needs a more detailed theory for Hamilton dynamics of soliton’s motion and transition to Newton
equation, so that the influence of the external potentials can be taken into account.

7. Conclusion

The problem of soliton’s motion along non-uniform and time-dependent background, especially in presence of external forces, is
very difficult because of back reaction of the counterflow caused by a moving soliton in the large-scale background wave. Previously,
different versions of the perturbation theory were developed for solving this problem, but they were quite complicated and therefore
applied to a very limited number of equations (mainly, KdV and NLS equations). We suggested in Ref. [14] a new approach. Although
it is basically also perturbative, many difficulties are removed by imposing the condition that the equations of soliton’s motion must
be Hamiltonian. Combining this condition with Stokes’ remark that some relationships for harmonic linear wave can be converted
into the relationships for solitons by replacement of the packet’s wave number k by ik, x being the soliton’s inverse half-width, we
reduce derivation of the Hamiltonian and the canonical momentum of the soliton’s motion to a straightforward calculation. The
resulting Hamilton equations can be transformed to the Newton equation where the role of the external potential can be taken
into account by its inclusion into the equations of the dispersionless (hydrodynamic) flow. The effectiveness of this method was
demonstrated in Ref. [18] for the NLS dark soliton, where the results of Ref. [41] were easily reproduced. In the present paper, we
applied this method to solitons described by DNLS equations with quite a nontrivial dynamics without reflection symmetry. Validity
of our approach is confirmed by its good agreement with exact numerical solutions of the DNLS equation. In this paper, we have
considered situations when the equations of asymptotic integrability (39), (70), (77) have exact solutions. If the equation under
consideration is not completely integrable, such an exact solution may not exist, nevertheless an approximate solution for large
values of the wave number k can still exist, and this is enough for finding an approximate expression for the inverse half-width of
narrow solitons. In this case our theory remains applicable, as it was shown for the generalized KdV equation in Ref. [14]. Therefore
we believe that this approach can find many other applications.
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Abstract
We consider the motion of a “magnetic” soliton in
two-component condensates along a nonuniform and

time-dependentbackground in the framework of Hamil-
tonian mechanics Our approach i based on gener-
alization of Stokes’ remark that soliton’s velocity is
related to i inverse half-width by the dispersion Law
for linear waves continved to the region of complex
wave numbers. We obtain expressions for the canonical
momentum and the Hamiltonian as functions of soli-
ton's velocity and transform the Hamilton equations o
a Newton-like equation. The theory is illustrated by
several examples of concrete soliton’s dynamics.
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1 | INTRODUCTION

The idea that solitons behave under the action of smooth enough external forces similar o
point-like particles of classical mechanics is well known. In particular, a number of perturba-
tion methods are based on this qualitative picture™* (see also Refs. [5, 6] and references therein),
and these theories are confirmed by numerical and real experimenis. The standard perturbation
theory is quite involved in case of dark solitons propagating along a nonuniform background™*
when separation of the soliton’s dynamics from the dynamics of the surrounding background is
not obvious: a moving soliton generates a “shelf” in the background, and this leads to an essential
back reaction to the soliton's motion. Forexample, the frequency of oscillations of adark soliton in
a Bose-Einsiein condensate (BEC) confined in a harmonic trap with the frequency wy is equal to
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One may hope that the suggested method can lead to many other interesting results.
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ABSTRACT

We introduce the notion of asymptotic integrability into the theory of nonlinear wave equations. It means that the Hamiltonian structure
of equations describing propagation of high-frequency wave packets is preserved by hydrodynamic evolution of the large-scale background
wave so that these equations have an additional integral of motion. This condition is expressed mathematically as a system of equations for
the camrier wave number as a function of the background variables. We show that a solution of this system for a given dispersion relation of
linear wawes is related to the quasiclassical limit of the Lax pair for the completely integrable equation having the corresponding dispersionless

and linear dispersive behavior. We illustrate the theory with several examples.

Published under an exclusive license by AIP Publishing. hitpsJ/de

1063/5, 0227082

At first sight, it seems that the physical explanation of solitonic
propagation as a manifestation of a subtle balance of dispersive
and nonlinear effects, on one side, and the mathematical idea
of a complete integrability of nonlinear wave equations, on the
other side, are not related to each other. We show in this paper
that a combined consideration of two limiting situations—the
dispersionless evolution of large-scale waves and the propagation
of high-frequency wave packets according to Hamilton's optical-
mechanical analogy—sheds new light on the complete integrabil-
ity condition. Asa result, we formulate a much weaker condition
of asympiotic integrability, which means that the Hamiltonian
structure of equations for the packet’s propagation is preserved
by the dispersionless evolution of the background wave, provid-
ing, thus, an additional integral of motion If this criterion is ful-
filled, then we arrive at the quasiclassical limit of the Lax pair for
some completely integrable equation. This theory is illustrated by

several examples,

L INTRODUCTION

As was explained by classics of physics in the 19th century, =
the phenomenaon of solitary wave {or solitonic) propagation is a
result of subtle balance of nonlinear and dispersive effects of wave
motion. Independently, the mathematicians of the 19th century

developed the idea of complete integrability of equations of New-
ton dynamics (see, e.g., Ref. 5 and references therein), and this idea
wis based on some specific properties of Hamilton's fommulation of
classical mechanics Apparently, these two fundamental ideas had
not been related to each other until the discovery of the inverse
scattering transform method (IST) of integration of nanlinear wave
equations.~* Soon after this discovery, it was realized™ " that the
nonlinear wave equations solvable by the IST method possess the
property of complete integrability generalized to systems with an
infinite number of degrees of freedom. Since then, the Hamiltonian
approach to nonlinear wave equations has become an important
tool for their investigation and, as a result, the soliton physics has
become a well-developed part of modern mathematical physics (see,
eg, Refe 11 and |2 and references therein). At the same time, it
seems that the original physical idea of interplay of nonlinear and
dispersive effects has not played any essential role in this formal
development. Theaimof thisarticle is todemonstrate that at least in
some situations, elaboration of this classical idea leads to interesting
results useful for the nonlinear wave physics.

1L ASYMPTOTIC INTECRABILTY

We suppose that our physical system is described by two vari-
ables, which we will call for definiteness the “density” o and the = flow
velocity”™ u. In one-dimensional genmetry, they depend on the space

Chaos 34, 113117 2024); doic 10.108 ¥5.0227082
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Chaos

Transition to the Lax pairs according to the rules (10) yields
= —giru—L Bo—gg-m (93)
q

where g plays the role of the spectral parameter. The resulting
completely integrable system is the well-known Fakharov—Io
S’Ysm“"l'-

P 2ups +4pu =0,

(94)
i+ Bty — 40y — e = 0.

Itis worth noticing that although the dispersionless systermn with the
velocities (57 written in (, u)-variables

e 2upe +4pu. =0,

(95)
e+ Bty —4p =0

can be transformed to the shallow water system (1] for the variables
F=au' —16p, T=4u, (96)

these substitutions are not compatible with transformation of the
dispersion relation (15 In fact, they cast the dispersion relation (£5)
to the form

B k2 ]
w=k(4u+zi1'.'(zu+;) —16p (97

different from relation [ 15) for the Kaup- Boussinesq system.

Vil CONCLUSION

In this paper, we introduced the physically natural condi-
tion of asymptotic integrability of nonlinear wave equations, which
means that two asymptotic limits—dispersionless (hydrodynamic)
evolution of a smooth background wave and propagation of high-
frequency wave packets—are compatible with each other in the
sense that the Hamiltonian structure of the packet's propagation
is preserved by the evolution of the background wawe and, conse-
quently, the Hamilton equations have an integral of motion. In fact,
this weaker integrability condition leads to the quasiclassical limitof
complete integrability in the framework of the AKNS scheme,™ and
if the Lax pair of the equations under consideration does not depend
on the space derivatives of the wave variables, then the asymptotic
integrability condition reproduces the exact Lax pair. This obser-
vation sheds new light on the origin of the completely integrahle
naonlinear wave equaticns.

In addition to that, it should be noted that the relationship for
the dependence of the packet's wave number on the background
variables can be converted to a similar relationship for the inverse
half-width of namow solitons propagating along a smooth back-
ground, and this remark allows one to develop a Hamiltonian theory
for the propagation of narrow solitons along a non-uniform and
time-dependent background. ™™

Atlast, Eq. [5) of asymptotic integrability can also have appro-
imate solutions correct in the limit of large wave mumbers k even
for not completely integrable equations. In these quite general
situations, one can develop the theory of propagation of small-
amplitude wave packets along a non-uniform and time-dependent

ARTICLE pubs.aip.org/aip/cha

background and to formulate a generalized Bohr-Sommerfeld
quantization rule, which determines the parameters of solitons pro-
duced from an intensive initial pule.” Thus, the condition of
asymptotic integrability turnsout to be auseful tool for investigation
of various problems in nonlinear physics.
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The concept of soliton gas was introduced in 1971 by Zakharov as an infinite collection of weakly interacting
solitons in the framework of Korteweg—de Vries (KdV) equation. In this theoretical construction of a diluted
(rarefied) soliton gas, solitons with random amplitude and phase parameters are almost nonoverlapping. More
recently, the concept has been extended to dense gases in which solitons strongly and continuously interact.
The notion of soliton gas is inherently associated with integrable wave systems described by nonlinear partial
differential equations like the KdV equation or the one-dimensional nonlinear Schrodinger equation that can be
solved using the inverse scattering transform. Over the last few years, the field of soliton gases has received
a rapidly growing interest from both the theoretical and experimental points of view. In particular, it has
been realized that the soliton gas dynamics underlies some fundamental nonlinear wave phenomena such as
spontaneous modulation instability and the formation of rogue waves. The recently discovered deep connections
of soliton gas theory with generalized hydrodynamics have broadened the field and opened new fundamental
questions related to the soliton gas statistics and thermodynamics. We review the main recent theoretical and
experimental results in the field of soliton gas. The key conceptual tools of the field. such as the inverse scattering
transform, the thermodynamic limit of finite-gap potentials, and generalized Gibbs ensembles are introduced and
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various open questions and future challenges are discussed.
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L INTRODUCTION

Random nonlinear waves in dispersive media have been
the subject of intense research in nonlinear physics for more
than half a century, most notably in the contexts of water
wave dynamics and nonlinear optics. A significant portion
of the work in this area has been centered around wave
turbulence—the theory of out-of-equilibrium random weakly
nonlinear dispersive waves in nonintegrable systems [1.2].
One of the most important results of the wave turbulence the-
ory is the analytical determination in Ref. [3] of the power-law
Fourier spectra analogous to the Kolmogorov spectra describ-
ing energy flux through scales in dissipative hydrodynamic
turbulence.

More recently, a new theme in turbulence theory has
emerged in connection with the dynamics of strongly non-
linear random waves described by integrable systems such
as the Korteweg—de Vries (KdV) and one-dimensional (1D)
nonlinear Schrodinger (NLS) equations. This kind of random
wave motion in nonlinear conservative systems, dubbed inte-
grable turbulence [4], has attracted significant attention from
both the fundamental and applied perspectives. The interest
in integrable turbulence is motivated by the inherent random-
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ness of many real-life systems (due to random initial and
boundary conditions or to complex interaction mechanisms)
even though the underlying physical models may be amenable
to the well-established mathematical techniques of integrable
systems theory such as the inverse scattering transform or
finite-gap theory [5,6].

The integrable turbulence framework is particularly per-
tinent to the description of modulationally unstable systems
which can exhibit highly complex nonlinear behaviors that
can be adequately described in terms of the turbulence theory
concepts such as probability distribution functions. ensemble
averages, Fourier spectra, etc. [7—12]. We stress that the term
“turbulence” in this context is understood as complex spa-
tiotemporal dynamics that require a probabilistic description
and are not related to the energy cascades through scales,
the prime feature of strong hydrodynamic and weak wave
turbulence.

The main tool for the analysis of integrable nonlinear
dispersive partial differential equations (PDEs) is the inverse
scattering transform (IST) [13] which is based on the reformu-
lation of a nonlinear PDE as a compatibility condition of two
linear problems (the so-called Lax pair): a stationary spectral
(scattering) problem and an evolution problem—for the same
auxiliary function. Within the classical IST setting formulated
for the wave fields decaying sufficiently rapidly as |x| — oo,
the scattering spectrum consists of two components: discrete
and continuous, corresponding to two contrasting types of
the wave motion: solitary waves (solitons) and dispersive

©2024 American Physical Society
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situation was worked out [200], including time dependence,
and varying the coupling strength ¢ — c(x, £} in (78), some-
thing which is crucial for comparison with some experiments.
External force fields and slowly varying couplings also nat-
urally occur in many situations where soliton gases emerge.
The theory from GHI is in principle fully applicable to soli-
ton gases; however, again up to now, the application to soliten
gases and the IST perspective on such GHD results are still
completely missing.

Hydrodynamics is a derivative expansion, and as such.
one may wonder about the higher-derivative corrections. At
second derivative, this is the diffusive correction, such as the
viscosity term in Navier-Stokes equations. Again, an exact
expression of the diffusive matrix—or diffusive operator on
spectral space—has been evaluated in GHD with convincing
comparisons against numerical results, see the review [179].
The form obtained is

a 8 _
ap,,t’r?: X+ ﬁ[u“r{n: X, Dpplnx, 1]

14 a .
= 55([ ﬂ‘n’D,,.rf[pg(-:r_.rﬁlappw’:x:ﬂ)- (93)

The diffusion kernel Ty [p;] is evaluated from the Kubo
formula involving space-time integrated current two-point
functions, using form factor methods of quantum integrability
[184.201]. The general formula, applicable to quantum and
classical models alike, is conjectured by comparison with
the diffusion kernel obtained in the 1980s for the classical
hard-rod gas [202]. Again, the general formula involves the
statistical factor j(e). The combination of diffusion with ex-
ternal forces has also been evaluated [203]. The third-order,
dispersive correction was proposed recently [204], although
much work is still needed to fully establish it.

Is there diffusion in soliton gases? If so, is it correctly
described by the GHD formula? Furthermore, can we evaluate
the exact third-order dispersion term? A natural conjecture
concerns the condensate limit: in the GHD of quantum inte-
grable models, the condensate limit had been studied earlier,
and is known as zero-entropy GHD [203]. The connection
between soliton-gas condensate limit and zero-entropy GHD
was partially made in Ref. [30]. Do dispersive terms of GHD
{soliton gases) reproduce, in the zero-entropy {(condensate)
limit, dispersive terms of the fundamental dynamical equa-
tions {e.g., the KdV equation)?

Finally, the effects of small perturbations that break in-
tegrability has been studied. The development is still in its
infancy, with various approaches and different physical sit-
ations proposed. see the review [206]. The perspective taken
in GHD is different from that taken in soliton gases, and it
would be fruitful to make a better connection. One important
point that has been emphasized [207] generalizes the view-
point discussed above, whereby the Liouville equation—the
kinetic equation for free particles—is seen as a Euler-scale
hydrodynamic equation. It is possible to modify the Euler-

scale hydrodynamic equation to sccount for terms that break
the conservation laws on which it is based. There are general
Kubo-like formulas this moedification, and when applied to
GHD, these give terms that can be written, at least in quantum
models, in a form-factor expansion. Specialized to the GHD
of free particles, these terms are nothing else but Boltzmann
collision terms from the Boltzmann equation; form factors of
interacting integrable models generalize Boltzmann collision
terms. Is there a parallel notion of form factors that can be
used to evaluate Boltzmann collision terms in soliton gases?
Thus, again, we obtain a different viewpoint: the Boltzmann
equation, a kinetic equation, is re-interpreted as a hydrody-
namic equation, with terms that break the infinitely many
conservation laws admitted by free particles. This reinterpre-
tation has, potentially, far-reaching consequences, which still
need to be addressed.
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Abstract

Nowadays, breather solutions are generally accepted
models of rogue waves. However, breathers exist on a
finite background and therefore are not localized, while
wavefields in nature can generally be considered as
localized due to the limited sizes of physical domain.
Hence, the theory of rogue waves needs to be supple-
mented with localized solutions, which evolve locally as
breathers. In this paper, we present a universal method
for constructing such solutions from exact multisoliton
solutions, which consists in replacing the plane wave in
the dressing construction of the breathers with a spe-
cific exact N-soliton solution converging asymptotically
to the plane wave at large number of solitons N. On
the example of the Peregrine, Akhmediev, Kuznetsov—
Ma, and Tajiri-Watanabe breathers, we show that con-
structed with our method multisoliton solutions, being
localized in space with characteristic width propor-
tional to N, are practically indistinguishable from the
breathers in a wide region of space and time at large N.
Our method makes it possible to build solitonic mod-
els with the same dynamical properties for the higher
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of the plane wave and simply changed its norming constants to C, = 1,1, —1, 1,..., =1, 1 (to the
same omes that would be for the 8-soliton model of the Peregrine breather in Section 3), without
the subsequent dressing procedure. Thus, the only difference between this modified construction
and what was discussed earlier is the inaccuracy in the eigenvalues. Despite this inaccuracy, the
constructed solitonic model still shows a very good correspondence with the breather. We have
repeated this construction for the Akhmediev and higher-order rational breathers using both the
semiclassical and exact eigenvalues, and came to the similar results.

Note that according to Equations (13) and (14), the soliton positions and phases evolve linearly
with time,

xn(r] = Xpo— 2&5!' (36)

Ba(t) = Bpg + 2082 + 02 )8, (37

where x,, and 8, are the positions and phases at ¢ = 0. In the peneral case, the frequencies
2£2 4+ ?;I%J are incommensurable and may lead to spontaneous synchronization of soliton norm-
ing constants and the appearance of rogue wave. For instance, we can let the solitonic model
of the plane wave (31)32) evolve, and at various moments of time it will turn into a very good
approximation of the Akhmediev, Peregrine, and high-order rational breathers.

We believe that the more general synchronization conditions for the soliton norming constants
can be found, that will correspond to the emergence of rogue waves surrounded by chaotic per-
turbations of the wavefield. These rogue waves will appear spontaneously from time fo time due
to the spontaneous synchronization of soliton norming constants from one synchronization con-
dition to another during the evolution in time. Finding these conditions represents a challenging
problem for future studies.

Finally, our solitonic models may prove useful in explaining the process of soliton fission in
nonintegrable systems described at leading order with the focusing 1D-NLSE. Indeed, if the ini-
tial wavefield can be approximated with an exact multisoliton solution, in which most of the
solitons are in a bound state, then the influence of nonintegrable perturbations is expected to
gradually destroy this state by changing velocities differently for different solitons, thus leading to
the fission. Note that soliton fission plays an important role in the supercontinuum generation®
and formation of optical rogue waves®™; very recently it has been observed developing from the
Peregrine and higher order rational breathers ¥
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TpencTanneHsl PR3y ITATE HATY PHEIX H3MePeHHH NMpotuiel MOPCKOH NOREPXHOCTH, MOMYyMeHHBIX
© NOMOILER CKAHHPYHOIIErD N33 PHOT0 BOTHOTPAtha RI0AE THHKH CKAHHPOBAHHKS NPOTHAEHHOCTEIO
1700 MM, OTMeuaeTeH BAKHOCTE PErHCTPALMH (DOPME! MOBEPXHOCTH B 341344 PACCeSHHN eKTPo-
MATHHTHOTO HAMYUeHHA CEOBONHON NOBEPXHOCTEI0 patnens. [omyyeHE YACTOTHEE CTIBKTPE BOTHE-
HHH, NPOMHIOIPAMMEL «BPeMS — BHICOTA», NPOCTPAHCTEEHHEIE CHEKTPEL, BKIIHMAIONIME KATHILD-
HEI@ KOMIOHeHTEl BOTHeHH, OGCYAI3eTed BOIMOKHOCTE HIMEPeHHH (a30BEIX CKOpoCTeH paziny-
HEIX MPOCTPAHCTREHHEIX KOMITOHEHT BOJTHEHHA, KOTOPEIE MOKHO BEIIEISTE & NOMOUIBI0 YACTOTHOH
(HALTPALIHM MHOKECTEA HCXOAHBIX Npodiiei. OTMedaeTCH HerayCCoROCTh PacTipeie/ieHHs BO3RE-
UIeHHii TOR2PXHOCTH HA OCHOBE GHATH3A BLICHIMX MOMEHTOR pacrpeneneHuil: skewness — koadidu-
IHEHTA ACHMMETDHH BEEPX-BHH3 H KO3MMHLIMEHTA ACHMMETDHH Bnepéi-Haian. TIpHBOOSTCH pe-
IYNBTATH PACYETA MPOCTPAHCTEEHHOTO CNIEKTPA MOPCKOH MOBePXHOCTH.
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DOI: 10.21046/2070-7401-2024-21-1-270-285

BeepeHue

Mopma BOIHOH TIOBEPXHOCTH W XapaKTePHCTHKH MOPCKOIO BOJHEHHS SRISIOTCH KIIOUEBHIMA
NpH BCEX IMCTAHIMOHHEIX HIMEPEHHAX MapaMeTpos BepXHero c1os okeaHa. Mopma nopepxHOCTH
onpejendeT OTPAOKEHHE PagHo-, ONTHUYECKOID M aKyCTHYECKOTD CHIHATOB, 4 TAKKE OTBEYAcT 3a
cobcTpeHHOe HaTyueHue Mopda. [To 371oil npuunMHe noHUMaHue GUINIECKUX MEXAHHIMOE, CBAILI-
BaOLHX GOpMY MOBEPXHOCTH U €€ PATHOMHINIECKHE CBONCTEA, MCKTIOMHTEIEHO BAKHE 15 THC-
TAHIIHOHHEIX METOLNOB HCCIEI0BAHMA M MOHHTOPHHTA MOPCKO# MoBepxHocTH. CNEKTPAILHOE ONH-
CaHMe MMPOKO MCMONBLIYETCH KaK XapakTepHMCTHKa BOOHOM nosepxHoctd (Banner, 1990; Komen
etal., 1994). OTHOCHTENEHO AETKO MOIYT OEITh NOMYYEHE! YACTOTHEIE (EDEMEHHEIE) CIIEKTPE MYyTEM
W3IMEPEHHS BRICOTH MOBEPXHOCTH B €IHHCTBEHHOH TOuKe mpocTpaHcTBa. OgHAKO I 3amad QHC-
TaHIIHOHHOTO 30HAMPOBaHHS OOEMHO HEJOCTATOMHO MMETh CTATHCTMMECKME MACTOTHEHIE XapakKre-
PHCTHKW BOMHeHMs, TpeGyetcss HHGOPMALMA 0 NpOCTPAHCTBEHHOM pacnpefeneHu. Takoe pac-
npeneneHHe MOKeT OEITh MOMYUEHO W3 YACTOTHRIX CMIEKTPOB TOIBKO ¢ MOMOUIBK TPHHITHA 10BOIb-
HO CHIBHEIX TPHONMAESHHA W YACTO CHOPHEIX THIIOTE.

MazoBkEe XapaKTePHCTHKH BIBOMHOBAHHOM MOBEPXHOCTH MOTYT CYLISCTBEHHBIM 0OPAIOM
OnpeensTh 0cODEHHOCTH OTPAKEeHMS OT MOPCKOH nopepxHocTH. CreKTpaisHOe ONHCAHME, One-
pHpYIOLIEE MOAEILI0 CAYUaiHOH KBajMrayccOoBOH MOBEPXHOCTH, B YAaCTHOCTH. HE MOMET oObiic-
HHTh 3aMETHhIE PAaTHYHA B OTPAKEHHH CHIHANA OT OIHOI M TOll Xe NOBEPXHOCTH NPH J0HIMPOBa-
HHH B NPOTHBONONOAKHEIX HAMpPaBIEHHAX, HapUMep o BeTpy U npoTHe Betpa (Chen et al., 1993).
TpedyeTcs yUET aMILTHTY IHO-(ha30BLIX XapaKTepHCTHK Kak GyHKUWIH YacTOTH M HanpamieHHA pac-
NPOCTPAHEHHA PAITHUHEIX BOIHOBEIX KOMIOHEHT. B 310l cuTyaunyu npsaMoe naMepeHne NpocTpaH-
CTBEHHEIX CIIEKTPOB C NOMOILBIO CIIEIHATLHEIX IKCIIEPHMEHTAIBHEIX METOI0B NPHOOPETAET OCcoboe
3HaueHHe. BakHOH M aKTYAIEHON 3atadeil SBIAETCH UCCIEI0BAHHE THHAMHYECKHX M PATHaLMOH-
HEIX MPOLIECCOB Ha IPaHHIle MOPCKOH MOBEPXHOCTH H arMocdephl, BIaHMOCEIIH MeX Iy Tpems -
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B orcytcTMe yrinoporo pacnpefeneHHs
Dix. B) (3) BoCCTAHOBIEHHE JBYMEPHOTO NpoO-
CTPAaHCTBEHHOTO CHEKTpa CTAHOBMTCH He-
paspemMoil 3agaueil. MoxHO nonerTatecs
KAUECTBEHHO COOTHECTH MIMEPHEMEL OnHO-
MEPHEI{ MPOCTPAHCTBEHHLI CIIEKTP © TEOpe-
THYECKHMH pedynbTatamp. Cnemya aHanuzy
paIMepHOCTH, paccMoTpuM dyarumio E(K)/k,
UTOGE MOAYYHTL (OPMY IEYMEPHOIO CheK-
Tpa E(k, [). Ctporo roBops, TAKOE paccyiie-
HHE CNPaBELIHBO 111 HIOTPOIHEIX pacnpe-
IeleHMil, YTO JANeKo OT HAallero ciyuas He-
CKOJTBKHX @HWIOTPOMHEIX BOMHOBRIX CHCTEM.
Peaynerar nokazau Ha puc. 10,

3ABHCHMOCTE OKA3BIBAETCH GIHIKOIH K 3a- Puc. 10, TIPOCTPAHCTBEHHLIH CHEKTP BOJHEHHH
KOHY K%, T.€. K peleHHIO Ul IPSIMOTo Kacka- B I0TApAHMIAYECKOM Macm’rat'ﬁ_ MyHKTHp — 3aBH-
na Konsmoroposa— 3axapoBa sl BOIH KOpoue —
nonyMetpa. [posenénnan olleHKa NOKaIkiBaeT
BO3MOKHEIE TPOOIeMEl HHTEpPIIPeTalMy PesyILTaToR.

Pemrense Beex BhIENepeYMCNEHHEIX NpofieM 3aKIIOMASTCH B HIMEDEHMH BO3BHILIEHHOCTEH
HE MO OTHOMY, a Mo AByM WM Gomee HanpapneHusM. [aHHan 3KCNePUMEHTANBHAA 3adaua GyaeT
MOCTARNEHA W PEATHIOBAHA B GAMKANILIHX HATYPHEIX IKCNEPHMEHTAX.
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107
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Brieogmb

B paGoTe npeacTaBieHEl Pe3vNLTATE HATYPHBIX H3MepeHHi npodiiell MopcKoi MOBEpXHOCTH,
MOTYMEHHEIX € MOMOLIBIO CKAHHPYIOLIErD AaiepHOTo BOMHOMpada BIOAL THHHH CKAHHPOBAHMSA
nporsikéHHocTEI0 1700 MM, OTMeuaeTcsl BAXHOCTL PErHCTpalHe (hOPME NOBEPXHOCTH B 3adayax
paccesHUsl IMEKTPOMArHMTHOTO WATYMEHHA CBOGOIHON MOREPXHOCTRIO paifena. [MonyweHu ua-
CTOTHHIE CMEKTPLl BOMTHEHHS, MPOGHIOTPaMMEl «BPEMS — BEICOTA», TPOCTPAHCTBEHHEIE CIICKTPE,
BKTIONAIOIINE KAMWUAPHEE KOMMOHEHTH BOoAHeHHA. OGcykiaeTcs BOIMOXHOCTh HM3IMepeHMs
(ha30BEIX CKOPOCTEil PAITHIHEIX TPOCTPAHCTBEHHEIX KOMIIOHEHT BOJHEHMUS, KOTOPHIE MOXHO BbI-
JEJSITE € TOMOIBI TaCTOTHOM (hIIBTPALIMH MHOKECTBA MCXOAHBIX npodweii. OrmeuaeTcs Hera-
YCCOBOCTL PaclpeleneHHs BO3BLILIEHHH NOBEPXHOCTH Ha OCHOBE @aHATH3A BRICIIMX MOMEHTOB pac-
npeaeneHuii: skewness — koaddnunenTa aCHMMETPHI BEEPX- BHH3 H KoadHIIHEHTA aCHMMETPHH
BHEpEa-Haza,

HartypHeie uaMepeHus, odpadoTka BHISOPAIOR M PAacueéT cneKTPOB NMPOBECHE 34 CUT rpaHTa
Poccuiickoro HayuHoro Goxaa (npoekt M 23-17-00189). Pacuétel B pasgene « CTaTHCTHUECKHE MO-
MEHTLI» BRITIOMHEHE! B pamMKkax npoekTa PoccHiickoro HayuHoro doraa No 19-72-30028.
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We have observed numerically the resilience phenomenon for ocean wind-driven waves, where the wave

spectra return to their original sell-similar form alter a strong perturbation. This self-similar behaviour is seen

as the manifestation of a statistical attractor associated with generalized spectra of Kolmogorov-Zakharov,

We have confirmed this interpretation through numerical simulations of random water wave Held within the

kinetie (Hasselmann) equation, This equation with specific source functions similar to those of conventional

wave

the “non-self-similar” background, allowing us to evaluate the “clean rat

forecasting models, exhibits families of exact sell-similar solutions, These source functions minimize

ol wave spectra resilience. We

use the mdices of the exact sell-sunilar solutions as parameters for the attractors of nwmerical solutions in a

two-dimensional phase space.

1. SPECTRAL MODELLING OF RANDOM
FIELD OF WIND-DRIVEN WAVES

We study the kinetic equation for surface gravity

waves 5
E = Sl + Sin + Sdiss fU
This equation is widely used [for modeling and

forecasting of wind-driven sea. Here £ =

the phase space energy density, Sy

e(k,t) is
nonlinear four-
waves interaction term, S, wind input, Sgies

wave-hreaking dissipation. This equation was derived
by Klauss Ha

clmann [1] while its connterparts were
, 3
The Sy term in (1) was established in |1] based on

known for decades belore

the four-wave nonlinear interactions, Some drawbacks of
restrictions by four-wave interactions and hypothesis of
the wave-field gaussianity were demonstrated in |4, 5],
The effect of quasi-resonant interactions on wave spectra
evolution was also studied |6]. Nevertheless we deal
with the equation (1) as the conventional model of
the modern physics and the basic one of the sea wave
forecasting,

The Sy term is derived from the primitive equations
of fluid mechanics and has been extensively studied.
of wind input Sj, and
dissipation Sgiee are only known through empirical
parameterizations.

However, the termns Wave

which  implies  an  uncertainty

in the mathematical model iteelf. The wind-wave

community’s efforts are mainly foeused on developing

new parameterizations  for these terms to better
De-mail: v vgimail geogjaev.ri
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align with the available results of experiments and
wave onitoring, This will make the corresponding

mathematical  modeling  more  suitable  for  wave

forecasting (see e.g.

The derivation ol (1) suggests that the external
foreing terms Sy, and Sgie are much smaller than Sy
Initially, a basic comparison of the magnitudes of the
terms suggests the opposite, indicating that the external
. However, this issue

[orcing terms ave rather high |8
has been resolved in |9, 10| by comparing the rates
of wave evolution associated with different terms, The
dominance of the collision integral Sy in (1) ensures

ency ol the conventional form of the kinetic

the cot

equation due to its high nonlinearity.

The

a wide range ol wind-sea modeling and forecasting

Hasselmann equation performs well across

parameters,  In this study we focus on the deep
water conditions. In this case, eq. 1 demonstrates the
robustness of the wind-wave spectra shaping and growth
features. Some of these features, such as spectral shape
invariance [11] and typical power-law growth exponents
. have been observed

ol wave energy and period |12
in previous experimental studies. The association of
these features with approximate self-similar solutions
for the equation has been extensively studied both
numerically [13. 14] and throngh experimental results
analysis [15]. In this paper, we analyze the exact sell-
siilar solutions for the Hasselmann equation (1) with
a special source funetion, which reproduces general
source functions  of wave

features of conventional

forecasting models |16] and ensures the existence of
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wind-wave models, deliver exact sell-similar solutions

for the kinetic equation for deep water waves (the

Hasselmann equation). It allows one to refine the

problem  minimizing  the now-sell-similar  spectra
hackground in our numeric sinmlations.

Secondly, we propose a finite size (two-dimensional,
in fact) parameterization of the evolution of the non-
stationary (developing wind sea) and continuous media
(wave spectra) to reduce the problem to a classic
dynamical attractor. The possibility itsell of such a
problem reduction has been illustrated for the case
of young wind sea. the wave growth regime which is
usually realized in the lield wave experiments. Extensive
numerical studies of the problem ave part of our agenda.

We  have shown that the classic Kolmogorov-
Zakharov  (KZ) solutions  and  their  recent
generalizations, sell-similar spectra localized in wave

seales, can be efficiently treated as statistical attractors

in the set of already found statistical attractors of

nonlinear PDE’

uch as soliton in non-integrable NIS.
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Abstract: As is well known, magnetic fields in space are distributed very inhomogeneously. Some-
times, field distributions have forms of filaments with high magnetic field values. As many observa-
tions show, such a filamentation takes place in convective cells in the Sun and other astrophysical
objects. This effect is associated with the frozenness of the magnetic field into a medium with high
conductivity that leads to the compression of magnetic field lines and formation of magnetic fila-
ments. We analytically show, based on the general analysis, that the magnetic field intensifies in the
regions of downward flows in both two-dimensional and three-dimensional convective cells. These
regions of the hyperbolic type in magnetic fields play the role of a specific attractor. This analysis
was confirmed by numerical simulations of 2D roll-type convective cells. Without dissipation, the
magnetic field grows exponentially in time and does not depend on the aspect ratio between the
horizontal and vertical scales of the cell. An increase due to compression in the magnetic field of
highly conductive plasma is saturated due to the natural limitation associated with dissipative effects
when the maximum magnitude of a magnetic field is of the order of the root of the magnetic Reynolds
number Rem. For the solar convective zone, the mean kinetic energy density exceeds the mean
magnetic energy density for at least two orders of magnitude, which allows one to use the kinematic
approximation of the MHD induction equation. In this paper, based on the stability analysis, we
explain why downward flows influence magnetic filaments, making them flatter with orientation
along the interfaces between convective cells.

Keywords: magnetohydrodynamics; convective cells; magnetic field; filaments; feedback

MSC: 76W05

1. Introduction

The phenomenon of collapse plays a significant role in terms of understanding how
turbulence, convection, and other similar phenomena operate in fluids. Collapse is under-
stood as a process of formation of singularities in a finite time for smooth initial conditions.
Such processes have been widely studied for quite a long time. According to the classical
concepts of the Kolmogorov—Obukhov theory [1,2] in the case of a low-viscosity limit, the
vorticity fluctuations in the inertial interval with a scale A behave proportionally to A =25,
This means that in the limit of small A, we will have infinite amplitudes of fluctuations,
which may indicate that classical turbulence is closely related to the occurrence of collapse.
At the same time, when the highly accurate numerical modeling of such problems became
possible, it turned out that collapse was in fact not observed in such cases [3] (see also
the review paper [4] devoted to this subject). Nevertheless, the tendency for vorticity en-
hancement remains, but without blow-up behavior. At the same time, for two-dimensional
hydrodynamics in the ideal case, solutions associated with collapse are forbidden [5-7]. In

Mathematics 2024, 12, 677. https://doi.org/10.3390/math12050677
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hyperbolic region with its center at y = 0, x = 0. For this reason, the hyperbolic point will
be moved towards the counter flow that provides an inverse influence on the growing
magnetic field of the convective flow. Because the filament region is small in comparison to
the convective cell, such a shift should not significantly influence the convection itself. It is
evident that this mechanism shows that the magnetic pressure B2/2is comparable to the
mean kinetic energy density (v?)/2.

7. Conclusions

In this paper, we have analyzed the filamentation of the magnetic field in convective
cells in the Sun within the kinematic approximation. This process is associated with the
frozenness of the magnetic field into a medium with high conductivity, which leads to the
compression of magnetic field lines and the formation magnetic filaments. Based on the
general consideration of the convection top flows only, and without knowledge of the cell
structure, we demonstrate that the magnetic field intensifies in the regions of downward
flows in both two-dimensional and three-dimensional convective cells. These hyperbolic-
type regions play the role of a specific attractor of the magnetic field. This theoretical
analysis was confirmed by numerical simulations for 2D convective cells of the roll type.
Without dissipation, the magnetic field grows exponentially in time and attains its maximal
value at the hyperbolic point where the growth rate does not depend on the aspect ratio
between the horizontal and vertical scales of the cell. This increase due to the compression
of the magnetic filaments is saturated due to the natural limitation associated with finite
plasma conductivity when the maximum magnitude of the magnetic field is of the order
of the root square of the magnetic Reynolds number. Another effect of saturation of the
magnetic field values is connected with feedback of the growing field on the convective
flows. Both of these effects on the Sun convective zone give the maximal magnetic field
values in filaments the same order of magnitude of about 1 kG. Based on the stability
analysis, we have explained why downward flows influence magnetic filaments by making
them flatter with orientation along the interfaces between convective cells.
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Direct numerical simulation of three-dimensional acoustic turbulence has been performed for both weak
and strong regimes. Within the weak turbulence, we demonstrate the existence of the Zakharov-Sagdeev

spectrum o k312

not only for weak dispersion but in the nondispersion (ND) case as well. Such spectra in

the k space are accompanied by jets in the form of narrow cones. These distributions are realized due to

small nonlinearity compared with both dispersion or diffraction. Increasing pumping in the ND case due to
dominant nonlinear effects leads to the formation of shocks. As a result, the acoustic turbulence turns into
an ensemble of random shocks with the Kadomtsev-Petviashvili spectrum.

DOI: 10.1103/PhysRevLett.133.207201

As is known, the developed hydrodynamic turbulence at
large Reynolds numbers, Re > 1, in the inertial interval
represents an example of a system with strong nonlinear
interaction, when its energy coincides with the interaction
Hamiltonian. Another example relates to acoustic turbu-
lence which demonstrates both strong and weak regimes
depending on the ratio between nonlinearity and linear
wave characteristics. In this sense, acoustic turbulence is
much more diverse and richer than hydrodynamic turbu-
lence. When nonlinear interaction of waves is small
compared to linear effects, we have a regime of weak
turbulence [ 1] which can be studied perturbatively by using
the random phase approximation. Within the weak turbu-
lence theory (WTT) for arbitrary wave systems, ensembles
of waves are described statistically in terms of the corre-
sponding kinetic equations [1.2]. This theory assumes that
each wave with its random phase moves long enough time
almost freely and undergoes very rarely small changes due
to the nonlinear interaction with other waves. To date, the
WTT has a lot of applications starting from ocean and
plasma waves, waves in solid state physics, in Bose-
Einstein condensate, and ending by turbulence both in
astrophysics and high energy physics [3-11]. For water
waves WTT has been confirmed with high accuracy [12].
The situation changes for acoustic waves without
dispersion for which the resonant conditions for three-
wave interaction

wik)] = w(ky) + ek,). k =k +k; (1)
are satisfied only for collinear wave vectors k;, where
w(k) = ke, is the linear dispersion relation and ¢, is the

"Contact author: kochurin@iep.uran.ru

0031-9007,/24,/133(20)/207201(5)

207201-1

speed of sound. These interacting waves thus form a ray in
the & space. Evidently, translating to the system of coor-
dinates moving with ¢, along the ray makes this system
strongly nonlinear. In one-dimensional (1D) gas dynamics,
this nonlinearity leads to the breaking of acoustic waves in
accordance with the famous Riemann solution.

However. in a multidimensional situation by means of
such transition it is possible to exclude ¢, only for one
given ray; for all other rays propagating under some angles
this exclusion does not work. If we take continuously
distributed rays with close propagation angles, we obtain an
acoustic beam, which, as is known, is subject to diffraction
in the transverse direction. As soon as a ray in the 3D case
gets a transverse width, let small, then such a ray will
diffract. First time this effect was discussed in the original
paper by Zakharov and Sagdeev [13]; practically at the
same time the analogous ideas were developed by Newell
and Aucoin [14] (see also [15]). From these arguments
follows that the weak turbulence regime for acoustic waves
can be realized, as we will show in this Letter, not only in
the weak wave dispersion case but also in the dispersionless
situation due to the diffraction.

For acoustic waves with weak positive wave dispersion,

a = key(1 + k). (a®k* <« 1), (2)

the resonant conditions (1) are satisfied so that the
interacting waves instead of rays form cones with small
angles ~(ak)? (here a is the dispersion length). The WTT,
as known, is applicable for small nonlinearity compared to
weak dispersion (WD). In this mode, Zakharov and
Sagdeev [13.16] found exact isotropic solution of the
kinetic equation for 3D weak acoustic turbulence

© 2024 American Physical Society
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(a),(b) Dependences u(r) and |Vu(r)| for z = 0in shock-wave regime, ¢ = 200. (¢) Fourier spectrum |z | in the &, = 0 plane

is shown at 1 = 200. (d) The space-time Fourier transform |u(K. o)|; the black dashed line corresponds to the ND wave propagation (2).
White solid lines show the frequency broadening &,. The inset shows |u(K. )| with @y =40 in k, = 0 section.

Figures 3(a) and 3(b) show the spatial distributions of
u(r) and its gradient Vu(r) at the = = 0 plane which show
the presence of a set of shocks propagating under various
angles. The spectrum shown in Fig. 3(c) clearly indicates
the quasi-isotropic behavior of wave energy in Fourier
space. Figure 3(d) shows the space-time Fourier spectrum
of u(r.t) that allows us to estimate the frequency broad-
ening &, = 1/7y;, where 1y, is characteristic nonlinear
time. We have computed the parameter 7; /7y, with linear
diffraction time 7, — [34/2]~" for both weak and strong
WT regimes, see Supplemental Material, Sec. VI [23].
Comparison of these times shows that in the strong
turbulence regime, 7, /7ty is about 5. The latter means
that the wave breaking is more rapid process leading to
formation of shocks randomly distributed due to the chaotic
pumping. This is a reason for the appearance of the KP
spectrum [19].

The main result of the work is that the ZS spectrum of 3D
weak acoustic turbulence (3) can indeed be realized. The
mechanism for the development of WT is the divergence
(diffraction) of acoustic waves preventing their breaking.
However, under action of sufficiently large pumping,
acoustic turbulence turns into an ensemble of random
shocks described by the KP spectrum (4). Thus, the spectra
(3) and (4) correspond to different limiting cases of the
weakly and strongly nonlinear regimes of 3D acoustic
turbulence.
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Folding in fluids

Abstract: The formation of the coherent vortical structures in the form of thin pancakes
for three-dimensional flows is studied at the high Reynolds regime when, in the leading
order, the development of such structures can be described within the Euler equations
for ideal incompressible fluids. Numerically and analytically on the base of the vortex
line representation, we show that compression of such structures and, respectively, in-
crease of their amplitudes are possible due to the compressibility of the vorticity in the
3D case. It is demonstrated that this growth has an exponential behavior and can be
considered as folding (analog of breaking) for the divergence-free fields of vorticity. At
high amplitudes, this process in 3D has a self-similar behavior connected the maximal
vorticity and the pancake width by the relation of the universal type [1].

Keywords: Folding, vortex line representation, pancake, Kolmogorov spectrum
MSC 2020: 76M99, 76M25
YouTube presentation: https://youtu.be/8ygjVBGXHec

1 Outline

— Motivation: Collapse and the Kolmogorov-Obukhov theory
— Cauchy invariants and the Kelvin theorem

— Vortex line representation (VLR) and its compressibility

—  Kolmogorov-type relation for the vortex pancake structures

2 Main question

—  The main question of this talk:

Is it possible to find some compressible entities in incompressible fluid?
— Answer: Yes, such entities do exist!
—  These are continuously distributed lines of frozen-in-fluid fields
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Increasing with the time number of such structures leads to formation of the Kol-
mogorov energy spectrum observed numerically in a fully inviscid flow, with no
tendency towards finite-time blowup.
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Abstract: The existence of magnetic fields in spiral galaxies is beyond doubt and is confirmed by both
observational data and theoretical models. Their generation occurs due to the dynamo mechanism
action associated with the properties of turbulence. Most studies consider magnetic fields at moderate
distances fo the center of the disk, since the dynamo number is small in the marginal regions, and
the field growth should be suppressed. At the same time, the computational results demonstrate the
possibility of magnetic field penetration into the marginal regions of galaxies. In addition to the action
of the dynamao, magnetorotational instability (MRI) can serve as one of the mechanisms of the field
occurrence. This research is devoted to the investigation of MRI impact on galactic magnetic field
generation and solving the occurring eigenvalue problems. The problems are formulated assuming
that the perturbations may possibly increase. In the present work, we consider the eigenvalue
problem, picturing the main field characteristics in the case of MRI occurrence, where the eigenvalues
are firmly connected with the average vertical scale of the galaxy, to find out whether MRI takes
place in the outer regions of the galaxy. The eigenvalue problem cannot be solved exactly; thus, it is
solved using the methods of the perturbation theory for self-adjoint operators, where the eigenvalues
are found using the series with elements including parameters characterizing the properties of the
interstellar medium. We obtain linear and, as this is not enough, quadratic approximations and
compare them with the numerical results. It is shown that they give a proper precision. We have
compared the approximation results with those from numerical calculations and they were relatively
close for the biggest eigenvalue.

Keywords: eigenvalue problem; magnetorotational instability; perturbation theory; operator

MSC: 76W05; 47A75

1. Introduction

It is well known that a large variety of astrophysical objects, such as the Sun [1,2],
the Earth [3], other planets [4,5] and stars [6-8], accretion discs [9,10], pulsars [11] and
some galaxies [12,13], have large-scale magnetic fields. There are different methods of
observational study for such fields. For example, for the Sun, we can use the Zeeman
effect [14]. As for faraway abjects (galaxies and accretion discs), this approach cannot
give any proper results, so it is necessary to study the synchrotron emission spectra [15].
Nowadays, for most cases, Faraday rotation measurements are taken [16,17]. This method
is based on the fact that the polarized radio wave (passing, for example, from pulsars)
changes its polarization plane angle while travelling through a magnetized medium. The
angle of rotation is proportional to the integral of magnetic field projection to the line
of sight. Also, it depends on the wavelength, being proportional to its square. Thus,
comparing polarization angles for different wavelengths, we can rebuild the field structure.

Mathematics 2024, 12, 760. https:/ /doi.org/ 10.3390/ math12050760
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integrals numerically. It would be interesting to also study further approximations, but the
comparison with numerical studies shows that they are not likely to make any significant
changes. After comparing the numerical results and the analytical approximations, we note
that the difference is more significant for large values of C. This may be due to the fact that
the approximation results are based on perturbation theory methods, which assume that
the perturbations proportional to C are relatively small. The larger C is, the less accurate
this approach is.

Two different models for the rotation law were used. It is necessary to emphasize
that the Brandt rotational curve is closer to real objects, but the calculations for it are more
complex. However, the results do not have substantial differences (see Figures 1 and 2,
Tables 3 and 6), so we can use the simpler model.

From a physical point of view, the parameter k. is of primary importance. It can be
shown that 1/k; is the vertical lengthscale for the generated magnetic field, which has the
same order as the thickness of the object (in dimensionless units). So, the possibility of such
magnetic fields generation seems to be quite real and its lengthscales are comparable with
the galaxy thickness. Nevertheless, we do not deny the possibility of other mechanisms
producing magnetic fields, such as dynamo [25] or battery mechanisms [41].

Author Contributions: Conceptualization, E.M.; methodology, E.M.; investigation, TK.; numerical
results, T.K.; writing—original draft preparation, EM. and TK,; writing—review and editing, EM.
and T.K. All authors have read and agreed to the published version of the manuscript.
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‘We investigate theoretically and numerically the dynamics of long-living oscillating coherent structures
—bi-solitons—in the exact and approximate models for waves on the free surface of deep water. We
generate numerically the bi-solitons of the approximate Dyachenko-Zakharov equation and fully nonlinear
equations propagating without significant loss of energy for hundreds of the structure oscillation periods,
which is hundreds of thousands of characteristic periods of the surface waves. To elucidate the long-living
bi-soliton complex nature we apply an analytical-numerical approach based on the perturbation theory and
the inverse scattering transform (IST) for the one-dimensional focusing nonlinear Schridinger equation
model. We observe a periodic energy and momentum exchange between solitons and continuous spectrum
radiation resulting in repetitive oscillations of the coherent structure. We find that soliton eigenvalues
oscillate on stable trajectories experiencing a slight drift on a scale of hundreds of the structure oscillation
periods so that the eigenvalue dynamics is in good agreement with predictions of the IST perturbation
theory. Based on the obtained results, we conclude that the IST perturbation theory justifies the existence of
the long-living bi-solitons on the surface of deep water that emerge as a result of a balance between their

dominant solitonic part and a portion of continuous spectrum radiation.

DOL 10.1103/PhysRevLett.132.133403

Formation of stable localized coherent structures—
solitons—is one of the key evolution scenarios of nonlinear
wave systems [1]. When such a system is Hamiltonian,
solitons emerge due to a balance between nonlinearity and
dispersion, while in nonconservative cases, an additional
balance between energy gain and loss comes into play [1-3].
Being described by nonlinear partial differential equations
(PDEs), systems with solitons can be seen in almost all fields
of physics—for example, in hydrodynamics, optics, and
plasmas [2.4]. While individual stationary solitons are
ubiquitous for nonlinear wave models, long-living multi-
soliton complexes are not so common and thus draw
particular attention and are of great interest for experimental
implementation. For example, a bound state of solitons has
been observed in mode-locked fiber lasers, Bose-Finstein
condensates, and specially designed optical waveguides
[5-8].

For a Hamiltonian wave model the presence of recur-
sive multisoliton behavior might be a signature of its
integrability or nearly integrable dynamics [9-12]. The
inverse scattering transform (IST) theory elucidates the
particlelike features of solitons in exactly integrable
nonlinear PDEs by proving that solitons cormrespond to
the time-invariant eigenvalue spectrum of an auxiliary
scattering problem [9,13]. For example, solitons of the

0031-9007/24/132(13)/133403(7)
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integrable one-dimensional nonlinear Schrodinger equa-
tion (NLSE) collide elastically, forming bouncing multi-
soliton complexes, and preserve their parameters during
the whole system evolution [14]. When integrability is
broken by adding weak extra terms to the model, solitons
can still form long-living but usually inelastic complexes
radiating incoherent waves, whose dynamics is described
by the IST perturbation theory [10,15,16].

We consider the Hamiltonian models of the 2D hydro-
dynamics with a free surface: (i) focusing NLSE [17],
(i) Dyachenko-Zakharov envelope equation (DZE) [18],
and (iii) fully nonlinear equations for the R-V variables
(RVE) [19-22]. These models are the members of the
Hamiltonian hierarchy of equations for the free surface
water waves [17,23] in which the NLSE describes only the
weakly nonlinear narrow-banded wave trains while the DZE
captures many of the nonlinear effects presented in the full
model [17,18]. Comparative analysis of the behavior of
wave groups in the approximate DZE and the exact RVE
models provides insights into how the model objects are
expected to be seen in nature [24-26].

Numerical works revealed solitary waves for the DZE
and RVE models [27,28] observed later in water wave tank
experiments [29,30]. For certain parameters, pairwise colli-
sions of the DZE solitons do not produce any visible

© 2024 American Physical Society
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FIG. 4. Nonlinear behavior of the RVE bi-soliton. (a),(b)
Surface profiles n(x) at minimum and maximum amplitude,
respectively. (c) Stable trajectories of soliton eigenvalues with
T ~30.0. Blue and red lines correspond to two complete cycles
of the bi-soliton oscillations separated by 200 T.

presented in Supplemental Material [44]. Note that in the
case of the RVE bi-solitons, the IST perturbation theory
works only quantitatively, which is expected for the fully
nonlinear model due to the presence of the complicated
structure of its rhs.

The IST analysis of the long-living bi-solitons in the
deep water models shows that these oscillatory complexes
exist in a stable nearly integrable regime and can be
described within the IST perturbation theory. In general,
the governing DZE and RVE models are far from being
integrable; however, for the bi-solitons all the rhs terms are
small throughout the whole oscillation period T. The
numerically computed time series of the IST spectrum
allows us to accurately reveal the recursive dynamics of the
bi-solitons preserving at the scale of hundreds of T'. We also
show that the bi-soliton complex is stabilized by minor
radiation and a nonzero velocity difference between sol-
itons; both of them gradually increase up to the high-
amplitude wave field configuration so that the two discrete
components and continuous part of the scattering data are
in periodic energy and momentum exchange.

In contrast to the approximately solvable models with
weakly interacting solitons [65-70], the bi-solitons con-
sidered here are fully overlapping and govemed by
equations of type (7) with such complicated rhs’s that
cannot be studied analytically with the perturbation frame-
work (12). Here, we propose a perspective of using IST
theory in such nonsolvable cases based on the combination
of the perturbation approach, exact multisoliton solutions,
and numerical IST tools. Our approach provides an IST
interpretation of the interaction mechanism for the deep
water bi-solitons and opens questions for further studies.
One of them is identifying a complete set of initial soliton
eigenvalues corresponding to long-living recursive bi-
soliton dynamics. Another question concerns the connec-
tion of the presented approach with general methods of
finding periodic solutions to nonlinear PDEs [71,72].
Besides localized solitonic wave fields, considering a

continuous wave background is of fundamental interest
for the comparative study of the deep fluid models in the
light of the proposed IST approach [32.73,74]. In particu-
lar, a combination of the IST with Melnikov’s analysis
being applied to the DZE and RVE can shed new light on
behavior of the so-called breathers—solitons living on the
background [75-78]. Our results can be generalized to
other physical systems, such as optical waveguides
described in the leading order by the NLSE [4,56], and
also applied to analyze experimental data.
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We study a wave wake produced by a finite-size source uniformly moving on an ice
plate overlying deep water. We describe the kinematic characteristics of source-generated
flexural-gravity waves in terms of isophase patterns scaled by the minimum phase speed
and show that the wave picture is determined by ad hoc defined Mach and Bond numbers.
Then. we show that several bifurcations occur in the wave wake when the source speed
increases. In particular. cusps appear in the wake patterns at certain speeds due to the
merging at specific points of two or three wave characteristics (wave rays) which corre-
spond to longitudinal (divergent), transverse, and fan waves. To describe the distribution of
wave amplitudes in the wake accounting for the source size and shape. we use the reference
solution approach. This approach agrees with the stationary phase method in the far-field
zone and reproduces also specific wave dynamics at short and intermediate distances from
the source. The effect of a source shape on the wave wake pattern is graphically illustrated
for the elliptic source as the dependence on the dimensionless Bond number and the source
length-to-beam ratio. The illustrations of the source speed and shape effects are given for
low-speed regimes when wave patterns are conformed by single-ray solutions. Ways of the
eeneralization of the suggested approach are outlined.

DOI: 10.1103/PhysRevFluids.10.034801

I. INTRODUCTION

The classic problem of ship waves, i.e., stationary waves generated by a moving source on a
water surface (or more generally, in an isotropic dispersive media), was formulated for the first
time, apparently, by Thomson [1] (Lord Kelvin after 1892). Since that time, Kelvin's approach was
further developed, applied to waves in various media, and presented in many classical textbooks
(see, for example, Refs. [2-5]). Nowadays, there is a great interest in the study of ship-type waves
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speeds and the deflection of ice cover were found numerically for the different shear flow gradients,
angles between the source and shear flow velocities, and compression ratio of the ice plate. The wave
patterns on the ice plate by a moving source are illustrated numerically for different parameters.

In almost all papers cited above (except Ref. [46]), the authors considered the problem of FGWs
generation for the particular sets of dimensional parameters which are quite realistic but do not
embrace all possible cases: the results obtained were presented in forms of tables and plots. In our
paper, we presented the results in the universal dimensionless variables for infinitely deep ocean
without compression or tension forces exerting on a moving source. This allows one to determine a
minimal number of governing parameters and manipulate with all other dimensional parameters.
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APPENDIX: REFERENCE SOLUTION METHOD

Following the ideas presented in Ref. [ 18], consider a linear solution in the dimensional form for
the vertical deflection w of an ice plate from the undisturbed position through the Fourier integral
(the resultant formulas derived in this Appendix are presented in Sec. IV A in the dimensionless
form):

1 +o0 i
w(x. 1) = Re (*j F(k_)f’[k""“’“"’])dk. (A1)
2% f e
Here symbol Re stands for the real part of the corresponding expression, F (k) is the Fourier image
of the function w(x, 0) at initial time moment 1 = 0.
Consider the initial disturbance w(x, y, 0) = f(x, y) in the form of a Gaussian wave packet:

f(x,v) =Re Ll exp fixz - Y ethovtloy) (A2)
S AxAy 2(Ax32  2(Ay)» i
Note, that in the limit Ax — 0, Ay — 0 Eq. (A2) reduces to
Aralgn&“%of(x. y) = ]—S(X. — Xp)8(v — vo) cos(kox + lpy). (A3)

This property will be used below to construct solutions for a wave of a source with a finite Fourier
spectrum. The Fourier transform (A2) of the initial function (A2) is a normalized Gaussian pulse:

2 i}
Fk,l)=exp _Q(Ak)2 _Z(TW ) (A4)

where ky = k — ko, ky =1 — Iy and
Ak =1/Ax; Al =1/Ay. (AS5)

Assuming the pulse (A4) is narrow-banded, i.e., Ak/kyg < 1, Al/lp « 1, we approximate the
dispersion relation (k) in Eq. (Al) by its Taylor series in the vicinity of the wave packet carrier
wave vector ky:

(k) = mp + @} [k=Ko - Kx + 0] [k= Ko - Ky + T(tx + 1y + 21) + O [}), (A6

034801-19



Physica D 482 (2023) 134906

ELSEVIER

Contents lists available at Science Direct
Physica D

Journal homepage: www.elsevier.com/locate/physd

Kats—Kontorovich anisotropic solution in simulations of ocean swell”

Sergei I. Badulin**", Vladimir V. Geogjaev*", Andrei N. Pushkarev **

s Skolkove Instruse of Science and Technology, Bolshoy Boulevard 30, bld 1, Moscow, 121205, Russia

v P.P. Shirshov Ingitute of Oceanalogy of the Russion Academy of Sciences, 36 Nakhimovsky pr., Moscow, 117997, Russia
PN, Lebedev Physical nstinure of the Rusian Academy of Sciences, Leninsky pr., 53, Moscow, 119901, Russia

ARTICLE INFO ABSTRACT

[e! i by Dmitry The physical setup of ocean swell is used as a testbed for the results of the weak turbulence theory. The
= numerical study with the novel Geogjaev-Zakharov approach highlights the importance of isotropic direct and
Oc)m g inverse cascade solutions, along with the selfsimilarity concept of wave specira, as developed by Vladimir
Wt et Zakharov_and his collaboraters. The approximate anisotropic solution propoeed by Kats and Kontorovich in
Weak mrbulence theary 1970-ies is shown to fit wave spectra well at frequencies exceeding three times the spectral peak frequency.
The Kolmogarov- Zakharov solutions This solution can be interpreted as an attractor for a wide vadety of initial diswributions of a random wave field.
Kolmogorov s constants In this context, it is a counterpart to the classic isotropic Kolmogorov-Zakharov solutions. The corresponding
Self-similarity Kolmogorov constant of the wave momentum transfer is derived analytically. The study also discusses the

The Ksts—Kontomvich solution

implications of these results for sea wave modeling.

1. Introduction. Ocean swell within the kinetic equation

The seminal work of Klaus Hasselmann [1] transformed the four-
wave kinetic equation from a purely theoretical concept to a powerful
tool for modeling and forecasting sea waves (e.g. [2]). While the
routine challenges of wave forecasting may have overshadowed the
significance of the theoretical results related to this equation [3.4], it
is essential to acknowledge that the milestone solutions to the kinetic
equation (KE) revealed the fundamental mechanism of the Kolmogorov-
‘Zakharov (KZ) cascading in a random field of weakly nonlinear water
Waves.

One pivotal solution, presented by Viadimir Zakharov and Natalia
Filonenko in 1966 [5]. describes the energy transfer to smaller wave
scales, predicting a spectral tail of energy spectra E(w) ~ % The
physical roots of this power-law behavior have been the subject of
extensive debates for decades (e.g. [6]).

The second exact solution, known as the inverse cascade [7], de-
scribes the transfer of wave action to lower frequencies. Both the
direct and inverse cascade solutions are isotropic and often regarded
as theoretical rather than practical achievements. In contrast, the ap-
proximate anisotropic solution proposed by Alexander Kats and Victor
Kontorovich [8-10] provides a valuable extension which captures the
essential feature of sea waves, namely, their anisotropy.

The Kolmogorov-Zakharov solutions have primarily been analyzed
through numerical methods [11-15], utilizing various approaches,

including direct numerical simulations of the pimordial dynamic equa-
tions (e.g. [16-18]). These studies have confirmed the power-law
dependencies of wave spectra and estimated key physical constants
known as Kolmogorov's ones related to the Kolmogorov-Zakharov
solutions. However, the simulation setup poses significant challenges
in obtaining the KZ solutions, especially, in anisotropic cases. Forcing
and dissipation can disrupt the inherent directional features of the wave
field. This makes it difficult to satisfy the formal restrictions imposed
by KZ solutions, which assume stationarity across a sufficiently broad
range of wave scales. This condition is essential to create an inertial
interval with quasi-constant spectral fluxes resulting from wave-wave
interactions. Simulations of anisotropic, non-stationary wave spectra
within the conservative kinetic equation (i.e., without external forcing
or wave dissipation) may help resolve these issues [19]. The slow
evolution of the emerging spectra likely reflects both the properties of
Kolmogorov-Zakharov spectra and observational characteristics of sea
Waves.

For darity, we adopt the term sea swell for this physical semp,
though we recognize that oceanographers may dispute this usage. A
primary concern is the kinetic equation’s (KE) validity for describing
ocean swell spectra, which are typically assumed to be narow-banded.
Yet, KE simulations [19] demonstrate substantially broader spectral
distributions. While the formal applicability criteria for the KE (e.g., Eq.
70 in [20]) are difficult to align with experimental data, a rigorous
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Appendix. Anisotropic Kats-Kontorovich solution

Following Kats & Kontorovich [8] consider a generic form of
anisotropic perturbation of the Zakharov-Filonenko spectrum (7)

&P
@

Elw,6)=2C, {(1+u- @™ cost) (A1)

with u and m to be arbitrary values to be determined. The parameter u is
assumed to be small. The part of 5, that is linear in the first (isotropic)
term of (A.1] is related to the Kolmogorov-Filonenko spectrum (7) and,
thus, vanishes. The formally small next-order term of the 5, which is
linear in the second (anisotropic) term of (A.1), can be expressed in
terms of quadruplet representation [31] as follows

Su= sej Por "™ ucos 6 Gim) (A.2)
where the dimensionless function Gim) is
Gim) = %Re sz (winyzw3md)_a (A3)

® [(wg . an —mf) ;™ explify) + [mf = mg = mi) ;™ explifly)
+ {m? + cvg - :ui}w;"‘ explifiy) + (mf + wg = wg} ;™ explity)]
x Im‘]"*] expl—if) + r.:'z"‘“'L expl—ifl,)

— wi ! expl—ifis) — w7 exp(—ify)] dg.

Here @y; and #; are defined by resonant quadruplet 4.

The term (A.3) vanishes for m = | when the last multiplier of
the integrand is the condition of four-wave resonance of wavevector
components with the dispersion relation (4)

cof exp(—ifl}) + m%exp(—iﬂz) = a%cxpl—iﬂ;] = mg expl—ify) =0 Ad)
Defining the wave spectrum
K(w.6) = Eio.8) g wos (4.5)
one can calculate the wave momentum flux
o IK 30 1 1w T(m)
Miw, @)= d do == =8=C*p e A6
(e, 8) L mé‘ 5 L (A.6)

The indeterminacy at m = | in {A.6) can be resolved with the L'Hapitale
rule

dG

M=8xClpyg! Al
s el o A7)

This allows us to find u in (A1)

_CmgM

u= c P (AB)
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where C,, is the dimensionless anisotropy Kolmogorov constant

2 . -1
Co= (822G ) ) (A.9)
Calculation of the derivative of & yields
G ollys = 5 [T (o) * (A10)

% [( - - of) oy 'e + (o] - o - of) wyTe™
+ (f 4o o) e + (o + of — af) oyl
% fwye ™ ey +wie " Iney — ele™ Inwy —aje ™ Ine,| dy.

The calculation yields

C,, ~ 0,003 (A11)
Thus, the Kats-Kontorovich solution becomes (cf. Eq. (14))
4plf3
8 E M
El(w,0)=2 (CP+C"E wsﬂ) (A12)
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The Hasselmann equation for the nonlinear interactions of deep-water gravity waves
differs from other four-wave kinetic equations by the interaction coefficient. The
explicit formula for this coefficient (e.g. Krasitskii, J. Fluid. Mech., vol. 272, 1994,
pp. 1-20; Zakharov, Eur. J. Mech. B/Fluids, vol. 18. issue 3, 1999, pp. 327-344) is of
great complexity and leaves its properties obscured. We provide analytical results for
the behaviour of the coefficient in different domains. The Phillips curve and discrete
interaction approximation-like quadruplets are studied in detail. The coupling coefficient
for the long—short wave interactions is calculated and found to be surprisingly small. This
smallness greatly reduces the non-locality of the interactions.

Key words: turbulence theory, surface gravity waves, wave-structure interactions

1. Introduction

Gravity water waves are a significant and important example of dynamic systems. The
Hamiltonian approach to their evolution (Zakharov 1968) has lead to the construction
of the dynamic equation that describes the wave evolution. The wave steepness is used
as a small parameter to expand the equation into the series of multi-wave interactions.
The exclusion of non-resonant interactions with the use of a canonical transform of the
dynamic variables yields the reduced Zakharov equation. The leading-order interactions
for water waves are four-wave interactions. The interaction coefficient T for those
interactions is the subject of the present paper.

The gravity water waves theory is the basis for the water waves modelling that
has significant value in practical areas such as weather prediction and general climate
applications. The complexity of four-wave interactions makes the existing wave models
computationally expensive. The study of the interaction coefficient not only has a

© The Author(s), 2025. Published by Cambridge University Press. 1009 A54-1
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If #1_3 =0, then the minimum value of T is achieved. This may be demonstrated by
calculating the partial derivatives at this point. Equation (4.15) shows that the derivative
by #;_3 is zero. For the other two coordinates, we may choose the k., vector. One can
see from the symmetry of (2.5) that the derivatives with respect to both its components
are zero.

The angular quadruplets are located further apart from the Phillips curve. The
quadruplets in between are different both from DIA-like and angular ones.

4.5. Quadruplets variety

We have described different classes of quadruplets and the behaviour of T for these
classes. Let us summarise what parts of the quadruplet manifold were studied.

The long—short interactions (characterised by s — v/2/2 « 1) directly border the DIA-
like quadruplets. In fact, the side part of the Phillips curve may be considered as the long—
short interactions as it has smaller vectors of size approximately 1/4, and larger ones of
size approximately 9/4.

The DIA-like quadruplets occupy the vicinity of the Phiilps curve (s & 1). This include
the large area near the geometric singularity at the centre of the curve.

The quadruplets that are further outside the Phillips curve (s > 1) were not covered in
the present paper. They occupy an intermediate place between the DIA-like quadruplets
and the ‘angular’ ones, and may have properties similar to both of these kinds. The T
coefficient crosses zero in this area; nevertheless, many of these quadruplets having non-
zero T are significant.

The outside part of the k plane is occupied by the “angular’ quadruplets (s < 1). They
have a simple asymptotic described above.

5. Conclusions

‘We have described the properties of the interaction coefficient T in different domains.
Taken broadly, these domains cover nearly all of the quadruplet variety, with the notable
exception of the quadruplets between the DIA-like and ‘angular’ ones.

The importance of the interaction quadruplets located at the Phillips curve, and the
significance of its central zone, were shown. The behaviour of T in that domain was
studied, and an explicit formula (4.2) for DIA-like quadruplets was obtained together with
some approximations.

The long—short interaction asymptotics (4.12) were calculated. We have shown that both
the first and second order of the T expansion in this case are zeros. Such unusual properties
greatly reduce the non-locality of the kinetic equation.

We have studied the ‘angular quadruplets’, and we have found the minimum value —2
of the normalised T coefficient.

This study may facilitate the development of more efficient numerical models of water
waves. The specific role of the singularity at the centre of the Phillips curve cannot
be ignored in the models. On the other hand, the unusual smallness of the long—short
interaction coefficient justifies the partial omission of such interactions. The estimates of
T given above may help in testing the correctness of the models.
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ARTICLE INFO ABSTRACT

¥ i by Dmitry We present the quadruplet form of the kinetic equation for deep water surface waves (the Hasselmann
equation). This formulation explicitly utilizes quadruplets of interacting waves. We define the integration over

ﬁi‘:_“:‘:m the quadruplets and rewrite the interaction integral using this definition. We use our construction to study the

Rinetic equation kinetic equation, in particular, we caleulate the Kol ov constants for the Zakl Fil ko spectra.

Monlinearity

Wave-—wave resonant manifold

1. Introduction

Gravity water surface waves are a significant and interesting ex-
ample of dynamic systems. They may be described as a system of
wave modes of different wave vectors exchanging their energy through
weakly nonlinear interactions. These interactions are resonant and
oceur between sets of four waves satisfying the resonant conditions. The
kinetic equation for the nonlinear interactions was obtained in [1]. This
equation is non-local and inchides a complicated interaction integral.

The research works of V. E. Zakharov [2-7] generalized and signif-
icantly extended previous results on dynamical and statistical descrip-
tions of water waves. The Hamiltonian formulation for potential water
waves led to an elegant description of weakly nonlinear waves with the
reduced Zakharov equations [8]. These dynamical equations emphasize
the role of four-wave interactions in the evolution of water waves and
their symmetry features. The derivation of the kinetic equation within
the Hamiltonian description helps establish the symmetry properties
of the collision integral and its kemel [8]. Within the kinetic equa-
tion resonant four-wave interactions emerge as the primary physical
mechanism governing the evolution of the wave field.

The key role of the quadruplet interactions is well-known but is not
utilized in its full. The conformal mapping of the resonant manifold
has been used for derivation of the key results of the weak turbulence
theory, e.g. the stationary isotropic Zakharov-Filonenko solution [2]
or the anisotropic approximate spectra by Kats and Kontorovich [91.
The Discrete Interaction Approximation (DIA) method of approximate
calculation of the collision integral in the numerical wave forecasting
maodels [10] also uses the guadruplet representation of the kinetic
equation, though simplified to a sole pair of quadmplets.

In the present paper we develop the quadruplet approach by intro-
ducing a quantitative measure to the quadruplet manifold and using it
for the construction of the collision integral.

The resonant quadruplets constitute a 3-dimensional manifold. Our
approach is to define the integration over this manifold accounting for
the essentially different contribution of the manifold domains

The primary application of the quadruplet form of the kinetic
equation lies in the field of numerical integration. The details of this
field are beyond the scope of the present paper; here we briefly outline
the approach. For any reasonable setup one can make the integration
grid sufficiently fine to yield the accurate results. A general problem
is that the quadruplet manifold is 3-dimensional. Combined with the
2<limensional spectral grid, this results in a 5-dimensional integral.
Such a high dimensionality means that a finer grid would require
substantial computational resources. Furthermore, the properties of
the quadruplets and their contribution to the collision integral vary
significantly; failure to account for this variation can lead to waste
of resources for the non-significant parts of the grid. In addition, the
nonlocality of interactions further complicates the problem.

Several approaches exist for the problem of the numerical integra-
tion of the kinetic equation (see for review [11-14]. The algorithm
presented in [15] includes the quadruplet interactions and deals with
the singularities resulting from the parameterization of gquadruplets.
The WRT (Webb-Resio-Tracy) algorithm [16] covers all the quadru-
plets but does not account for their essentially different contributions
and does not optimize the corresponding numerical grids.

The issue of integration over quadruplets is essential in numeric
calculation. Numerical integration requires a construction of some
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Zeros of F correspond to the stable spectra (% = 0). These zeros
are the result of zeroing of the first bracket in (37). For x = 23/6 the
zeroing is obvious; for x = 4 the bracket becomes @y + én — dy — @y
which is zero due to (6).

These zeros are present not only for the whole Eq. (1) but for
any given quadruplet or quadmiplet set. This means that any ap-
proximate model of the kinetic equation, however primitive, has the
‘Zakharov-Filonenko spectra as a solution. The only condition is that
the quadruplet form of interaction is kept.

‘The spectra with x = 4 and x = 23/6 are stable solutions of (1).
First of them has non-zero energy flux P to high frequencies. This flux
defines the magnitude of the spectrum:

NP = PP (38)
The constant ¢ is
1
= dF %
L (? F ,J 9
and may be calculated as the following quadruplet integral (resulting
from the differentiation of (37))

o= [ nlffl(:a1 In iy + din Indiy — g Inddy — doy In iy )
q

1
¢ & ;
% (@ 3y ™ + (@ oy ™ — (@ oy ™ — (@ydna; %) dg (40)

or, in more explicit form

L In-8,, Ta—bl,
q=[sx-f d,f lej B x
¥2n L% [

% J T2 (dg Indn + g In g — iy In o3 — @y In g )

3
% (a3 @y) ™" + (@)™ — (@y@yay) ™ — (@) @iy %) (41)

In this formula the normed frequencies dy; as well as T and J may be
derived from the independent variables s, #; and #1. The integral does
not include é-functions and can be calculated numerically. Special care
should be taken at the singularity at + = I, # = i = 0 and at the
long-short interactions zone (s — v@fﬁ.

MNumerical caleulation yields the value
o =00194 (42)

‘The second spectrum provides a non-zero flux ¢ of wavenumber
to the small frequencies (which results in the inverse Kolmogorov
cascade). It is given by

NP = o QY2 -2/ (3)

The constant ¢; is

-1
e (-1—“ ar ) ’ (44)
=13/6

3 dx
which is given by the following integral:

o= l—sxszz (Ind) +Indy — Indy —Indy) x
q

-1 2 B 1
% (fa)za;;m] T 4 (D B3ty )3 — ()3 — (@ dnidg) 3 ) d,q] (45)
Numerical calculation yields the value
o =0.203 (46)

5.3. Quadruplet difference

‘The quadruplet form of the kinetic Eq. (29) allows one to study the
properties of different quadruplets and their role in spectral evolution.
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Fig. 3. The lines of constant s chosen so that they divide the quadruplet
manifold in ten parts of equal energy transfer rate for the Zakharov—Filonenko
spectrum. The comespending values of s are shown in the figure. (The figure
shows a quarter of the k plane).

The equation inclides a measure on the quadruplet manifold which
allows for a quantitative comparison between different domains of the
manifold.

As an example we calculate the distribution of the energy transfer
rate for the Zakharov-Filonenko spectrum (38). We divide the whole
span of the variable s into parts so that the energy transfer rate is
equal for each part. Fig. 3 shows the resulting division (calculated
numerically). One may see that the most significant energy transfer
occurs in the central domain around the Phillips eight curve which
accounts for a large part of the transfer.

6. Conclusions

We have constructed the quadruplet form of the kinetic equation for
the deep water surface waves. This form explicitly includes the inter-
acting quadruplets of waves and allows one to deal with the separate
quadruplets as well as with domains of the quadruplet manifold. The
coordinates introduced on this manifold together with the Jacobian J
allows the integration over the quadruplets.

This form of the kinetic equation is convenient for both analytic and
numerical calculations. It may serve as a basis for the construction of
kinetic equation approximations based on the most significant domains
of the quadruplets manifold.

The above construction allows the analytic interaction caleulation
for a number of significant cases such as Zakharov-Filonenko and
Zakharov-Zaslavskil spectra. We have obtained the analytic integral
formulas for those spectra and calculated numerically the correspond-
ing constants.
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ARTICLE INFO ABSTRACT

Editor: Dmitry Pelinavscy This paper presents a numerical implementation of a novel algorithm for modeling optical signal propagation un-
der the nonlinear Schridinger equation. Rooted in the Hamiltonian formalism and canonical transformations, the
methed is mathematically ri gorous and devoid of empirical techniques. We investigate the algorithm's properties
and range of applicability both analytically and numerically, highlighting its advantages over existing methods

An extension is also developed 1o include dissipative effects. The proposed approach is applied to various wave

Feywords:
The nonlinear schrdinger equation
Hamiltonian systems

‘Canonical transformations

Fiber optics communications

fields, and its performance is ¢

d with dard dispersion and nonli phase ¢ ion techniques

These initial results demonstrate the potential of the algorithm for fiber-optic communication applications.

1. Introduction

The nonlinear Schrodinger equation (NLSE) is a fundamental par-
tial differential equation describing the evolution of complex wave en-
velopes in weakly nonlinear, dispersive media. It is widely used in van-
ous physical [1-4], biclogical [5,6], financial [7,8], and other nonlinear
systems. In physics, it occupies a special place in fiber optics and pho-
tonics for modeling the propagation of optical signals [9].

Modem bandwidth-intensive services such as online games and
video streams, cloud services, and others require ever greater capac-
ity. This rapid growth rate necessitates the development of more effi-
cient data transmission technologies and the optimization of available
resources.

The most common method of data transmission is a fiber optic com-
munication system [10]. The current level of research and technology
allows for an effective consideration of fiber dispersion [11], noises of
wvarious natures [12], and signal power loss [13-15]. However, nonlin-
earity remains a major limiting factor to increase the overall efficiency
of the technology [1,16].

Leaving aside different hardware methods, several widely used ap-
proaches take nonlinearity into account. One common method is Digital
Back Propagation (DBP) [17,18], which digitally simulates the prop-
agation of a signal through a fiber in the reverse direction. Another
common approach is to use the Volterra series [19], which is analyti-
cal and universal in the world of nonlinear phenomena [20]. Promising

* Corresponding author.
E-mail address: S.Dremovi@skol tech ru (S Dremov).
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methods also include the Nonlinear Fourier Transform (NFT) [21-25],
and the Perturbation-Based Method (PBM) [26,27]. In addition, the
Machine Leaming (ML) methods are being actively developed and
used [28], particularly deep neural networks (DNNs) [29,30]. Research
in the field of soliton data transmission technologies is also ongo-
ing [31,32].

However, the DBP, the Volterra Series, and the NFT require signif-
icant computational costs in practice. The PBM is applicable only in a
certain range of nonlinear parameter values and has limited effective-
ness at high signal powers [1]. ML methods, though powerful, often
function as “black boxes,” lacking interpretability, and are susceptible
to overfitting, raising concems about generalization beyond their train-
ing data. Moreover, the majority of these algorithms are united by some
empiricism, that is, lnowledge of the initial signal is necessary to cor-
rectly configure them. This seems to be a convenient approach in prac-
tical applications, but in terms of fundamental science, the lack of some
mathematical and physical rigor encourages researchers to seek expla-
nations and develop new algorithms.

In this work, we propose another approach, originally suggested
earlier in [33], which can be used to model fiber optic communica-
tions. It is based on the Hamiltonian structure of the NLSE, and the
application of the nonlinear canonical transformation simplifying the
Hamiltonian and the corresponding equation of motion. In some sense,
the approach represents a different view on the NLSE integrability [34],
however, not from the perspective of the scattering problem, but from

Received 31 July 2025; Received in revised form 4 November 2025; Accepted 17 November 2025
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revealed. Gaussian pulses were used as test wave fields in numer-
ical simulations, which validated the correctness of the algorithm
and confirmed its properties revealed earlier. It was shown that, in
contrast to the CDC, the CT can comectly account for nonlinear phase
shifts.

» The CT was linearly extended for the dissipative case, the analytical
solution with the presence of power losses was found. The solution
provides the ability to analytically describe nonlinear effects even
taking into account the presence of amplification and signal power
loss.

» The CT was applied for the first time for modeling fiber-optic com-
munications. QPSK was used to generate the input symbol sequence,
and RRC was used for pulse shaping. It was shown that the CT al-
gorithm can successfully recover such signals in the range of its ap-
plicability. The comparson between signal recovery using the CDC
with phase minimization and the CT was made. Additional calcula-
tion of the Ly-norm demonstrated that the results can be considered
comparable.

Contrary to other known methods for signal recovery, the CT does

not use empiricism and has mathematical dgor. That is why it can

be used as a tool for approximate analytical description of nonlinear
phenomena in fiber optics.

The first step taken opens up a wide range of possibilities for further
research. Although for QPSK both algorithms show relatively compara-
ble results, for amplitude coding like QAM16, the nonlinear phase com-
pensation will start to lose accuracy due to the different amplitudes of
the constellation points, and the CT can provide more accurate results.

Future plans also include computing the bit errorrate (BER) for a full
sequence of symbols. A comparison of the BER for both algorithms will
certainly be a more rigorous measure of their performance. Moreover,
a comparative study with the DBP remains an important and definite
objective for future research.

In addition, the extension of the CT for dissipative case showed that
it can be applied to model the dynamics of a full fiber optic transmission
system with spans in which there are amplifiers and powerlosses. [t may
be considered in future.
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Consider again the following equation with dissipative terms:

b, a b - 2 2
== = ghtigeih, +w[2§|b.,1| = I ]b.,. (38)

Due to the presence of dissipation, the square of amplitude modulus
b, is no longer conserved.
alb,*
dz
Therefore, the nonlinear phase shift is no longer constant along z.

= —alb 2. = |b,iz)| = |b, )] 2% (39)

Aﬂtzlzy[zzwmizn? —|b,,tzr|2]. (40)
-

But it depends only on |b,|, so the solution can also be obtained in the
following form:

D=7 [32 18, O - |b,,¢o;|?] e = 3,007 (41)
"
Consider the general solution of (19) as:
EYL. 2
b(2) = |b, O} T2HF RO, (42)
Substtuting it into (19) vields the equation for @, (z)
b =
=2 = e (43)
Then,
@,(2) = O,0) + 4, 01—, (44)
a

Here @ (0} is the phase of each b, at z = 0. A simple limit check of @ — 0
gives:

D,(z) = @00 + i, (0)z (45)
Finally, the solution of (19) reads:

5,0 = b @12 | PO 522 (46)

where
_ 2_ 2
A= y[z 2 1B, ) — 15,10 ] (47)
m
An analytical solution is still exists even for different increments a =
u,, for each harmonic b :
[By(2)] = [B,O)e 2. (48)
Nonlinear phase shifts 4, now are:
iD=y [2 X 15, @) — |n,,(m\1f“nz], (49)
n
A general solution is the following:
byi2) = (B () TR, (50)
Again, one can obtain the expression for @

o, 3~z 2 —anT
== iD=y zg‘:w,,‘mn &M |, ()| 2 (51)

The solution is as follows:
oy T L
O, =D )+ [2 3 15, @y L= |b,(m|9ﬂ] " (52)
i, i,
[ iy n
Finally, it yields:

—apz B2 —¢ (2]
b = b, e N F i (2, 0)

where

#,(z) = |b, ()

i (53)

1 — ™

2y

by =3 (2. (54)
"
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3BYKOBA4A TYPBYJIEHTHOCTbB: OT CITEKTPOB
SAXAPOBA—-CATJIEEBA K CIIEKTPY KA/IOMIEBA—IIETBUAIIIBNJIN

E. A. Kowypun*?*, E. A. Kysnueuyos®>4

! WactuTyT snekrpodusukn Ypaabekoro oraerennsa PAH, r. ExaTepuaOypr;
2 CKOJIKOBCKHIT HHCTHTYT HAYKN U TEXHOJOTHii, I. MOCKBa;
3 @usnuecknit uacturyT um. I1. H. Jle6enesa PAH, r. Mocksa;
4 MncruryT Teoperndeckoit dpusuxu um. JI. 1. Jlannay PAH, r. Yeprorososxka, Poccust

IIpeacraBien KpaTkuii 0630p TEOPETUYECKUX U UHUCJIEHHBIX pabOT MO TPEXMEPHON aKyCTUIECKOU Typ-
OYJIEHTHOCTU KaK B CJIADOHEJMHEHHOM pPEXKHUMe, KOIJla aMILUIUTY bl 3BYKOBBIX BOJIH MAJIbl, TAK U B CJIydae
cunbHOM HesmmHeHocTH. OCHOBaHMEM 9TOro 0030pa CTAIN KJIACCUYECKHE MCCIIEIOBAHUS, C OJHOW CTOPOHBI,
B. E. Baxaposa u P. 3. Carzneesa [1, 2] no ciaboii akycruueckoit TypGysenTHocry, a ¢ gpyroit — B. B. Ka-
momnesa u B. 1. Ilersnamsuim [3]. o HenasHero BpeMenn He 6bLI0 yOEIUTENBHBIX YMCIEHBIX IKCIEPU-
MEHTOB, [OATBEPKJIAIONIMX Ty WM JIPYTyI0 TOUKY 3peHusi. B paGorax [4, 5| aBropos jaHHOro 0630pa Ha
OCHOBE TIPSIMOTO YMCJIEHHOTO MOJIEJIMPOBAHUs ObLIN HAWIEHBI BECKHE apryMEHThI B TOJIb3Y TON M JAPYyTOit
reopuu. Ilokazano, 4To cuekTp ciaboii TypbynentHocrn 3axapoa—CarjeeBa (¢ 3aBUCUMOCTBIO OT BOJIHO-
Boro uncia k suga k% 2) peanusyercs He TONBKO TPH MAJIOH MOJIOMKUTETLHOMN JIUCTIEPCHH 3BYKOBBIX BOJIH,
HO M B CJIy4ae IMOJTHOIO OTCYTCTBUSI JUCIEPCHU. PaccynTaHHBIE CIIEKTPHI TYpPOYJEHTHOCTH B CJIabOHEH-
HEHHOM peXXMMe UMEIOT AHU30TPOITHOE pPAaCIIpejiejieHue: B 00JIacT MajbiX k (GOPMUDYIOTCS y3KHE KOHY-
bl (JpKeThl), ymmpsitoluecst B Gpypbe-pocrpascTse. B cirydae ciaboii jauciiepcuu JpKeThl CrilaXKuBaroTCs,
a CIeKTpP TypOYJIEHTHOCTU CTPEMUTCS K U30TPOIIHOMY B 0DJIACTH KOPOTKUX JIJIMH BOJIH. B orcyTcTBue muc-
[IEPCUU CIIEKTD TYPOYJIEHTHOCTH IPEJICTABIIsIET COOOM JTUCKPETHBIN HAOOP JI?KETOB, MOIBEPXKEHHBIX U PaK-
[IMOHHOM PacXOIUMOCTHU. BBISICHEHO, 9TO JJTsT KaXKJI0T0 OTAEIBHOIO JIZKeTa HeJInHEHHbIe 3(DPEKTHI HAMHOTO
ciiabee MuPaKIMOHHBIX, 9TO IPENATCTBYIOT (DOPMUPOBAHUIO YIapHBIX BOJIH. TakuM 0Opas3oM, CIEKTPbI
cnaboit TypbysenTHocTn 3axapoBa—CarieeBa peaau3yloTCs 3a CUET MAJIOCTH HEJUHEHHBIX 3(PdEKTOB 110
CpaBHEHUIO C Jaucriepcueil nim audpakiueit. [Ipu yBesmdeHnn ypoBHsI HAKaIKU B GE3TUCIIEPCUOHHOM DEXKHU-
Me, Korja HeJnHeidHble 3P EeKThl HAYNHAIOT MpeobJiajlaTh, TPOUCXOIUT (POPMUPOBAHUE YAAPHBIX BOJH —
Pa3pbIBOB IUIOTHOCTH. B nMTore akycruyeckasi TypOyJI€EHTHOCTD [IEPEXO/IAT B CUILHOHEIUHEHHOE COCTOsTHIE
B BHUJIe aHCAMOJISI CITyJailHbIX yIapHBIX BOJIH, KOTOPBIM onuckiBaeTcs cinekTpoMm Kamgomiesa—IlerBuarmsuim,
CIIAIAIOMIUM 110 3aKOHY k2.

BBEJEHUE

Kak u3BecTHO, paszBuTas ruIpoarHaMIYecKas TypOyIeHTHOCTE IPHU OOJIBINAX dnucaax PeitHosbca,
Re>> 1, B uneprimonHOM HHTEpBAJE MPEICTABISIET COOOM TPUMEP CUCTEMBI C CUJIBHON HEJTMHEHHOCTHIO,
KOTJIa €€ 9HEPrUs COBIAJAET C TaMUJIBTOHHAHOM B3auMojeiicTBusA. JIpyrumM KIacCHYeCKUM ITPUMEPOM
ABJIFAETCA aKyCTUYIECKad Typ6y.)'IeHTHOCTb7 KOTOpad JAEMOHCTPUPYET KaK CHUJIbHBIE, TaK U CJ'I&6I:>I€ pe-
JKUMBI B 3aBUCUMOCTHU OT COOTHOINEHUSI HEJTUHEWHBIX U JIMHEHHBIX BOJIHOBBIX XapaKTEpHUCTHUK. B 3ToMm
CMBICJIE AKYCTHYIECKas TYPOYJIEHTHOCTh ropa3/io pa3Hoobpas3Hee u borade ruIpoAMHAMITYIECKON TypOy-
sierntHocTu. Korma HeuHeiiHOe B3anMOJIEHCTBIE BOJIH MAJIO IO CPABHEHUIO C JIUHEHHBIME 3P PEeKTaMH,
peasmu3yercst peskuM cy1aboit TypbOysieHTHOCTH |6, KOTOPBI MOXKHO U3ydaTh Ha OCHOBE TEOPUH BO3MYIIIE-
HUIA, UCIIOJIB3Ysi TpUOJIzKeHne caydaitubix ¢as. Teopust ciraboii TypOynenraocTu |6, 7| crarucrudeckn
ONUCHIBAET aHCAMOJIN B3aUMOJIEHCTBYIOIMX BOJH B paMKaX COOTBETCTBYIOIMNX KMHETUIECKUX ypaBHE-
Huii [6, 7|. DTa Teopust mpejosaraeT, 4To KaxK/ast BOJIHA CO CBOEH CiIyJaiiHoi $ha30ii J0CTaTouHO JI0JIr0
pPacIpoCTpaHsIeTCsa MOYTH CBOOOIHO U OYEeHb PEJIKO IpeTepIeBaeT HeDOIbIne AebopMallui n3-3a HeJIu-
HEWHOr0 B3aMMOJIEHCTBU ¢ ApyruMu BojHamu. Ha ceronusmunii 1eHb Teopust ciaaboit TypOyIeHTHOCTH
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HOCTH OBICTPBIX MATHUTO3BYKOBBIX BOJIH B IIIa3Me C MaJjbiM (3 JEMOHCTPHUPYET CIEKTD 3axapoBa—
CaryieeBa, T. K. BOJIHBI TAKOI'O THUIIA UMEIOT 3BYKOBOIi 3akoH auctepcnn w = kVa (31ecs Vi — anbdse-
HOBCKasi CKOPOCTDb) B OOJIACTH YacTOT, MEHBINUX IMKJIOTPOHHONH MOHHO YaCTOTHI Wei. ECaM paccMoT-
perb MeJIeHHble MarHUTO3BYKOBbIE BOJIHBI, KOTOPbIE B ILJIa3Me C MaJibiM (3 MOKHO CUHTATh 3aMarHU-
YEeHHBIM MOHHBIM 3BYKOM, TO, KaK ObLIO IOKa3aHO B [42|, omuH n3 CleKTpoB cy1aboil TypOyIeHTHOCTH,
COOTBETCTBYIOIINIi TOCTOSTHHOMY HOTOKY SHEPIUH B 00JIaCTh KOPOTKHUX BOJIH, HECMOTDsI Ha CHUJIbHYIO
AHM30TPOIHNIO, JEMOHCTPUPYET Ty K€ CaMyIO 3aBHCHMOCTb OT MO/ k, 9TO M CIEKTp 3axapoBa—
CarmeeBa. [Ipu Masibpix 8 Takyro ke 3aBHCUMOCTb OT MOJYJIsI Kk MMOKA3BIBAIOT CIIEKTPBI cj1aboit Typoy-
JIEHTHOCTH OBICTPBIX MArHUTO3BYKOBBIX U aIb()PBEHOBCKHUX BOJIH, B3aMMOJIEHCTBYIONNX C MeJICHHBIMA
MarauTo3ByKoBbIMU BosiHaMmu [43]. Hegasuue skcmepumentst (cm. paborsr [44, 45| u ccbuiku B HHX)
10 HaOJIIOJIEHUIO CIIEKTPOB (hJIyKTyaluii MArHUTHOIO OJIsl B COJIHEeYHOM BeTpe BOsm3u CoJlHIA HOKa-
3aJTH 3aBICHMOCTH, GJIM3KHE K crekTpy w /2, rge mapamerp f mam, ~ 0,1. Coexrp Kamommena—
[TerBuanBmiIM, Kak [OKA3bIBAIOT YHCJIEHHBbIE SKCIEPUMEHTHI [46| ¢ npuiioxkeHusiMu K acTpodusuke,
YACTO BCTPEUACTCH B MAIHHTOTHIPOIMHAMUIICCKON TyPOY/ICHTHOCTH, PABHO Kak i ciektp k%2, Bask-
HO, YTO AHM30TPOIIMsI CIIEKTPOB 33 CYET MATHUTHOTO I0JIsl HE BJIMsIET HA WX 3aBUCHMOCTH OT MOJLYJIs k.
Yro kacaercst c1aboil MArHUTOIH/IPOMHAMUYIECKOHl TypOYJIEHTHOCTH, TO TAKOe MOBEJ/ICHUE BBITEKAET
U3 [IPOCTBHIX PA3MEPHOCTHBIX OIEHOK.

ABTOpBI BRIpAXKAIOT UCKPEHHIOI0 Oitarogapraoctsk B. E. 3axapoBy 3a m1010TBOpHBIE 00CY XK IEHNST HA
paHHeM 3Talle BBITOJHEeHUs JaHHo# paborsl. Mbr npusnaresbubl C. H. 'ypbaroBy, obpaTusiiiemy Haiie
BHUMaHMe Ha CTaTbyu 110 TypOyieHTHOCTH Broprepca [34-39], a takxke P.3. CarjeeBy, ykasapuieMy Ha
YUCJIEHHOE MOJIE/IMPOBaHUE TYPOYJIEHTHOCTH MATHUTOTHUIPOJMHAMUYIECKIX BOJIH B IIPUJIOXKEHUHU K acT-
podusuke. Pabora BbinosiHeHa 11pu nojiepxkke Poccuiickoro Hayanoro dbona (nmpoekt 19-72-30028).
Crarbs nocssitiaercs ceetioit namsatu B. E. S3axaposa.
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Hpe,ILCTaBJIeHbI PE3YABbTATHI IIPAMOTO YUCJIEHHOT'O MOJEJINPDOBaHUA HﬂOCKO-CHMMeTpH‘{HOﬁ Typ6yJIeHTHOCTI/I

BOJIH Ha BOJE JJIdAd IIOTCHIIUAJIbHBIX TEeYEeHU B paMKax KOHd)OpMHI)IX IIEpeMEeHHbIX C y49eTOM HU3KOYaCTOTHOM

HaKa9dKN U BBICOKOYAaCTOTHOI'O 3aTyXaHWs BA3KOI'O TUIIA. B ﬂaHHOﬁ MozZean Jid IMAPOKOI'o Jualla3OHa aM-

IJIUTYL HaKa9KH He o6Hapy>KeH pexKuM cs1aboii Typ6yJIeHTHOCTI/I. r[OKaS&HO7 9TO JJIdd TUIIMYHBIX ITapaMeTpOB

Typ6yﬂeHTHOCTI/I TJIABHBIMHU S(I)(i)eKTaMI/I ABJIAIOTCA IIPOIECChI OIIPOKUIbIBaHUA BOJIH, d)OpMI/IpOBaHI/ISI Ha UX

I‘pe6HHX KaCIIOB, KOTOPbIE BHOCAT OCHOBHOIT BKJIa/[ B CIIEKTPBbI Typ6yﬂeHTHOCTI/I C 3aBUCHMOCTBIO OT 9aCTOThI

1 BOJTHOBOI'O 4YUCJIa C O,HHOfI U TOU Ke CTEIICHbIO, paBHOﬁ —4. B 3TOM CHJILHO HEJIMHEITHOM pezxKuMe 1JIOTHOCTH

BEPOATHOCTU KPYTU3HBI BOJIH IIPU OOJIBIINX OTKJIOHEHUSIX UMEET CTEIIEHHBIE XBOCTBI, OTBETCTBEHHbBIE 3a IIepe-

Me’KaeMOCTb TYPOYJIEHTHOCTH.

DOI: 10.31857/S0370274X25080166, EDN: FIUKEN

BBenenue. XopoImmo u3BeCTHO, YTO OCHOBHBIM MEXa~
HU3MOM 3aTyXaHUsI MOPCKOT'O BOJIHEHUSI JIAZKe TIPU yMe-
PEHHON BETPOBON HAKAYKE sIBJISIETCsI ONPOKHJIbIBAHUE
BoJIH (cM., HampuMep, [1]). Kak mokassiBaror MHOrO4YHC-
JIEHHBbIe HAOJIIOJIEHNUs, MPOIECC ONPOKUILIBAHIS HAUM-
HAETCs Ha TpebHe BOJIHBI B IIEPIIEH UK Y/ISIPHOM HAIIPaB-
JIEHUU K ero (ppoHTY. DTOT MPOIECC HOCUT OIHOMEPHBIH
xapakTep. Ha Ha9aIbHOM STaIe ONPOKHILIBAHAS B IIPO-
duse BOIHBI TPOUCXOIUT (HOPMUPOBAHUE OCOOEHHOCTH
B BUAe ocTpuda. Takmm 006pa3oM, B 3aJaHHON TOUKE X
upoduiib OTKJIOHEHUsT oBepxHOCTH Yy = 7)(t) U ero mpo-
usBozHas dn(t)/dt no MoMenTa onpoxkuabIBaHUA t = to
ocrarorca riaagkumu GyHKnugaMu spemenu. Ilpu ¢ = tg
upoussojHast dn(t)/dt uCIbITHIBAET CKAYOK, & ee [IPOU3-
BOJ[HAsI OYJET IIPOIOPIMOHAJIBHA 0-(DYHKI[MH BPEMEHN.
Takum obpa3om, B TOUKe HAOJIOJIEHUS & = Xy BTOPYIO
IPOU3BOAHYIO OT 7)(1) MOXKHO 3alHUCATh B BUJIE

d’n

-7 = Z T;6(t — t;) + regular terms, (1)

e t; — BpeMeHa (pOpMHUpOBaHUs ocobemHocTeir, I'; —
CKauoK BemmuuHbl d°1)/dt? B MomenT opMuUpOBaHUS
cunrysisipaoctu. CoBepinas mpeobpaszoanue @ypbe oT

De-mail: kochurin@iep.uran.ru; kuznetso@itp.ac.ru

cuHryJgpHoii actu (1), mosydaemM 3aBUCUMOCTD 1), OT

1 .
Nw = Z Fieiuﬂi-
V2mw? ;

Cunras Benuuuusl ['; u t; ciaydaflHbIMHU, OTCIOA IIO-
cJjle yCpeJHEeHUd HaXOIUTCS BKJIQJ OT CHUHTYJISPHOCTE
B criekTp F:

JaCTOThI:

g 2 gv 2
B = 50y = 52250, 2
IJIe § — YCKOPEHHE IIOJIs TSKEeCTH, 1 — BpeMsl OCpe-
HEHUd, V — CPEJHSIA 9aCTOTa MOABJICHUs OCOOEHHOCTEA,
YIJIOBBIE CKOOKH (...) O3HAYAIOT YyCPEJHEHUE 110 BPEMe-
un. Crexrp (2) 611 mosyder B padore [2]. Baxuo or-
METHUTh, UTO 3aBUCUMOCTH (2) OT YACTOTHI, IPOIOPIHO-
HaJdbHasg w4, coBmamaer co crmekTpoMm ciaaboit Typoy-
sgertHocTr 3axapoa—®Puiionenko [3|, koropblil K Ha-
CTOANIEMY BPEMEHHU OY€Hb XOPOIIO BOCIIPOM3BEJIEH KaK
9KCIIEPUMEHTAJIBHO, TaK W YUCJCHHO JJIsi U30TPOITHOTO
pacrpocTpaHenus BoJIH Ha Boge (cM. 0630p [4] u cebui-
KU B HeM). DTO COBIAJEHHUE YUCTO CJIyIaiiHOe, IOCKOIb-
Ky CIEKTD CJ1ab0i TypOYJIEHTHOCTH IIPEIIIO/IAraeT Ca-
00 HEJMHEHHBI PEXKUM, KOTJa HEJIMHEHHOCTh MaJja 10
CPaBHEHUIO C JUCIEPCUel JIMHEHHBIX IPABATAIMOHHBIX
BOJIH Ha TUIyOOKOM BOJiE

w = /gk. (3)
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OeJible CILJIONIHBIE JIMHUN COOTBETCTBYIOT 663ILI/ICHepCI/IOH-

HOMY PaCIpPOCTPAHEHHIO HEJIMHEHHBIX BOIH w ~ k

YA
co

apHO-BOJTHOBOM DEXKUM TYpPOYJIEHTHOCTH Deayin3yeT-
TaKzKe I cJIaboIUCIIEPCUOHHBIX MAarHUTOTHIPOJIH-

HAMHUYECKUX BOJIH Ha PAHUNAX Kuikocreii [36, 37].
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Astrophysical accretion discs associated with massive objects should have some mag-
netic fields. There are strong arguments that such fields should be, at least partly,
connected with dynamo action that is based on properties of small- and large-scale
motions in the object. Now there are some works connected with studies of the ac-
cretion disc dynamos, and it has been shown that the magnetic field can grow there.
However, there is a question connected with field generation and its timescale. The
properties of the accretion disc are quite different for various parts of the object, so
the growth rate can differ dramatically, too. Another problem is connected with non-
linear saturation connected with the field conservation law. Here we describe different
approaches to estimate the field growth and describe its structure.

Keywords: Magnetic fields, growth rate, thin disc model, RZ approximation

1 Introduction

Accretion discs play an important role in relativistic astrophysics [1-4]. They sur-
round compact massive objects (black holes, neutron stars, white dwarfs) and contain
rapidly rotating medium which can be strongly magnetized. The arguments for the
existence of the magnetic field are based on the magnetohydrodynamic processes: they
can explain transition of the angular momentum and the medium [1]. Also there are
some proofs of the magnetic field at least for such a specific object as an accretion disc
surrounding the black hole in the active nuclei of M 87 galaxy [5]. Radioastronomical
observations show that there is a remarkable Faraday rotation for electromagnetic
waves passing from it, so there should be a magnetic field that produces the rotation

*Email: e.mikhajlov@lebedev.ru
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4 Conclusions

We have studied the magnetic field growth in accretion discs using two sufficiently
different approaches. First of all, we have studied the field evolution using the thin
disc approximation based on the algebraic model for vertical dependence. This model
allows us to study the field in the nonaxisymmetric case. However, it has been shown
that the field non-uniformities are destroyed by the rotation. After that we used more
effective RZ approximation which takes into account that the field depends on the z
coordinate according to a differential law. We have studied typical timescales for the
magnetic field growth for both cases, and typical field structures.

It can be said that the magnetic field in the nonaxisymmetric case can be modelled
using the thin disc approximation. However, vertical structures are described better
using the RZ approach.
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Keywords: In the framework of the Landau-Lifshitz model the new types of solitons in the semi-infinite
Solitons ferromagnet are analytically described under the boundary conditions, corresponding to the
Landau-Lifshitz equation partial pinning of spins at the boundary of the sample. The problem is successively solved for

Spin pinning
Crystallographic magnetic anisotropy
Breather

isotropic, easy-axis, easy-plane and two-axis ferromagnets. Comparative analysis of interaction
of solitons with the surface of the sample is performed.

1. Introduction

Under strong external influences on magnets, their dynamical, thermodynamical, transport properties, features of structural and
phase transitions are largely determined by long-lived soliton-like states. The basis equations of magnetism — the vector Landau—
Lifshitz equations — are considerably nonlinear and complicated. In some special cases they are reducible to more simple equations,
which often admit exact solutions. Correspondingly, investigations of ferromagnetic solitons and their practical applications are
largely developed for simplified models, such as sine-Gordon equation [1-4] and generalized nonlinear Shrédinger equation for
the envelope of small-amplitude waves [5-11]. In the work [12] an interaction of solitons in magnetic bilayer is investigated in
the framework of the two-component integrable Manakov model, originally coming from nonlinear optics. As well as in the optical
mediums (see, for example, [13] and the literature, cited here), a great importance for magnetic systems has a possibility to control
the motion and properties of solitons by driving fields. Considerable results in this field were achieved in the works [7-10], where the
new methods of auto-resonance generation of one-dimensional solitons and driving their properties were found. In the works [11,14]
a new way to control the quantum bits (qubits) in quantum computers was proposed, meaningful for technological applications.

As for the original Landau-Lifshitz vector model, by now this model is widely used in the most part of investigations, concerning
the formation of the domain structure and topological defects, as well as an analysis of the soliton dynamics. As a rule, at such
investigation the dissipative term in the Gilbert form is taken into account. Therefore, it is naturally, that studies are mainly
performed by means of numerical calculations without using analytical methods [15-17]. That allows to take into account additional
terms. They could be responsible, for example, for the spin current, which leads to steady motion of the domain walls in ferromagnets
[18,19], the single chiral soliton [20] and chiral soliton lattice in helimagnets [21], the spin inertia and auto-oscillations in a
ferromagnet [22]. The work [23] considers the problem of the spin torque oscillator, that is, a uniaxial ferromagnet in an external
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4. Conclusion

In this work, we present the comparative analysis of quasi-one-dimensional solitons in the models of semibounded ferromagnets,
taking into account only the main exchange interaction, exchange interaction with different types of crystallographic anisotropy
and the magnetostatic interaction. The mixed boundary conditions are considered, the limiting cases of which correspond to free
and completely fixed spins at the boundary of the sample. It is established, that exchange interaction and an easy-axis anisotropy
(where anisotropy axis is parallel to the surface of the sample) admit two types of precession solitons. Solitons of the first type
are localized near the boundary of the sample and are formed when the amplitude of the surface anisotropy field A is more, than
some value. The structure and energy of cores of near-boundary solitons depend on the direction of the field 4. Solitons of the
second type arise under an arbitrary value of h. They move inside the sample, are reflected from the boundary of the sample and
elastically collide one with another. The presence of anisotropy constrains the size of the solitons. In the easy-axis ferromagnet
under small precession frequencies extended soliton cores are restricted by narrow domain walls. Such states could be treated
as immobile edge and moving seeds of magnetization reversal of the material. Near-boundary solitons could be found through
characteristic magnetization modulations at the edge of the sample or by the resonance energy absorption on the combinational
oscillation frequencies of the multisoliton complexes.

The presence of an easy-plane anisotropy, where the basis plane is parallel to the edge of the sample, as well as the orthorhombic
anisotropy and/or the remagnetization field excludes the formation of the near-boundary solitons. Only moving solitons arise,
which are divided on two classes. The first class represents solitons without internal degrees of freedom: turning magnetization
waves in the easy-plane ferromagnet and the domain walls in the ferromagnet with orthorhombic anisotropy. It is shown, that the
magnetization rotation in the centers of such solitons after their reflection from the edge of the sample depends in a threshold
way on the amplitude of the surface anisotropy field. The second class of particle-like states contains the precession solitons, which
are called the <<breathers>>. In two-axis ferromagnet under small precession frequencies such objects could be treated as moving
magnetization reversal nuclei with pulsing sizes. Interaction of breathers with the boundary of the sample leads only to shifts of
their positions and initial phases of precession. The measurement of the phase shifts and positions, acquiring by the breathers after
their reflection from the surface, could be employed to diagnose the degree of spin pinning at the edge of the sample.

It is established, that the number of the turning waves and the domain walls could be controlled, varying the character of the
complete spin pinning at the edge of the sample.

Collisions of the moving solitons with the surface of the sample are accompanied by splash of the magnetization oscillation in
the surface layer of the sample. The structure and dynamical properties of solitons are dramatically changed during the collision.
Under rotations of spins in the cores of the turning waves and the domain walls during the reflection, the magnetization of the
medium varies on the value about the saturation magnetization.

The obtained analytical solutions are impossible to find in the framework of the perturbation theory for solitons in the unbounded
medium. Such a theory describes only small changes of structure and properties of the solitons under external influences.

Experimental confirmation of the theoretical predictions, concerning the peculiarities of the elastic reflection of solitons from
the surface of the sample, is of importance. The results obtained should be taken into account when modeling solitonic processes
near the surfaces of the real ferromagnets of finite sizes.
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Communicated by Dmitry Pelinovsky We use the spectral theory of soliton gas for the one-dimensional focusing nonlinear Schrédinger equation
(fNLSE) to describe the statistically stationary and spatially homogeneous integrable turbulence emerging at
large times from the evolution of the spontaneous (noise-induced) modulational instability of the elliptic
“dn” fNLSE solutions. We show that a special, critically dense, soliton gas, namely the genus one bound-
state soliton condensate, represents an accurate model of the asymptotic state of the “elliptic” integrable
turbulence. This is done by first analytically evaluating the relevant spectral density of states which is then
used for implementing the soliton condensate numerically via a random N-soliton ensemble with N large. A
comparison of the statistical parameters, such as the Fourier spectrum, the probability density function of the
wave intensity, and the autocorrelation function of the intensity, of the soliton condensate with the results
of direct numerical fNLSE simulations with dn initial data augmented by a small statistically uniform random
perturbation (a noise) shows a remarkable agreement. Additionally, we analytically compute the kurtosis of
the elliptic integrable turbulence, which enables one to estimate the deviation from Gaussianity. The analytical
predictions of the kurtosis values, including the frequency of its temporal oscillations at the intermediate stage
of the modulational instability development, are also shown to be in excellent agreement with numerical
simulations for the entire range of the elliptic parameter m of the initial dn potential.
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1. Introduction wave strongly depends on the type of dynamics (integrable vs non-
integrable) and the shape of the initial perturbation (localized vs

Modulational instability (MI) is a fundamental physical phenomenon  periodic vs random, cf. [5-11]). Some scenarios of the MI development

that has been attracting a major attention from various physics and
mathematics communities over the last six decades [1]. Pioneered by
Whitham, Lighthill, Benjamin and Feir, Ostrovsky, and Zakharov in
1960-s the theory of modulational instability has developed into a
broad area of research with numerous applications in water waves [2],
nonlinear optics [3], and condensed matter physics [4]. Typically,
MI is manifested as a temporal growth of the amplitude of a small
perturbation (modulation) of a weakly nonlinear periodic wave. In
many scenarios the dispersion of the wave’s envelope plays the dom-
inant role at the initial (linear) stage of the MI development. The
initial exponential growth is saturated by nonlinear effects when the
modulation amplitude becomes sufficiently large, leading at longer
times to the emergence of coherent structures such as solitons and
breathers. The eventual fate of the modulationally unstable periodic

involve the generation of rogue waves—localized coherent structures of
unusually large amplitude that emerge unpredictably within otherwise
moderate-amplitude wave landscape [12].

It has been well recognized that the one-dimensional cubic focus-
ing NLS equation (fNLSE) represents a paradigmatic model for the
description of MI of weakly nonlinear narrow-band short waves (also
known as Stokes waves). In the standard normalized form the fNLSE is
represented as

iy, + W + 20w’y =0, yeC, o)

where y(x,7) is the wave envelope, ¢ is the time-like variable and x —
the space-like variable (depending on the application, the ¢-variable in
(1) can have the meaning of a physical spatial variable, e.g. the propa-
gation length in optical fibers, while the x-variable corresponds to the
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Appendix A. Numerical methods

To study the properties of the asymptotic statistically stationary
state developing from the noise-induced MI of a cnoidal wave, we
first need to reach this state. For this purpose, following [23], we
solve (1) numerically starting from a superposition of cnoidal wave (3)
and random, statistically homogeneous in space noise,

Wli=o = Wan(x,0) + e(x),

/G, nIgnsidy i
AO ﬁ Ze—lkml /0 +1¢m+tkmx‘ (A.1)
m

Here A, is the noise amplitude, 6 is noise spectral width, k,, = 2z m/L
is the wavenumber, m € Z is integer, ¢,, € [0,27) are random phases for
each k,, and each noise realization, n € N is the exponent defining the
shape of noise spectrum, G, = z2'/" /T, /» is normalization constant

e(x)

such that the average noise intensity (|e(x)|?) equals A2, and I is Euler’s
gamma function. We use parameters n = 32, A, = 107 and @ = 5, which
are slightly different compared to [23] where n = 2 has been used; this
leads us to slightly different timing when the MI enters its nonlinear
stage, but the other results coincide with those reported in that paper.

For the numerical modeling of (1), we use the pseudo-spectral
Runge-Kutta fourth-order method in adaptive grid with the grid size
Ax set from analysis of the Fourier spectrum of the solution, see [7] for
detail. The simulation box x € [-L/2, L/2] has periodic boundaries.
For the cnoidal wave with real and imaginary half-periods w, = =
and w;, = 1.6, we use L = 256z and start simulations on the grid
of 16384 nodes, reaching the final simulation time 7, = 300 when
the statistical functions are practically stationary, see Fig. 5(a). Note
that the number of nodes changes adaptively during the simulations
between 16 384 and 262 144, and for other cnoidal waves we sometimes
have to use different parameters; see [23] for detail. For each of the
studied cnoidal wave, we simulate the time evolution for 1000 random
realizations of the initial conditions (A.1) and then average the results
over these realizations. To improve the accuracy in the measurement of
the stationary values of the statistical functions and exclude influence
of the residual temporal oscillations, see e.g. [7,23] and Fig. 5(a), we
perform an additional averaging over time interval placed sufficiently
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far in the nonlinear stage of the MI; for cnoidal wave with w, = = and
®; = 1.6 (m ~ 0.48), this interval is r € [240,300].

We model the SG as a random ensemble containing 200 realizations
of N-SS with N = 128, and the soliton eigenvalues and norming
constants chosen as described in Section 3.2. Computation of the wave
fields is performed in the box x € [-L/2,L/2], L = 384z, which
contains 65 536 nodes, by using the dressing method [18,49] combined
with 100-digits precision arithmetics; see [24,38] for detail. As shown
in Fig. 3, the constructed 128-SS turn out to be of unity order within
a smaller interval x € [-Ly/2,Ly/2], Ly =~ 256z, and decay with
increasing |x| outside this interval. The decay is exponential, so that
at the edges of the computational box |x| ~ L/2 these wave fields
are of 10720 order or smaller. The latter allows us to simulate the
time evolution within (1) starting from these 128-SS by using the
same numerical scheme with periodic boundary conditions as described
above for the MI case. Doing so, we observe that the corresponding
statistical functions, averaged over the ensemble of 200 realizations,
do not change with time; e.g., see the dashed lines in Fig. 5(a) for
the evolution of kinetic and potential energies. Hence, the constructed
soliton gas already rests in the statistically stationary state, and to
improve the accuracy in the computation of its statistical properties,
we perform an additional averaging over the time interval ¢ € [0, 300].

The fNLSE (1) conserves an infinite series of invariants [18], which
can be written in the form

| L2
1. = — A.dx, A.2
I=1 /_ L/zw jdx (A.2)
0A;
j—1
A= ==ty Y AA, (A.3)
I+m=j-1
where A, = y*. The first three invariants are the wave action (the

average intensity of fNLSE wave field),

R L/2
1
N=wP=1 [ " wiax= Tk, A
-L/2 k
the momentum
; L/2 5
- L fw—w)dx= Y k A.
M=+ 7L/2(ufxw vy dx zk: lwl”, (A.5)

and the total energy

E=H,+H,, (A6)
2_ 1 L2 2 22
w=lvP =g [ wlar= T A7
_ e
Hy ==l =1 [ " witax a8
-L)2

Here H, is the kinetic energy (related to dispersion), ,, is the potential
energy (related to nonlinearity), and y, is the Fourier-transformed
wave field,

| L2 )

wi(t) =Flyl= — / w(x,ne " dx.
LJ_ 1

When modeling the time evolution, our numerical scheme conserves

the first 10 integrals (A.2)-(A.3) up to the relative errors from 1010

(the first three invariants) to 107° (the tenth invariant) orders.

We examine the following statistical functions: the ensemble-
averaged kinetic () and potential (},,) energies, the kurtosis x; =
w1y /{wl?)?, the probability density function (PDF) P([) of relative
wave intensity I = lw|?/{lw|?) where (Jy|?) is the average intensity,
the Fourier spectrum,

<|ll/k|2>

S, = ,
k Ak

(A.9)
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ABSTRACT

We give a brief review of the concept of asymptotic integrability, which means that the Hamilton equations
for the propagation of short-wavelength packets along a smooth, large-scale background wave have an integral
independent of the initial conditions. The existence of such an integral leads to a number of important
consequences, which include, besides the direct application to the packets propagation problems, Hamiltonian
theory of narrow solitons motion and generalized Bohr-Sommerfeld rule for parameters of solitons produced
from an intensive initial pulse. We show that in the case of systems with two wave variables and exact
fulfillment of the asymptotic integrability condition, the ‘quantization’ of mechanical systems, associated with
the additional integrals, yields the Lax pairs for a number of typical completely integrable equations, and this

sheds new light on the origin of the complete integrability in nonlinear wave physics.

Dedicated to the memory of V. E. Zakharov
1. Introduction

The discovery of the inverse scattering transform (IST) method for
integration of the Korteweg—de Vries (KdV) equation by M. D. Kruskal
and co-authors [1] ushered in a new epoch in nonlinear physics. Its
more general formulation given by P. D. Lax [2] suggested possible
generality of the IST method, and this possibility was realized in the
papers [3,4] by V. E. Zakharov and A. B. Shabat, where the IST method
was extended to the nonlinear Schrédinger (NLS) equation for both
signs of the nonlinear term. This remarkable achievement resulted in
a flood of discoveries of a number of other nonlinear wave equations
integrable by the IST method. At last, V. E. Zakharov and L. D. Fad-
deev [5] and S. C. Gardner [6] showed that the IST method is nothing
but the transition from physical variables to the action-angle variables
generalized to systems with an infinite number of degrees of freedom,
and this Hamiltonian system is completely integrable in the Liouville-
Arnold sense [7,8]. This demonstration related the IST method with
classical Hamiltonian mechanics and stimulated fast development of
modern nonlinear mathematical physics (see, e.g., [9-13] and refer-
ences therein). However, the relationship between physical properties
of wave equations and their complete integrability still seems not clear
enough.

As was recently noticed [14,15] (see also Section 3), if we confine
ourselves to integrability of nonlinear wave equations in a restricted

sense, formulated as the condition of integrability of the Hamilton
equations that govern the propagation of short-wavelength packets
along a large-scale (hydrodynamic) background wave, then the ful-
fillment of this asymptotic integrability condition means the existence
of the integral of the Hamilton equations, that is the carrier wave
number k becomes a function of local background wave variables. The
very existence of such an integral leads to a number of important
consequences.

First of all, the expression for the carrier wave number greatly
simplifies solutions of problems related to the propagation of linear
wave packets along large-scale background waves [16,17] (see also
Section 4). Next, if such a packet corresponds to a small-amplitude
edge of a dispersive shock wave in the Gurevich-Pitaevskii theory of
these shock waves [18], based on the Whitham theory of modula-
tions [19,20] (see also [21,22]), then this expression allows one to
find a path of this edge during the evolution of the shock [23,24].
Then, as was noticed by A. V. Gurevich and L. P. Pitaevskii [25], their
theory yields the expression for the speed of entering of oscillations
into the dispersive shock region. If the initial wave pulse is localized
in space, then these oscillations transform eventually into a train of
separate solitons, and, consequently, one can calculate the final number
of solitons at asymptotically large time [22,26] for a given initial
profile. Natural extension of this theory [27] yields the generalized
Bohr-Sommerfeld quantization rule for finding the parameters of these
asymptotic solitons, which generalizes earlier theory [28] developed
for unidirectional initial pulses (see Section 6).
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and B, C are defined in Eq. (193). It differs only by notation from the
original form that was found in Ref. [39].

As we see, quantization of a mechanical system associated with an
integral of the asymptotic integrability equations allowed us to derive
in a very simple way the Lax pairs of some typical completely integrable
nonlinear wave equations.

8. Conclusion

We showed in this paper that the condition of asymptotic inte-
grability of nonlinear wave equations leads to important relationships
between the carrier wave number k of high-frequency wave packets
propagating along smooth background waves and the local values
(r,.r_) of the background variables. The existence of these relationships
leads to many interesting applications. Besides immediate application
to the theory of propagation of the high-frequency packets, it leads to
the Hamiltonian theory of motion of narrow solitons along smooth,
non-uniform, and time-dependent waves. Specification of this theory
on the evolution of the edges of a dispersive shock wave allows one to
calculate the number of solitons produced from an intensive wave pulse
at asymptotically large time. The formula for the number of solitons
turns out to be very general and it admits a general derivation as a con-
sequence of the preservation of the Poincaré—Cartan integral invariant
by the hydrodynamic background flow. This observation leads to a nat-
ural generalization in the form of the Bohr-Sommerfeld quantization
rule for parameters of asymptotic solitons produced from the initial
pulse. At last, the quasiclassical quantization according to the Bohr—
Sommerfeld rule suggests that it follows from some full quantum theory
of the corresponding mechanical system and the simplest Schrodinger
and Dirac recipes of finding such an underlying quantum theory yield
the Lax pairs of the completely integrable equations. If the asymptotic
integrability equations only have an approximate integral, then the
Lax pair does not exist, but an approximate Bohr-Sommerfeld rule still
can be written, so completely integrable equations share some of their
properties with not completely integrable ones. It seems quite plausible
that the theory of asymptotic integrability will lead to a number of
other important consequences.
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In this paper, we derive equations for the dynamics of ring dark solitons in an expanding cloud of a two-
dimensional Bose-Einstein condensate. Assuming that the soliton’s width is much smaller than its radius, we
obtain the Hamilton equations for its evolution. Then they are transformed into the Newton equation, which is
more convenient for applications. The general theory is illustrated by the solution of the Newton equation for the
case of the axially symmetric condensate cloud, which expands after switching off a harmonic trap. The validity
of our approximate analytical approach is confirmed by comparison with the results of numerical simulations of

the Gross-Pitaevskii equation.

DOI: 10.1103/PhysRevE.111.064203

I. INTRODUCTION

Cylindrically symmetric nonlinear wave structures were
first predicted and studied theoretically in a two-dimensional
generalization of the celebrated Korteweg-de Vries (KdV)
equation [1-3]. Thorough investigations of this cylindrical
KdV equation showed that it has ring-shaped soliton solutions
provided the width of such solitons is much smaller than the
radius of the ring (see, e.g., Ref. [4] and references therein).
They were also observed in experiments [5—7]. These solitons
correspond to the limit of small-amplitude waves propagating
in systems with weak dispersion. Since the curvature of ring
solitons is a small parameter, they can also be considered
as solutions of the Kadomtsev-Petviashvili (KP) equation [8]
generalized to the case of dependence of the wave variable
on two polar coordinates in Ref. [9]. It is remarkable that all
these equations (KdV, cylindrical KdV, KP, and cylindrical
KP) can be solved by the inverse scattering transform method
[2,10-12] and there are formal links between solutions of
different equations (see, e.g., Ref. [13] and references therein).
These connections allowed the authors of Refs. [14,15] to
demonstrate that a localized pulse of a ring-like soliton is
accompanied by a long, small-amplitude tail, but the evolution
of the leading pulse is practically indistinguishable from an
approximate adiabatic dynamics of the KdV soliton with the
account of a small curvature term. Besides that, as is known,
soliton solutions of the KP equation in the form of a straight
line are unstable with respect to so-called “snake” instabil-
ity [8,16]. Taking into account the dependence of the wave
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TContact author: bisul@mail.ru
*Contact author: e.n.tsoy @ gmail.com

2470-0045/2025/111(6)/064203(8)

064203-1

variable on the azimuthal angle allowed one to study the
stability of ring solitons with respect to axial perturbations,
and in case of instability, a ring soliton evolves into a chain of
localized two-dimensional lumps [15,17].

If we go beyond an approximation of small-amplitude
waves, when, for example, their dynamics is described by
a two-dimensional nonlinear Schrodinger (NLS) equation in
nonlinear optics or a two-dimensional Gross-Pitaevskii (GP)
equation in the physics of Bose-Einstein condensates (BECs),
then we arrive at similar phenomena. Excitation of a dark
soliton leads to the formation of a counterflow shelf around the
soliton even in one-dimensional geometry [18]. Such a shelf
considerably changes the dynamics of narrow dark solitons
under the action of external forces when the GP equation be-
comes not completely integrable. In particular, the effective
mass of a dark soliton quasiparticle is equal to 2 rather than 1
in standard nondimensional units [19-21]. Dark ring solitons
were observed in nonlinear optics (see, e.g., Refs. [22,23]) and
in BECs (see, e.g., Refs. [24,25]). If the width of a ring-like
soliton’s profile is much smaller than the ring’s radius, then the
soliton’s curvature can be considered as a small perturbation
[26-28]. The accuracy of this approach in describing dark
soliton dynamics is confirmed by numerical simulations (see,
e.g., Refs. [28,29]). However, so far, this method has been
limited to solitons moving through a nonflowing condensate
confined in a stationary trap. Another approach based on the
Whitham modulation theory (see Refs. [30,31]) describes the
interaction of a soliton with the background flow only for
situations without the action of external forces and in a one-
dimensional geometry. Recently, the Hamiltonian theory for
the dynamics of dark solitons was developed in Refs. [32-36],
and this method automatically takes into account the ef-
fects of counterflow. Besides that, after the transformation
of the Hamilton equations to a more convenient Newton-like
equation, one can easily take into account the external forces

©2025 American Physical Society
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We consider the problem of soliton mean-field interaction for the class of asymptotically integrable equations,
where the notion of asymptotic integrability means that the Hamilton equations for a high-frequency wave
packet’s propagation along a large-scale background wave have an integral of motion. Using Stokes’ remark,
we transform this integral to an integral for the soliton equations of motion and then derive the Hamilton
equations for the soliton dynamics in a universal form expressed in terms of the Riemann invariants for the
hydrodynamic background wave. The physical properties are specified by the concrete expressions for
the Riemann invariants. The theory is illustrated by its application to soliton dynamics, which is described by

the Kaup-Boussinesq system.

DOI: 10.1103/PhysRevE.111.014202

I. INTRODUCTION

As is known, the discovery of the inverse scattering trans-
form method [1-3] allowed one to distinguish an important
class of completely integrable wave equations [4,5] with re-
markable mathematical properties (see, e.g., Refs. [6,7] and
references therein). The special properties of these equations
found a number of applications to problems of solitons dy-
namics in different physical situations as, e.g., interaction of
solitons, kinetic theory of soliton gases, evolution of soliton’s
parameters under action of small perturbations. It is remark-
able that the property of complete integrability is preserved
by some approximate procedures applied to completely inte-
grable equations. For example, asymptotic perturbation theory
applied to completely integrable soliton equations yields again
completely integrable equations [8] and averaging of periodic
solutions leads to the Whitham modulation equations, which
also have the property of complete integrability [9]. It is natu-
ral to expect that other approximation schemes can also reduce
a complicated problem described by a completely integrable
system to a much simpler approximate system of completely
integrable Hamilton equations.

In this paper, we will consider the problem of propagation
of a narrow soliton along a wide and smooth large-scale
background wave. In this case, the complete integrability is
understood in the restricted sense called "asymptotic integra-
bility" introduced in Ref. [10]. It means that the Hamilton
equations, which describe propagation of short-wavelength
packets along a smooth large-scale background, have an in-
tegral of motion so that existence of such an integral allows
one to integrate these equations in a closed form [11]. Using
the Stokes remark [12] that the soliton tails and linear har-
monic waves obey the same equations, the above-mentioned
integral can be cast to the relationship between the soliton’s
velocity and its inverse half-width. This gives a convenient
method of solving problems of interaction of solitons with
a background wave (see, e.g., Refs. [13,14]). A different
approach based on the Whitham modulation theory was

2470-0045/2025/111(1)/014202(8)
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developed in Refs. [15-17]. It was applied to explanation
of behavior of solitons propagating along viscous fluid con-
duits [15] (see also Refs. [18,19]). Perturbation theory of
interaction of solitons with nonuniform background in Bose-
Einstein condensate was developed in Refs. [20,21] and a
Landau quasiparticle approach to the same problem was sug-
gested in Refs. [22-25]. Predictions of these theories agree
very well with experimental observations [26,27]. As was
shown in Refs. [28-30], Stokes’ remark allows one to obtain
the Hamilton equations for motion of solitons of the non-
linear Schrodinger (NLS), derivative nonlinear Schrodinger
(DNLS), and magnetic soliton equations. We will show here
that this approach can be generalized in such a way that
the Hamilton equations are obtained for general classes of
equations that satisfy the conditions of asymptotic integra-
bility. These general equations are expressed in terms of
the Riemann invariants for the dispersionless (hydrodynamic)
equations governing the large-scale evolution. The concrete
physical realizations of this scheme depend on the expressions
for the Riemann invariants in terms of the physical variables
of the problem.

In Sec. II we will discuss the concept of asymptotic integra-
bility and in Sec. III we will apply this method to the problem
of soliton dynamics in the general formulation applicable
to any asymptotically integrable equations. This approach is
illustrated in Sec. IV by an example of soliton’s motion along
a large-scale wave described by the Kaup-Boussinesq system.

II. ASYMPTOTIC INTEGRABILITY

Let the physical system under consideration be described
by two wave variables p (density) and u (flow velocity). We
suppose that dynamics of this system obeys the equations,
which can be written in the form

Pt‘i‘F(P»M’anum-u):Oa
u + G(p, u, py, Uy, ...) =0, (D

©2025 American Physical Society
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The soliton solution of Egs. (25) has the form of a dip
o(x — Vi) in the density py and a local distribution u(x — V't)
of the flow velocity caused by the moving soliton. This solu-
tion can be written in the form [43]

pE)=po—2uE)[uE)—-V],

u(€) =2[V — u)l, (78)
where
_ po—V?
wE) =V + /Po cosh(k&) +V (79
and
E=x—-Vi, V=+/py—«2/4. (80)

Consequently, we get the approximate solution for the soliton
moving along a smooth background p = p(x) by means of
replacements

V — Vpx) —«2/4,
£E— x— / Volx@)] —«2/4dt — xp.

Although the soliton’s inverse half-width remains constant, its
amplitude depends on the local density p(x) as

a=2(p(x) = v pD)lp(x) — k2/4]). (82)

In the small-amplitude limit PaRs 0, this solution reduces
to the well-known shallow dark KdV soliton. As was shown in
Ref. [44], the Kaup-Boussinesq system (25) with 0 = +1 can
find applications to dynamics of solitons in two-component
Bose-Einstein condensates.

o — p(x),

(81)

V. CONCLUSION

The concept of complete integrability of nonlinear wave
equations plays a crucial role in soliton physics [1-7]. The
notion of asymptotic integrability restricts this concept to a
particular case of propagation of small-wavelength packets
along a large-scale background wave. It turns out that this
notion leads directly to the quasiclassical limit of Lax pairs
and, in case of systems with two wave variables, this limit
admits quite a general description in terms of Riemann invari-
ants of the large-scale hydrodynamic approximation. Such a

description is only possible in exact form for special forms
of the dispersion relation of linear waves, and we presented
here two such universal forms corresponding to a number of
completely integrable nonlinear wave equations. In all these
cases, there exists an integral of motion of the Hamilton equa-
tions that describe the packet’s motion. Existence of such an
integral allows one to obtain the solution of these Hamilton
equations in a closed form [11].

According to Stokes’ consideration [12], the soliton’s ve-
locity can be expressed via the linear dispersion relation as
a function of the soliton’s inverse half-width. In a similar
way, the mentioned-above integral of motion for the packet’s
dynamics can be transformed to the integral of motion for the
dynamics of a soliton treated as a pointlike particle provided
its width is much smaller than the characteristic scale of the
background wave. Due to knowledge of such an integral, one
can obtain the Hamilton equations for the soliton’s dynam-
ics and generalize them to situations when the background
profiles are formed under action of external potentials. We
obtained the universal expressions for the canonical momen-
tum and Hamiltonian again in terms of the Riemann invariants
for the background dynamics. These universal expressions
reproduce all particular cases studied earlier in Refs. [28-30].

It is worth noticing that even if the condition of asymp-
totic integrability is not exactly fulfilled, it may be satisfied
approximately in the limit of large wave numbers of the carrier
wave. In this case, one can obtain an approximate integral of
motion, which can be used in applications to the packet’s or
soliton’s dynamics. Besides that, it allows one to formulate
a generalized Bohr-Sommerfeld quantization rule that deter-
mines the asymptotic velocities of solitons produced from
an intensive initial pulse even for not completely integrable
equations [45]. Thus, the concept of asymptotic integrability
seems quite fruitful, and one can hope that it will lead to many
other interesting results.
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HEJIMHENHBIX BOJIHOBBIX YPABHEHUI
N KBABUKJIACCUYECKUI MPEIEJI ITAP JIAKCA

BBezneno moHsTHE aCMMITOTUYECKONW UHTEIPUPYEMOCTH HEJIUHEHHBIX BOJIHOBBIX
yPpaBHEHWIA, O3HAYAIOIIEE MHTEIPUPYEMOCTD ypaBHEHN ['aMUIbTOHA, OMMUCHIBAIOIINX
pacIpocTpaHeHre BhICOKOYACTOTHOTO BOJTHOBOTO MTAKETA, IO TJIAJKOMY TPOMUITIO, JIH-
HaMHUKa KOTOPOT'O IO[IUUHSIETCs OE3IUCIIEPCUOHHOMY IPEJIEJIy UCXOIHBIX Y PaBHEHUIA.
[TokazaHo, YTO 3TOT MpeeNbHBIN CIydail TIOJTHON MHTErPUPYEMOCTH TTO3BOJISIET BbI-
pa3uTh KBa3WKJIACCHIECKUI mpeiesn map Jlakca depe3 3aKOH JUCTIEPCUU JIMHEWHBIX
BOJIH U MHTerpaJj ypasHeHuil l'amMuibrona /s nakera. Eciau napa Jlakca He 3aBucut
OT MPOU3BOIHBIX BOJTHOBBIX MIEPEMEHHBIX, TO KBa3UKJIACCUIECKUI TIPEIesT COBIAIaeT
C TOYHBIMU BBIPAKEHUSMU. [eopusi MILTIOCTPUPYETCS KOHKPETHBIMUA ITPUMEPAMH.

Kirouesblie ciioBa: COJIMTOHBI, IIapbl ﬂaKca, KBa3UKJIACCUYIECKOe HpI/I6JII/I)KeHI/Ie.

DOLI: https://doi.org/10.4213 /tmf10792

1. BBEIEHUE

VYenoBue mostHON MHTErpUPYEMOCTH HEJIMHEHHBIX BOJHOBBIX yPaBHEHHUi 06braHO dop-
MyJIUPYeTCsl KAK BO3MOXKHOCTH TIPEJICTABATH PACCMATPHBAEMOE YDABHEHUE B BUJIE YCJIO-
BUs COBMECTHOCTH Hapbl Jlakca, T.e. JBYX JIMHEHHBIX YPABHEHUH CO CIEKTPAJILHBIM 18-
pamerpoMm (cm., Hampumep, [1]-[3]). CymecrBoBanune Takoit mapsr Jlakca OOBIYHO HU-
Kak (bU3MYECKU HE MOTHBUPYETCS M HE CBA3BIBAETCS ¢ KAKMMHU-THOO XapaKTePUCTHKAME
HEJIMHEHHOrO BOJIHOBOTO YDAaBHEHUsA. B HACTOAIMIEH paboTe MbI TTOKA3BIBAEM, UTO JIs
JIOBOJIBHO MIMPOKOI'O KJIACCA YPABHEHHIT MOYKHO BBECTU IIOHSITHE ACUMNMOMUYECKOT WH-
me2pupyemMocmu, KOTOpoe OLPEEIsieTCst CBOMCTBAMYU 3aKOHA JAUCIEPCHI PFAPMOHIICCKIX
BOJIH, TIOJYUHSIIONMXCS JIMHEAPU30BAHHBIM yPABHEHHAM MCXOAHOM cucrembl. Cornacuo
ONITUKO-MEXAHUIECKOH AaHAJOTMN ['aMHUIIBTOHA JBUKEHHE BBICOKOYACTOTHOIO MAKETA 110

Hammas paborta puHAHCHPOBATIACH 3a CUET CPEJCTB OfomKeTa HCTHTYTA CIIEKTPO-
ckonmu Poccuiickoii akagemun Hayk (pasmesst 1, 2) u 3a cuer rpanta PH®, npoekr
Ne 19-72-30028 (paszmessr 3, 4).
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ACIMIITOTNYECKAA NHTEI'PUPYEMOCTD HEJIMHEMHBIX
BOJIHOBBIX YPABHEHUUN

A. M. Kamwammnos*

WNucruryr cnekrpockornuu PAH;
CKOJIKOBCKMII MHCTUTYT HAYKU ¥ TEXHOJIOIUIA;
Bricmas mkosa sxonomuku, r. Mocksa, Poccust

IlonsiTHe acCHMITOTHYECKON WMHTErPUPYEMOCTH HEJINHENHBIX BOJIHOBBIX yPaBHEHUN, O3HAYAIONIEE HH-
TErpUPyEMOCTh JUHAMHUKN BOJHOBBIX ITAKETOB, PACHPOCTPAHSAIOMMXCS IO KPYIHOMACIITAOHOMY (OHY,
WILIIOCTpUpYyeTCcst npumMepoM obob6ménHoro ypasuenust Kopresera—ae @pusa. [lokazano, uro ycsioBue
ACUMIITOTUYIECKON MHTErPUPYEMOCTH €CTECTBEHHBIM O0pPa30M HPUBOIMT K OOOOIEHHOMY IpaBuiy bopa—
3oMMepdeiibia, OIpeIesIsoneMy IapaMeTpPbl ACUMIITOTUYECKUX COJIUTOHOB, MTOPOXKIAEMbIX U3 UHTEHCUB-
HOT'O HAYaJIbHOIO UMITYJIbCa. J[ONMOTHUTEIbHOE TPEIOIOXKEHNEe, 9TO MPaBUI0 bopa—3oMmmepdenbaa sBiisi-
€TCd KBa3UKJIACCUYECKUM IIPeJIeJIOM /I HEKOTOPOU JIMHEWHOM CIIeKTPaJIbHOU 3aJa4H, II03BOJIAE€T BbIJIEJINTh
KJIACC TOJTHOCTHIO MHTEIPUPYEMBIX YDABHEHU, HANTH COOTBETCTBYIONILYIO Mapy Jlakca 1 OIeHUTh TOYHOCTH
npasuia Bopa—3oMmmepdenbaa /111 HEMHTETPUPYEMbBIX YPaBHEHHIA.

BBEJEHUE

B ucropun passBuTusi COJMTOHHON (DU3MKMU JIEMKO Pa3IUduTh JiBa 3Tana. Ha mepsoMm sTare, mocie
[EePBbIX HAOJIOJCHUN U 9KCIIEePUMEHTAIbHBIX HMCCJIeJI0BAHU YeIMHEHHBIX BOJIH Ha MEJKOH Boje (CM.,
HanpuMep, |1] u mMmeromuecst TaM CCBIIKH), IEPBOCTEIEHHON 3a/ia4ueil ObLI0 1aTh (GU3nIeckoe 00bsC-
HEHUE 3TOrO sIBJIEHUsS] Ha OCHOBE yPaBHEHUI I'MJIpOJMHAMUKHU. TPYJIHOCTH TON 3aa4i 3aK/II09aIach
B TOM, 9TO B TO BpeMs (DU3UKH MCIIOJb30BAJIN JJIs OIMMCAHUS BOJH Ha BOJE JIBA CYIIECTBEHHO PA3HBIX
npuOJIMKeHus. B 0JJHOM U3 HUX aMILIUTY/Ia BOJHBI { TPeIioaraiach KCIe3aole Majoil o cpaBHEHUIO
¢ TyIyOuHOM BOJBI hg,

¢ < ho, (1)

U TOTJIa yPABHEHUs MMJPOMHAMUKA B JIMHEHOM 110 AMILIATY/Ie BOJIHBI IPUOJINZKEHUN [IPUBEJH B UC-
ciaenoanusx Jlamnaca, Ilyaccona n Komm K 3akoHy J(ucrnepcuy JTUHEHHBIX TADMOHIHYECKUX BOJIH ( X
x expli(kz — wt)]:

w? = ghoth(khg), (2)

Ie w — KPyrosas 4acToTa, k — BOJHOBOE YHCJIO, § — YCKOPeHHe CBOOOIHOro majeHus. B JIHHHOBOJI-
HoBoM Tipegiesie khy < 1 aTa dopmysia CBOIUTCA K 3aKOHY JTUCIEPCUN

1
w=1/gho k — G h&\/gho k3. (3)

B npyrom mpubsink€HHOM TOJXO0JI€ K TEOPUHU BOJIH Ha BOjE, HA0DOOPOT, Cpa3y MpeJIoarajioch, ITo
JIJTMHA BOJIHBI MHOT'O 0OJIbIIe TVIyOMHBI BOJIBI, HO aMILIUTYAa BOJHBI VK€ HE IIPeIIIoJarajach UCUe3a-
OIle MaJIoi 110 CpaBHEHWIO ¢ ryiybmHoil. B pesysibrare rujpojuHaMUYecKue yYpaBHEHUS [JIsi BOJIH Ha
IIOBEPXHOCTU TAKON «MEJIKOM BOJBI» CBOJIMINCH K YPABHEHUIM

hi + (hv), =0, v +vvg + hy = 0, (4)
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Supersonic flow past an obstacle in a quasi-two-dimensional Lee-Huang-Yang quantum fluid
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A supersonic flow past an obstacle can generate a rich variety of wave excitations. This paper investigates,
both analytically and numerically, two types of excitations generated by the flow of a Lee-Huang-Yang quantum
fluid past an obstacle: linear radiation and oblique dark solitons. We show that wave crests of linear radiation can
be accurately described by the proper modification of the Kelvin original theory, while the oblique dark soliton
solution is obtained analytically by transformation of the one-dimensional soliton solution to the obstacle’s
reference frame. A comparison between analytical predictions and numerical simulations demonstrates good

agreement, validating our theoretical approach.

DOI: 10.1103/mxyb-6jh1

I. INTRODUCTION

The study of the Bose-Einstein condensate (BEC) has at-
tracted a significant scientific interest due to its quantum fluid
behavior. In the condensate of weakly interacting atoms, most
problems can be described within the mean-field approxima-
tion by the Gross-Pitaevskii equation (GPE) [1]. However,
when the mean-field interspecies attraction in Bose-Bose mix-
tures exceeds the average repulsive forces, the GPE predicts a
collapse of the system. In the case of quantum droplets, this
issue can be resolved by incorporating quantum fluctuation
effects, leading to a correction of the GPE with a quartic
nonlinear term, the Lee-Huang-Yang (LHY) correction, thus
opening the study of the beyond-mean-field effects [2,3] (see
also Refs. [4,5]).

By manipulating the interaction strength and the number of
atoms, it is possible to create a carefully designed mixture of a
two-component BEC in which the cubic mean-field term van-
ishes, allowing quantum fluctuations to be studied through the
quartic nonlinear term [6]. This leads to the LHY equation in
the form

) ", 3
ih— = —— VU + UV + gLuy | V[" VY, ()
ot 2m

where U, represents the external potential, which can ac-
count for effects such as traps and obstacles, among others.
The parameters gryy and m denote the three-dimensional
interparticle interaction constant and the atomic mass, re-
spectively. The quantum fluid governed by the LHY equa-
tion exhibits both nonlinear and dispersive effects. These
properties enable the propagation of various atomic excita-
tions, including solitons, vortices, dispersive shock waves,
and linear radiation. As in the case of the GPE, a super-
sonic flow past an obstacle in the LHY fluid is expected
to generate stationary coherent wave patterns satisfying the
Mach-Cherenkov-Landau resonant radiation condition. These
wakes are referred to as Kelvin-like wakes due to their simi-
larity to Kelvin’s water wave structure generated by a moving

2469-9926/2025/112(3)/033318(8)
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ship (commonly known as the Kelvin wake pattern) [7—-11].
More specifically, for supersonic flow velocities, the GPE pre-
dicts two distinct wave structures: oblique dark solitons inside
the Mach cone and linear radiation outside it. In the case
of the GPE, these structures have been extensively studied,
experimentally [12,13] and through theoretical investigations,
particularly regarding linear radiation [14,15] and oblique
dark soliton wakes [16,17]. However, for Eq. (1), this problem
remains unsolved.

In this work, we develop an analytical framework for the
investigation of a supersonic flow past an obstacle in a quasi-
two-dimensional (2D) quantum fluid described by Eq. (1). We
restrict our analysis to flow velocities that support the propa-
gation of two distinct wake patterns: oblique dark solitons and
linear radiation. The paper is structured as follows. Section II
presents the analytical theory of linear radiation outside the
Mach cone. Section III focuses on oblique solitons inside the
Mach cone. In Sec. IV, we compare analytical predictions
with numerical simulations. Finally, we conclude with a dis-
cussion in Sec. V.

II. DIMENSIONAL REDUCTION AND THE QUASI-2D
HYDRODYNAMICAL MODEL

In experimental setups, it is not possible to realize
truly low-dimensional systems. Instead, an effective low-
dimensional regime can be obtained by ‘“squeezing” a
three-dimensional (3D) BEC, tightly confining it in one or
two spatial directions using external potentials. Theoreti-
cally, beyond-mean-field energy corrections in Bose gases
have been investigated within the framework of 3D-one-
dimensional (1D)- and 3D-2D-dimensional crossovers in
Refs. [18-20].

In our model, we construct a 3D-2D-dimensional crossover
by imposing strong confinement along the z axis, such that
the system’s dynamics are effectively restricted to the x—y
plane. This means that the harmonic potential corresponds to
a much greater frequency w, in z of the atomic motion direc-

©2025 American Physical Society
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FIG. 6. Analytical and numerical results for the minimum soliton
density p,, and the oblique soliton angle «. The analytical results are
given by Eq. (50). The numerical points are obtained by varying the
obstacle radius 0.1 < R < 1.5.

There is very good agreement between the analytical so-
lution for the soliton density profile, given by Eq. (45) for
stable oblique solitons, and the numerical profile extracted
from Fig. 4 at x = —80, as demonstrated in Fig. 5.

Using Eq. (42) and assuming V = ug cos «, we can express
the relation between the soliton depth p,, and the oblique
soliton angle « as

5/2 5/2 3/2
1 2pm(§p0/ + 2002 = 0} pm)

(o) = arccos | —
" Juo| (om — p0)?

(50)

This expression shows that, although both the soliton depth
pm and the oblique soliton angle « implicitly depend on the
obstacle size, this dependence does not affect the accuracy
of the theoretical prediction. This can be observed in Fig. 6,
where the pair (p,,, &) is obtained varying the value of the
obstacle size in the range 0.1 < R < 1.5. However, for suffi-
ciently large obstacles (R > 1), the number of oblique soliton
pairs formed behind the obstacle increases, and the theory
should then be applied to each soliton individually.

VI. CONCLUSION

In this paper, we investigated analytically and numerically
two types of wave excitations generated by a supersonic flow
past an obstacle in a quasi-2D LHY quantum fluid. Numerical
simulations confirmed that the wave crests of linear radiation,
formed outside the Mach cone, were accurately captured by
linear theory (see Fig. 3). The structure of oblique dark soli-
tons are well described by a quasi-one-dimensional analytical
model (see Fig. 5), demonstrating excellent agreement with
the numerical results.

As proposed in Ref. [29], the framework of a flow past a
barrier serves as an experimental tool to measure and analyze
critical velocities associated with the emission of collective
excitations. The theoretical approach developed here should
be useful to understand the behavior of linear waves and
solitons generated by the interaction of strong laser beams,
approximated by an impenetrable barrier, with quasi-2D su-
personic quantum droplets or strongly interacting mixtures,
where LHY corrections dominate over the mean-field term.

As a direction for future work, we propose extending this
approach to the case of supersonic flow past weak, penetrable
obstacles, where the local flow velocity varies along the soli-
ton line. As demonstrated in Ref. [30] for a cigar-shaped BEC,
the properties of the obstacle also influence the behavior and
stability of the resulting excitations.
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ARTICLE INFO ABSTRACT

Keywords: We study the propagation of narrow and fast solitons through various profiles of dispersive
Solitons shock waves (DSWs) in the framework of the generalized Korteweg-de Vries (gKdV) equation.
Dispersive shock waves The idea of considering such a motion as a propagation along a smooth effective field is
Effective field

proposed. In the case of KAV and modified KdV this idea is proven rigorously; for other cases,
we take this as a natural hypothesis. For cases of self-similar breaking for KdV and mKdV, a
specific method for selecting the effective field is proposed, demonstrating high agreement with
the numerical solution. For the breaking of a smooth pulse into the resting medium in gKdV
case, we propose using the pulse’s maximum value as an approximation of the effective field.
In the considered special cases, this proposal demonstrates good agreement with the numerical
solution only for fast solitons.

Simple waves
Generalized KdV

1. Introduction

This article is a continuation of a series of works [1-15], devoted to soliton dynamics and related problems in nonlinear dispersive
equations.
In the case of simple waves

u + V@uy + ey, =0, €Y

the first important work in this direction was Ref. [1], based on an investigation of Whitham’s modulation equations [16,17],
in which new differential relations were found linking the inverse half-width of solitons k, and the carrier wave number of
small-amplitude wave packets k with the value of the background u, which led to the solution [2,3] of a number of classical
problems [18,19]. Based on the optical-mechanical analogy [20] (Hamiltonian formalism) and Stokes’ remark [21], the same
relations were obtained and related problems were solved [4,5].

The mentioned articles served as the beginning of the study of the dynamics of wave packets [6-8] and solitons [9-11,22] on
non-stationary and inhomogeneous smooth waves and related tasks [12]. Strictly speaking, all these works imply the narrowness of
the soliton in comparison with the background field (k, <« |Z—Z| /u), because the conclusions are based on approaches treating the
soliton as a point particle. The dynamics of such solitons are described by the following equations:

2 dx

K2=-Vw+aq,

1
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We develop the theory of dispersive shock waves in optical fibers for the case of long-distance propagation
of optical pulses, when the small Raman effect stabilizes the profile of the shock. The Whitham modulation
equations are derived as the basis for the Gurevich-Pitaevskii approach to the analytical theory of such shocks.
We show that the wave variables at both sides of the shock are related by the analog of the Rankine-Hugoniot
condition that follows from the conservation laws of the Whitham equations. Solutions of the Whitham
equations yield the profiles of the wave variables that agree very well with the exact numerical solution of

the generalized nonlinear Schrodinger equation for propagation of optical pulses.

DOI: 10.1103/94zy-78my

I. INTRODUCTION

Nonlinear wave structures called dispersive shock waves
(DSWs) have been observed in a number of different physical
media, from water waves to Bose-Einstein condensates (see,
e.g., review articles [1,2] and references therein). Generally
speaking, they can be represented as lengthy oscillatory non-
linear wave structures that degenerate at one of their edges
to trains of solitons and at the other edge to small-amplitude
wavy tails. If such a DSW is formed as a result of a wave
breaking of a large-scale wave pulse, so that at the initial stage
of evolution dispersion effects dominate over dissipative ones,
then this DSW expands with time with an increasing number
of oscillations in it. Typically, the wavelength of oscillations
in a DSW is much smaller than its whole size. Therefore, this
DSW can be represented as a modulated nonlinear periodic
wave with parameters (amplitude of oscillations, wavelength,
etc.) slowly changing with space and time. However, even
small dissipation becomes crucially important at the later
stage of evolution of DSWs, when their slow dynamics due
to modulation becomes comparable with slow dynamics due
to small dissipation. As a result, a DSW stops its expansion
and tends to a stationary wave structure whose total length is
proportional to the inverse of the small dissipation parameter.
In both cases, with or without dissipation, the modulation is
small, and this fact was used by Gurevich and Pitaevskii [3]
in their approach to the theory of DSWs, which was based
on Whitham’s theory of modulations of periodic solutions of
nonlinear wave equations [4,5], in particular, of the Korteweg-
de Vries (KdV) equation. This approach turned out very
successful in the theoretical description of DSWs described by
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the KdV equation both in time-dependent [6—8] and stationary
situations with account of small dissipation [9—12].

DSWs in optical fibers were first observed long ago
[13,14], but their theoretical description was a difficult
problem since its solution needed application of the quite
involved inverse scattering transform method, discovered in
Refs. [15-18], to the nonlinear Schrodinger (NLS) equation,
which describes propagation of light pulses in fibers. Whitham
modulation equations for the NLS case without any perturba-
tions were obtained in Refs. [19,20], and their solution for
the important problem of evolution of an initial discontinuity
was found in Refs. [21,22]. This theory was confirmed in the
optical experiment [23] with initial pulses having a specially
engineered sharp discontinuity. More general forms of DSWs
were studied theoretically, e.g., in Ref. [24], and experimen-
tally in Ref. [25]. However, optical DSWs with dissipation
have not been studied much so far, because in the optical
case standard forms of dissipation also affect a smooth part
of a pulse rather than only the strongly oscillatory region.
A quite specific situation of the formation of DSWs by the
flow of polariton fluid past an obstacle, when dissipation was
compensated by pumping, was discussed in Ref. [26].

As was found in Refs. [27,28], the induced Raman
scattering in fibers can play the role of pumping or dissipation.
In case of normal group velocity dispersion, formation of dark
solitons at sharp edges of a pulse was observed in Ref. [29].
Propagation of pulses in fibers with account of induced
Raman scattering is described by the equation [30,31] (see
also Ref. [32])

Ve + 39 — V1P = =y (¥ ), (1)

written here in standard nondimensional form for the case
of normal dispersion. Here v denotes the strength of an
electromagnetic wave in a fiber, x is a coordinate along the
fiber, ¢ is the normalized time, and y is a small parameter

©2025 American Physical Society
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of the full modulated solution, the boundary conditions can
be written at once and they lead immediately to the Rankine-
Hugoniot-like condition. We can apply this approach to our
Eq. (1), which in the hydrodynamiclike form [see Eq. (4)]
generalizes to

Px + (”p)t =0,
2
Uy + un; + pr + (p—’2 P VP:) = 0. (43)
8p 4p '

We look for its solution in the form of a traveling wave
p=pE&)u=u) (& =t—x/V). Again we make the re-
placement 9, — —V 9, so elementary integration yields

—u/V +pu=»A,

1A P pe B
L Lo o =2 wa
it TPt g T, VT @4

where A and B are integration constants. These constants are
the same at both limits & — =00, so arrive at the boundary
conditions

pL _ VpLuL — pR _ VpRuR,
ub =Vt + @) =u® - V(R + @F).  @5)

Then elimination of V easily yields the conditions (37) and
(38) in exact agreement with the Whitham equations. It is
important that we can neglect the high-order derivatives di-
rectly in the system (43) at both sides of a DSW in the
limits # — =£oo. Then integration of the shallow-water equa-
tions (5) yields at once the boundary conditions (45). The
same analog of the Rankine-Hugoniot condition was obtained
in Ref. [37] for the Kaup-Boussinesq system, which also
reduces to the shallow-water equations in the dispersionless
limit. In a similar way, the dispersionless limit of any soli-
ton equations leads to the analog of the Rankine-Hugoniot
condition without derivation of the full system of Whitham
modulation equations and their conservation laws. However,
it is not so easy to find the full description of a DSW with-
out solving the Whitham equations. The system (44) can be
studied by the Bogoliubov-Mitropolsky method and then we
arrive at the analytical description of the DSW in a way
similar to the KdV-Burgers case studied in Ref. [43]. In
this sense, our formulas obtained by the Whitham averag-
ing method in Sec. III present the analytical solution of the
system (44). Apparently, the Whitham method seems more
effective for perturbed completely integrable equations in
the AKNS scheme [44], since the most difficult task of av-
eraging the conservation laws has already been done in a
universal form in Ref. [45], so it only remains to specify
the general formulas to the special case under consideration
(see Appendix).

V. CONCLUSION

In recent years, several experiments have been performed
in optical or similar systems specially designed for demonstra-
tion of DSWs (see, e.g., Refs. [23,25,46,47]). In general, these
experimental results agree quite well with earlier theoretical
predictions, provided the conditions of their applicability were

fulfilled. For example, in Ref. [46], Bose-Einstein conden-
sate was confined in a quasi-one-dimensional trap, but the
axial confinement was not strong enough to exclude axial
dynamics, so decay of shocks to vortices was effective and the
shock had a standard viscous form rather than that of a DSW.
In Ref. [25] dissipation was also strong enough, but DSWs
were clearly seen, although their profiles could only be cal-
culated numerically. In fibers, the one-dimensional geometry
is evident and dissipative effects are negligibly small, so the
general structure reproduces theoretical predictions perfectly
well [23,47]. In this case, some weaker effects can become
crucially important for long-distance propagation of pulses. In
the physics of optical fibers, the most important such effects
are self-steepening and Raman scattering (see, e.g., Ref. [32]).
As was shown in Ref. [48], the steepening effect changes pa-
rameters of the DSW, but it preserves the expanding evolution
of the shock. On the contrary, the Raman effect can stabilize
such an expansion, so the shock acquires a stationary form of
a modulated oscillatory profile moving with constant velocity.
In the small-amplitude limit, the theory of such shocks is
described by the KdV-Burgers equation [31,35], so the re-
sults of Refs. [9-12] can be applied. In this paper, we have
developed the theory of DSWs induced by the Raman effect
for large amplitudes. The Whitham equations are derived
and thoroughly studied. It is shown that they have enough
number of conservation laws for finding the parameters of
the shock for given boundary conditions that have to satisfy
the analog of the Rankine-Hugoniot condition. It is important
that this Rankine-Hugoniot condition is not universal in the
sense that it does not follow from conservation laws for the
hydrodynamic equations, as it happens in the classical theory
of viscous shocks. However, they can be found from the
dispersionless limit of equations under consideration. In our
case, these limiting hydrodynamic equations have the form
of shallow-water equations (5), the same as in the case of
the Kaup-Boussinesq-Burgers equations [37], so the Rankine-
Hugoniot conditions are the same. Thus, the theory developed
in this paper yields both the method of finding the analogues
of the Rankine-Hugoniot conditions for completely integrable
equations with dissipative perturbations and the method of
calculation of stationary profiles of wave variables. One may
hope that this theory can find other interesting applications.
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Astrophysical accretion discs associated with massive objects should have some mag-
netic fields. There are strong arguments that such fields should be, at least partly,
connected with dynamo action that is based on properties of small- and large-scale
motions in the object. Now there are some works connected with studies of the ac-
cretion disc dynamos, and it has been shown that the magnetic field can grow there.
However, there is a question connected with field generation and its timescale. The
properties of the accretion disc are quite different for various parts of the object, so
the growth rate can differ dramatically, too. Another problem is connected with non-
linear saturation connected with the field conservation law. Here we describe different
approaches to estimate the field growth and describe its structure.

Keywords: Magnetic fields, growth rate, thin disc model, RZ approximation

1 Introduction

Accretion discs play an important role in relativistic astrophysics [1-4]. They sur-
round compact massive objects (black holes, neutron stars, white dwarfs) and contain
rapidly rotating medium which can be strongly magnetized. The arguments for the
existence of the magnetic field are based on the magnetohydrodynamic processes: they
can explain transition of the angular momentum and the medium [1]. Also there are
some proofs of the magnetic field at least for such a specific object as an accretion disc
surrounding the black hole in the active nuclei of M 87 galaxy [5]. Radioastronomical
observations show that there is a remarkable Faraday rotation for electromagnetic
waves passing from it, so there should be a magnetic field that produces the rotation
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4 Conclusions

We have studied the magnetic field growth in accretion discs using two sufficiently
different approaches. First of all, we have studied the field evolution using the thin
disc approximation based on the algebraic model for vertical dependence. This model
allows us to study the field in the nonaxisymmetric case. However, it has been shown
that the field non-uniformities are destroyed by the rotation. After that we used more
effective RZ approximation which takes into account that the field depends on the z
coordinate according to a differential law. We have studied typical timescales for the
magnetic field growth for both cases, and typical field structures.

It can be said that the magnetic field in the nonaxisymmetric case can be modelled
using the thin disc approximation. However, vertical structures are described better
using the RZ approach.
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BBEAEHUE

Ilpu B3amMoOmENCTBMM BJAEKTPUUYECKOTO TOKa,
MPOTEKAIOIIIETO Yepe3 MPOBOISIIYI0 CPedy, U Mar-
HUTHOTO TIOJISI MOTYT BO3HUKATh BpalllaiolInecs
JIBVDKEHUS XKUAKOCTUA. DTO CBSI3aHO C CUJION AMmIie-
pa, IpUBOAsILLIEH K MOSIBICHUIO BUXPEBBIX TEUSHUIA
B JKMIKOCTH, KOTOPBIE BCTPEYAIOTCS B OOIBIIIOM KO-
JINYECTBE TIPUKIIATHBIX 3a1a4. Tak, OHM BO3ZHUKAIOT
IPY 3JIEKTPOIYTOBOM M1 3JIEKTPOIILIAKOBOM IIepe-
IJIaBe B METaJUTypruu, MOTYT BJIMSTH Ha MPOIIECCHI
B aKKyMYJISITOPDHBIX OaTapesix, WrpaloT 3HauM-
MYIO pOJib MPHU OXJAXIEHUM HEKOTOPbIX aTOMHBIX
pPeaKkTOpOB.

PesynpraThl Uil 3aKpydeHHBIX TEUCHUI B 3JI€K-
TPOMarHUTHOM I10Jie OBLIM TOJyYeHbI KOJUICKTH-
BOM I10J pykoBojacTBoM bospeBuua u IllepOuHu-
Ha B MHcTuTyTe hnsuku B JlarBum [1]. Ux pe3yiab-
TaThl OXBATbIBAIOT KaK TEOpPETUYECKHE MCCaeaoBa-
HUS, TaK U dKCIIepUMeHTalbHble paboThl. bosbiioit
BKJIaJ B M3yYeHHE JAHHOI'O BOIIpoca ObLI BHECEH
MMepMCKUMHU CIlenuanucramMu u3 MHcTuTyTa Mexa-
HUKM CIJIOIHBIX cpen [2]. TeyeHUs XMIKUX Me-
TaJUIOB, a TAKXKE BOCIIPOU3BOISIINX PSIIT X CBOMCTB
pacTBOPOB COJiel, M3ydaaruch B MarHUTOTOPCKOM
rocyaapCcTBEHHOM TEXHUYECKOM YHUBEPCUTETE UMe-
Hu I. . Hocosa [3]. bosbloit BKi1aa B Mccieno-
BaHMe (pyHIAMEHTaIbHBIX (U3NICCKUX IIPOIIECCOB,

JIeXallMX B OCHOBE M3y4yaeMOro Bompoca, ObLT BHE-
ceH rpynnoii 0. I1. UBouknHa n3 O0beAMHEHHOTO
WHCTUTYTa BeICOKMX TemItepatyp PAH [4]. Cxoxeit
TeMaTUKOM 00s1anaroT uccienoBanus Koyuier u3 Exa-
TepuHOypra [5].

B paborax 3apyOeKHbIX aBTOPOB Psijl BaXKHbBIX pa3-
JIOKCHUU PEIICHUMN, MHTEPECHBIX KaK JUJISI MATHUT-
HOW TUAPOJAMHAMMUKM, TaK U IS MaTeMaTUYECKOUN
¢usuku, Obu nojydeHbl Co3oy u IukkepuHrom
(Yuusepcurtet Llledhdunma, Benukooputanus) [6].
MHTepecHble BBIYMCIUTENbHBIE PE3YIbTaThl, OTHO-
cslIMecs K MOBEICHUIO KMAKOCTU B BJIEKTpoMar-
HUTHOM I10JIe, MPUHaIIeXaT KOJJIEKTUBY Kxapu-
mu u3 YHuBepcureta Jleobena (ABctpus) [7] u
nccienoBaTeIsIM U3 HaydyHOTo LieHTpa <«/Ipe3meH-
Poccennopd» (Iepmanus) [8].

B nanHoi1 paboTe uccaeayeTcss BUXpEBOe TeUeHUE,
BbI3BAHHOE B3aMMOJEICTBUEM 2JIEKTPUUYECKOro TO-
Ka M BHEIIHEro MarHUTHOTO MOJSl B LIMJIUHApPUYE-
ckoM cocyne. OCHOBHOM 1ieJibl0 paOOThI ObLIO TI0-
JIydeHHe aHAJUTUYECKMX PE3YJBTaTOB IS CKOPO-
CTEU TEYECHMM JJI1 PA3HBIX XKUJIKOCTEM, M X CPaBHE-
HUE C BKCIIEPUMEHTOM. BOKOBbIE CTEHKM SIBJISIIOTCSI
IUBJIEKTPUUECKMU, a DJIEKTPOIbl pacIiojiaraloTcs
CHU3Y U cBepxy (puc. 1). HUXXHUM 37€KTpOaAOM sIB-
JIsIeTCsl MeTaJuIM4eckoe JHO cocyaa. BepxHuii aex-
TPOI UMeeT HeOOIbIIIME pa3MePhI ¥ IIOTPYKEH B IIPO-
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Puc. 3. DKcniepuMeHTalIbHbIE PE3YJIBTATHI IS KEJIE3HOTO
KyIopoca  JUIst MEIHOTO KyImopoca, a TAKXe TeOpeTHUE-
CKHE TIPSIMBIE [UTSI HUX.

TEOPETUICCKOI MOJIEIIbIO, OIMCAaHHOM paHee. Ompe-
IEJICHHYIO CJIIOKHOCTH IIPEICTABIISLIO TO, UTO B 9KC-
MeprMMEHTe KOHTPOJIMPOBAIOCH 3HAYEHMST TOKOB Ue-
pe3 pacTBOP U YePE3 COJICHOMT, a TEOpETUIECKast MO-
JIeJib TOCTPOeHA IJIS HATIPSIKEHUS U MAaTHUTHOTO 10~
ns1. TeM He MeHee, ¢ yUeTOM UMCJia BUTKOB B KaTyIll-
K€ W AMIIMPUYECKUX OLEHOK IS COMPOTUBICHUS
MEXXIY 3JIEKTPOIaMU KaXKIOl ITape TOKOB COITOCTaB-
neHo npousBeaeHue U- B. TeopeTuueckue KpuBbIe
(TromyueHHBIE IO hopmyraMm (27)—(28)) Takke TIpu-
BeleHbl Ha puC. 3. MOXHO BUIETh, UTO PE3YIbTaThl
B TIpUHIIUTIE cXOXU. HeckobKo 3aBblllIeHHAsT TEO-
peThyeckasi CKOpoCTh MOKET OBbITh CBsI3aHa C Acki-
CTBME€M 36MHOI'0 MAarHUTHOTIO MOJIS (YJACTUYHO KOM-
MeHCHUpYIOlee CO3IaBacMOe COJICHOMIOM, a TaKKe
YXYIOILIeHUE IIPOBOAMMOCTH PacTBOpa M3-3a XMMU-
YeCKHUX IIPOIIECCOB 3a BpeMsI IIPOBEIACHMST IKCIIePU-
MeHTa). BaXXHO OTMETUTb, UTO CKOPOCTh OKa3biBa-
eTCsl TIPOIOPIMOHAIbHA TTPOU3BEIEHUIO CUIIBI TOKA
yepes cpelly 1 MarHUTHOTO 10151, CO3[IaBaeéMOTO CO-
JICHOUJIOM.

SAKJIFOYEHUE

Takum o0Opa3zom, HamMM ObLIO TOJY4eHO Kak
aCHUMIITOTUYECKOEe, TaK M YHCJIEHHOE peIIeHUe
3a/a4yM 00 BUXPEBOM TEUEHUU MO IeMCTBUEM JIEK-
TPUYECKOTO TOKA M BHEIIHEro MarHUTHOIO MOJIS
B LUMWJIMHIPUYECKOM COCYAE C TOUEUHBIM BEPXHUM
ayieKTpoaoM. [TokazaHo, UTO B TAKOM cllydyae BO3HU-
KaeT a3uMyTaJlbHasi CKOPOCTb, IIPOIOPIIMOHATbHAS
MIPOMU3BEICHUIO CUJIbI TOKA Yepe3 Cpemy M MarHHuT-
HOTO IIOJISI COJIEHOMIA, YTO XOPOIIO COIJIacyeTcs C
TEOPETUYECKMMU TMPEACTaBICHUSIMU O TIpoliecce.
YucieHHOe 3HaUeHME, laBaeMOe Teopreil, HEeMHOTO
3aBbIIIIEHO; TeM HE MeHee, 9TO MOXET ObITh CBSI-
3aHO C JOINOJHUTENbHBIMU (hakTOpaMM (TaKUMU
KaK 3eMHO€ MAarHMTHOE II0JIe U HEOTHOPOMTHOCTH

N3BECTUA PAH. CEPUA OU3NYECKAA

1101

IIOJII COJICHOMIA), KOTOPhIE MOTYT OBITh YYTCHBI B
MaJbHENINX MCClIeqoBaHusIX. JlaHHbBIE pe3ysIBTaThl
MOTYT OBITH TIOJIE3HBI B Pa3JIMYHBIX CIydasix, CBSI-
3aHHBIX C 3JEKTPOMATHUTHBIM IlepeMeIIMBaHUEeM
B pa3IMYHBIX TEXHUYECKUX YCTPOMCTBAX, a TaKXKe
MPeaCcTaBAsITh MHTEpPEC ¢ TOYKM 3pEeHUs] Mare-
MaTU4yecKoil (pu3uku. bblUIO MolyyeHO pelleHne
IIOCTABJICHHOI 3agayyd B OOIIEM BHUIE, a TaKXKe
HalileHa crapiias Moma, KOTopas B OOJBIIOM
KOJIMYECTBE TTOJOOHBIX 3a/1a4 MaTeMaTUYeCKO (pu-
3UKU JOCTaTOYHO XOPOIIO MPUOJMXKAET Pe3yJibTar,
MO3TOMY MHTEpecHa KakK ¢ MPaKTUYeCKOi, TaKk U
C TEOPEeTUYECKONM TOUKM 3peHHs1. OTMETHUM, 4YTO
MarHUTHBIE TIOJISI MOTYT OBbITh CBSI3aHbI HE TOJbKO
C BHEITHUM COJICHOMIOM, HO M C MarHUTHBIM IIO-
JeM 3eMJIM, MarHUTHBIMU TIOJISIMHM ITOABOISIIINX
IIPOBOJIOB U T.1I.

Pabora E.A. MuxaiijioBa 1o o0lleii MoCcTaHOB-
K€ MarHUTOTMIPOAMHAMUYECKON 3aa4l BHITOJIHE-
Ha Tpu nomuepxke Poccuiickoro HayuHoro ¢oHaa
(mpoexTt Ne 19-72-30028). Pabora A.I1. CternaHoBoii
MO TIOJYYEHUIO 3HAYEHUI CKOPOCTU TeUEeHUSsT Obl-
JIa BBITIOJIHEHA TIpy TTopaepxkke MoHaa moagepKKu
TeopeTUUYECKON pu3nKU 1 MaTeMaTUKH «basuc». Pa-
o6ora N.0. TemisikoBa 10 MOAMOTOBKE SKCIIEPUMEH-
TaJIbHOI YCTaHOBKM K paOOTe BHIIIOJHEHA IIPH IO~
Jnepxke MUHUCTEpCTBAa HAyKU U BBICIIEr0 00pa3oBa-
Hust Poccuiickoit @eaepannu (rocyrapcTBeHHOE 3a-
nmanue Ne 075-00269-25-00).
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Bo3HUKHOBEHME MAaTHUTHBIX TT0JICH TAIAKTUK TIPUHSITO OOBSICHSTH NECTBMEM MeXaHU3Ma IMHAMoO. Tem
He MeHee, Ha pacCTOSTHUSX mopsaka 15—20 KK aeiicTBrUe IMHAMO CYIIECTBEHHO ocabnieHo. MarHur-
HOE T10JI€ B TaHHBIX 00JIACTSIX MOXKET OOBSICHSITHCS C TOMOIIIBIO IPYTMX MEXaHU3MOB, HAIIpUMeEp, MarHu-
TOPOTALIMOHHOM HeycToMuMBOCTU. HaiineHbl pelieHusl, oTBevalole Kak MexaHu3MaM JMHaMO, Tak 1

MaFHHTOpOTaHHOHHOﬁ HCYCTOﬁQHBOCTH.
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BBEAEHUE

B GosbIIOM KONMYECTBE CIIMPATbHBIX TaJIaKTUK
MIPUCYTCTBYIOT KpPyIHOMACIITaOHbIE MarHUTHBIC
MOJIsI, HaJW4YrMe KOTOPBHIX MOATBEPKIACTCS C IO-
MOILIbIO M3MepeHuil dapameeBCKOro BpallleHus
IJIOCKOCTU nosipu3auuu paguoBoJiH [1-3]. C Teo-
PETUYECKOMl TOYKM B3pEHUsS HUX TeHepalus, Kak
IIPaBUJIO, OIMACBIBACTCSI C IIOMOIIbIO TEOPUU IUHA-
MO, 3aHMMaAIOIIell BaXKHOE MECTO B KOCMHYECKOI
MarHUTHOM ruapoanHamMuKe. KirroueByio pojib B pa-
00Te MexaHM3Ma JMHAMO 3aHUMAIOT alibda-3pdekT
u auddepeHimaaIbHOe BpallleHUs TajJaKTU4ecKo-
ro paucka. IlepBblil CBSI3aH CO CIMPaAJIbHOCTHIO
TypOYJEHTHBIX JBVDKEHMI MEXK3BE3IHOI CpEeIbl,
BTOPOIl — C KPYITHOMACIITAOHBIM BpallleHHEM TIa-
JIAKTUKY C MEHSIIOIIEICS YIIIOBOI CKOPOCThIO. PocT
oJjisl oTpaHUYMBaeTCsl TypOyJieHTHO# auddysueii,
pa3MbIBaoOlIell KPYIMHOMACIITaOHbIe CTPYKTYpPHI
TOJIs.

Cy1ecTByeT psii padOT, MOCBSAIIICHHBIX UCCIEIO-
BaHUIO (DOPMUPOBAHMS PETYISIPHBIX CTPYKTYp Mar-
HUTHOTO T0JIs B rajJakTUKaxX Ha PacCTOSTHUSIX IpU-
MepHO 10 10 Knk oT ee 1eHTpa [4—6]. Tem He Me-
Hee, KaK MOKa3bIBaloT uccaeaoBanus [ 7], B mepude-
PUITHBIX 00JIACTSIX raJIaKTUIeCKUX TUCKOB — Ha pac-
crosiHusX 15—20 KK OT LeHTpa — IMIPUCYTCTBUE Mar-

HUTHBIX I10JIeI HECKOJIBKO MEHBIIICH BEJIMIYMHBI TaK-
K€ BO3MOXHO. BaxkHO OTMETHUTh, YTO I€ICTBHUE M-
HaMO TaM 3HAYMUTEJIbHO cjladee, a Mo — IpUMep-
HO Ha MOpPSIIOK MeHble. TemM He MeHee, B JaHHBIX
00JIaCTIX MOTYT CYIIECTBOBAaTh JOCTATOYHO MHTEH-
CHBHbIE MAarHUTHEIE 110JI1. KOCBEHHBIM CBUACTEIb-
CTBOM 3TOTO SIBJISIETCS XapaKTep TypOyJIEHTHBIX IBU-
JKeHWI, KOTOpble MOTYT OBITh MHAYIIMPOBAHEI C UX
ITOMOIIIbIO. DTO ITO3BOJISIET TIPEATIONOXNUTh, YTO Ha
OOJIBIIIMX PACCTOSTHUSIX OT LIEHTPa TaJaKTUKU BKJIAT
JIPYTUX MEXaHU3MOB B (h)OPMUPOBAHUE TIOJIST MOXKET
0Ka3aThCsl CYLIECTBEHHBIM 10 CPaBHEHMIO C Mexa-
HU3MOM JIMHAMO.

B MarHuTHOM rUAPOAMHAMUKE IIIMPOKO U3BECTCH
elle OJWH MEXaHU3M, KOTOPbI MOXET IOBJIUSATH
Ha (h)OpMUPOBaAHUE PETYISIPHBIX CTPYKTYp TajlaKTH-
YEeCKOr0 MarHUTHOTO TOJISI — MarHUTOPOTaIMOH-
Has HeycToiunBocTh (MPH). Ero cyth 3akiouaer-
¢sI B BOSHUKHOBEHNHU HEYCTOMIMBOCTH IIPOBOISIICH
cpembl, HaXOoIsIIeiicss B MarHUTHOM TIOJIe, YTO TIpH-
BOIUT K TIEPEHOCY MOMEHTa KOJIMYECTBA ABIKCHUS
U pocTy camoro noist. B padore [8] 6b110 paccMoTpe-
Ho neiictBue MPH B akkpellMOHHBIX AucKax. BBu-
JIy TOTO, YTO MHOTHE MarHUTOTMAPOAMHAMUYECKIE
MPOLECChl B aKKPELIMOHHBIX U FaJaKTUYEeCKUX AUC-
Kax cxoxu, MPH Hapsay ¢ auHaMo TakxkKe MOXKeT
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B HEKOTOPBIX CIIydasiX, CaMOI0 CTapIlero, HeoOXo-
IUMO PacCMOTPETh aJbTepHATUBHBIE ITOAXOABI K
paspelieHuIo cucteMbl. YToObI U30aBUTHCS OT 3TOM
Mpo0JIeMbl, Mbl UCIIOJb30BIM METOJ HEMOHOTOH-
HOI MPOTOHKHU, KOTOPBLI HE TpedyeT IMOoA0OHOro
ycinoBus [15].

B pamkax maHHOro Meroga MaTpulla CHUCTE-
MBI (28), KaK ¥ B KJIACCUUECKOM CJTy4dae, TIPUBOIUT-
Csl K BEPXHETPEYroJIbHOMY BMIY, OIHAKO B JaHHOM
cllyyae Ha KaxkJIOM Iare IpsMOrO XOIa IPOTOHKU
IIPOBEPSICTCST BHIIIOJIHEHNE YCIIOBUS IUArOHAJIBEHOTO
npeobiamanusi. B 3aBUCMMOCTH OT €ro HaaIW4us
Kaxmasi CTpoykKa IIpeoOpa3yeTcsl IIpU  ITOMOIIU
3aMEH, TMO3BOJIIIOIINX CXeME OBITh YCTONYMBOIA,
B OTJIMYME OT KJIACCMYECKOT0 METOAa IPOTOHKH,
IIe BO BpeMsl TIpSIMOTo Xoja psn KodpduimeH-
TOB MOXKET OOpaTUThCSI B HOJb WJIM, HAlpOTHUB,
CYILIECTBEHHO BO3PACTH.

Crapime HOpMUPOBaHHBIE COOCTBEHHBIC (DYHK-
LIMK TIpeCcTaBIeHbI Ha puc. 2. OTBevaromme nM cod-
CTBEHHBIC 3HAUYEHUS TIpeacTaBiaeHbl B Taba. 1. s
OTBEYAIOIIMX UM MarHUTHBIX IT0JIEi1, KOTOPBIE OTJIN-
YaloTCs B \/r pa3, COOCTBEHHbIE 3HAYEHMSI TOKA3aHbI
Ha puc. 3. BrojHe J0TMYHO, YTO YeM BEIIIE HOMEP
rapMOHUKM, TeM OOJIbllIee KOJIMYSCTBO JIOKAIbHBIX
MaKCMMYMOB MMeeT MarHUTHoe Iojie. Kpome Toro,
«aMITJITyIa KojebaHWii» yOBIBAeT MO Mepe yaaje-
HUs OT HeHTpa. CTOUT OTMETUTD, YTO MOJYyYEHHbIE
PE3yJIBTaThl COOTBETCTBYIOT paHee IMOJyYeHHBIM TE0-
peTudecKuM olieHKaM [14] nast cnvpalbHBIX Tajlak-
THK.

SAKJIIOYEHUE

Takum obpazomM, HaMU ObLIM PAaCCMOTPEHbI BO3-
MOXHbBIE€ CIIEHapUM TeHepalluM MarHUTHBIX TOJeit
BO BHEIIHUX OOJIACTSX TaJlaKTUK (MPEeBBIIIAIOIIAX
10 KK A1 TaKUX rajgakTuk, kak Mieunsbiii [TyTb,
U 15 KK 17151 Takux o0bekToB, Kak M 31). Tak, aeii-
CTBUE AMHAMO B 3THUX PETHOHAX XOTS U BO3MOX-

1.5

1.0
0.5

0.0

> 0.5
1.0
15
Y

-25 1 1 1 1 1
1.0 1.2 1.4 1.6 1.8 2.0

Puc. 2. [1epBas (crutonrHas), Bropas (IITPUXOBasi) U Tpe-
Thsl (ITyHKTUPHAasi) COOCTBEeHHbIe (DyHKIIUU B Oe3pa3zmep-
HbIX €IMHUIIAX.
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Puc. 3. PaguanbHasi KOMIOHEHTAa MAarHUTHOTO TOJIST, CO-
OTBETCTBYIOIIAsl IEPBOIt (CIIOIIHAS), BTOPOI (IITPUXO-
Bast) M TpeThell (MyHKTUPHAST) COOCTBEHHBIM (DYHKITHSIM
B 0e3pa3MepHBIX eIMHUIIAX.

HO, HO OKa3bIBaeTCs CUJbHO MOAaBIeHHBbIM. Mar-
HUTHBIE MOJsI MOTYT MPOHMKATh B JaHHbIE 00Ja-
CTH 3a CUET HEJIMHEMHBIX MEXaHU3MOB — TaKUX, KaK
apdexr KonmoropoBa—ITeTrpockoro—ITnckyHona,
KOTOpbIA CBsI3aH ¢ (hOpMUPOBAHUEM HEJIUMHEUHON
BOJIHBI, paCIIPOCTPAHAIOLIENCS ITOCTIE TOTO, KaK I10-
JIe BO BHYTPEHHUX O0OJIACTSIX AOCTHUTaeT 3HAYeHUId,
COIMOCTaBUMBIX C paBHOpacmpeneaeHueM [7]. Tem He
MeHee, MarHUTHBIE T0JIs1, CTeHepUPOBAHHbIE TaKW-
MU CIIOCOOAMM, OKa3bIBAIOTCS OOCTATOYHO CJIabbl-
MHU.

bonee apdekTBHON OKa3bIBaeTCs MarHUTOPO-
TallMOHHAsT HEYCTOMYMBOCTb, KOTOpash BO3HUKAET
3a CYeT IpaaudeHTa YIJIOBOM CKOPOCTM BpallleHUS
ralakTuku. OHa TPUBOAUT K T€HEepaluuu pas3ind-
HBIX MOJ MarHUTHOTO TIOJISI, KOTOPbIE MOTYT OOb-
SICHSATb T€ WIM UHBIE CTPYKTYphI Mojsd. KiodyeByto
pOJib UIpaeT BOJHOBOE YUCIO k;, KOTOPOE Xapak-
TEpU3yeT BEPTUKAJIBHBINA MacIiTad BO3HUKAIOIIMX
L Hamu 6bUTM TOTy4eHBI COOTBETCTBYIO-

ojen 5

1€ COOCTBEHHbIE 3HAUEHUs U MOXHO BUIETh, UTO
9TU MacIITaObl COOTBETCTBYIOT COOTHOILIEHUIO MEX-
JIy TIOJYTOJIIMHONM A1CKa U PaglyCcOM ero OCHOBHOM
yactu (rmopsaka 1072). DTo roBOPUT O TOM, UTO JaH-
HBIII MEXaHM3M MOXKET UTpaTh CYIIECTBEHHYIO POJIb
B TeHepalliy MarHUTHBIX ITOJIel BO BHEIITHUX 00JIa-
CTSIX rajakTHK.

Pabora E. A. MuxaiijioBa BbIIIOJIHEHA TIpU MOI-
nepxke Poccuiickoro HaydyHoro ¢oHma (IpoekT
Ne 19-72-30028).
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MarHuTHBIE TT0JIST UTPAIOT BaXKHYIO POJIb B CTPYKTYPE 1 9BOIOLINHI aKKPEIIMOHHBIX AUCKOB. CyIIeCTBYIOT
Ccepbe3HbIC apTYMEHTHI B TIOJIB3Y TOTO, YTO OHM CBS3aHBI ¢ IEHCTBUEM MexaH3Ma guHamo. O0cyXmaeT-
CsI CTPYKTYpa MarHUTHOTO TI0JIsI, KOTOPYIO MOXHO MOJYYNTD C UCITOJIb30BAHMEM Pa3TUYHbBIX TTPUOIKE -
Huii. OTAeJbHOEe BHUMaHUE YICISIETCS BO3MOXHOCTY BOSHUKHOBEHMSI CYIIIECTBEHHO HEOCECUMMETPHY-

HBIX PELIEHUA.
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BBEAEHUE

AKKpELIMOHHBIE IHMCKHU, OKPYXKaIoIIle MacCHUB-
HbIe acTpOo(U3NUECKUE O0BEKTHl — YEpPHbBIE NBIPHI,
HEUTpPOHHbIE 3Be3Ibl U OeJible KapJUKU — WUrparoT
0OJIBIIYIO POJIb B PEASTUBUCTCKOM acTpodusuke [1].
OHM TeCHO CBsI3aHBI ¢ TaMMa-BcIiuieckamu [2, 3],
BO3HUKHOBEHUEM JIXKETOB [4] U ApPYrUMMU Ba>KHbI-
MM MporeccaMu. AKKPEIIMOHHBIN IUCK COCTOUT U3
nuddy3HOM cpenpl, KOTopas ImagaeT Ha IIEHTpalb-
HbI O0BEKT MO/ 1eCTBUEM IPaBUTALIMOHHBIX CUII,
HO IIpY 3TOM 00J1aaeT 3HaUMMbIM MOMEHTOM KOJIH-
yecTBa ABMKeHM. Ellle B Kjlaccuyeckux paboTax 1mo-
Ka3aHo, YTO MHOTHE TPOLIECChI, BaKHbIE IS CYLle-
CTBOBaHMSI JUCKA, HEBO3MOXHO OOBSICHUTD Oe3 Ha-
Jnuust MarHuTHoro moJs [1]. Tak, gaxke gocTaTouHO
OoJIbIlIME TPAAUEHTHI YIJIOBOM CKOPOCTHU HE MO3BO-
JIMJIM OBl pa3IMYHBIM YacTSIM IKMCKa OOMEHUBAThCS
JIPyT C APYTOM MOMEHTOM uMITyJibca [1, 5—7].

HecmoTpst Ha cepbe3HbIe TEOPETUYECKUE apry-
MEHTBI, HaOI101aTeAbHbIE TIOATBEPKACHUST HATUI WS
MarHUTHBIX TIOJIell B aKKPELIMOHHBIX AMCKaxX JI0JI-
roe BpeMsl OTCyTCTBOBaJiu. B mepBylo ouepenb 3TO
CBSI3aHO C IOCTAaTOYHO MaJIBIMM pa3MepaMi aKKpe-
IIMOHHBIX TUCKOB W HETOCTAaTOUYHBIM pa3pelieHN-
eM HaOIonaTeIbHOM TeXHUKU. JIMIIb OTHOCUTEIb-
HO HeJAaBHO OBLIM MOJYYEHBI JaHHBIE O apageeB-
CKOM BpallleHUU TIJIOCKOCTU MOJISIpU3aLUU paaruo-
BOJIH, UBMEPEHHOM IIPU UCCIIETOBAHUU aKKPELIMOH-
HOTO JMCKa, OKPY>KAIOIIETO YepHYIO ALIPY B IIEHTPE
rajakTuky M87 [8, 9].

Ecau roBopuTh 0 mpuurMHax BO3HUKHOBEHUS Mar-
HUTHBIX ITI0JICH aKKPELMOHHBIX JIMCKOB, TO MOX-
HO OTMETUTb HECKOJIbKO TMoaxoa0B. Haubomnee nmpo-
CTOI M3 WX CBSI3aH C IIEPEHOCOM MAarHUTHOTO IIOJISI
¢ nagaromieit cpenoit [10]. Inpoko U3BECTHO, YTO
I10JIe BMOPOXXEHO B MOHM30BAaHHBIN Ta3, 1 MOXHO
oXuaaTh, 4YTO 3TO CTAaHET MCTOYHMKOM MarHETH3-
Ma B aucke. OueBUIHOM MPoOJIeMOii TAKOTO MOIX0-
Ja SIBJISIETCS TO, YTO 3a CYET TypOYJIECHTHOCTH IIO-
TOKOB B cpefie KPYITHOMACIITaOHbIe CTPYKTYPHI IO~
JIsI pa3pyIIaloTcs, OHO OyIeT MMETh B Pa3IMIHBIX
TOYKAaX CJIydaiiHble HallpaBJIeHUS 1 HEOOJIBIIIYIO Be-
mnanHy. [1o3TOMy maHHBIN MeXaHU3M MOXKET 00Yy-
CJIaBJIMBaTh JUIIb HAaYaJIbHBIE MOJIsI, KOTOPhIE CTa-
HYT «3aTpaBKOW» IS ApYyTUX, 6onee 3(pPeKTUBHBIX
MeXaHU3MOB. Jpyroil moaxos OTHOCUTCS K BIIMSI-
HUIO TI0JISI LICHTPAJIbHOro 00beKkTa. M3BeCTHO, UTO
PSIII YePHBIX IBIP, HEUTPOHHBIX 3BE3I M OCJIBbIX Kap-
JINKOB MMEIOT 3HAYNTEIbHBIN IJISI UX pa3MepOB Mar-
HUTHBIM MOMEHT; CJIeIOBATEIbHO, MOXHO OBLIO OBl
oXuaaTh, YTO OH OyAeT MHIYLIMPOBATh MarHUTHHIE
MOJISI B OKPYXXaMOIIMX WX aKKPEIMOHHBIX IMCKaX.
Tem He MeHee, UMCIIEHHOE MOJEIUPOBaHUE IJIsI Ta-
KHX CMCTEM I10KAa3ajio, YTO CO31aBaeMble TAKUM 00-
pa3oM MarHUTHBIE IIOJIST He OYAyT JOCTATOYHO MH-
TeHCUBHBbIMU [11].

ITo ykazaHHBIM TNpUUYMHaAM, Hauboyiee BepOsIT-
HBIM IPEJCTABJISIETCSI BOSHUKHOBEHHUE I10JICH B aK-
KPELIMOHHBIX AMCKAX 3a CUeT MEXaHMU3Ma JUHaMO.
OH o0yciaBiIMBaeT MarHeTU3M 1LIeJIOrO psiza Koc-
MMYECKMX OOBEKTOB, Takux Kak CoJHIIe, Ipyrue
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YUET BEPTUKAJIBHOM CTPYKTYPHI [TOJIA

Mexnay TeMm, ¢ Y4eTOM TOIO, YTO aKKpeIMOH-
HBIN TMCK pacIIUpsIeTCs 110 Mepe yAaJeHUs OT 1LIeH-
Tpa, BO3HUKAET HEOOXOIMMOCTb PaCCMOTpPEHUST 00-
Jiee CJOXHOW 3aBUCUMOCTH TI0JISI OT BEPTUKAJIb-
HOWM KOOPIMHATbI, HEXENIU TMPOCTOil KOCUHYCOM-
JajabHBI 3aK0OH. C y4eTOM TOIO, YTO BBINIE OBI-
JIa TIoKa3aHa OIPaBIaHHOCTh OCECUMMMETPUIHOTO
npubJIvkeHus, OyleM paccMaTpuBaTh MoJjie B BUIE
B = Vx (A8¢) + Bé,. B Takom ciyyae ypaBHe-
Hue lllTeenbexka—Kpayse—Paanepa cBenercs K cu-
cTeMe U3 TaKWX JABYX YpaBHEHUI (Tak Ha3blBaeMoe
RZ-npubnuxenue) [19]:

OA_QF . (FA PA 104 AN
o n° o2 "o " rop )’
OB 0A (623 0*B

=Q v

— — + —+—+16—B—£ (13)
ot oz 02 ot rop r:)’

ﬂ,ﬂﬂ asnmyTaanof/i KOMITIOHEHTbBI MAar"HmMTHOTO
noast B Ha rpaHuIax o0JacTu BLIOUPATIOCh HYyJle-
BOW 3HAUEHUE, a IJ11 a3UMYTaJIbHOW COCTAaBJISTIOIIEH
ero BeKTOPHOTO IMoTeHLuala A — yCcJIOBUE HYJIEBOM
HOpMaJIbHOM NTpou3BoaHON. PaccMaTpuBanuch 3Ha-
YEeHUS KOOPAMHAT Fmin < ' < R, —h(r) < z < h(r), TIe

h(r) = ho (rr:m)g/s.

JlanHbIe ypaBHEHHs peIllajich YHUCICHHO, pe-
3yJIbTAT IJI CTPYKTYPHI a3MMYTaJIbHOTO MarHUTHO-
rO MOJIS MpeacTaBieH Ha puc. 4. MOXHO OTMETUTb,
YTO XOTSI MarHUTHOE T10JIe€ U AEMOHCTPUPYET Oojiee
CJIOKHYIO CTPYKTYpPY, MPUOIMKEHHO MOXHO TIpe/-

Tz

CTaBJIATb €I0 B BUIEC COS 2h(r) ) -

SAKIIIOYEHUE

Takum oOGpa3zoM, HaMU PaCCMOTPEH IPOLECC Po-
CTa MarHUTHOTO IT0JIAA B aKKPECIIMOHHLIX JUCKaX. [To-
Ka3aHO, YTO OHO MOXET OBbITh CO3/1aHO C TTOMOILBIO
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Puc. 4. CTpykTypa MarHuTHOTO TTOJIsI B paMKax RZ-moie-
m

N3BECTUA PAH. CEPUA OU3NYECKAA

MUWXAWJIOB u ap.

MexaHn3Ma nuHaMo. C MOMOIIBI0 MOIEIMPOBAaHUS
MMOATBEPXKIEeHA TOIYCTUMOCTh MCIIOIh30BaHUS OCe-
CUMMETPUYHBIX MOJIEJIEI; TT0Ka3aHO, YTO «IIeCTpas»
CTPYKTYpa MarHUTHOTIO MOJIsI, CO3aHHAasI B HaYalb-
HbIII MOMEHT BPpEMEHMU, IIOCTEIICHHO pa3MbIBaeTCsI, U
B Te€UEHUE JOJITOTO BpeMEHM COXPaHSIOTCS JIUIIb pa-
IHabHBIC HEOMHOpoAHOCTU. B ¢BOIO ouepenn, camu
5TU HEOTHOPOTHOCTH MOTYT SIBJISITHCSI IIPEAMETOM
CaMOCTOSITEJIBHOTO MCCIIEA0BaHMS B paMKaX TeOpUU
KOHTPACTHBIX CTPYKTYP.

Takxe wu3y4eHa BO3MOXHOCTb HCITOJb30BAHUS
MJIaHapHOTO MPUOIVKEHUS, KOTOpoe ObLIO pa3pa-
00TaHO IIJI1 TOHKUX TaJJAKTUYeCKNX TUCKOB. C 3Toit
1IeJIbIO YpaBHEHMS MAaTHUTHOM TMIPOIMHAMUKY ObI-
JIM PEIIeHBI ¢ UCIIOJIb30BaHuEM RZ -IIpUOIIKeHNS,
KOTOpOe 0oJiee aKKypaTHO YYMTHIBA€T BEPTUKAJIb-
HYIO CTPYKTYpy noJjis. IlokazaHo, 4TO OT/IMYMS MO-
JiS OT KOCMHYCOMJAJIbHOTO 3aKOHA, MCIIOJb3yeMO-
ro B paMKaxX IUIAHAPHOTO MPUOJIKEHUSI, SBIISIOT-
csI He OYeHb CyIIeCTBEHHBIMU. OTMETUM, UTO B ApY-
X paboTax, OTHOCSIIMXCS K IPUMEHEHMIO JaHHOTO
MPpUOIKEeHNS K TaJJTaKTUISCKIM 00beKTaM, TToKa3a-
Ha BO3MOXHOCTb Te€Hepalluy IUMOJBHBIX CTPYKTYP
noJjisi. Bripouem, 310 TpeOyeT KpaitHe MHTEHCUBHBIX
TEYEHUI Cpelibl, KOTOPbIe MOTYT peai30BBIBATHCS
JINIIb B JOBOJIBHO CITELIM(PUICCKIX OOBEKTaX.

Pabora E. A. MuxaiinoBa no ¢popMyaIupoBKe 3aaa-
Y1 O BPEMEHM CYIIIECTBOBAHUS HEOTHOPOIHOCTEH B
paMKax IJIJaHapHOT'O MPUOJIVKEHUSI BBITIOJIHEHA TTPU
nonaepxkke Poccuiickoro HayuHoro ¢donHma (rmpo-
ekt Ne 19-72-30028). Pabora M. B. ®posoBoii mo
HCCIIEIOBAHUIO MAaTHUTHBIX ITOJIeli B pamKax RZ-
MOJIEJIM BBITIOJIHEHA ITpH TToaaepxkke PDoHma pa3Bu-
THSI TEOPETUICCKOM (DM3NKHU 1 MaTeMaTuku «basuc»
(mpoekT Ne 24-2-2-36-1). Pa6ora E. H. ZKuxapesoii
u E. A. MuxaiijioBa 1o YMC/IEHHOM peanu3aluu Mo-
JIeJIM C YYETOM CJIydalHbIX HauyaJbHbIX YCIOBUI BbI-
MOoJIHEHA B paMKaxX rocy1apcTBeHHOTo 3agaHus MI'Y
umeHu M.B. JlomoHocoBa.
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