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; ���<" �=�>����-�$?�#@A�B���:C3DE�#$�-��F$9��G ���H��-:465�����G DE�F�>@A��CI7�� CI� C:�� J
+��=�K����G ; " -�����L,��G M N
t�n t O�K��QPf���{U{�	n!n"n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n l�j
t�nsl R"E3S�HIE��/T0UJEL�(PJ�I�!UIPf��E��J�M�RTAUVT0UIPaS;TMVW��U!K�S;TM�I��TmHI����W�N!F{��H{���8���o�

��W�N&n"n.n"n!n"n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n l�v
tMnplrn t ��HJELK��{���IUo�XPaK�U�T.���IUR��K��IKM�RTAU&��TmHI���Yn.n"n.n.n"n!n"n"n.n.n kmj

t�n�k ����S;TM�LTMH�W��%�JELV�����W��%V �IQR�JELU n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n kZY
tMnwkRn t [�H{U]\L�fU�T.���IUR�V\MTL�f�Z^"TAUPS{HIUIK�UR���]W n.n"n.n"n.n.n"n!n"n"n.n.n kZY
tMnwkRnsl _`[�E��J�M�R��TZ\MHJEO���]W��Qa�HR�b^.���IUo� n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n cm�
tMnwkRn�k ��KL��Tm�8TdPf���J�M�]W���QRHIE�K��{���IUo�XPJ�{��S¡�IQ/\�TMS;TAUPKLTdP�W n"n"n.n.n cmk

t�nec 
�Q/\MUI�{��VWSIU&�R�W�JUI�R�dU{��W��	QRHJELK��{���IUo� n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n cAf
t�nsj �PTdPIQO�I�I�IURTm�{�JEO���{��Q;V��LTgUI�IU{K�TMV����\KLTL�f��W ���LTmSrV�ERn�O�TL�f�]W¤� Q/\mU]UI�]W	n cmv

tMnpjrn t O�K��QPJ���{U{�"n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n cmv



tMnpjrnsl ��U{V��I���I��W<U���SrV�FR��HIUJ�8���{� n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n j c
t�n f � E�So�����R���{U{� n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n f�v

M � �=7�� ; "%�#"��I�F$9- 4 � ; ���<" �=�>����-�$?�#@A- �����]-:465�� �#G DE���K@A�*C 7�� CI�
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	*���*C 7�5�� � �M

lrn t ��ELVW���]W��%U{�{�L�bSWHIUIHoQm��� W��%V �IQR�JELU n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n u�k
lrnsl ��HJELKM�R���IUR��U c�� NPK�TL�f�RTmKLTAU��dE��MH{UI�{��W<U����J���8���{� n.n.n"n!n"n"n.n.n u�j

lonplrn t �B����Tm�IE��{VW�{T��%���{TgS�TMTZ\mHIE���UR��KGTdPf�{Tm����H{UIU n.n.n"n!n"n"n.n.n u Y
lonplrnsl

Tkk1,k2k3
= 0

n.n.n"n.n"n"n!n"n.n.n"n.n"n.n.n"n"n!n"n.n.n"n.n"n uLv
lonplrn�k 
�U{�{�W��UI�{��VWSIUR�%HJELK��{���IUo��� EONrE�HRTmKME�U���ELV�V����f�M�dE��{�JE n.n.n YRt

lrn�k j�� ��U�KLT��J�{TMK�T���K���E�UI�8TdPf�bUIV���K�U{�Pn.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n Y c

lonwkRn t O�K��QPJ���{U{�"n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n Y c

lonwkRnsl 
�TM�I��TmHI�d�]W���SoE��RTm�{UI�{��VWSIUR�%F{��HR���8���I�]W�� n.n.n"n!n"n"n.n.n YZY

lonwkRn�k j�� U&F{TMHm��PJTmS&K*HIE��W�JTdT!���{UIU��oE���UR�f����TM�IUIE��IEYn.n"n!n"n"n.n.n vRt
lonwkRnec ���	����SR�MU{KM�]WKU cL� N&KLT��J�{TMK�TgU S E��dUo�f���LTM�IUIE�� n"n!n"n"n.n.n vZf
lonwkRnsj j�� ��U�KLT��J�{TMK�T��&KL��ELUJ�8TdPJ�dU{V��MK�U{�&�IE�HR����TM�JEL�IVW�RTAU F{TMK���HMNr�

�{TMV���U}n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCt����
lrnec 
�UI�R�W�MU{�{��VWS;TM��QRHJELKM�R���{U{��n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCt��mj

� � ��46���#�-�0!7��F" +�� 4 ����7����*C 7F5X�����4 �����FG�����$���" -� ���F������� " ���K����J

; � "�- �����
kRn t ���fE3\mEO� KLTL�f�{TMKME�� ��QRH]\LQO�I���R���{TMVW��� K�TdPa�RT;�8��HI�RT;� �R�W�JUI�R�dU{�{Tm�

QRHJELKM�R���IUIU�� HR�QPaUI�]S���HIE n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCt���v
k{n t�n t O�K��QPJ���{U{�"n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCt���v



k{n t�nsl ������� �8TdPJ���f�{n*n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtMt��
k{n t�n�k ��U{V��I���I��W<U���SrV�FR��HIUJ�8���{� n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtMt�l

kRnsl ��TL�fUR�LTm�{�JEO����QRH�\�QO�I���{���{TMV��M�}n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtMtbY
k{nplrn t �5�aE \MTM�{���fU{�{�bUI�IE�� KLTL�f�{TMKME�� �LQRH�\�Q��J���{���{TMV����YU _ S EO� a0VWT��

�fUR�LTm�RTmK n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtMtbY
k{nplrnsl �5�J���8���R��ELHI�]W��"F{H{TM�{��VWVbW~VW�LTL�fS{�{TMK����IU]U>n"n.n.n"n!n"n"n.n.nCtOl��
k{nplrn�k ��U{V��I���I��W<U���SrV�FR��HIUJ�8���{� n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtOl�k
k{nplrnec � ELSR�����R���IU{� n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtOl�u

kRn�k ��QRH�\�Q��J�W���{TMVW���"S;TM�/Pf���{V�E���E%K�PfKLQ{�8��HI�RT;��QRHIE�K��{���{UIU � HR� PfUI�]SW� �
HJEGV	T��L��EO�fS{UIKME��{U{����n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtOl�v
k{nwkRn t O�K��QPJ���{U{�"n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtOl�v
k{nwkRnsl ��U{V��I���I��W<U���SrV�FR��HIUJ�8���{� n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCt�kml
k{nwkRn�k � ELSR�����R���IU{� n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCt�kmu

kRnec ����Q;V��LTgUI�IU{K�TMV�����U.V�EM�8TM��TMSRQmVWUIH{TMK�SoE�V�TL�fUR��TM�{TMK�K�V`PaK�U�S�TMK�Tm�,FRTL�
�LTmS;� n.n"n!n"n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCt�kmu
k{n cIn t [�HR� P=W�V��LTMHIUR� n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCt�kZY
k{n cInsl �PTdPJ���f� n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCt cm�
k{n cIn�k ��T��JU{�LTm�]W U&UrN&VWK�TgUIV���KME n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCt crl
k{n cInec ����QmVW�LTgUI�{UIKLTmV����GTdPa�RT;�8��HI�RTAS�T0V�TL�fU{�LTM�JE�n"n.n.n"n!n"n"n.n.nCt cru
k{n cInsj 
�TL�I�fE�F{V n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCt cmv
k{n cIn f � F{TMH{TgSW�	S;T��{�aELFIV�E n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtOjrt
k{n cInsu ��U{V��I���I��W<U���SrV�FR��HIUJ�8���{� n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtOj�k
k{n cIn Y �B���dE�H{SIU n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtOj�j
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cIn t O�K��QPf���{U{�	n!n"n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtOurt
cInsl �B����Tm�IE��{V��]W��	KL��ELUJ�8TdPJ�dU{V��MK�UR��KLTL�f�&�JE&PfUIVWSIHR�����RTAU�V�����S;� n"n.n.nCtOu f

cJnplrn t 
�ELFIUo�I�I�IHI�]W���K�TL�f�]W n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtOu�v
cJnplrnsl � HJELKMUR��EL�IURTm�{��W��!KLTL�f��W n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtdYmu

cIn�k 
�TL�a�8TAS�TMH{TMKMVWS{U{�@VWF{��SR�MH]W K ��QRH]\LQO�I���R���{TMVW��U1SWHIE�K�U{�OE��{U{TM�I��W�N
K�TL�f� n.n"n!n"n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCt�vmj
cJnwkRn t O�K��QPJ���{U{�Mna�B�b^"���IUR�PSIUI�R�W�MU{�{��VWS;TAS�TGQRHIE�K��{���IUo�_n{n!n"n"n.n.nCt�vZf
cJnwkRnsl ��U{V��I���I�{T��%�8TdPJ���fUIHRTmKMEL�IU{��n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCt�v�v
cJnwkRn�k � ELSR�����R���IU{� n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n}lL� c

� -�@I4 �������%�F� M ���

�?"%��4 �=D �F����0 M ���

n t ���OE��{U{TM�JELHI�]W��.KLT��J��W n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n}lL��v
npl �oE���UR�J���LTm�{UJEL��c�� S�T*U,j�� S�T0F{TMHm��PfS;TmK n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n}lot�l
nwk ���I�������R�gW�PfUJE3S�HIEM�d���{TgUP�L��N{�{UIS{U n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n}lot�j
n c j�� ��U�KLT��J�{TMKgW���PfUJE3S�HIEM�d� W n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n}lotbY
npj ��UIV �I���{�JEO�GV N;���dE���TbPf���fU{H{TMKmEL�IUo� SWHJELKMUR��EL�IURTm�{��W�N0UGSoELFIUo�I�I�IHo�

��W�N�F{TMKL��HMN{�RTmV�����W�N&KLTL�f�Pn.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n}lMl�v
nsjrn t [�TMV��MHRTM���{U{�%�{UIV �J���I�RTAU&V N;��� W n"n.n.n"n.n"n.n.n"n!n"n"n.n.n}lLk��
nsjrnpl O�W<\�TMH�^!E3S E�FRT0KMHR���8���IU n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n}lLkml
nsjrnwk � \�Tg\��"���{U{�	�IUIV �I���{�{TgU&V Nm��� W n"n.n.n"n.n"n.n.n"n!n"n"n.n.n}lLk c



nsjrn c � ELSR�����R���IU{� n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n}lLkmj
n f �"UIVWS{H{�W���JEO��KmELHIUIE��{UR���rEM��UR�J���LTm�{UJEL�JE n.n.n"n.n"n.n.n"n!n"n"n.n.n}lLkmj

� ��7�� "�-=7��F" - M�� 

� �:+ 46��@A-�L ��� -*/7]�#" - )�� 7]�F$9� �K�*C/C/� "�7�-�L ��� M N��



� � 
���� � 
 � � � �	� 
 � � 
 �

t�n t �<EO��K�U{��UR�\��TbPJQO�{�J�{U{TM�I�{TgU��{��Q;V��LTgUI�IU{K�TMV���U q�%QRHI�L� � VWF{��SR�MH
R(k)

K*HJEO�W�fUI�{��W��"�8T;�8���{�ZW K�H{���8���{U n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n j�v

t�nsl [�TMK���HMN{�{TMV���� T0U/PfS;TmV���U�K*�IE��JEO�f����W<U���Tm�8���{�*K�H{���8���IU n"n"n.n.n j�v

t�n�k [�TMK���HMN{�{TMV���� T0U/PfS;TmV���U�K0�8Tm�8���R�0KMHR�������{U
t = 80

n5n!n"n.n.n"n.n"n f{t

t�nec [�H{TMV���HJEL�IV���K����I�IE��YFo�JT��M�RTmV�����SIUI�R�W�MU{�{��VWS;TAU ���{��H�SWU{U�K&�8Tm�8���R�
KMHR�������{U

t = 80
n n.n"n.n"n.n.n"n"n!n"n.n.n"n.n"n.n.n"n"n!n"n.n.n"n.n"n f;l

t�nsj [�H{TMV���HJEL�IV���K����I�IE��!Fo�JT��M�RTmV����	FRTM�L���I�{UJEO�f���{TgU ���{��H]S�U{U"K��8Tm�8���R�
KMHR�������{U

t = 80
n n.n"n.n"n.n.n"n"n!n"n.n.n"n.n"n.n.n"n"n!n"n.n.n"n.n"n f;l

t�n f [�H{TMV���HJEL�IV���K����I�IE��PFR�JT����{TMV��M�*FRT��J�{TgU����{��H�SWUIUPK��8T;�8���{��KMHR���8� �
�IU

t = 80
n n"n"n.n.n"n.n"n.n.n"n"n!n"n.n.n"n.n"n.n.n"n"n!n"n.n.n"n.n"n fMk

t�nsu "TMHJ�dE*F{TMK���HMN{�{TMV���U T*U/PaS;TMV���U,FIH{U
T = 422

n.n"n"n!n"n.n.n"n.n"n f;j

t�n Y "TMHJ�dE*F{TMK���HMN{�{TMV���U T*U/PaS;TMV���U,FIH{U
T = 458.56

n"n!n"n.n"n.n.n"n fgf

t�n�v "TMHJ�dE�FRTmKL��HMN{�{TMVW��UET*U/PaS;TMV���U@KZ\L�fUo��UESWH{� \m�o�}KLTL�f��W FIH{U
T =

458, 61
n"n.n.n"n.n"n.n.n"n"n!n"n"n!n"n.n"n.n.n"n"n!n"n"n!n"n.n"n.n.n"n fgf



t�n t�� ��K����JUI�{���{�{T��5Uo��Tg\MHJE T.���{U{�5��TMHJ� W FRTmKL��HMN{�{TMV��MU T0U/PfS;TmV���U"KZ\L�fUr�
��U�SWHR�b\M�R�PK�TL�f�]W FIHIU

T = 458.842
n.n"n.n.n"n"n!n"n"n!n"n.n"n.n.n"n f;u

t�n t�tC
�HIU{KMUo���JEGF{TMKL��HMN{�RTmV���U&FIH{U
T = 458.842

n"n"n!n"n"n!n"n.n"n.n.n"n fgY

t�n t�l [��JT����{TMV��M�,SIUI�R�W�MU{�{��VWS;TAUY���R��H�SWUIUYF{��H{�QP@TMFIHRTmS{U/P=W�KME��{U{��� FIHIU

T = 456 � FoQR�IS{��U{HI�JEO�,�JUI�{UR�����fU�K\�8T;�8���{�*TMFIHRTmS{U/P=W�KME��{UR�,FIH{U
T = 458.5 � VWFR�ITA^.�JEO�P�fU{�IUR��� n!n"n.n"n.n.n"n"n!n"n"n!n"n.n"n.n.n"n fMv

t�n t�k FIHRTmV���HJEL�IV���K����{�JEO�,Fo�JT����{TMVW��� S�TmH{UR��TM�{��EO�f���{TgS�T*UJ��FoQO�f��V�E�F{��H{�QP
TmF{H{TMSIUIP�W�KmEL�IUR���2FIH{U

T = 456 � FRQR�{S{��UIH{�JEO�G�fU{�IUR�����LUGK���Tm�8���{�
TmF{H{TMSIUIP�W�KmEL�IUo�,F{HIU

T = 458.5 � VWFR�ITA^.�JEO�£�fU{�IUo����n!n"n.n"n.n.n"n uL�

kRn t [�TL�f�JEO� ���{��H�SWUo�.V�U{V������ W SoE�S.��QR�{SI�{UR��KMHR���8���IU�PI�I�!HJEO�W�fUI�{��W�N
���JE��R���{U�U&S;T �����	U{�IU{���R��E

g ��� TdPaU{�&KG�MH{U � FIHRTm�R��VWV��\n.n"n!n"n"n.n.nCtMtbf
kRnsl |ψk|2

��Q;VWHR� Pf�
	��I�]WKU FIH{TMUI�R�L��H{KmEO�IQ K�H{���8���{U t��M�Rn�����Tg\MHJE T.����W
TM� Pf���f���{T VWF{��S{��H�W PJ�{�%F{TL�JTdT0U{�L���f����W�N%U�TM��HIU{�JE��L�W�J�M�]W¤N

k
n [�Hm�R�

�dE��£�JUI�{UR��V�TMT���K��W��V��MK�QM���0V��L��F{���I�RT;�iQ£V�FR��S{��HRQ
0.15|k|− 5

2

n"n.n.nCtMt�u
kRn�k .HJE3S��8���R�ZW ��KLT������IUIU�H{�b^"���IUR�4QRHIE�K��{���{UR�

iψt + ψxx + |ψ|ψ =

0
V%FJELHJE��8�W�MHIEM��U

ψ0 = 1
�
L = 60 � K�H{���i� t HJELK��{T,tOu��ec � E��� kgfmj��ec

� \��¤U#uLk���� Y � K��4n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtOl�j
kRnec .HJE3S��8���R�ZW ��K�TL�����{UIU£HR�b^.���IUo�*QRHJELKM�R���IUR�

iψt +ψxx + |ψ|2[(1 +

0.1|ψ|2)/(1 + 0.5|ψ|2)]ψ = 0
V&FJELHJE��8����HIEM��U

ψ0 = 1
�
L = 40 �

KMHR���8�
t
HJELKM�RT jMl��sl � E���� u fmj�� c � \���n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtOj�u

kRnsj .HJE3S��8���R�ZW ��KLT������IUIU H{�b^"���IUR� QRHJELKM�R���{UR�
iψt + ψxx + ψyy +

|ψ| 1

2ψ = 0
V�FJELHJE����W��HJE���U

ψ0 = 1
�
L = 37, 7 ��� � t = 13

� |ψmax|2 =

33, 2 � \.� t = 277
� |ψmax|2 = 63, 9 � K.� t = 2681

� |ψmax|2 = 137, 3
n t�j3Y



kRn f � ��� �����*
�TMHIH{���{�J�{U{TM�I��W�����QR�IS{�IU{U KYHJEO�fUI�{��W��4K�H{���8���IE{q − · −

t = 32
� − − − t = 55

� · · · t = 92
�fVWFR�ITA^.�JEO�

t = 127 ��� ��F{TL�f�RTM�
�IU{V��IT0K�TL�f�

N
U��IU{V �JT0KLT��J��K*S;TM�/PJ���IV�EL�L�

N0
n�n"n.n.n"n!n"n"n.n.nCtOj�v

kRnsu � � R%U{�IUIU�QRHRTmK��R� VWF{��SR�MHIE n(kx, ky)
QmVWH{�QPa��	��I�{TgS�T}FRT KMHR���8���IU

t = (119 ÷ 127)
����� � ��H{���dW � VWF{��S{��HIE,F{T4HIE����]W � �JELFIHIK��J���{UR�J�

K
k
� FIHRTmV���HJEL�IV���K��Mq − · − kx = 0

� − − − ky = 0
� · · · kx = −ky

�
VWFR�JTg^.�JEO�

kx = ky
n n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtdf��

kRn Y [�H{TM�	Uo�fU |Ψ| � VWFR�JTg^.�JEO�������	� Ψ � FRQR�{S{��UIH{�JEO����
� Ψ � �LTM�{���I�IE������
KL�W�{�ZW��!K PJT��J� PfUJE3SWTM�JEO�fU,U#K PJT��J� SWHJEL�IU{�,TZ\��fE�V���U4�8TdPf���JUIH{TMKMEO�
�IUo� �

t = 135.7
n.n"n.n.n"n"n!n"n"n!n"n.n"n.n.n"n"n!n"n"n!n"n.n"n.n.n"n tbf{t

kRn�v �¤KLTL�����IUo�*�IE \�TL�f�Z^!UR��K�H{���8���JE�FIH{U.Q{�8��H{���I�RTAU!�JELSoE��IS;�Mq � �¢F{TL�{�
�{T��¤�IU{V �JT�SIKMEL�{�LTmK

N
U"�IU{V �JT�SIKME��R�LTmK�K�S;TM�/Pf���{V�E��L�

N0
��� �_T��M�RTL�

^.���{U{��SIKME PaHJE���E��IU{V��fE�S{KmEL�{�LTMK	S �oE���UR�f����TM�IUIE��oQ������SWUIV��LTgS�HIEM�<�
�dE2K��{��S;TM�/PJ���{V�EL����W�NC���{QRS{��Q;E��{U�U � � �.FIE�HIEM�8�W��H �R�W�JUI�R�dU{�{TMV��MU
H4/H2 =

∫ |ψ|4 dxdy/2 ∫ |∇ψ|2 dxdy n n.n"n.n"n.n.n"n"n!n"n.n.n"n.n"n tbf;l

kRn t�� � ����E��IE��J�M�IE��4VW�OE PfUR� ��KLT������IUIU�FIH{U \MTL�f�Z^.TgU2�JELSoE��IS;�Mq FRT��J�{T��
�IU{V��IT	�IE�V���UI�

N
U!�IU{V��IT	S{KmEL�{�LTMK�K�S;TM�/Pf���{V�E��L�

N0
��� �¢FIHRTmV���HJEL�o�

V��MKL���I�IE��P��ELKMU{V�UI�8TmV���� |ψ(x, π)|2 FIH{U t = 42.4
n�n"n"n!n"n.n.n"n.n"n tbf;l

kRn t�t8[�H{TM�	Uo�fU |Ψ| � V�Fo�JTg^!�IE��������	� Ψ � FoQR�ISR�MU{HI�IE����!U�
�
Ψ � �LTM�{���o�

�JEO����K PfTL�f�?PaUIEZS�TM�JEO�fU&U�K PJT��J� S�HIE��{UI�PTZ\��fE�V���U �
t = 45.4

n"n.n"n tbfMk

kRn t�l � E�K�UIVWUI��TMV����%�dE�SrVWUJ�iQ{�dE	E���FR�JU{��Q P�W�T��%K�H{���8���IU*K�HR� T*UJ�8��S;TL�{�
�aELFIV�E��

H < 0
n�n.n.n"n.n"n.n.n"n"n!n"n.n.n"n.n"n.n.n"n"n!n"n.n.n"n.n"n tbf3c

kRn t�k � E�K�UIVWUI��TMV������dELSrVWUJ�iQ{�dE�VWS;TMH{TMV��MU"T���K�H{���8���IU.K�H{� T0UJ�8��S;TL�I�aELFIV�E tdfmj



kRn t c R%UI�{UIU�QRHRTmK��R�
u(x, y)

FIH{U
t = 45

K\H{� T0UJ�8�.S;TL�I�aELFIV�ERn ����TZ\MHJE��
T.���]W S;Tm�R�LQRH]W TM��� t������VPfT\��� YRna���R����H{KmEO�P�¤���wv{nRn"n.n.n"n!n"n"n.n.nCtdfZf

kRn t�j � E�K�UIVWUI��TMV����
u(x, 0)

F{HIU
t = 45

n�n.n.n"n"n!n"n"n!n"n"n.n.n.n"n"n!n"n tbfmu

kRn tbf �¤KLTL�����IUo� �rEM��UR�J���LTm�{UJEL�JE�K,H{� T0UI�8� S;TL�I�fE�F{V�ERn �oE���UR�f����TM�IUIE��
Q{�8���{�g^!E�����V �&UR��� ��E�Uo�W�IQR�{���{UR��KLT��J� n n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtdfZY

kRn t�u �¤KLTL�����IUo�
u(x, y) � �JUI�{UIU�QRHRTmK��R����V*�IE��JEO�f����W���U�QmV��ITmK�UR�J��UYK

KMUIPf�*KLTL�O�iQ �"���I�{TgU4F{��H{U{TdPfUI�{��VWS;TgU�KLTL�f��W � k{n c;v� n�O�UIPa�{T&HIE���K�Uo�
��U{�"�{��QmV���TgUI�{UIKLTmV���U n n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtdf�v

cIn t �B����Tm�IE��{V��RTM�����{T T.��V��MKLT PJ�{�
k0 = 68

n\n"n.n"n.n.n"n"n!n"n.n.n"n.n"n tbYM�

cInsl .HJE3S��8���R��HR�W��TM�JEL�IVW�{TgU�SIHIU{K�TgU n ��TmHRTA^"T�KMUIPa�JE�HJEO���JEO��HIE�VWV���H{TgUo�
SoE&PJ�{��HJEO���]W¤N Qr�W�JTMK*VW�W��SIU n n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtdYml

cIn�k �¤KLTL�����IUo�%HIE��W�fU{�I�]W¤N�S ELHJ�8TM�IU{S	FIH{U�HJELVWFJE P E � �.�bU{V¡�	K�TL�f�R� ~k0 =

(00, 68)
n n.n"n.n.n"n"n!n"n"n!n"n"n.n.n.n"n"n!n"n"n!n"n"n.n.n.n"n"n!n"n tbYml

cInec �B����Tm�IE��{V��]W�� S ELHJ�8Tm�{UIS{U��JE��IUI�IE ����HJELV���U nm�PTm�����R��K�H{���8���IU����!t�necIn tbY�k

cInsj ��E��{UI�JE ����V¡� KL��TMHIU{�I�]W��CFIHRTm�R��VWV W HJELVWFJE P ERn	�PT;�8���{�>K�H{���8���IU
���!t�tMn�n.n"n!n"n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtdY c

cIn f R%UI�{UIU QRH{TMKM�o� F{TMK���HMN{�{TMV���U |ak|2
n ��TMH{Tg^"T K�U/Pf��W K��LTMHIU{�I��W��

HJELVWFJE P�W�n �PT;�8���{�0K�H{���8���IU����.t cIn n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtdYmj

cInsu [�TMK���HMN{�{TMV���� |ak|2 K0�8Tm�8���R�*K�H{���8���{U�����j�uon n"n.n"n.n.n"n!n"n"n.n.nCtdYZf

cIn Y �B����Tm�IE��{V��IE��PSIHIU{KmEO�XPJ�{� ~k0 = (0; 30)
n¢n.n.n"n"n!n"n"n!n"n.n"n.n.n"n tbYgY

cIn�v .HJE3S��8���R� H{����Tm�IE��{VW�{TgU�SIH{UIKLTAU n ��TmHRTA^"T ��EM�8�W���JE}HIE����JEO� HIE�V �
V��MHRTAU{SoE?PJ�I��HIE����]W¤N Qr���ITmK*V��W��SIU nGn!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCtdY�v



cIn t�� �BTMVW� S ELHJ�8TM�IUIS SoE�S���QR�IS{�IUR� KMHR���8���IU n O�U/Pf�{T �5�R��T ��V���� HR����T��
�JEL�IVW��W��%U&�{��H{����Tm�IE��{V��]W���S ELHJ�8TM�IUIS{U n&n.n.n"n.n"n.n.n"n!n"n"n.n.nCtdY�v

cIn t�tC��E��IE��IT0H{TMVW�OE S ELHJ�8TM�IUIS&F{HIU ~k0 = (0; 30)
n�n"n"n!n"n"n!n"n.n"n.n.n"n t�vM�

cIn t�l>��E��IE��IT0H{TMVW�OE S ELHJ�8TM�IUIS n]R%U{�IUIUPQRH{TMK��R� |a~k|2 = 1.5 × 10−18 n n.nCt�vRt
cIn t�k [�H{TbPfTL��T.���IU{��H{TMVW�OE S ELHJ�8TM�IUIS n n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCt�vRt
cIn t c [�H{TbPfTL��T.���IU{��H{TMV���E&S ELHJ�8Tm�{UIS n/R%U{�IU{U QRH{TMKM�o� |a~k|2 = 1.5× 10−18 n t�vml
cIn t�j>��E��IE��J�M�IE��}K�TL�f�IE�TMSIHRQIT.���JE�F{TMH{T T PJ���I��W���U K��LTMHIUI�{��W���U HIE�V �

FJE P E���U�KLTL�f��S ELHJ�8Tm�{UISoE���U n n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.nCt�vml
cIn tbf ��E��IE��J�M�IE��}K�TL�f�IE�TMSIHRQIT.���JE�F{TMH{T T PJ���I��W���U K��LTMHIUI�{��W���U HIE�V �

FJE P E���U�S E�HI�8Tm�{UISoE��dU n�R%UI�{UIU£QRH{TMK��R� |a~k|2 = 1.5 × 10−18 n�n"n.n.nCt�v�k
cIn t�u>�BTMVW� S ELHJ�8TM�IUIS,K V �IQR�IEL�!�JE��IE��J�M�]W¤N�QmV��ITmK�U�U,K K�U/Pf�VPaK�Q;N#K�TL�f�

V�FIHRTM��U{K�TMF{TL�JT T*��W��dU�K�TL�f�RTmKZW��dU�KL��SR�LTmHIEM��U nCn"n.n.n"n!n"n"n.n.nCt�v c
cIn tbY��M
�KMEO��Ur� HR�W��TM�JEL�IVW�JEO����S{HIUIKMEO�9PI�I����HR��N{KLTL�f�{TMKLTAS�T�KL��ELUJ�8TdPf�bU{VW��K�UR�

SWHJELKMUR��EL�IU{TM�I�]W¤N�KLTL�f� n ~k0 = (0; 30)
n*n"n.n.n"n"n!n"n"n!n"n.n"n.n.n"n t�v;j

cIn t�v �oE���UR�J���LTm�{UJEL��VWUIV��L��� W SoE�S&��QR�{SI�{UR��KMHR�������{U n n.n.n"n!n"n"n.n.n}lL�Rt
cInsl�� 
�TMHIH{���{�J�{U{TM�I�JEO� ��QR�IS{�IUo�£T��MSo�JTM�{���IUo�&F{TMKL��HMN{�RTmV���U£K(PaKLTAU{�{Tm�

�JTgS ELHIU{����UI�R��VWS;Tm���dE�V ^"��E \M�Mn n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n}lL�ml
cInslrtC�¤S;Tm��F{���IVWU{H{TMKmEL�I�]WKU�S;TmH{H{���I�{�LTmHPT���SR�JTM�{���{UR��F{TMK���HMN{�RTmV���U&FIHIU

HJEO�W�fUI�{��W�N~VW�L��F{���o�RN S;Tm��F{���IV�EL�IUIU q
z = 3.5

VWFR�ITA^.�JEO�>�fU{�IUR�

� �L�WTmH{UR� V �aE \�TAU}��QRH]\LQO�I���R���{TMVW��U ��� z = 4.0
F{H{��H�W�KMU{V���EO�}�fU{�IUR�

� �L�WTmH{UR� .UR�{�fU{FIV�E��¡nIn.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n}lL��k
cInsl�l �9^!U{H{���IUR� TZ\L�aELVW��U}V��L��F{���I�RTAS�T,V�FR��S{��HJE�FIHIU�QRK����fU{�{���IU{U@S;T��JUo�

�{��V���KmE��LTM�{��S��IEGV�����S;�Mn n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n}lL� c



cInsl�k ���{��H{�IU{TM�I�]WKU>U{�{�L��HIKME�� VWF{��S{��HIE FIH{U HJEO���JUI�{��W�N�QRH{TMK��R�oN �IEO�
SoE��IS{U n n"n!n"n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n"n.n"n.n.n"n!n"n"n.n.n}lL�mj
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 PfH{Tm�	P EL�I�RTAU HJE \�TM�ZW �dKLTMSIHRQ�S S;TM�LTMH{TgSWT�FRTmV���H{T����CKL��V��#��E��L��HIUJEO� PaUIVWV���H{�OEO�
�{UIU �f�JK��I� ����V¡��QRHJELKM�R���{UR�#F{T������{�IUJEO�f���{TgS�T£�L���{���IUo�4�{��V`T0UJ�dE����8TgU#U/PJ��E��J�M�RTAU
T0UIPaS;TMV��MU2V�T£VWKLTg\�TdPf�{TgU!SWHJEL�IU{�{�bU n ����U#QRHJELKM�R���IUR�#FIHR� PfV���ELKL�{�����PV�TZ\MTgU,TdPfUI�
Uo�*SR�fE�VWVWUI�R��V�S{UoN,Tg\���S{�LTMKPUIVWV �J�QPfTMKmEL�IU]U � S;T��LTmH]WKU4�IKMUo�fV¡�#TmVW�{TMKLTAU � V��MUI�iQO�JTm�
PI�I� F{TMV��MHRTM���{UR� HJEO���JUI�{��W�N �	UR��U{�{��VWSIUoN �8TdPJ���J�bU n�O PaE��{�{TgU HJE \�TM�L��FIHR� PfV���ELK��
�I���]W U{VWV��I�QPfTMKmEL�IUo�}FRT,�R��VWS;TL�f��SIUI� �IE�F{HJELKL�I���IUR�J� �¢U KMV��*TM�IU �OE�S}Uo�fU}U{�JE��R�
VWK��{��EL��W V�S�UIPaHRTdPaU{�JE��dU{S;TAU T0UIPaS;TMVW��U�VWTGV�KLTZ\MTdPf�{TgU S�HIE��{UI�R�dU n
�¤U{V������dE�QRHIE�K��{���{U�U ��TMFIUIV W�KmE � �.U{�d�L���R���IU{�5�{��V`T0UJ�dE����8TgU9T0UIPaS;TMV��MU � �{�dTg\��R�

��E������J�M�RT FRTM�L���I�{UJEO�f���{T�� � K�Tg\L�aELV���U	TASWHIE��{UI�{���{�{TgU	VWK�TZ\�TdPa�RTAU�S�HIE��{UI�R�dU
η(x, y, t)

�
NmTmHRTA^"T�Uo��K���V����JERn
���LT�QRHIE�K��{���IUR� � UR�J��HIE
��QmV �JTMKMUR� �R��V T0UI��E����8TmV���U T0U/PfS;TmV���U �
U&SIU{�{���dEL��U{�{��VWS;TM�	QmV �JTMKMUR���IEGV�KLTZ\MTdPf�{TgU S�HIE��{UI�R�mq

∂~V

∂t
+
(
~V∇

)
~V = −∇P + ~g

∇ · ~V = 0

∂η

∂t
+ Vx

∂η

∂x
+ Vy

∂η

∂y
= Vz|z=η . � �{n t �

�=PJ��VW� ~V ��KL��S{�LTmH@VWS;TMH{TMV��MUY�����R���{UR� T*U/PaS;TMV���U �
P
� P ELKL�I���IU{� T0UIPaS;TMVW��U �

~g
�



��N
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�]W¤N!SoEL�{TM�IU{�{��VWSIUoN!FR��H{���8���{��W�N �¢F{TL��K�TL�I�{�W� ���	����SR�MU{KM�RT%KZW��{UIV �I�{����HR�W��TM�JEL�IV �
�]W��%K���E�UI�8TdPf�bUIV���K�UR�&KLT��J�&K?PaK�Q{����H{�{TgU�FRTM�L���I�{UJEO�f���{TgU!SWU/PfH{TdPfUI�IEM��UIS;�Mn

�<�WTMH{�W��UI�{��VWS;T��CU �IU{V��I���I�{T�� UIVWV �J�QPfTMKME��{U{� S;T��{�aELFIV�E>K FRTASWHJEL�IU{�I�RT;� V �JT��
TZ\ � �IVW�R�{�W� ��S{F{��HIUI�8���R�ZW~F{T S����R��HJEL�IUIU S;TAS���H{���R�M�]W¤N V���HRQRSR�LQRHPK!F{TgSWHJEL�IUI�{�{Tm�
V �JT��Mn

��E \���� PJ���{UIUR�"K*�IUIV �I���{��W�N ��SrV�FR��HIUJ�8���{�OEONPV �aE \MT���QRH]\LQO�J���{���]W¤N,H{� T0UI�8TmK
�fV

�TL�a�8TgS�TmHRTmK�VWSIUJ��UCV�FR��S{��HJE���U ���IQRSR��QrEL�IU]U � \��JUR��SIUrN S ��SrVWFR��H{UJ�8���{�OE��J�M�]W � �
FRT���KLT��{�I�W��Tg\�TmVW�RTmKMEL���#F{HIUI�����R���{U{� \MTL�J�W� FIH{TMV��ZW¤N �iS{UI�R����U{�{��VWSIUoN}QRHJELKM�R���{U�U
PI�I��FIHR�QPaVWSoE���EL�IUo�PTmS;��EL�IVWS;TgSWTGK�TL�f�R���{UR�&K0�8�W�L�WTmHRT��ITASWUI�R��V�S{UoNPFIHIUo�JT T.���IUo�RN n



M��

�<E \MT���E#KZW�FRT��J�{���JE�K����IV���U{��Qo�L�P�L�WTmHR����U{�{��VWS;TAU �	Uo��UISIU UI��n%R0nB�\n�R"EL�/P EWQ
�BTMVWVWU�UIVWS;TgU£��SoE PJ���dU{U,��E�QRS n
[�TP�L����� PfUIVWV���H{��EL�IU{U�TMFRQ/\L�fU{S;TmKMEL�{T4lL�£HIE3\�TM���_VWFIUIV�TMS2S;TM�LTMH�W�NYFIHIU{K��QPJ����K

S;TM�I�R��PaU{V�V���H{�OE��{UIU n
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O �W�LTgU S¡�fE�KL��F{H{�QPaV���ELK��J����W H{���WQO�f����E��gW �;TmFoQ/\��JUIS;TMKmEL�I�]W���V�HIE3\�T���E�N � tbY{t �atbY;l��
tbYMk��_tbY;j�� tbYgf�� tbYgY�� t�vMk�� n
�m�fE�KMEYTMH�S E��{UR��TmKMEL�JEYV �I� PIQ�� �!UI� TZ\mHIE���Tm��n O HIE�� PJ�W�I�@t�nsl4KMKLTdPfU{��V¡� TMFIU{V�EO�

�{U{�XPaU{�JE��dU{SIU�VWKLTg\�TdPf�{TgU F{TMKL��HMN{�RTmV���U T*U/PaS;TMV���U S;Tm�R���{�{TgU S¡�{Q/\mU{��W UIV N;TdPI�
Uo��KmELHIUIE��{U{TM�I�{TgS�T�F{HIUI�{�IU{FJE�U!UIVWF{TL�f���WQM��S;TM�I��TMHJ���RTM��T���TZ\MHJE T!���{U{�Mnr�����IKM�]W��
QRHIE�K��{���IUo�&�JE!S;T;��FR�I��SrV��]WKUPFRTM�L���I�{UJEO��V�S;TMH{TMV���U�UPS;TM�I��TmHI���{T��	T���TZ\MHJE T!���{U{�
K.F{TL�JTMV Q KLTL���{UISoE ����SoELS QRHIE�K��{���IUo��� UR�I��HIEO� R"E3S�HIE��/T�E{n�O HJEO� PJ���J�!tMnplrn t�F{TL�IQ;�
�R���IE��JK��JEO����TMHJ�iQO�JUIH{TMK�SoE �W��UoN&QRHIE�K��{���IU]U n �<EO�W�JT T.���IUR�"F{T0Tg\MHJE�����W�� VW�L��F{� �
�o�f�#�JS;TZ\MUJEL�JE�HIE�VWV��8TM��HR���RT�K�HJEO� PJ���J�	tMnwk{n �8E�� T!� � W EL�JEO�fUR��U{HRQM���2H{�b^"���IUR��K
K�U/PJ� � FIE��J�M�R��K � E ��ELS�T.��E�KL�LT;�8TdPJ�W�J�M�]W���HR�b^.���IUo�VPJ�I�!FRT��J�{TgU!VWUIV��L��� W@QRHIE�K��{� �
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�{U�U*K	T���V�Qo��V���KMU{U FRT��{�*����T.��VW��U0U*SoELFIUR�{�I�IHI�RTmV���U n{�5�J�QPJQ�� �.U�U*HIE�� Pf��� S �aELKgW �
t�nec � FRTmVWK�� �"���4KgW�K�TbPJQ4SoQ/\mU{�{��VWSIUrN#QRHJELK��{���IU]U n<� � �IE�S;TM�{��� � KPFRTmV �I� Pf�{���~HIE����
PJ�W�I��tMnpj&F{H{�QPaV���ELK��J����W H{���WQO�f���OEL�ZW �{UIV �J���{�{TgSWT#�8TdPf���fU{H{TMKmEL�IUo�}TZ\mHIE���TMKmEL�IUo�
KLT��J�o� Q/\mU]UI� �JUPTMFIHRTmS{U/P�W�KME��{UR��K�TL�f� n
O [�H{UR�IT T.���{UIU n t S;T���TMH{T��£T����{TMV�UR��V¡� S��W�LTAU S¡�fE�KL� �¢HIE�VWV��dEL��H{UIKME ����V¡� V��OEO�

�{U{TM�JELHI��W���KLT��J��W � K�FIH{UIV Qo��VW��K�UIU F{TL�I�*���]T.��V��MU �dU*KZW��{UIV �I�{�W��V¡�G��ELKMU{V�UI�8TmV����
�IE�V��LTM�ZW KLT��J�&T��\E��dFo�fUR�LQdP�W K�TL�f� � �R�W�JUI�R�dU{�RQ�� FRTmF{HJELKMSoQPS��JELV���T��L� � n


��
 ���������������

�"K�Q{�8��HI�{T��*FRTM�L���I�{UJEO�f���{T��*�����R���{U{�\U/PJ��E��J�M�RTAU T0U/PfS;TmV���U}KPTZ\��fE�V���U � TgS�HIE��{Uo�
�R���{�{TgU VWKLTg\�TdPa�RTAUYF{TMK���HMN{�RTmV���� � UYFR�ITmVWSIUI� Pf�{Tm� �¢F{H{�QPaV���ELK��I�{����V�TZ\MTgUYTdPfUI�
Uo��So�aELV�VWU{�{��VWSIUoN TZ\M��SR��TMKGU{V�V �I� PJTmKMEL�IU�U S�UIPaHRTdPaU{�JE��dU{SIU n �P�W��TbP�S;Tm�{��TMHJ����W�N
F{H{�WTg\MHJEO��TmKMEL�IU�UC�MHIE PfUI�{U{TM�{��� PJ�I� ���LTgU ��E PaE��IU n [���HIKZW<U�KmE T0�]WKU>H{���WQO�J����E��
K �W�LTgU TZ\L�aELVW��U P E���UIHRTmKME�� V���H{�QPaU{�{TgU F{H{Tg^"�ITAS�T4KL��SoE,U FIH{UI�JE PJ�I� T0U{�}����TMSo�
V Q � t cgc	� n¤���1\gW��IT@F{TMSoEO�OEL�{T �d�{�LT V&H{TMVW�LTm� E���FR�fUR��Q P�W V���EL�IURTm�IE�H{��W�N SWHJE��
K�U{�OE��{U{TM�I��W�N KLTL�f�@FIHRTmU{V NmTdPaUR�,��ELTMV���H{���IUR� SWH{� \M�{�bU}KLT��J�}U}TZ\mHIE��WQM����V � Q�S�T�� �
HIE�K���W<U

1200 nHO PfKmE Pa�IEL�ZW��!S�TdP=W ���LTgS�T KL��SoE�K �W��Tm���JELFIHIE�K��J���IU{U \gW��JU KZW¤�
FRT��J�{����W SR�aELVWVWUI�{��VWSIUR��HJE \MT��ZW ����SIHIE�V�TMKmE � kZf��_U R���K�Uo� ��UIK�U{�OE � tMt�t � �R�dEL�L���dEO�
��UI�R��V�S{U{��ELV�FR��S{�ZW S;T��LTmH]W¤N PaE��JU£�8T �.��W<U UI��FRQO�J�MV�Hm�/PJQ\�JELFIHIE�K��J���{U�U �L�WTMHIUIU
U{�{�L�bS�HIE��J�M�]W¤N&QRHIE�K��{���{U�U,U���QR�{SI�{U{TM�JEO�f���{TgSWT£E��IE��JUR��ERnFO�FRTmV �J�QPfVW��K�U{�%�R�"HJEO�
�8�W�LTdPPS;TM�I��TmHI����W�N\TM�LTZ\mHIE T.���IU]U �JE�NmTdPaUo�PVWK�T���F{HIUJ�8���{���{U{��K���E PaE��JE�N\V�T"VWK�T��
\�TdPa�RTAU SWHJEL�IU{�{�bU � V���n �I�IE�F{HIUI����H �JSI�IU]S Q�����TMS;��HJE � t c;k��BU&VWV W��JSIU&K*�{�bU��¡n
���I�\U{VWV��I�QPfTMKmEL�IUo�0�{��V���EL�IURTm�IE�H{�{TgU PfUI�JE���UIS{U F{TMKL��HMN{�RTmV���U\KV^.��V���U/Pf��V �I�ZW��
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S�TdP=W U@F{TL� T.�£F{TL�IQR�{UR�CHJEO��KMUR��U{�£FRTdPINmTdP �<TmVW�RTmKME��{��W<U@�JE��fEZSWHIE��/T!��KLT;� TmF{Uo�
V�EL�IUIU �wjLv��_j�l�� n �i�/P E�KL�LTmHRTmK � V���n�� vRt � � TZ\L��TMH � tMt�j���U4VWV W��JSIU4K �R��� � F]W��OE��JV¡�
F{HIUJ�8���IUR���C�8�W�LTdP E��IE��JU{��UI�R��VWS;TgS�T FIH{TbPfTL��T.���IUR� FRT �fEZSWHIE��/T!��KZW � F{��H{���8���o�
�]W ��nR� Pf�JELS;T � �W��U S;T�TMHgPaUI�IEL�ZW �{�>PJTmFoQ;VWSoE ���"F{TdP{N;TdPI� �"�bS�T%S;Tm�{��TMHJ���{TgS�T.FIH{� �
TZ\mHIE���TMKmEL�IUo� �B�On S n¢UoN E��IE��JU{��UI�R��VWS;T��£F{H{TdPJT��]T!���{U{�PUI���W�W�,TMV�Tg\����I�RTmV���U@K,TZ\M� �
UrN�F{TL�IQRFo�JTMV�S;TMV����oNYS;T;��Fo�J��SrVW�{TgSWT&FR��H{���8���{�{TgS�TJn¢���QPaE�K��{T��iE��{K��W��H � t coj��dt c f��
F{H{�QPJ�IT T0UR� F{HIUI�����{U{���}S;TM�I��TMHJ���RTM��TM�LTZ\mHIE T.���IUR�#S��R��VW�OE��{U{TM�JELHI�RTAU ��E P E��R�
F{Hm�f�8T.K �bUo�J��H{TMK�Tm� TMFIUIV�EL�IU{U nI��� U{V�FRT��J�L��TMKmEO� PI�I� F{��HIURTdPaU{�{��VWS;TAU � K PfTL�f�?SWT��
H{UR��Tm�R��EO�f���{TgUCFR��H{���8���{�{TgU�����E PaE��IU PJ�{� V �IQR�JEO� S¡�{Q/\MTMS;TgU@K�TdP=W S;Tm�{��TMHJ����W��
T��LTg\MHJE T.���{U{�.Tg\L�aELV���U �a��EL�R�{�LTAU T*U/PaS;TMV���U � KLT£K��RQo��H{���{�{TMVW��� �QPfUI�IU{�I�RTAS�T£S{HRQ;�
S E{n{� Pf�JELS;T �;QRHJELKM�R���IUR� TMSoE���EO�fUIVW�(PfTMV���E���TM�I�RT*V �JT T*��W �IE"UoN£E��IE��JU{��UI�R��V�S{U�UPU
�{UIV �J���I�]WKU�EL�JEO�fUo�	���OE���HRQ Pf�IUR�����J�M�]W ��n

� PfTZ\m�]WKU0F{TbPINmTdP TmF{UIV�E��{UR�0FRTM�L���I�{UJEO�f����W�N\�L���R���IU�U T0UIPaS;TMV��MU V�T%VWK�TZ\MTbPa�{TgU
FRTmKL��HMN{�{TMVW��� � PI�I�}FIH{TMUR��KLT��J�M�RTAU@HIE����8��HI�RTmV���U@FIHRTmV���HJEL�IV���KmE,TMVW�{TMKmEL�}�IE�UIV �
FRT��J�L��TMKmEL�IU{U,SoEL�{TM�IUI�R��V�S;TgS�T ��TmHI�dE��JUR���dE
�aUR��KL��V����{TgS�T V\t�vgfZY S n � V���n � v�� �¡nf���{�
PfKLQ{�8��HI�RTAU�S���Tm�8�W�MH{UIU��JELU]\�T��I�W����VW�L��V���K����I�]W �C�IK��I�{����V ��F{TdP{N;TdP �fVWTM�{�W�OE � �.U�U
SoEL�{TM�IU{�{��VWSIU�U	��TMHJ�dE��JUR����U	S;Tm�{��TMHJ����W���T��LTg\MHJE T.���{UR� n ���LTM��FRTdPINmTdP \gW¤�"TmV Q;�
�"��VW��K��J��� K�HJE \�TM�L� � tbY;l�� PJ�I� V �IQR�IE�� S¡�{Q/\MTMS;TAU K�TdP=W VGQR�R���LTm� FRT��{�}���]T.��V��MU
U4FRTmKL��HMN{�{TMVW���RTAS�TP�IEL���]T.���IUo�_n ��HIE�K��{���{UR� � F{TL�IQR�R���{��W��GK �W�LTgU4HJE \MT��L�� ��TgS Qo�
\gW�������ELFIU{V�EL��W K�PaK�Q;N HJEO����W�N@��TmHI��E�N����{���IKM�RTAU � �{� HJEO��HR�b^.���I�RTAUYTM���{TMVWUo�
�L���f���{T FIH{TMUR��KLTdPa�]W¤N�F{T KMHR�������{U���TMHJ� W FRTmKL��HMN{�{TMVW��U�U FRTM�L���I�{UJEO�aE �IEYFRTL�
KL��HMN{�{TMVW��U ��U}K£�JK��{TgU � V\HIE���HR�d^"���I�RTAU�TM���{TMVWU{�L���f����W�N KMHR���8���I�]W¤NYF{H{TMUR��KLTdPI�
�]W¤N � nr�����JK���W��¤QRHJELKM�R���{UR�GFIH{TMV��ZW U*V�UI�d���W��HIU{�I�]W	n/O T��MV Qo��V���KMU{U FRTmKL��HMN{�{TMVW�O�
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�RTAS�T#�IEL���]T.���IUo� Tm�{U VWTbPf��HAT�EL�#�LTL�f��S;T2SIKME PfHJE���UI�I�oQ�� �{���JUI�{�bU{�{TMVW���{n�	K���W��
QRHIE�K��{���IUo� �¢NmT����CU �R�£��ELS F{H{TMVW�ZW SoE�S �{���IKM�]W�� �iTdPf�JELS;T�K���VW�m�dE�Q PJTg\M��W PI�I�
�{UIV �J���I�RTAS�T*U{�{�L�bSWHIUIHRTmKMEL�IUR� n

��ELU]\�T��I���0U{�{�L��H{��VW��W�� �R��H{�b^.���{��W�� F{H{TZ\��I��� W K�S�UIPaHRTdPaU{�JE��dU{S;� V�T�VWK�TZ\MTbPI�
�RTAU FRTmKL��HMN{�{TMV��M� � VWKL�R��E��]W V@TZ\mHIE���TMKmEL�IUR��� TMV�Tg\����I�RTmV��L�bU � TMFIHRTmS{U/P�W�KME��{U{�
KLT��J���8U0V�V Q �.��V���K����I�]W ��U*Uo�O�8���{���{UR�J�dU S��WT;�8�W��HIU{U\FRTmKL��HMN{�{TMV��MU ��V S����{��HIE��{Uo�
�bU0K�TL�f� �;V��MHoQ�U �;SoELF{���f�%U \MH�W¤� S n/O@�{��S;TM�LTMH�W�N V �IQR�JEO�oN � t��;j��fQRHJELK��{���IUo� ��TgS Qo�
\gW���� ���	����SR�MU{KM�RT4UIVWV �J�QPJTmKME��]W V\FRT;�8T��!� � ��HJE PaU{�IURTm�{�{TgU �L�WTMHIUIU K�TL���8Q �"� �
�{U�UP�JE!��TM�{��FR�JTMVWS;TAUPFRTmKL��HMN{�{TMV��MU na
�ELS \gW��IT*F{TMSoE���EL�{T�K � t��;j���PI�I�XS¡�IQ/\�TMS;TAU
KLTdP�W K,TM��V Qo��V��MK�UIU K��{�b^!�{UoN}VWUR� U@SoELFIUR�{�I�IHI�RTAS�T2�JE�����T.���IUR� K!S¡�aELK��{Tm� FRTL�
Hm�/PaS;��QRHJELK��{���IUR� PI�I�PFRTM�L���I�{UJEO�aE�TMSoE��dW�KmE��W��V¡�£E�KL�LTm�RT;����W�� �0�{��V�TdPf��HAT�E �!UI�

η
U2F{HIU�E��IE��JU{��UI�R��V�S;Tm�~F{H{TdPJT��]T!���{UIU�K£�IU/T0� � � FRT��{QRFR�JTMVWS;TmV����PV���EL�{TMKMUR��V¡�

PfUI�	����H{���I�{UJEO�f����W��}QRHIE�K��{���{U{���Y��UIFIE ��TMFI�	E{n{��VWV �J�QPfTMKME��{U{� �bS�T%FRTmSoEO�dW�KMEL�W���
�R��T PJ�I�4FIHJELS{��U{�{��VWSIU#��� \�TAS�T �JE��IE��J�M�RTAS�T QmV �JTMKMUo�,��E S;TM�{���{�{T���K�H{���i�#KLTL���{Uo�
SoE ����TMVWTZ\����{�{TMV��MUG��U{FJE�TmF{H{TMSIUIP�W�KmEL�IUo�_no� �dE��L���dE���UI�{��VWS;TgU0�LTM�IS{U*��HR���{UR� �W�LT
V�T�TM��KL����V���KLQM�W�?PaK�U�T.���IU � TMVWTZ\����{�{TMV����bU£FRTM�L���I�{UJEO�aE �\�LTM�{��S&K��W��KL�I���IUR�PS Pf�bUo�
V���KMUR�L�W�J�M�RTAU!TmVWU nO���IE��JUR� KMV�� N.KLT����8T T0�]W¤N.TMV�Tg\����I�{TMV��L�dU!F{TMK���HMN{�RTmV���U�FRTmSoEO�dW¤�
KMEL�W���f�{�LT �LTL�f��S;T£V �aE \gW��%TMV�Tg\����I�{TMV���U,S;TMHI�{��KLTAS�T*��UIFIE V�TgS¡�aELV Q�����V¡��V%FIH{U]\L�fUo�
T.���IUR���C�dE��:W¤N Q�S¡�JTMK�T���SR�JTM�{���{UR��F{TMK���HMN{�RTmV���U � F{TdPfH{TZ\m�R�W��V���n � t��mj�� � nR�"E��{�{T��
F{HIU]\L�fU/T.���{U{�.�{��V�F{HJELK��QPI�fUIKLT PJ�{��V�U{��S QO�{�JH{�{TMVW��U&��UIFJEGQ�S¡�ITmK
�JS;TgS`P E!�IS;TZ\mUIE��
F{H{�WTg\MHJEO��TmKMEL�IUR�0QIT.���{� \L�fUo��TMS\S �QPaU{�IUI�R�Mn:[�H{UJ�8���JE��L�W�J�M�RT �r�R��T PJ�{� \�TL�f�Z^!UrN
���JE��{���IU]U	�JS;TZ\mUIE��IE K��R��S;T��LTmHRTAU%TZ\��fE�V���U�QRHJELKM�R���IUR����ELS�T.���8TAS Qo� \gW��M� ��������So�
��UIK��{T UR�WQR�R���]W	n�[���H{KgW<U ^!E3S�K ���LTm� �JELFIHJELK��J���IU{U \gW��,V`PJ�W�fE���K0HJE \MT��L� � tbY;l�� n



��� ��� �&��������� �	� M �

����V��8TM��Hm�!�JE��LT �M�{�LT�QRHJELKM�R���IUR��UR���IE��JEO�f���{T��{���JTMSoEO�f����W ��F{H{TM�{�QPJQRHIE�HIE��W�JTdT!� �
�{UR�.F{T�TZ\MHJE��M�]W �4V��L��F{���R�J�

J
�L���#�{�¤�����R�����8T T.��� \gW��M��HIE���K�U{��ERn���V�TZ\MT�F{H{TMV���T

�8T T.�W�!\gW����#FRT��{QR�{���{T�QRHJELKM�R���IU{� K,FR��HIKLT;� F{TMHm��PfS;�Mn8���R�L��HR��V��RT �¢�{�LT4K ���LTm�
V �IQR�IEL� VWUIV��L���dE�QRHIE�K��{���{U�U �JE#��TmHI�8Q}F{TMK���HMN{�RTmV���U U FRTM�L���I�{UJEO���IE,�{�bU VWK�T��
PfU{��V¡�£S£TdPa�RT;�iQ0QRHJELKM�R���IU � �{VWTMK�FJE P E � �.���iQ\V�NmTMH{Tg^.T�UR��K���V�����W��@QRHIE�K��{���{U{���
�fE�Fo�aELVWTMK�V�S;TgS�T"H{TMV���E � � R!� � n ���LT!QRHIE�K��{���{U{��UI�R���bSWHIU{HRQM����T!K%�LT;� V�� W�V �J� �;�{�LT
TM�{T PfTMFRQmV�SoE��W� \���VWS;Tm�R���{�{T��"�IU{V��IT£�IE�V�����W�N4HR�b^.���IU]U �aKgW�HJE T.���I��W�N#K ���J���8���o�
�OE�H{��W�NG��QR�IS{�IU�U no��H{�QPaUG�{UoN"�BHR�b^.���IUo� �OTMFIU{VbW�KME � �.U{��TZ\mHIE���TMKmEL�IUR��V���HRQRSR��QRH
��UIFIE\FIE��J�M�R��K �JKL��V��M�dEGF{T�NmT T0UrN��JE*H{�b^"���IUR�&�OE�S;TgS�T0�MU{FJE�� FRT��{QR�{���I�]W����¤EL�	���
�dEL�{Tm�CU �<�bUR�ITmHRT;� � t�kmj�� � n
OY�IE�V��LT�� �.�bU&S¡�aELKL�¤FIHR� PfV���ELKL�I���]WCHR����Q��f���OEL�ZW \MTL�J�W��Pf�W�OE��J�M�RTAS�T�E��IE��JUR��E���ELS;TL�
S�T0��UIFJE H{�b^.���{U�U �aEL�{TM�IVWUIHRTmKMEL�I��W�N,K S;TMH{T���S;TAU4V��OEL���L� � tdYml�� n�O P EL�I�RTAU!S¡�aELKL�
�OE�S/T!� HJELVWV��dE���HIUIKME�����V � ��SoE�S{UJ� TZ\MHJEO��Tm� ��TbPaUI��UI�{UIHRQ�����V � F{TL�IQR�{���{��W��}H{� �
�WQO�J����E��ZW8PJ�I� S �IQ/\�TmS;TgU0K�TbP�W � tbY{t �ft��;j��a�IE�V��{QR�JE3U T0U/PfS;TmV���U S;TM�{���{�{TgU S �IQ/\MUo�
�]W	n:O>�JELV����{TMVW��U&F{TMSoEO�OEL�{T �{�R�LT0UIVWV �J�QPfTMKmEL�IUR��TmV�TZ\M���I�RTmV��L�bU �RK�TL���IUISoE � �.UoN£�JE
FRTmKL��HMN{�{TMVW��U T0UIPaS;TMV��MU S;TM�{���I�RTAU S¡�{Q/\mU{��W ��PJ�{� �dE��IT�Q�S �JTMK�TgS�T#F{HIU]\L�fU/T.���{UR�
FoQo����� E��IE��JU{��UI�R��VWS;TgS�T}FIHRTdPfTL��T.���IUo�>K FRT��ITmV QCVWK�TbPaU{��V � S8PaU{�	����HR���I�IUIE��J���
�RT;�iQmn ����E T!�£FIH{TM�{�QPIQRHJE P E��W�YKLTL�O�8T T*�{TMVW���,��ELFIUIV�E����4QRHIE�K��{���{UR�CK,�JK��{Tm� U
�R�W�IK��{Tm�CK�U/P E�N&KGTZ\��.���CFRT��IT T.���IUIUXPJ�{��V �IQR�JEO�&S;TM�{���I�RTAU�S¡�{Q/\mU{��W�n
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[�QmV����\�R��V T0UI��E����dE�� T0UIPaS;TMV��M�0��E��{UJ�dEL�W�0K0FR�ITmVWS;TMV��MU
(x, y)

TZ\��fE�V����
�fTgSWHJEL�IUr�
�R���{�RQ�� V�KLTZ\MTdPf�{TgU&F{TMK���HMN{�{TMV���� �

y = η(x, t), −∞ < x < ∞, � tMn t �
UXPa�RT;�

y = −h̄. ��Q PJ��� VW�IU{�OEL���0�L���R���IU{�VT0UIPaS;TMV��MU,F{T������{�IUJEO�f����W�� V = ∇Φ
�

S Pf�
Φ
FRTdPa�{UI�R�{�W��V¡�PQRHJELK��{���IU � R"ELFR�aELV�E

∆Φ = 0. � t�nsl �
���LT�QRHJELKM�R���IU{� PfTL��T*�{T \gW����GHIE�VWV��8TM��HR���RTGKM�8��V��L��VWT!V �J�QPJQ�� �.UJ��UXSWHIE��{UI�I�]W¤�
��U£Q;V �ITmK�UR�J��U q

∂η

∂t
+
∂Φ

∂x

∂η

∂x
=
∂Φ

∂y

∣∣∣∣∣
y=η

, � tMnwk��
∂Φ

∂t
+

1

2
(
∂Φ

∂x
)
2
+

1

2
(
∂Φ

∂y
)
2
∣∣∣∣∣
y=η

+ gη = 0 , � tMn c��
∂Φ

∂y

∣∣∣∣∣
y=−h̄

= 0 . � tMnpj �
∂Φ

∂x
= 0, |x| → ∞. � t�n f�

S`PJ�,K � tMn c�� g � QmVWS;TmHR���{U{��F{TL�I� ���]T.��V���U n6O�KL� PJ��� KL���fUI�{UI�oQ
Φ
� ���IE��{���IUR�

FRTM�L���I�{UJEO�aE*�JEGVWKLTg\�TdPa�RTAUPFRTmKL��HMN{�{TMV��MU q

Ψ(x, t) = Φ(x, y, t)|y=η = Φ(x, η(x, t), t) . � t�npu �

�ELS \gW��IT�QmV���EL�{TMKL�I���RT#K � v�� �

η(x, t)
U

Ψ(x, t)
�JK��I� ����V¡�}SoE��RTm�{UI�{��VWSIU@V�TMFIHm�o�

T.���I�]W ��U�K����fU{�IU{�JE��dU q

∂η

∂t
=

δH

δΨ
,



��� M�� ��� 2���� ��� ��� � � �	� � � ��� ��
���	� � � � ��� ����� �
��� ����	��� ����� �	��� ��� ���	����� � �

∂Ψ

∂t
= −δH

δη
, � tMn Y��

E S EM��Uo�f���LTM�IUJEL�
H
V�TmK�FJE P E��W�*V�F{TL�f�RTAU����{��H]S�UR�bU T*U/PaS;TMV���U q

H = T + U ,

T =
1

2

∫ ∞

−∞
dx

∫ η

−η
(∇Φ)2dy , � tMnwv�

U =
g

2

∫
η2dx . � t�n t���

��HIE�K��{���IUo� � t�n Y��K �W�LTm�}V��{QR�JE���V �J�QPIQ����"UR��KME�H{UJEL�IURTm�{�{TgSWT.F{HIUI�{�IU{FJE �oE���UR�J���
�LTM�JERq

δS = 0 , S =
∫
Ldt , � t�n t�t��

L =
∫

Ψ
∂η

∂t
dx−H . � t�n t�l �

��TMKL��H]^!UI� S;TM�I��TMHJ���RTM��T��LTg\MHJE T.���{U{��TZ\��fE�V���U �M��EL�R�{��TgU T0U/PfS;TmV���� � �oK%FR�ITmV �
S;TMV��MU

z = x+ iy
�

−∞ < x <∞, −h̄ ≤ y ≤ η(x, t) , � tMn t�k��
KGFRT��ITmV Q�

−∞ < u < ∞, −h ≤ v ≤ 0 , � t�n t c��
K�FR�ITmVWS;TMV��MU

w = u+iv � ng[�QmVW��� �W�LT�F{H{�WTZ\mHIE���TMKmEL�IUR��F{��H{��KLTdPaUR��VWKLTg\�TdPf�RQ�� SWHJE��
�{UI�RQ KGF{Hm�f�iQ��

v = 0
�o��ELS&�{�LT0��TMHJ�dE�FRTmKL��HMN{�{TMVW��U ��E P E�����V �PFJELHJE��8�W�MH{UI�R��VWS{U

KGK�U/PJ�

y = y(u, t), x = u+ x̃(u, t) . � t�n t�j �
%QR�{SI�{UIU

y
U
x̃
V�K��R�OEL��W~�8� T?PJQ&V�TZ\MTgUPV�TMT����{Tg^.���IUR���

y = R̂x̃ . � t�n tbf�
���������

η → 0 	�
 � |x| → ∞ ���� h̄ = h ����	���
 � ��� ��� � ��� ��� ��������� � h̄ �
h 
 �����������!  �#" �
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��� ����	��� ����� �	��� ��� ���	����� �,�
�=PJ��VW�

R̂
� UI�R�L�dSWHIE��J�M�]WKU�TmFR��HIEL�LTMH&KMUIP ERq

R̂f(u) =
1

2h
P.V.

∫ ∞

−∞
f(u′)

sinhπ/2h(u′ − u)
du′ . � t�n t�u �

O %QRHI�L� � FIHR�QPaV���ELKL�I���IUIU&TM�&�ITmSoEO�J���

yk = Rkxk, Rk = i tanh kh . � tMn tdY�

O F{H{�QPf���J�M�RT;� V �IQR�JE�� \M��VWS;TM�{���I�RT S �IQ/\�TmS;TgU�KLTdP�W
h → ∞ R̂

FR��H{� N;TbPaU{�YK
F{H{�WTg\MHJEO��TmKMEL�IU{� � UR�f�3\���HR��ERq

lim
h→∞

R̂ = Ĥ , � t�n t�v��

Ĥf =
1

π
P.V.

∫ ∞

−∞
f(u′)du′

u′ − u
. � t�nsl����

� \MHJE�����W<U�S
R̂
TmFR��HIEL�LTMH

T̂
�ITmF{H{�QPf���I�{��� WKUPSoELS

x̃ = T̂ y,
V

R̂T̂ = T̂ R̂ = 1 , � t�nslrt��
UI���W�W�*K�U/PBq

T̂ f =
1

h
P.V.

∫ ∞

−∞
f(u′)

1 − e−π/h(u−u′)
du′ . � t�nsl�l �

��S�T0��QRHI�L� � TZ\mHIE���HJELK���� q

Tk = −i coth kh .

��VWUJ��FR��T���UI�R��VWS{U,FIH{U
h → ∞ �

T̂ → −R̂ , �{T
T̂−1 6= −R̂ .

� \mE!TMF{��HJE��LTmHIE
R̂
U
T̂
EL�{��U ��HI�dUR�LTmKZW	q

R̂+ = −R̂ U
T̂+ = −T̂ . � t�nsl�k��



��� M�� ��� 2���� ��� ��� � � �	� � � ��� ��
���	� � � � ��� ����� �
��� ����	��� ����� �	��� ��� ���	����� ��M
� FRT;�8T��!� � TmFR��HIEL�LTMHJE

R̂
PI�I� ��� \MTgUEPf�bU{VW��K�U{�L���f���{TgU PfTMVW�OEL�LTM�I�RT S¡�fE PfS;TAU

��QR�ISI�{UIU
φ(w)

� S;T��LTmHIE��4��E P EL�JE\�JE PJ�dU{V��MK�U{�L���f���{TgU4TmVWU#U,��E���Q;NoE��W�£�JE \M��VWS;TL�
�R���{�{TMV��MU

u→ ∞ �J�8T T0�RT FRTmV���H{TMU{���0S;Tm�dFo�J��SrVW�RQ�� ��QR�IS{�IU �
θ
q

θ = φ+ iR̂φ, � t�nsl c��
S;T��LTmHIE��@E��IE��JU{��UI�R��VWS{U F{H{TdPJT��]T0UJ�dE#K�F{TL�JTMV�Q

0 ≤ v ≤ −h n��B��EO�f���JEO�@�JELV����
�W�LTAU ��QR�{SI�{UIU ���JK��I�R�IV�� S E�HI�8Tm�{UI�{��VWS;TgU ��QR�IS{�IU{�bU�K2FRT��ITmV�� ��E�KL�LT;�dE���UI�{��VWSIU
\LQ Pf�W��QdPfTMKL�I����KLTmHm�{��� S�HIE��{UI�{�{Tm�8Q Q;V �ITmK�U �

∂φ

∂v

∣∣∣∣∣
v=−h

= 0.

��TMKL��H]^�EO� S;TM�I��TmHI���{T��#FIHR�WTg\MHJEO��TmKME��{U{� �dF{T������{�IUJEO�
Φ = Φ(u, v)

TMV���E�����V �
S E�HI��TM�IU{�{��VWS;TAUP��QR�IS{�IU{�bU�K*F{TL�JTMV���R�On �MnRQ PfTMK��J�W��K�TMHm�I�W��QRHIE�K��{���{U � R"ELFR�fE�V�ERq

∂2Φ

∂u2
+
∂2Φ

∂v2
= 0 , � t�nsl�j �

V�S�HIE��{UI�{��W��dUPQmV��ITmK�UR�J��U q

∂Φ

∂v

∣∣∣∣∣
v=−h

= 0
U

Φ|v=0 = Ψ(u, t) . � t�npl3f�
[�H{UJ�8���R�R� FIH{TM�{�QPIQRHRQ � t�nsl c��\S~��QR�ISI�{UIU Ψ

��� W FIH{UoNmTdPaUI� S S;T;��Fo�J��SrVW�{Tm�8Q
FRTM�L���I�{UJEO�IQ

Θ = Φ + iξ,

S Pf�
Φ
U���QR�{SI�{UR�#�LTMSoE

ξ
S ELHJ�8TM�IU{�{��VWSIU{����QR�IS{�IU{U4K\FRT��ITmV��"U&Q PfTMKL�I�W�MKLTMHm�����

�IE Pa�R�%V�TMT���K��W��V��MK�Q�� �.UJ� SWHJEL�IU{�I�]W �CQmV �JTMKMUo�f��nf��E Pf�bUIV���K�U{�L���f���{TgU�TMVWU
Θ =

Ψ + iR̂Ψ
U&FRT �W�LT;�iQ

∂Φ

∂v

∣∣∣∣∣
v=0

= − ∂

∂u
R̂Ψ = −R̂Ψu , � t�nsl�u �
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�OE�S&�{�LT\SIU{�{�W��UI�R��VWSoEO� ���R��H�SWUR�&UI�8���W�*K�U/PBq

T = −1

2

∫ ∞

−∞
ΨR̂Ψudu . � t�nsl Y�

�.EO�J�W��UJ�8�W����q

dx = xudu ,

ηtdx = (ytxu − xtyu)du , � t�nsl�v�
E.�fEZSWHIE��/T0UJEL�,KZW�HIE T�E��W�MV ��SoE�S

L =
∫ ∞

−∞
Ψ(ytxu−xtyu)du+

1

2

∫ ∞

−∞
ΨR̂Ψudu−

g

2

∫ ∞

−∞
y2xudu+

∫ ∞

−∞
f(y−R̂x̃)du .

� t�n�k����
�=PJ��VW�

f
�d�d�RT T0UR�����J�?R"E3SWHJEL��T�E
�rKME�H{UJEL�IUo�£FRT�S;T��LTmHRT;�iQ\KZW PaEL�W�.V�TMT����{Tg^.���IUR�

� t�nplot�� n�O�ELHIUJEL�IUo� S FRT
Ψ
P E��W�*V �J�QPJQ�� �"�W��QRHIE�K��{���IUR�

ytxu − xtyu = −R̂Ψu � t�n�kRt �
Uo�fU

(1 + x̃u)yt − x̃tyu = −R̂Ψu .

��H{�QPa�{U�U£QRH{TMKL���{� T0U/PfS;TmV���U PJT��]T.��� \gW����0F{TMV���T��J�R��� �IF{T �W�LT;�iQ
∫ ∞

−∞
(ytxu − xtyu)du = 0 . � t�nwk;l �

��� � t�n�kRt ���8T T0�RT\�JE3U{��U

Ψ = −T̂ ∂−1
u (ytxu − xtyu) + C(t) . � t�nwkMk�

[�TbPaV���ELKL�{�{� � tMnwk�k���K � t�n�k���¤U&UIVWFRT��J�L�WQ��&HJELK����{VW��KLT � t�n�kml � �IF{TL�IQR�IEL���

L = T − U +
∫ ∞

−∞
f(y − R̂x̃)du . � t�nwk3c��
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���	� � � � ��� ����� �
��� ����	��� ����� �	��� ��� ���	����� � N
�8V �fU

y = y(u, t)
�OE P EL�JE&K,SoE��{��V��MKL�\S;TMTMHgPaU{�JE��ZW F{TMK���HMN{�RTmV���U �B��T#F{TMV��I�QPa�IU]U

�o�J���#K � t�nwk3c�� �8T T0�{T TmFoQ;V���U{���PU4K HR����Q��f���OEL�L�*� W F{HIUrN;TdPfUJ� S#V���EL�/P ELH{���RT;�iQ
KZW�HIE T.���IU � PJ�{�P�aE3SWHJEL��T0UIE��IE{q

L = T − U . � t�n�kmj �
�<ELV�V��8T��MH{UJ�C�L��F{��H{� PfHRQ�SWU{��QRHJELKM�R���{UR� R%EZSWHJEL��T�E�� � UR�I��HIE{q

δS

δy
= 0

U δS

δx
= 0 .

���{U&UJ�8� ���*KMUIP¢q

Ψtxu − Ψuxt + gyxu = f , � t�n�kZf��

Ψtyu − Ψuxt + gyyu = −R̂f , � t�n�kmu �
S;T��LTmH]W�� ��S{KMU{KmEO�J���{���]W QRHIE�K��{���{U �

Ψtyu − Ψuyt + gyyu + R̂(Ψtxu − Ψuxt + gyxu) = 0 . � t�n�kZY�
��HJELKM�R���IUR� � tMnwkRt � U � t�n�kZY� TZ\MHJEO��Q����£F{TL�f�RQ�� VWUIV��L���iQ&QRHJELK��{���IU]U � TMFIU{VbW�KMEO�

� �.UoNPF{T������{�IUJEO�f���{T��%�L���{���IUR��T0U/PfS;TmV���U,V�T*VWKLTg\�TdPf�{TgU�FRTmKL��HMN{�{TMV��M� �"n O�E T*�{T
T��M���W��U{���
�r�{�LT%Tm�{U*V�TdPf��HAT�EL�	��TL�f��S;T"SIKME PaHJE���UI�{�RQ�� �R�W�JUI�R�dU{�{TMV��M��� �W�LT��"��ELS{�
\gW���F{TL�IQR�R��� KMFR��H{KgW���K � tbY{t � n���HIE�K��{���IUo� � tMnwk{t��.U � tMnwkgY�.�R��HIE���HR�d^"����W T����
�RTmVWU{�L���f���{T£KMHR���8���I�]W¤N#FIHRTmUo��K�TdPf��W�N �P�OE P EL��W K£�{���IKM�RT;�>K�U/Pf�Mn 
�H{Tm�8�!�LTgSWT �
T��M���W��UJ� �i�R�LT#QRHJELKM�R���{UR� � tMnwk{t��	U � t�n�kZY���FRTm�R��U �R�P�8���R� ����V¡� F{HIU@F{��HR��NmTdPJ� S
V �IQR�IE � T*U/PaS;TMV���U \M��VWS;Tm�R���I�{TgU�S¡�IQ/\MUI�]W	n ���WTZ\�N;TbPaUJ�8TG�JU�^.�0��E������{U{���\TMF{��HIEO�
�LTMH

R̂
�JE

Ĥ
n

� EM�8�W��U{�����{�LT4QRHJELKM�R���{UR� � t�n�kRt��%U � t�n�kZY��%�8TAS Qo� \gW����2UIVWFRT��J�L��TMKmEL��W �8�{�LTZ\AW
FRT��{QR�IU{���&R"EZSWHIE��/T!��KLT!TMFIU{V�E��{U{� PaU{�JE��dU{SIU£VWKLTg\�TdPf�{TgU FRTmKL��HMN{�{TMVW��U nr�%�bU{VW��K�Uo�



��� M�� ��� 2���� ��� ��� � � �	� � � ��� ��
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��� ����	��� ����� �	��� ��� ���	����� � �
�L���f���{T �JUR�"�{UoN �J�bSWS;T*F{TL�IQR�{U{���Iq

Ψ = −∂−1T̂ (ytxu − xtyu) � t�n�k�v�
[�TbPaV���ELKL�{�{� � tMnwkMv ��K%KgW�HJE T.���IU{� � t�n tOl ��� R"E3S�HIE��/T0UJEL� ��TdT0�{T!KgW�HJEO��U{���%�LT��J�MS;T
�R��HR���P��TMHJ�iQ SWHIE��{UI��W�n ���LT���H{���WQO�f���OEL� \gW¤� FRT��{QR�{��� �{����E�K�UIVWUJ�8T2K �wj c	� PI�I�
V �IQR�IE�� T0U/PfS;TmV���U \���V�S;TM�{���{�{TgU S¡�IQ/\MUI�]W	n

��� M�� � � "�-* ���F����08�K ��D ������0�E0������G �!�#"%$��

���bUI�JELV�� WYFRTmSoE T.��� ���{�LT�VWUIV��L���dE � t�nwk{t���� � tMnwkZf�� U � tMnwkmu � �8T T.�W�<\AW���� HJEO��H{�b^"���IE
T����{TMV�UR�L�W�J�M�RT\KMHR���8���I�]W¤NPFIHRTmUo��KLTdPf��W�NPT��

Ψ
U
z
�{��E PaE��{��W�N�FIH{U

v = 0
n

[�TMV�S;TL�f��SRQ
z = x + iy

� � W UJ�8�W���
x = 1

2(z + z∗)
U
y = 1

2i(z − z∗)
nF[�T �W��Tm�iQ

QRHIE�K��{���IUR� � t�nwk3c����8T T.�W� \gW����G��E�F{UIV�E��RT*SoELS

ztz
∗
u − z∗t zu = −2iR̂Ψu

Uo�fU

 � [

zt
zu

]
=

R̂Ψu

|zu|2
∣∣∣∣
v=0

. � t�necm���
����V � P E���QR�IS{�IUR� zt

zu

�B�IK��I�R�JVW��E��IE��JU{��UI�R��VWS;TgU@K#F{TL�JTMV�� �<�8T T.�W�!\gW����4KLTmVWV���E��
�RTmK��J���JEGFRT��J�{TMV��M� � V�F{Tm��T��.� � � tMnpl c�� q

zt = −zu(T̂ + i)
R̂Ψu

|zu|2
, � t�necIt �

Uo�fU

yt = −(yuT̂ + xu)
R̂Ψu

|zu|2
, � t�necrl �

xt = (yu − xuT̂ )
R̂Ψ

|zu|2
. � t�necmk��



��� M�� ��� 2���� ��� ��� � � �	� � � ��� ��
���	� � � � ��� ����� �
��� ����	��� ����� �	��� ��� ���	����� � �
O�W��IU{�OE�� � lrnwk;j ���MQ{���{T T.���I�RTM���IE xu �;UR� � lrnwkgf���MQ{���{T T.���I�RTM���IE yu �rU U{V�FRT��J�L�WQ��
� t�nwk3c����IF{HIUoNmTdPfUJ� SPQRHJELKM�R���IU �

−ΨuR̂Ψu = yuf + xuĤf . � t�necZc��

� \��£�IE�V���U ���LTgS�T2QRHIE�K��{���{UR�C�8TAS Qo� \gW����2FIHR�QPaV���ELKL�I����W<W SoELSC�d�{UJ� W��P�JELV��MU
EL�JEO�fUR�MU{�{��VWSIUrN���QR�{SI�IU]U,K*FRT��ITmV��Mq

−1

2


�
(Ψu + iR̂Ψu)

2 =

�

[zu(f + iR̂f)].

����V � P E \L�aE3SWTbP ELHm��E��IE��JU{��UI�{�{TMV��MU#� W~��ELSR�����JE���� �I�R�LT ��QR�IS{�IUIU�V�TmK�FJE P E ���

−1

2
(Ψu + iR̂Ψu)

2 = zu(f + iR̂f)

Uo�fU

f + iR̂f = − 1

2zu
(Ψu + iR̂Ψu)

2. � t�necrj �
�.EO�J�W�,KZW��{�L��� QRHJELKM�R���IU{� � lrn�kmj � �dQ{���{T T.���I�RTM�,�JE xt ��Uo�,QRHIE�K��{���IUo� � lrn�kZf���

Q{���{TdT!���{�{T��%�JE
yt
n�O HR����Q��f���OEL�L�%UI���W����q

(Ψt + gy)(ytxu − xtyu) = ytf + xtR̂f =

�

[zt(f + iR̂f)] . � t�necAf�

O�H{���8���I�]W���FIHRTmUo��K�TdPf��W��
xt, yt, zt

UIVWSR�����JE ����V¡� FIH{U F{Tm�8T �.U � t�n�k c�� � � t�necIt�� n
����V � P EGF{TMV �J�	FIH{TMV��ZW¤N�KZW��IUIV �I���{U�U&TmS;TM�I�IEL�L���f���{T\FRT��{QR�JE����

Ψt + gy = −(Ψu)
2 − (R̂Ψu)

2

2J
− ΨuT̂ (

R̂Ψu

J
) , � t�necru �

S Pf�
J = |zu|2

n ��VWFRT��J�L�WQ��£�LT T PJ��V���KLT

(Ψu)
2 − (R̂Ψu)

2 = 2T̂ (ΨuR̂Ψu) ,
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��� ����	��� ����� �	��� ��� ���	����� � 
S;T��LTmHRTM�*V �I� PIQm�W� UR�0EL�JEO�fUR��UI�I�RTmV���U}��QR�ISI�{UIU

(Ψu + iR̂Ψu)
2 � FRTmV �I� Pf�{�W�"QRHJELK��

�R���{U{����TdT!�W� \gW����0F{��HR��F{UIV�EL�{T*K*K�U/PJ�mq

Ψt + gy = −T̂ (ΨuR̂Ψu)

J
− ΨuT̂ (

R̂Ψu

J
) . � t�necAY�

�8ELSIUI�2TZ\mHIE���Tm� ��� W UJ�8�W���2FIE�HoQ"QRHJELKM�R���{U�U � tMn cJt��¢U � tMn cou � � Uo�fUPt�n c Y��PJ�{� z U
Ψ
��HJEO��H{�b^.���{��W�N"TM���RTmVWU{�L���f���{T	KMHR�������{��W�N!FIH{TMUR��KLTdPa�]W¤N n R��bSWS;T�F{TMSoE���E���� ���{�LT

S{UI�{���dE��MU{�{��VWS;TM��Q;V �ITmK�U{� � lrn�k�iF{TMV��I��S;TM�I��TmHI�d�RTAS�T%F{H{�WTZ\mHIE���TMKmEL�IUo�0F{��H{� NmTdPaUR�
K��JE��IE��I��K � t�nwk�����E#�OE��L��� �8T T.�W� F{H{�WTZ\mHIE���TMKmEL�{T�K�QRHIE�K��{���{U{� � kRnsl � n���T�TM��KL�W���
V���K����{�{T � PaUI�IEM��U{�{��VWS;TM� SWHJEL�IU{�I�RTM�#QmV �JTMKMUR� � t�nec��0�IE VWKLTg\�TdPf�{TgU FRTmKL��HMN{�{TMVW��U
FR��HR� N;TdPfU{�!V�FRT;�8T��!� � � t�necIt �5K"QRHJELKM�R���IU{� � t�necru �5UR�fUPK ��SIK�UIKME��I���R���RQ�� ��TmHI�iQ

� t�n c Y� n
O~V��{QR�JE�� S �IQ/\�TmS;TgU,KLTdP=W � h → ∞ �¤QRHJELK��{���IUo� � t�necIt���� � tMn cou ��U � tMn c Y��FIH{U{TZ\L�

HR���OE ���0K�U/PBq

zt = zu(Ĥ − i)
ĤΨu

|zu|2
, � t�necmv��

Ψt + gy = −(Ψu)
2 − (ĤΨu)

2

2J
+ ΨuĤ(

ĤΨu

J
) , � t�nsj���

Ψt + gy =
Ĥ(ΨuĤΨu)

J
+ ΨuĤ(

ĤΨu

J
) . � t�nsjrt��

����� ��� � �
����_��HJELK��{���IUo� � t�n c;v��U � tMnpj���� \AW¤�fU}FRT��{QR�{����W K&HJE \MT��L� � tbY{t � n¢� PI�
�IE�S;T � �{�QP ELK��{T�� W TZ\M�JELHRQIT0Uo�fU �B�{�LT�F{TdPJTg\M��W��GQRHJELK��{���IUo� PI�I�YV �IQR�IE�� \���V�S;T��
�R���{�{TgU S¡�IQ/\MUI�]W \AW¤�fU�F{TL�IQR�R����W � �.�	K&t�vmu�k S�TdPJQ���KMV �J�{�IU{S;TmKZW � � kmu�� n
���OE��{U{TM�JELHI�]W��.KLT��J��W TMFIUIV�EL��W K [�H{UR�IT T.���{UIUYn t�n
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[�QmV�����VWUI��S QO�{�JH{�{TMV��M����QR�IS{�IUIU
z = z(w)

HJELVWF{TL�JT T.���JE��JE����IUI��TgU%TmVWU"KL��HMN{�R�bU
FRT��{QRFR�JTMVWS;TmV���U&U PfTMV���E���TM�I�RT \��JUR��SoE�SP�JE��JEO�IQPS;T�TMHgPaUI�IEL��n �<TgS`PaE!K3\��JUR��UP�RQ��I�
KL���fUI�{UI�IE

J = J(u)
�IKL�{�I�W��V¡�?\�T��J�g^"TAU�K����fU{�IU{�{TgU ���OE�S��{�LT

1/J
K �W�LTAUGTZ\��fE�V���U

�IKL�{�I�W��V¡� S¡�aE PaS;TgU���QR�IS{�IUR�dU �_�ITmSoEO�f���{T \L�fUo��S;TgU�SY�oQO���"n ���{�Y�OE�S;TgS�T�V��{QR�JEO�
�8T T.�W�K\gW��M� FIH{�QPI�JT T.���JE6PfHRQ�S E���FIHIU�\��JU�T.���I�IE��%�L�WTMHIUR� n �=PJ��V���� W HIE�VWV��8TM��HIUI�
�LTL�f��S;T�V �{QR�JE3U \���VWS;Tm�R���{�{TgU S¡�IQ/\MUI�]W	n ��Q PJ����UIVWSoE�����HR�b^.���IUR�5QRHIE�K��{���IUo� � kRn t����
KGK�U/PJ�Mq

Ψ = −1

2

∫
λ2dt+ λ(t)y + Ψ̃ , � t�nsj�l �

S Pf�

λ̇ = −g � t�npjLk�
�OE�S �J�{�LT

λ = λ(t) = λ0 − gt
�JK��I�{�W��V¡�£�JUI�{�bU{�{TgU���QR�ISI�{U{�bU�KMHR���8���IU n

��� W�V ��T��bPJ�W�I���IUR�
Ψ̃
TM�

Ψ
V�TMVW�LTMU{��K�V �J�QPIQ�� �.����n3[�QmV��M��VWU{��S QO�I�IHI�RTmV����

Ψ
�IEO�

NmTdPaUR��V¡� �JE"�dE��IT;�}HIE�VWV��LT��I�IUIU
δ
T��!KL� �.��V���K����{�{TgU0TMVWU n �<TgS`PaE���QR�{SI�IU{U

Ψ(u)
U

y(u)
V Q �"��V���KL���{�{T.�8���R� ���"VWK�T�� ���JE��R���IU{��K�Tg\L�aELV��MU

u ' δ
U\SR�����{��K�T���FIHR�QPaF{T��

�IT T.���{U{�5V�TmV��LTmUR��K���Tm� ���R��T�F{T������{�IUJEO� � t�nsj�l � Ψ̃ �IKL�{�I�W��V¡� � S �aE PaS;TgU � ��QR�{SI�IUR�bU �
V Q �"��V���KL���{�{T Uo�������o�{�IVW�C�LT��J�MS;T �IE ��ELV ^.�OE3\mE�N ∼ 1

n ����TZ\gW F{H{TMK���H{U{��� ���LT
F{H{�QPaFRT��IT T.���{U{� � � W PfTL��T0�]W H{�b^.U{��� � Uo�fU,TM�{���IUR����� H{�b^"���IU{�%QRHIE�K��{���IUo� PI�I�
Ψ̃
nm���I� �LTAS�T �R�R�LTg\gW~FRT��{QR�IU{��� �W�LT"QRHJELKM�R���{U{� �R� W \LQ Pf���@UIVWF{TL�f����TmKME��M�"�LT T PJ���

V���KmERq

(1 − iĤ)(x̃u + iyu)
2 = 0 , � t�nsj c��
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(1 + iĤ)(
1

z∗u
− 1) = 0 . � t�npjMj �

�����IUrN&V �J�QPJQM�W� �{�{�LT
Ĥ(yuĤyu) =

1

2

[
(x̃u)

2 − y2
u

] � t�nsj f��
U

yu
J

+ Ĥ(
xu
J

− 1) = 0 . � t�npjMu �
[�TMV �J��FIHRTmV��ZW¤N&FIH{�WTZ\mHIE���TMKmEL�IU]U�� W FRT��{QR�JE���� QRHJELKM�R���IU{�9PJ�I�

Ψ̃
n

∂Ψ̃

∂t
=

λ2

2J
+ λ

(
1

J
ĤΨ̃u + Ψ̃uĤ(

1

J
− 1)

)

+
1

2J

(
(ĤΨ̃u)

2 − Ψ̃2
u

)
+ Ψ̃uĤ

ĤΨ̃u

J
. � t�nsj Y��

O�V¡�*U{�I��TmHI��EL�IUo�0T%��TMHJ�8� F{TMK���HMN{�{TMV���U � VWFIHm�{��EL�JE � K���QR�{SI�IU{U 1/J
�MS;T��LTmHIE��

V�TgS¡�aELVW�{T"�IEZ^"���8Q\F{H{�QPaFRT��IT T.���IU � �IKL�{�I�W��V¡� S¡�fE PfS;TAU n][�T �W�LTm�8Q � W �8T T.���@FRTL�
�fEZS EL���
�¢�R��T#F{T������{�IUJEO�

Ψ̃
��ELS�T.� �IKL�{�I�W��V¡�ES �aE PaS;TgU}��QR�{SI�IUR�bU@�JE,�dELV ^.�OE3\mEON

' δ
n

O F{��H{K�Tm�CF{HIU]\L�fU/T.���{UIU,� W FRT��IT T0UI�

Ψ̃ = 0 . � t�nsj�v�
��T�T��MKL�W��VW��K�Q�� �.�W�¤QRHJELK��{���IUR�HPJ�{����TmHI� WCFRTmKL��HMN{�{TMVW��U ���OELFIU{V�E��{�{T��¤K��{���JKLTm�

K�U/PJ��{KgW<S¡�{��PfU{�0�IHR����KZW��JE3UI�{T0F{H{TMV���TIq

yt(1 + x̃u) − x̃tyu = λx̃u . � t�n f����
� \�TL���IE��IUI� �{��H{���

z̃ = x̃ + iy
n O �L��HI��UI�JE�N

z̃
QRHIE�K��{���{U{� � tMn fM��	�8T T.�W�!\gW����

��ELFIUIV�EL�{T*V �I� PIQ�� �!UI�CTZ\mHIE���Tm��q

z̃t − z̃∗t + z̃tz̃
∗
u − z̃∗t z̃u = iλ(z̃u + z̃∗u) . � t�n fRt��
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O�KL� PJ���IU{��� �{TMK�TgU&��QR�{SI�IU{U

z = z̃ + u− i
∫
λdt

QRHIE�K��{���IUR� � t�n f{t��¤F{H{�WTZ\mHIE��WQM����V �&S&KMUIPJQ

 �

(ztz
∗
u) = −λ . � t�n f;l �

O@FIH{TMV��L�dU]^.��� V �{QR�JE��
λ = const

� ���LT�QRHIE�K��{���IUR��UR��KL��VW���RT"K	�fU{�L��HJE���QRH{��V%t�v coj
S n � c;���{k	� nf� \gW��I�{T!�bSWT!�JEO�dW�KME ��� � ���  � � � � ����� ��� � � �	� � � � � ��� � �
� � � �*QRHIE�K��{� �
�{U{���aELFR�fE�V�TMKMVWS;TgS�T"H{TMVW�OE{n{���RT&^!U{H{TMS;T�U{V�FRT��J�L�WQM�W�MV �\FIH{U TMFIUIV�EL�IU{U PaU{�JE���UISIU
SWHJEL�IU{��W PaK�Q;N T0U/PfS;TmV��L�bU£V�V Q �.��V���K����{�{T.HJEO�W�fUI�{��W���U£KL�R��S;TmV����f��U �ZPfKMU/T.���{UR�
SWHJEL�IU{��W HIE�� PJ�W�fE PfKLQ;N���EO� � �JELFIHIUI�8��H ���f� P EYU K�TdP=W ��U�HRTmV��OE Pf���/PfHIUR��TMK@K
�IE�V����{TMV��MU n

��� ��� M � ��-=4 5 L%���F+#" - .���'(�� " � 	X���%�F0

��HIE�K��{���IUR� � tMn fRt ���IK��I�{����V � U{�{�L�bSWHIUIHoQm��� W���ni���RT�UI�8���W� ^!U{H{TMSIU]U SR�fE�VWV0VWF{� �
�{UJEO�f����W�N�H{�b^"���{U�U � n � � FIE��J�M�R��KgW�� � HR�d^"���IUo��� q

z̃ =
N∑

n=1

qn ln(u− an(t)) . � t�n fMk�
S Pf�

N
�5��� \�TM�"FRT��IT T0U{�L���f���{T��!�{���JT��%�IU{V �JT � KMSo�����IE�� N = ∞ � �

qn
S;Tm��FR�J��SrV �

�]W���FRTmV��LT��I�I��W�� �{E 
�
an > 0

n;�	�I�0�LTAS�T �o�{�LTg\gW~KZW�F{TL�f�IUR���.QmV��ITmK�U{�
z̃ → 0

FIH{U

|u| → ∞ �I�{�WTZ\�N;TbPaUJ�8T*FRTM��HR�b\�TMKmE����
N∑

n=1

qn = 0 . � t�n f c��
� Pf�JELS;T QmV��ITmK�U{� � t�n f c�� V5�	UR��U{�{��VWS;TAU��LTM�ISIU%��H{���IUo�"�{��V Q �.��V���K����I�RT ��F{TMVWS;T��J�MSoQ
PI�I�"F{H{TMUR��K�TL�f���{TgS�T�KZW<\�TmHIE

qn
���iQ���TdT0�{T�Q PJTmK��J�W��KLTmH{U{���KPfTZ\;ELK��J���IUR����S � t�n f�k��



��� ��� �	�<��� � �	��� � ��� ��� ��� � � � ����� � N �

� �"��TdPf�{TgS�T0V��fEZS EL���8TgSWTIq

−



N∑

n=1
qn


 ln(u− aN+1(t)),


�
aN+1 → +∞.

[�TbPaV���ELKL�{�{� � t�n f�k�� K � tMn f{t�� U2HJELV�So�aE P�W�KmEO�2V Q{�d�iQ,�IE£FIHRTmV��ZW��&PaH{TZ\MU � � W FRTL�
�{QR�JE���� VWUIV��L���iQ Tg\gW�S{�{TMK����{��W�NXPaU{�	����HR���{�IUIE��J�M�]W¤N&QRHIE�K��{���IU]U PJ�I�

an
q

ȧn +
∑

m
q∗m
ȧn − ȧ∗m
an − a∗m

= −iλ(t) . � tMn f;j �
���R�L�dSWH{UIH{TMKME��{U{�\F{T�KMHR�������{UYF{HIUIKLTdPfU{�#SYV �J�QPJQ�� �"�bUYVWUIV��L���8�*�MHIE��{VW�{���/PJ���R�O�
�]W¤N QRHJELKM�R���{U�U q

an +
∑

m
q∗m ln(an − a∗m) = −

∫
λ(t)dt+ Cn , � t�n fZf��

S Pf�
Cn

� FIHRTmUo��K�TL�f����W���S;Tm��FR�I��SrVW�]W��5S;Tm�{V���EL�{�ZW	nZ[�H{TMVW�L�bU�^.UJ�&H{�b^"���IU{�����W�LTAS�T
��UIFIE��JK��I�{�W�MV � � TdPa�RTmFIE��J�M�R��KLT�� � q

z̃ = −i ln(u− ib(t)), � t�n f;u �
S Pf�9PJ�bUIV���KMUR�����J�M�IE���KL�W�JUI�{UI�JE

b
TmF{H{�QPf���{�I�W��V¡�&Uo�

b+ ln b = −
∫
λdt+ ln r . � t�n fgY�

�=PJ��VW�
r
� �{��S;T���TMHJEO�XPf�bU{VW��K�U{�L���f���JEO��S;Tm�{VW�OE��R��ERn

��VWUJ��F{�LT��MU{�{��VWS;TM�"FRTmKL�QPf���IUR�
b
FIHIU ∫

λdt → +∞ UI���W�W�*V �J�QPIQ�� �!U]U�K�U/PBq

b ' r exp (−
∫
λdt) → 0, t → ∞ . � tMn f�v��

O HJELV�V��dE��MH{UIKMEL���8Tm� V �IQR�JE��%� W UI���W����q

y = − ln
√
u2 + b2(t) ,



��� ��� �	�<��� � �	��� � ��� ��� ��� � � � ����� � N%M

x̃ = arctan
u

b(t)
,

1

J
=

u2 + b2(t)

(1 + b(t))2 + u2
. � t�nsu����

[�QmV���� ∫
λdt

�IKL�{�I�W��V¡� \�TL�f�Z^!UI�CF{TL�JTdT0U{�L���f����W�� �IUIV �IT;��n �<TgS`PaE

1

J
→ u2

1 + u2
� t�nsurt �

�dEO�JT FIH{U
u ' b

U Pf�bUIV���K�U{�L���f���{T �JK��I�{�W�MV � S¡�fE PfS;TAU>��QR�ISI�{U{�bU n ��� � t�nsj�k�
V �J�QPIQm�W���I�{�LT

∫
λdt = −1

2
gt2 + Ct . � t�nsu�l �

���{�%FRT��IT T0U{�L���f����W�N
g � Q;V��LTgUI�IU{KgW<U"V �IQR�JE3U�� ∫ λdt ��TdT!�W� \gW��M� \�TL�f�Z^!UI�&�LTL�f�O�

S;T\K0�����R���{UIU#S;TM�{���{�{TgSWT\K�H{���8���IU � ��V �JU C F{TL�JT T0UR�L�W�J�M�RT£U�K����fU{S;T��¡nf���{�
g ≤

0 � \M����HJEO�W�fU{�I�{T*QmV���TgUI�{UIKZWKU,U,�{��QmV���TgUI�{UIKZWKU,V��{QR�JELU���HIE�VWV��dEL��H{UIKMEL���8TM�"�IEM��U
F{HIU]\L�fU/T.���{U{��QO�{QR��^!EL�W��V¡�PFIHIU

t→ ∞ nR���I� � TdPf�{TMFJEO�f���{��KLTAS�T � HR�d^"���IUo�

y(0, t) = −2 ln b(t) '
∫
λdt

FIH{U
t→ ∞. � t�npuLk�

O���T T.�%K�H{���i�&SIH{UIK�UR���JE*FRTmKL��HMN{�{TMVW��U&FIH{U
x = 0

VW��HR����UR�MV ��S�S;TM�IV��OE��R���Mq

1/R = ηxx → − ������� �
,
F{HIU

t→ ∞ . � tMnpu c��

� Pf�{TMFJEO�f���{��KLTM��HR�b^.���IUR����ELS;TgSWT"��UIFIE&\gW��IT.�JE3U/Pf���RT0�¤E������dEL�{Tm� U � �dUo�JTMH{Tm�
� t�kmj�� n

N
� FIE��J�M�R��KZW���HR�b^.���IUo�

LGE
\AW¤�fUGU{VWV��I�QPfTMKmEL��W K	V���E����L�oN � t�t�v��mu�k	� n;� \L�

�"�W�	HR�d^"���IUR��QRHJELK��{���IUo� � t�n fRt����8T T.�W� \AW����*F{TL�IQR�R���RT\UR� � t�n f�k���FIHR�QPf���f����W��
FR��HR� N;TdPJT;�

N → ∞ n��=Pf��VW�*� W �{�(\LQ PJ��� HJELVWV��dE���HIUIKME��M� �W�LTM�0KLTMFIH{TMV�n



��� ��� �	�<��� � �	��� � ��� ��� ��� � � � ����� � N%�

��� ��� � � �7]��$9�=���/465��%'�� ��" -� ���F����0 � 4 0 ; 4 �:+F��@A��G ]�=�K'

O��W�LT;��FJELHJE3S�HIE�����HIE�VWV��8TM��H{UJ��V �{QR�JE3U(S¡�{Q/\MTMS;TAU	K�TdP=WE\�����FRT��{�%����T.��VW��U ���LTAS P E
QRHIE�K��{���IUo� � t�n�kRt ��U � t�n�kZY�¤UI��� ���0K�U/PBq

ytxu − xtyu = −ĤΨu , � t�nsu�j �
Ψtxu − Ψuxt = Ĥ(Ψtyu − Ψuyt) . � t�nsu f�

��UIV��L����E � t�nsu�j � � � t�npu3f�.UJ�8�W�W� V����8�bUIV���K�T E�KL�LT;�8TdPJ���f����W�N HR�d^"���IU]U n � EM�8�W��UJ� �
�R��T0TM�JEGU{�IKME�H{UJEL�{���JEGT��M�RTmVWUR�����J�M�RT F{H{�WTg\MHJEO��TmKMEL�IUR�

u→ u

a(t)
� t�nsu�u �

S Pf�
a(t)

��FIHRTmUo��K�TL�f���JEO�}��QR�IS{�IUR�}KMHR�������{U n ���OE�U{�IKME�H{UJEL�{���{TMV��M�,UJ�8�W����F{H{T��
V��LTAU%V�� W�V���� Tm�IE V �J�QPJQM�W��UR��KLT����8T T0�RTmV���U"F{��H{���dE�V ^"��E \mU{H{TMKmEL�IUo�%S;TM�I��TmHI�d�RTAU
FR��HR�������{�{TgU

u
FIH{TMUR��KLT��J�M�]W � Tg\MHJEO��T;� K���� \�TAU��8T;�8���{�*K�H{���8���IU n

�PT T0�RT\UIVWSoEL���0H{�b^"���IUR�PV�U{V������ W � t�nsu�j � � � t�npu3f��K*V��I�QPJQ�� �"��� KMUIPf�Mq

y = f(t)y0(u) ,

x = f(t)x0(u) , � t�nsu Y�
Ψ = g(t)Ψ0(u) .

��� � t�nsu�j ���I�dSWS;T0FRT��{QR�IU{���
g(t) = ff ′ , � t�nsu�v��

E�Uo� � t�nsu f�¤FRT��{QR�JE�����V ��V��I�QPJQ�� �"���	V�TMT����{Tg^.���IUR�Mq

(ff ′)′ = qf ′2 q
� ��� � � �

. � t�n Y���



��� ��� �	�<��� � �	��� � ��� ��� ��� � � � ����� � N�N

��HIE�K��{���IUR� � t�n Y����UI�8���W�0V��L��F{���I�RTM�	H{�b^.���{U{�

f(t) = c(t0 − t)s, s =
1

(2 − q)
,

��V �JU
q 6= 2 , � t�n YRt��

U���SrVWF{TM�{���I�{UJEO�f���{T��

f(t) = ceλt
��V �fU

q = 2 . � t�n Yml �

y0
�
x0
U

Ψ0
Q PfTMKL�I�W�MKLTMHm�����0V �J�QPIQ�� �!UI� QRHJELKM�R���IUR�J��q

y0x
′
0 − x0y

′
0 = −ĤΨ′

0 , � t�n Y�k��
qΨ0x

′
0 − x0Ψ

′
0 = Ĥ(qΨ′

0y0′ − Ψ′
0y0) .

O���V��L��V��MKL���I�]W¤NPF{��H{���8���I��W�N � tMnpu3Y��� �W�LT\ELK��LTm��TbPf���f���{T��%H{�b^"���IU{�Mq

η = f(t)η0(
x

f(t)
,

φ = f(t)f ′(t)φ0(
x

f(t)
,
y

f(t)
) . � t�n Y c��

�8V �fU
s > 0 � q < 2

��� �W�LT&H{�b^"���{U{�!Tg\MHJEO��TmKME��{U{��V�U{��S QO�{�JH{�{TMVW��U��JEXSWHJEL�IU{�{����E
S;TM�{���I�RTM� K�H{���i�_n ���LT2VWUI�]S�Q��I�IHI�{TMV����,��UIFJE�Q�S�TL� �¢F{TdPJTg\M�JE��LTgU �{�LT2�JE3U/PJ���IE,K
HIE3\�TM�L� � t��mj�� n���E

s
UI�8� ����V �	TgSWHJEL�IUI�R���IUR� �W�JELSR�aE P�W�KMEL��� W��d��E�S;TM�{Tm�PV�T�N{HJEL�{���IUo�

���{��H]S�U{U nO�%�bUIVWK�U{�L���f���{T �MUR� � t�n Y c��<�8T T0�{T�F{TL�IQR�IUR����PJ�I�GSIU{�{�W��UI�{��VWS;TgU ���R��H]SWUIU

T = f 2f ′2
∫

(∇φ0(~ξ))
2d~ξ, ~ξ = (

x

f(t)
,
y

f(t)
) .

��KL�LT;�8TdPJ�W�J�M�RTM�!H{�b^"���IU{���8T T.�W� � ����Hm�{��� � ���{��H�SWU � UR�JU4VWT�N{HJEL�R�{�M�\� 	mn ��T ���R��Ho�
SWUR�P�{�"�8T T.�W�*HJELV���U nJ� FRTmVWS;TL�f��SRQ

T ' (t0 − t)4s−2,

U ∞ > s ≥ 1
2

�
q
PfTL��T.��� \AW����#K�FIH{�QPJ�W�fEON

2 ≤ q ≤ 0
n�� � �

q = 2
�
s = ∞ �¢U

S;TL�I�fE�F{V�FIHRTmU{V NmTdPaUR�G�OE&\M��VWS;Tm�R���I�{T���K�H{���i� n



��� ��� �	�<��� � �	��� � ��� ��� ��� � � � ����� � N �

���{QR�JE3U
q = s = 1

��TmV�TZ\AW<U n �=Pf��VW�,H{�b^"���IU{� VWUIV��L��� W t�npuMj ��� � tMnpu3f�%��TdT0�{T
U{V�SoE����*K*KMUIPf�Mq

x = x0t+ x1 ,

y = y0t+ y1 , � t�n Ymj �
Ψ = Ψ0t+ Ψ1

O � t�n Ymj � x0
�
y0
U

Ψ0
FIHR�QPaV���ELKL�{�����%E�KL�LT;�8TdPJ�W�J�M�RTM� H{�b^"���{U{� �OQ PfTMKL�I�W�MKLTMHm��� �"�W�

QRHIE�K��{���IUo�f�

y0x
′
0 − x0y

′
0 = −ĤΨ′

0 , � t�n YZf��
Ψ0x

′
0 − x0Ψ

′
0 = Ĥ(Ψ′

0y0′ − Ψ′
0y0) ,

E�K*VWKLT � Tm�R��H{�QPa�
x1

�
y1
U

Ψ1
F{TdPf�IUI�o������V �P�fUI�R�bUI��W��CQRHJELK��{���IUo�f�

y0x
′
1 − x0y

′
1 = −ĤΨ′

1 , � t�n Ymu �
Ψ0x

′
1 − x0Ψ

′
1 = Ĥ(Ψ′

0y1′ − Ψ′
1y0) .

� �IE�� ELK��LTm��TbPf���f���{T���H{�b^.���{U{� � t�n Ymj ���{�8T T*�{TGFRTmV���H{TMU{���.Tg\��.�W��HR�d^"���IUR��V�U{V���� �
� W � t�nsu�j � � � t�npu3f� na��S�T0�8T T0�{T*��ELFIUIV�E����*K*KMUIPf�(\���V�S;TM�{���{�{TgSWT�Hm��PaE{q

x = x0t+ x1 +
∞∑

k=1

x−k
tk

,

y = y0t+ y1 +
∞∑

k=1

y−k
tk

, � t�n YZY��

Ψ = Ψ0t+ Ψ1 +
∞∑

k=1

Ψ−k
tk

.

[���H{KgW��#PaKME��o�J���JE�HJEO�W�JT T.���IUo� � t�n YgY�fQ PJTmK��J�W��K�TMHm� ����QRHIE�K��{���IUo�f� � t�n YZf��� � tMn Ymu �
U P EO�J�W�Mq

y0x
′
−n − y′−nx0 + ĤΨ′

−n = Fn , � t�n Y�v��
Ψ0x

′
−n − Ψ−n′x0 + Ĥ(y0Ψ−n − Ψ0y

′
−n) = Gn ,



��� N � � ��� � �	� �?� � �	��� �	� ���	��� � �-� � ��� � � �9� N �

S Pf�
Fn

U
Gn

KZW�HIE T.���IUo� �8��E�K�UIV � �.U{�£�LTL�f��S;T T��
x−k

�
y−k

U
Ψ−k � k < n

� n�O
�IE�V����{TMV��MU

F2 = y−1x
′
1 − x−1y

′
1 ,

G2 = Ψ−1x
′
1 − x−1Ψ

′
1 − Ĥ(Ψ−1y

′
1 − y−1Ψ

′
1) .

[�HR�QPaF{TL�JTdT0UJ� ���{�LT�HR�b^.���IUo�%QRHJELKM�R���IU�U � t�n YZf��_U � t�n Y;u �B�IEZUIPf����W ��U � \MTL�J�W���LTgSWT �
HR�d^"����W �JK��{T �JUI�R�dU{��W�� � �{�!��ELKMU{V¡� �!UR�"TM�PK�H{���8���IU4� ��TbPa�{TMH{TbPa��W��!QRHIE�K��{���{UR�
� t�n YMv�¢FIH{U.��� \AW�N.�OE P EL�I�]W¤N Fn � Gn

n �¢TAS P E��8T T0�{T	�JE3U{��UGHR��SoQRHIHR���R���{T%K�V����R�J� �
�]W K%HJEO���IT T.���IUIU � t�n YZY� n�O �W�LT;�}V�� W�V��I��VWUIV��L���dE � tMnpu�j � � � t�nsu f��<�LTM�I�{T!H{�b^!EL���dERn

 �JELV��LT�� �"���iQY��Tm�8���{��QYH{�b^.���{UR��QRHJELKM�R���{U�U � tMn Ygf��U � tMn Y;u ���_��ELSET.� SoELS}U

EO�=S�TMHIU{�M� HR�b^.���IUo� � t�n Y�v���R��Uo��K���V�����W�no� � W �R�����JE����YV Q �.��V���KLQM�W�	�fU0HR�d^"���IUR�
QRHIE�K��{���IU]U � t�n Y�k�� � U4�R�.���JE���� �R�LT£TmF{H{�QPf���{�I�W� KgW6\MTMH,���JE��R���IUR� s n_� Pf�JELS;TP� W
���JE���� �IV �IQR�JE3U

s = 2
V�TMT���K��W��V���KLQM�W�\��EO�JTLQ�S¡�ITmKLTm�8Q£FIH{U]\L�fU�T.���IU � TmF{UIV�EL�I�{Tm�iQ

K�� t��;j�� n


���� � ����� ��� 4)1 � � �7* � � �50 �=< � �#$& � � ��� �&+

�8V �fU	QIT � W@F{HIUI�����{UR�fU"S;TM�I��TmHI�d�RTM��FIH{�WTZ\mHIE���TMKmEL�IUR��U"U{V�FRT��J�L�WQM����S;Tm��FR�J��SrV �
�]WKU�FRTM�L���I�{UJEO� V�S;TMH{TMV���U ���LT@�IEM� V �J�QPJQM�W� KM�8��VW�LT K�� �"��V���KL���{��W�N QRHJELKM�R���{U�U

� t�n c;v�¤U � t�nsj�����JELFIU{V�EL���0S;T;��Fo�J��SrVW��W��	QRHJELKM�R���IUR� PI�I� z(w, t) U�S;T;��FR�I��SrV��RTAS�T
FRTM�L���I�{UJEO�aE VWS;TMH{TMV��MU

Φ(w, t)
n ����U#S;Tm�dFo�J��SrVW��W��%QRHJELKM�R���{UR�#�8T T0�{T F{TL�IQR�{U{���

F{HIUJ�8���R�R�PTMF{��HJE��LTmH�FIHRTM��SR�MU{H{TMKmEL�IUo�
P̂

P̂ (f) =
1

2
(1 + iĤ)(f)



��� N � � ��� � �	� �?� � �	��� �	� ���	��� � �-� � ��� � � �9� N 

S£QRHJELK��{���IUo�f� t�n c;v��U � tMnpjL�� q

zt = iUzu,

Φt = iUΦu − P̂ (
|Φu|2
|zu|2

) + ig(z − u). � tMnwv����
�=PJ��VW�

U
� �W�LT0S;Tm�dFo�J��SrVW�JEO��VWS;TmHRTmV����*F{��H{���RTmV�ERq

U = 2P̂ (
−ĤΨu

|zu|2
).

��SoEO�OEO�JTMVW� ���{�LT�QRHJELK��{���IUo� � t�n�v����8�8TgS�Qo��\AW����	QRFIH{T��"���]W FIHRTmV��LT���EM�8���{TgUGF{� �
HR���8���I�]W¤N n����dU{V��MK�U{�L���f���{T ��Km�8��V��LT�FR��H{���8���{��W�N

z(w, t)
U

Φ(w, t)
K�K��QPJ�����{TMKgW��

��QR�ISI�{UIU
R(w, t)

U
V (w, t)

V �I� PIQ�� �!UI� VWF{TMV�Tg\�T;��q

R =
1

zw
,

Φw = −iV zw. � t�n�vRt �

� V � ���LT
i∂Φ
∂z

�R��n �MnoS;T;��FR�I��SrV��IE��£VWS;TmHRTmV������¡n�� E����W��UJ� �o�{�LT0F{TMVWS;T��J�MSoQ
z(w, t)

�IK��
�{�I�W��V¡�YS;TM�I��TMHJ���]W � FIHR��TZ\MHJEO��TMKME��{U{��� �_�bS�T�FIHRTmUo��KLTdPf�JEO�}V Q �"��V���K�Qm�W��K��{U�T��
�R�dU F{TL�IQRFR�ITmVWS;TMV��MU U}�R�£UI���W�W����E�� �RQ��J�bU n �iE�S{UJ� Tg\MHJEO��T;� ��QR�{SI�{UR�

R(w, t)

�OE�S/T!�¤�IKL�{�I�W��V¡�!EL�JEO�fUR��UI�{��VWS;TgU�K��IU�T*�{�bU�FRT��{QRFR�JTMVWS;TmV���U �LU.UJ�8�W����V �J�QPIQ�� �!UR�
SWHJEL�IU{�I�]W��	QmV �JTMKMUo�_q

R(w, t) → 1, |w| → ∞, Im(w) ≤ 0.

���R��KMUIPa�{T �I�R��T PI�I�
V

SWHJEL�IUI�{��W��	QmV��ITmK�UR��KZW<S¡�I�/PJ�{�G�OE�S q

V (w, t) → 0, |w| → ∞, Im(w) ≤ 0.

�¢TAS P E PI�I� �W��UoN&��QR�IS{�IU�U&QRHJELKM�R���IUR��F{HIURTg\MH{�W��E ���\K���VW�M��E!UR�W� �.�RQ�� ��TMHJ�iQ q

Rt = i(UR′ − U ′R),



��� N � � ��� � �	� �?� � �	��� �	� ���	��� � �-� � ��� � � �9� N��

Vt = i(UV ′ −RP̂ ′(V V̄ )) + g(R − 1). � t�n�vml �
�=PJ��VW�

U = P̂ (V R̄ + V̄ R).

[�TL�IQR�R���I��W��0QRHJELKM�R���{UR� SoQ/\mU{�{��VWSIU@�R�W�JUI�R�dU{��W U@K������IE ���2K,VW� \����fU{�{�bUI�]WKU
U{�{�L�bS�HIE��J�M�]WKU TMF{��HIEL�LTMH n����IU �IKL�{������V �~QRHJELK��{���IUo�f��U SWU/PfH{TdPfUI�IEM��UI�R��V�S;TgS�T
��UIFIE
� �{T Pf�bUIV���K�Q����£K\S;T;��FR�I��SrV��RTAU�FR�ITmVWS;TMVW��U n�O�E T0�RQ�� H{TL�f�\K ����UrN�QRHIE�K��{� �
�{UR�oNYU�SWHJE��W��S;Tm��FR�I��SrVW�IE��YVWS;TmHRTmV����&F{��H{���RTmV�E

U
ni���IE&FR��H{���{TMVWU{���RQO�JU ��QR�ISo�

�{UIU
R(w, t)

��S;TM�LTMH�W��,�IKL�{������V¡��TmV�TZ\AW���U���TM�ISoE���U>S;Tm�{��TMHJ���{TgS�T@TM�LTZ\mHIE T.� �
�{UR�

z(w, t)
nM�<EO����W����MU{F�W��oQO�J�bU!FIH{�QPfF{TL�aE3S E�����V ��Uo�WQR�IU{����K�V �J�QPIQ�� �.�bU�V��OEL���L�mn

�=PJ��VW��T.��V �J�QPIQm�W���fU]^!�%T��M���W��U{���
�{�R��T!K%�IU{V �J���I�RT;�@�8TdPJ�W�JUIHRTmKME��{UIU �JE \���� PaEO�
����V¡�P�JU�^.�*S;TmH{�{��KZW�� � √w ���LTM�ISIU�K��W��K��J���IUo�_n
O QRHIE�K��{���{UR�oN � t�nwv;l ���J�bSWS;T QR�{��V���� U FRTmKL��HMN{�{TMVW���RTM� �JE�����T!���{U{� �	V �J�QPJQM�W�

�JU�^.���OE��8���IU{���*KL�LTmHRTM�	QRHIE�K��{���{U{�%�IE

Vt = i(UV ′ − RP̂ ′(V V̄ ) + g(R − 1)) − 2σRP̂ ′(Q′Q̄− Q̄′Q),

S Pf�
σ
� ���LT\S;T �����	U{�IU{���R� FRTmKL��HMN{�{TMV��M�RTAS�T*�IEL���]T.���IUo� �aE

Q =
√
R.

���I�QPJQM����TM�M�8�W��U{��� �;�R�LT�QRHJELKM�R���{UR� � tMnwvml �<V�T�N{HIE��o�����	V�KLT � ��TmHI�iQGU&PI�I� PfHRQ;�
SWUoN SWHIE��{UI�I�]W¤N�QmV��ITmK�U�U n ��E�F{HIUJ�8��H � Km�8��V��LT SWHJEL�IU{�I�]W¤N�Q;V �ITmK�U�U � tMn f�� �8T T*�{T
HIE�VWV��8TM��H{�W���*F{��H{U{TdPfUI�{��VWSIUR�	QmV��ITmK�UR� �JE��OE�S/T!�(T*U/PaS;TMV����\S;TM�{���{�{TgU�S �IQ/\MUI�]W	n
���M�8����UI� ��ELS�T.� � �R�LTP�{TMKgW��%QRHJELKM�R���IUR�#KMSo�����IE ��� K V�� \�����TL�f��S;T£F{H{TMUR��KLTdPI�

�]W��&S;TM�I��TmHI�d�RTAS�T2T���TZ\MHJE T!���{UR� U S;Tm�dFo�J��SrVW�{TgS�T2F{T������{�IUJEO�aE�VWS;TmHRTmV���U n ���LT
SoELV�EL�W��V¡� U{�{�L�bS�HIE��ITmK PaK�U�T.���IUo� ���LT TM�IU FIH{U{TZ\mHR�W��E ����K �{TMKgW�N FR��HR�������{��W�N
\�T��I�W�YV �IT T0�RQ�� ��TMHJ�iQmn�� Pf�JELS;T ����V �JU UI�R���bSWHIU{H{TMKmEL�IUR��� KLTmVWV���EL�{TMKMUR����S;T;�<�
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Fo�J��SrVW��W<U�FRTM�L���I�{UJEO�

Φ = −i
∫ V

R
dw

�LT S E���UR�J���LTm�{UJEL��HIE�KL���

H = −
∫ ∞

−∞
Re(Φ)Im(Φ′)

E�UI��FRQO�J�MV W

Py =
∫ ∞

−∞
Re(Φ)Re(

1

R
)du, Px =

∫ ∞

−∞
Re(Φ)Im(

1

R
)du.

��VW�{TMKM�RTM��Qo��KL��HAT?Pf���IUR� �W�LTAS�T!FJELHJE3S�HIE��	E"��ELSR�����IEL�W��V¡�£K!V �I� PIQ�� �.����n ��TmHRTL�
^"T£Uo��KL��V��M�]W��.QRHJELKM�R���IUR� � tMnwk�¤� � tMn c���� TMFIU{VbW�KME � �.U{��F{T������{�IUJEO�f���{T��G�L���{���IUR�
�R��V`T0UJ�dE�����TgU T0U/PfS;TmV���U}V�T&VWK�TZ\MTbPa�{TgU S�HIE��{UI�R�dU � �JK��I� ����V¡� ��SIK�UIKME��I���R����W��dU
SoQ/\mU{�{��VWSIUJ� QRHJELK��{���IUo�f� � t�n�vml � �<S;T���TMH�W��£�IE�F{UIV�EL��W PI�I�@TZ\MHJE��M�RTAU@F{H{TMUR��KLTdPI�
�RTAU&S;TM�I��TMHJ���RTAS�T0TM�LTZ\mHIE T.���IUo�

R(w, t) = 1/z′(w, t)
U&S;Tm��FR�J��SrVW�{TgU�V�S;TMH{TMV���U

T0UIPaS;TMV��MU
V (w, t)

n ����U>QRHIE�K��{���IUo� �JK��I� ����V¡��QRHIE�K��{���{UR�J�dU SWU/PfH{TdPfUI�IEM��UI�R� �
VWS;TgSWT*��U{FJE U�TmF{UIV W�KmE ���\F{��H{���{TMV�TMVWTZ\����{�{TMV����bU�S;Tm�{��TMHJ���{TgS�T T��LTg\MHJE T.���IUR�,K
KL��HMN{�{�bU"F{TL�IQRFR�ITmVWS;TMV��MU n��"KMU/T.���{U{��TMV�Tg\����I�RTmV��L�bU.U"TMFIH{�QPJ�W�{�I�W����TmHI�iQ"VWK�TZ\MTbPI�
�RTAU&F{TMKL��HMN{�RTmV���U n{��HIE�K��{���{UR��F{TL�IQR�R����W KMFR��HIKZW��Mn
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O5TL�f��W@�{H{����KgW��JE3UI�RT \MTL�f�Z^.TgU.EM��Fo�fU{��Q P=W �O�OE�S.�JEO�dW�KMEL��� W�����������
��������� �OK�TL�{�
�IEM��UPQ/\mU]UI�JE���U�Uo�fU S�U]S EL�{��VWSIUI�dU�KLT��J�JE��dUP�dN;TMH{Tg^.T\Uo��KL��V��M�]W ��TMHm�ISoEM� � V���n �
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�IE�F{HIUJ�8��H � t cIt �Bu c
�8t��ZY
��fgf�� �¡n_����� ��E �W�MUrN2KLT��J�#�L��Hm� ����V¡�2V Q PaE U4�R�W�ITmKL���{��VWSIUR�
T0Uo���IU n������#�IUISoELSIUrN V�T;���R���{U�U �i�{�LT�K�TL�f�]W¤� Q/\mU]UI�]W �IK��I� ���MV � �{���JUI�{�bU{��W��dU
TZ\ � ��SR��E��dU n¤���{U�Tm�R���I� S{HRQo�ZW�n<O F{TMV �J�QPa�R�bU�V���E PaUIU>UrN HIE���K�U{��UR� ��SIHoQo��UR���JE
V���EL�{TMK�U{��V¡� \M��VWS;TM�{���I�RTAU ��TZ\MHJEO��Q�� � V��L���RQ KLTdP�W � n�� F{��H{�QP ����UI� �8Tm�8���R�LT;� �
S{HRQo��UR���JE \�T��J�g^"���{��� Q F{H{�QPf���J�M�RTAU KLT��J��W ����TMSrV�E{n¤
�H{Tm�8�,�LTAS�T ����UIFIU{�I�IE��
KLT��J�JE�� Q/\MU�U{�JE ��T��bPf���J�M�RTM�\V�Tg\gW��MUR� � V���n � f�� � n,[���HR� P TMFIH{TMSIUIP�W�KmEL�IUR��� � 	 SWH{� �
\����I��K.��HIUo� �{�W�ZW�HR� � UR�JU P E T.��\�T��J�g^"� ��HIE���E.KgW<^.���{��� SWH{� \m�{U£V�TmV��QPa�{UoN KLT��J� n
O5TL�f�{� � Q/\mU]UI�{�	FIHR� P=^.��V���KLQM�W� S¡�{Q/\MTMSoE��PKMFIE PfUI�JE��JUR�JU � T��MKL��HIV���U{�"K0�8TMH{� � n
��EO�
HIE�SR����H{�{T��&KMHR���i� V Q �"��V���KLTmKME��{UR� KLT��J��W�� Q/\MU�U{��W ���R��K����fU{S;T �%PJ��V¡�{��TMS F{��HIURTL�
PJTmK&KLT��J��W UR�JU�TMS;T��IT ���LTgS�TJn¢�8V �fU FR��HIU{TbP@KLT��J��W ��FR�{�M�IE Pf�JE����,V���SRQR�/P ���W��T£�
�LTL�f��S;T&�{��VWS;T��J�MS;T£�dU{�RQo��n%O5T��J�JE�� Q/\MU�UI�IE F{T��JK��I�{�W�MV �2F{TM�{��U � � SW�RTmKL���I�{T � K T����
�RTmVWU{�L���f���{TCVWF{TMS;TAU{�{Tm� ��TMH{�Mn�����V�T;���R���{�{T � ����U V�FR���IUI��UI�R��VWS{U{�2TmV�TZ\M���{�{TMVW��U
KLT��J�o� Q/\mU]UI� �R�W�J�L�W� TZ\ � �IVW�IU{���@�fU{�{�bUI�RTAU~�L�WTMHIU{�bU n<R%U{�{�bUI�IE��~��TMHISoQ;VWUIHRTmK�SoE
TMS;��E��{V�S{UoN KLTL�f� VWTL� P E��W�4��TL�f��S;T}F{H{�QPaKMELHIU{�L���f����W��PQ;V �ITmK�UR� PJ�{����TmHI��UIH{TMKMEO�
�{UR��KLT��J�o� Q/\MU�U{� �fEGV�E���E!K�TL�f�IE!�JK��I�{�W�MV �&�{���JUI�{�bU{��W��CTg\ � ��S{�LTm��n
��V��L��V��MKL���I�RT VWK��{��E��M� F{T��IKL�I���IU{�#K�TL�f�r� Q/\MU�UI� V4�8TdPJQ��I�I�IU{TM�I�RTAU �{��QmV���TgUI�{Uo�

KLTmV���� � K�TL�f�]W ���LTmSrV�ERn ����Q~�R��Q;V��LTAU{�IU{K�TMV��M� Tg\gW��I�{TC�JEO�dW�KME ��� �R�WQmV��LTm�{UIKLTL�
V���� � �5���/P�TGE���UI�IEO� "�bUIHJE��_TdPa�IE�S;T �BTM�JE \gW��fE�VW�JE��IE��fE£Tg\M�JELHRQIT.���JE R"EZUR�ON{UR�{�
�IT;� K � t�tOl�� n �<�WTMHIUo���W�LTAUP�R�WQmV��LTAU{�IUIKLTMVW��U \gW��fE!HJEO��HJE \MT���EL�JE!�{����E�K�UIVWUJ�8T�K��wjMu��
U\K �eY�� n %�dU{H � V���n � Y;j�� � \gW��£F{��HIKZW � �rS{�LT!�JE \���� PaE�� �W�LQ*�{��Q;V��LTgUI�IU{K�TMV���� ��SrVWF{� �
H{UJ�8���{��EO�f���{T\KPt�vZf;u?S�TdPIQ;n

�¤KLTL�����IUo� �8TdPIQO�fU{H{TMKmEL�I�RTAU@�R�W�JUI�R�dU{�{TgU}KLT��J��W ���LTmSrV�E&TmF{UIV W�KME�����V �}�R�W�JUo�
�R�dU{��W�� QRHJELK��{���IUR��� � H{�QPfUI��S���HJE ��� ����� � ��FRT��{QR�{����W�� K � v	� n ����T4QRHIE�K��{���IUR�
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U{�{�L�bS�H{UIHoQm���8T � V���n � tbY�� ����U �IK��I�{����V � F{��HIKZW<UJ� �o�J���{Tm� K U{��HIE�HMN{U{U QRHIE�K��{� �
�{U�U	TgSWU]\mE � �.UoN �WTmF{UIV W�KME � �!UrN�FIE�S;�W�ZW SWHJELK�U{��EL�IURTm�{��W�N"FRTmKL��HMN{�{TMVW���]W¤N	KLT��J� n
O5�LTmHRTAU �R�J���CK �W�LTAU U{��HJELHMN{UIU \gW¤� KZW��{UIV �J���C� W�V��L��K�� Y;l�� �dV �I� PIQ�� �!U]U \gW��
�IEZUIPf���P�{��VWS;T��J�MS;T.�J�W�G�IE���E P�K�� t cou�� no��HIE�K��{���IUR��� W�V��L�	U{V�V �I� PJTmKMEO�JTMV��.�IU{V �J���o�
�RT*� \��ITmK�UI�R���CU�V�T�T;ELKL��TMHJE���U � V���n � cou�� � n
��E��{UI�JEO� V�FR��HIKLTAU HJE \MT��ZW � t cIt � �rHJEO����W��	ELKL��TMH�W~FIH{TZ\�TmKME��JU TZ\ � �IVW�IUR�M�!��TMHo�

��UIHRTmKMEL�IU{�	K�TL�f�r� Q/\MU�U{��K*HIEM��SoE�N
�
� � � UP�bS�TGTg\�TZ\ �"���IU�U �ISoELSPQRHIE�K��{���{U{�	� W��

V��L�MnO� \g^.UIHI�IE����IE�QR�I�IE����fUR����HIEL��QRHJE�FRTmVWK�� �"���JE �W�LT;�iQ�FIHR�QP �8�W�LQmn��¤F{UIV�TMS ��F{H{�QPI�
V���ELK��J���I�]WKUC�IU�T.�XPJ�JUI�R��� ���RT��{��F{TL�JTM� q � cou�� f;u���tOl c
��t�l�j���t�l3f���tOl Y���t�l�v
��t�kM���
t cou��at c;v��atOj��
�ft�jrt � n{� \���TMH0HJEO���JUI�{��W�N K�TL����TdT0��W�N �8��NrEL�IUR���8TMK%��TMHJ��UIHRTmKME��{UR�
KLT��J�o� Q/\mU]UI� P E��W�MV ��K � v c
�fkM��� n
�����f���W��T��MH{UI�IEL����H{���WQO�f���OEL�ZW �bPfTMV��MU]SW�RQo�ZW���FIHIU.F{Tm�8T �.U	QRHJELK��{���IU]U(PI�I�"TgSWUo�

\mE � �.UoN nM�B���WQO�J����E��ZW ���{TgSWUoN"E�KL�LTmHRTmK�V NmTdPJ�{��V¡�.K�TdPf�{Tm�#KmE T0�{Tm�4FRQR�{S{�L�Mq��R�W�JUo�
�R�dU{�{T���HIE���K�U{��U{�.�8TdPIQO�I�I�IURTASW�I�RTAUP�R��Q;V��LTAU{�IU{K�TMV��MU�FIH{UIKLTdPaUR�0S�S;TM�I�R���{��HJEL�IU{U
���{��H]S�U{U&K�TL�f�]W K\�dEO�J���I��S;TAU�FIHRTmV���HJEL�IV���KL���{�{TgU�TZ\��fE�V���U n ���LT0� � �IEM�8��S � T0KLT����
�8T T0�RT;�2��TMHJ��U{H{TMKmEL�IU{U*K�TL�f�]W¤� Q/\mU]UI��W�nr�EPaHoQ�SWTgUGV��LTmHRTm�]W ���JVW�RT ���{�LT	�IK��J���IUR�
KLT��J��W�� Q/\MU�U{��W �R�W�J�L�W� Tg\ � �IV��{U{��� K �L��HI��UI�JE�N QRHIE�K��{���{U�U~TgSWU]\mE � �.UoN n¤�%�bUo�
V���KMUR�L�W�J�M�RT � � � � � U �bS�T@TZ\MTZ\ �"���IUo� F{TL�IQR�{���]W HIE��W�JTdT!���{U{��� F{T FJELHJE��8�W�MHoQ

λ ' (Lk)−1 � S Pf� k �.KLT��J�{TMK�T����IUIV �IT � L ��PJ�JUI�IE}�8TdPJQO�{�J�{UIU n����{��HR��E��J�M�RTAU
KLT��J��W�� Q/\MU�U{��W �W�LTCQmV �JTMKMUR�2�JELHRQ�^!EL�W��V¡� �¤��ELS�T.� SoELS U FIHIU�\��JU�T.���IUR� TgS�U�\;E��
� �.UoN n�� Pf�JELS;T ��EL�JEO�fUo�£QRHJELK��{���IU]U ��UIFIE � ����� PaEL�W�4�R���I�RQ�� UI�I��TmHI�dE��{U � T
��TmHI�dU{H{TMKmEL�IU{U�KLTL�f�o� Q/\mU]UI� n

�PTdPIQO�I�I�IURTm�{�JEO�&�{��QmVW�LTgUI�{UIKLTmV����GFIH{UIKLTdPaUR�GSPHIE��b\MU{���IU � FR��HIKLTm�IE��JEO�f���{T!TdPI�
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PJ�W�JU,V�TL�fU{�LTM��W��8TgS Qo� V �JUIKMEL����V¡� �fQRKL���fUI�{UIKME��,FIHRTmV���HJEL�IV���KL���{�RQ�� F{��H{���8� T�EL� �
�8TMVW��� � � � � � � � � � � � � � � �_UGF{HIU{K�TdPfU{���	S"Q;V��OE��RTmK��J���IU � NoE�TM��U{�{��VWSIUoN�U{�{�L���IVWUIK���W�N
�8TdPIQO�I�I�IU]UGFR�ITM���{TMV���U ���R��H]SWUIU nm� Pf�JELS;T ��F{TMSoE �W��E���TbPf���f���{� ��TdT!�W��Tg\ � �IV��{U{���
��TmHI�dU{H{TMKmEL�IUR�%KLT��J�o� Q/\MU�U{��V

λ ∼ 1
n

	K��J���IUR�\TZ\MHJEO��TMKME��{UR� K�TL�f�]W¤� Q/\mU]UI��W ��TdT0�{T \AW¤�JT \AW Tg\ � �JVW�{U{��� �_��V �fUE\gW
HR�d^"���IUo�XPJ�I�&QRHIE�K��{���IUo��TASWU]\mE � �!UrN�V"EM��Fo�fU/PIQ PfTgU �:\�T��J�g^"�bU��R��S;TM�LTMH{TgU,SIH{Uo�
��UI�R��V�S;TgU �*\gW��JU \AW �{��QmV���TgUI�{UIKZW U}S;TL�I�fE�F{VWUIH{TMKME��JU n#O �LT,KMHR���i� SoE�SYK�HIEM�<�
SoE�N*TdPf�{Tm�8��H{�{TgS�T�QRHJELKM�R���{UR� � � � �}V�T��JU{�LTm�]W�Q;V��LTAU{�IU{KgW �rQ��IQR��^"���I�IE�� �8TdPJ�W�J�
PJT��]T0�JE#UI���W���#�R��S;T��LTmH]WKU@FRTmHRTAS F{T2E���FR�JU{��Q Pf� PJ�{�}Q;V��LTgUI�IU{K�TMV���U V�TL�fUR��TM�JERn
����QmV���TgUI�{UIKLTmV���� V�T��JU{�LTm�IE \�TL�f�Z^.TgU EM��FR�JU{��Q P=W U>�dS�T PaE��J�M�R�dU]^!U]U S;TL�I�fE�F{V
�8TgS¡�fU \AW \AW���� �JE PJ�I� TGE �.UJ� ���WTMH{�W��UI�R��VWS{UJ� TZ\ � �JVW�{���{U{��� FIHRTmU{V NmT T Pf���{UR�
KLT��J�o� Q/\mU]UI� n

���LT�� VW�{���IE�H{U�U �IE3\L��� P EO�fV � K �{UIV �J���I�RT;� ��SrVWF{��H{UJ�8���{�L� K ��K�HIU{VW��U{�{��VWS;TAU
TdPf�{Tm�8��H{�{TgU4�8TdPf���JU � ��� � � � � ��� � ��	 �  � �o� � � � ��� � � ���¤� �8TdPf���f��� � V���n � tMt�u�� � PI�I�
TdPf�{Tm�8��H{�{TgUYKLTL�f�{TMKLTAU��LQRH�\�Q��J���{���{TMV���U � tbfMk�� n#O ��SrVWF{��H{UJ�8���{��E�N � TmF{UIV�EL�I��W�NYK
�W�LTAUPHIE3\�T������{��Q;V��LTgUI�IU{K�TMV����0��TM�{T�N{H{Tm��E���UI�R��VWS;TgUPK�TL�f�]W~Q{�8��HR���I�{TgU&E��dFo�fUR�LQ;�
P=W K��QPJ����VW�JE��IE��fE�SPV�T�� P EL�IU � �{��F{TM�IS{U�V�TL�fUR��TM�{TMK
�IS;TM�LTMH�W��%V �fU{KmE ����V¡� � Uo��� ��E
�R�WQRF{HRQ�S�TgSWT�K���E�UI�8TdPf�bUIV���K�UR���BK�TdPaU{��V�TL�fU{�LTM�?\�T��J�g^"TgU�E���FR�fUR��Q P�W�n ���LTM��V�T��JUo�
�LTM�£F{TgS¡�IT �!EL�W� ���{��H�SWU �~TM�!V�TmV��QPa�{UoN KLT��J� �oV���EL�{TMKMUR�MV �£�R��Q;V��LTAU{�IU{KgW�� U0��EL�L���
S;TL�I�fE�F{V�U{HRQM�W� PJT

λ ∼ 1
n ���LT0�8T T.�W� \gW����GU{�{�L��HIF{H{�W��UIH{TMKME��RT0SoE�S TZ\MHJEO��TMKME��{U{�

KLT��J��W�� Q/\MU�U{��W�n
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O �JE3^!UrN ��SrVWF{��HIUI�����R��E�N �JE \L��� P EO�fV¡� PfHRQ�S�TAU VW�{���JELHIU]U n8� UI�����{�{T �8K�TL�f�IEO�

Q/\MU�U{�JE�F{T��JK��I�{�W�MV �"K��8TdPJQ��fUIHRTmKMEL�I�{Tm�,�oQ�SW��K�TL�f� n�� \MHJEO��TMKME��{U{��KLTL�f��W�� Q/\MU�U{��W
FRT�N;TdTGE��JE�HJEO��K�U{��UR� �R��S;T��LTmHRTAS�T Pf������S{�OE��IE�F{��H{U{TdPfUI�{��VWS;TgUGV�����S;� �O�JK��I� � �.��V �
FR��H{U{TdPfUI�R��VWS;TgU&K�TL�f�RTAU,����TMSrV�E{n

��E�� WKU	FIHm�J��TgU�VWF{TMV�Tg\ PfTMSoEO�OE���� VWFIHIE�KL�QPJ�JUIKLTmV���� KZWK^"��UR�W�JTdT!���{��W�N�VW�R���IE�H{Uo�
��K"��TMHJ��UIHRTmKMEL�IUR� KLT��J��W�� Q/\MU�UI�]W>�8FIHm�J�8TM���{UIV �J���I�RTM���8TdPJ���fUIHRTmKMEL�IU{��QRHIE�K��{� �
�{UR��� UR�I��HJE��oTMFIU{VbW�KME � �"�bSWT!F{T��L���I�IUIE��J�M�]W����L���R���IUR�PU/Pf��EO�f���{TgU T0UIPaS;TMVW��U&V�T
VWKLTg\�TdPa�RTAU�F{TMK���HMN{�RTmV���� � K FRT��I�����:S�T������{UR� n ����TP��TbPf���fU{H{TMKmEL�IUR�G�8T T.�W� \gW����
KZW�FRT��J�{���{TY�8�W�LTdPfTm� �iTmFoQ/\��JUIS;TMKmEL�I�]W � K2�{��VWS;TL�f��SIUoN@V���E��M���oN � tbY{t �¤tbYMk��¤tbYgY��
tbfM��� n����LT��!���W�LTdP£FIH{UJ�8���IUJ�}K

1+1
S��WTm���W��HIU{U � TM� K�SR�����JE��W�"S;Tm�{��TMHJ���{T���FIHR���

TZ\mHIE���TMKmEL�IUR� T0U/PfS;TmV���U � TgSWHJEL�IUI�R���I�{TgU FRTmKL��HMN{�{TMVW��� � KC�IU/T0� � � F{TL�IQRFR�ITmV �
S;TMV��M�4KM�8��VW�L�PV � TMF{��UI��EO�f����W�� � KZW6\MTMH{Tm��F{��H{���8���I��W�N �iS;T��LTmH]WKU8S ELHJEL�{��UIHoQm�W�
S;TMHIHR��SR���{TMVW��� PaU{VWSIH{�W����W�N&QRHJELK��{���IU]U�� YRt � n

�.EO�J�W��FIHR�QPaV���ELKL�I����W>H{���WQO�f����E��gW>�{UIV �J���I�]W¤N ��SrVWFR��H{UJ�8���{�LTMK(PI�I� KLT��J� �;V��IEO�
�IE��J�M�RTAU SIHoQo��UR���{TgU T��

µ ' 0.1
PfT

µ ' 0.3
n ���MU ��SrVWF{��HIUI�����R�gW ��TdT0�{T�HJELV �

V��8TM��H{UIKMEL���>SoE�S �8TdPJ�W�JUIHRTmKME��{U{�@HR��E��JUIV���UI�{��VWS;TgU VWU{��Q;E��{UIU n	�8V �fU ��UIFIU{�I�IE��
S{HRQo��UR���JE��8TmH{V�S;TgS�T&K�TL�f�R���IUR�4�

µ ' 0.06 ÷ 0.07
� K��{��S;T��LTmH]W¤N�TZ\��fE�V����RNYS{HRQ;�

��UR���IE�\AW�KmE��W�"K�PaKMEO� ��HIU\HJEO�OE�\�TL�f�Z^.�Mn/O���SrVWFR��H{UJ�8���{�OEON0� W �IE��IU{�JE���� V�KLT��J��W
���LTmSrV�E��¢V PJ�JUI�{�{TMK�TL�f�RTmKLTAU �8TdPIQO�I�I�IUR�bU �BEM��Fo�fU{��Q PaE,S;T���TMH{TgU@KXPaKME Pf�JE��M��HJEO�
�8���I�Z^.�!�{��� E���FR�JU{��Q P EPV�E���TgU4KLT��J��W�n%O �JE3^.UoN ��SrVWF{��H{UJ�8���{��E�N2�IE3\L��� P E��W��V¡�
HIE���K�U{��U{���8TdPJQ��I�I�IU{TM�I�RTAU��{��Q;V��LTgUI�IU{K�TMV���U �MU!K	S;TM�I�R��K���H�W�KM�RTM����TmHI��UIH{TMKME��{U{�
KLT��J��W�� Q/\MU�U{��W �JS;TM�LTMHJEO�,FRTdPfTZ\M�JEGKLT��J�JE�� �{�JE \���� PaEL��� W �CK*FIHIU{H{TdPJ�Mn
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��� � � M � �*CA4 �F����' G���@ C=)���"%��$9�F�=7

�&�RTAS�TP�{UIV �J���{��W�N2V Nm��� \gW¤�fU4HJEO��HJE \MT���EL��W PI�I��HR�d^"���IUo�,QRHJELK��{���IUo� � Uo�J��HJE��
TMFIU{VbW�KME � �"�bSWT�F{T������{�IUJEO�f���{T��¤�L���{���IUR��T0U/PfS;TmV���UGV�T�VWKLTg\�TdPa�RTAU"FRTmKL��HMN{�{TMVW���RTL�
V���� �~KVS�HIE�K�U{�OE��{U{TM�I�RT;�}FRT��I�mn ��TL�f�Z^.UI�IV���KLT!Uo���IUrN0U{V�FRT��J�L�WQM�W�%UI�R���bSWHJEO�f����W��
QRHIE�K��{���IUo� � S;T��LTmH]W�� PaE ����H{�b^"���IU{�GSIHJE���K�TgU4�OE P E��IU!PJ�{��QRHIE�K��{���{UR� R"ELFR�aELV�E
�wuMu�� u Y�� u3f�� nf� \���TMH��W�MUrN��8�W�LTdPfTMK0�8T T.��� PaE��&K � tOj�l�� n
O �W�LT;� FIE�HIEZSWHIE���� � W UR�WQR�JE���� �8TdPJQO�{�J�{UIURTm�{�RQ�� �R�WQmV��LTAU{�IUIKLTMVW���>KLT��J��W

���LTmSrV�ERn�O SoE��{��V��MKL�!�JE��IE��J�M�RTAS�T QmV �JTMKMUo�,QmV��ITmK�UR�2� W UIVWF{TL�f���WQm��� V���EL�IU{TM�JELHo�
�oQ�� �{���JUI�{�bU{�RQ�� KLTL�f�RQ ���LTMSrV�E#V PJ�JUI�{�{TMK�TL�f�RTmKLTAU �8TdPIQO�I�I�IUR�dU n ����T��2KLT��J�JE
�R�WQmV��LTAU{�IUIKME@TM���{TMVWU{�L���f���{T H{TMVW�OEC�8TdPIQO�I�I�IU{U PI�fUI�{�{TgS�T��dELVb^"��E \mE{n ���LTM� �OE��
�8���JE��L�W�J�M�]WKU ��ELS{��\AW¤� VW�JE��IE��fEPQmV���EL�{TMKL�I��� K�� t�tOl�� �_S;TM�LTMH�W<U@KgW��IU{V��JUR� U{�o�
S{H{���8���R�#�R�WQmV��LTAU{�IUIKLTMVW��U@K�FIH{�QPJ�W�I� PI�fU{�I�{TMKLT��J�{TMK�TgU ��TbPJQO�{�J�{UIU n�[�TMV�S;TL�f��SRQ
U{�ISIHR�������R� R"E3U{��UR�{�aE \AW¤��FIHRTmFRTmH{�IURTm�IE��I����KLT��J�{TMK�Tm�iQ£�{UIV �IQP��TL�IQ��I�I�IUIU �IH{� �
�WQO�J����E�� \AW¤��K FIH{UI�I�{UIFR� �R��FRT��ITm� q�K S;TMH{T��MS{UoN �dE�V ^"��E \;E�N �R�WQmV��LTAU{�IUIKLTMVW���
PJT��]T0�JE�T���V Qo�MV���KLTmKMEL���{n �<TM�I��W<U�U{�ISIHR�������R� \AW¤�.�JE3U/PJ�����{����E�K�UIVWUI��T K � Y���v���j�u�� n
���I�#�IU{V��I���I�{TgS�TP�8TdPJ�W�JUIHRTmKME��{UR�4� W � K FIH{UI�I�{UIFR�� UJ�8�W��� ��HIU4��TmHI� W QRHJELK��

�R���{U�U n

t�n ���LTGQRHJELKM�R���IUR� � tMnwk{t���U � tMnwkgY���

ytxu − xtyu = −ĤΨu,

Ψtyu − Ψuyt + gyyu + Ĥ(Ψtxu − Ψuxt + gyxu) = 0,

�R�.HJEO��HR�b^.���I�]W��%T����{TMVWU{�L���f���{TPF{H{TMUR��K�TbPa��W�N,F{T KMHR�������{U �aU#F{T �W��Tm�iQ��dEO�
�ITmF{HIU{V�FRTmV�TZ\��I���I��W PI�I���{UIV �J���I�RTAS�T*HR�b^.���IUo�_n
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lrn8��HIE�K��{���{UR� � t�n�v�����

zt = iUzu,

Φt = iUΦu − P̂ (
|Φu|2
|zu|2

) + ig(z − u).

��ELFIU{V�EL�I�]W��>PI�I�£E��IE��JU{��UI�R��V�S{UoN£K!�{U�T0�R�bU£F{TL�IQRFo�JTMV�S;TMV���UP��QR�IS{�IU]U£S;T;�<�
Fo�J��SrVW�{TgS�T�F{T��L���I�IUIE��fE%V�S;TMH{TMV���U

Φ
U0V�TZ\mV���K����{�{T%S;TM�I��TmHI�d�RTAS�T�T��LTg\MHJE T.� �

�{UR�
Z
n

kRn8��HIE�K��{���{UR� � t�n�vml ���

Rt = i(UR′ − U ′R),

Vt = i(UV ′ −RP̂ ′(V V̄ )) + g(R − 1).

���LT0SoE�V�E��W�MV �£QRHJELK��{���IU]U � t�nwvM����{�LT\KMS;TMH{��F{TMV��I�	�LTgSWT �JSoELS&TM�IU \gW��JU�FR��H{�WTM�O�
S{H�W��gW K2t�vMv c S�TdPIQ � �IE�FRT;���IUI� � �{�LT�KMFR��H{KgW��GUrN2�IE�F{UIV�E��@��K�V¡�I�I�{UIS;TMK£K2t�v;u�k
S�TdPIQ�� K � kmu�� ����PfK�� SWHoQRFIF�W�U{VWV��I�QPfTMKmE��L�W�I�bUYF{HIUI�o�{�JUIVW�PHJEO��HJE \;E��ZW�KME��M���IU{V �J���o�
�]W���S;TdP�W PJ�I�*UoNGH{�b^.���{UR� nr�<E \MT��ZW ��EO�fU{S;TmKME	U ���bU{�IUI�IE�\gW��JU*V�Q{�d��UIHRTmKMEL��W
K0UoN�V��OEL���L�£t�vMvZY S�TdP E � f;j�� � V���nJ�OE�S/T!� � f3c � �¡nF[���H{KgW��"H{���WQO�J����E��ZW �aF{TL�IQR�R���{��W��
K0�JE3^"�dU SWHRQRF{F{� �:\AW¤�fU&TMFRQ/\L�fUIS;TMKME��]W K�t�vMvZf S�TdPJQ&K � tdYRt � n �>Pa�JELS;T �J�JE��{UI�JEO�,V
l��M�Rt SWTbP E�� � V\HIE3\�T��gW � tbYZf	� ��� W FR��H{�b^"�JU S}�{UIV �J���{�{Tm�8Q�HR�b^.���IU � QRHJELKM�R���{U�U

� t�nwv;l � n � PI�I���W��TgS�T\UJ�8� ���MV �#KL��VWSIU{��FIHIU{�IU{��W�n_��V���EL�{TMK�UJ��V¡���JE �W�LT;� KLTmF{H{TMV��
FRTdPaHRTg\M�{�W�Mn�
�TM�{���{�{T �iKMV��\��HIU ��TMHJ� W QRHJELKM�R���IU�U}�IKL�{������V � ��SIK�UIKME��I���R����W��dU
SoELS�V	�	UR��U{�{��VWS;TAU �I��ELS,U���E��L����E���UI�R��VWS;TgU��LTM�{��S���HR���{UR� na� Pf�JELS;T � ��W¤�JT*Q;V��OEO�
�RTmK��J���{T �fVW�JE��IE��fE ����FIU{HIU{�{��VWSIU �aE���EL�L����U PaE��RT0Tg\ � �JVW�R���{U{� � K � Y{t � ���f�{�LT �IUIV �
�I���{�{T���HR�d^"���IUR��QRHJELK��{���IU]U � tMnwv;l � PJ�{��F{��H{���8���I��W�N R U

V
�JK��I�{�W�MV �&�JELU]\�TL�J�W�
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QmV���TgUI�{UIKZW ��n ��U{V��I���I��W<U\S;TdP PI�I� H{�b^"���IUR� �W��UoNGQRHJELKM�R���{U�U \AW¤�£HIE���HIE3\�TM�OE��\K
� tdYZY�� n
� W UIVWF{TL�f���WQm���~VWF{��SR�MHIE��J�M�]WKU �8���LTdPEPJ�{� �{UIV �J���{�{TgSWT&HR�b^.���IUo�2QRHJELKM�R���{U�U

� t�nwv;l � ni���I� PIQm�W��TM�M�8�W�MUR��� ���{�LT4S;TM�I��TmHI���{T��£FIHR�WTg\MHJEO��TmKME��{U{�G��TZ\AW��I�]WKU@FRTdPI�
NmTdP �f�R��TbPa�{TMSIHIEL���RTPFIH{UJ�8���R�IKg^.U�U{V¡� PJ�{�#Uo��QR�R���IUR�,KLT��J��W ���LTmSrV�ERnf��HIE�K��{���{UR�
PI�I�#� 	.S;T �����	U{�IU{���R��TMK %QRH{��� � HIE��W�IT T.���{UR� \gW¤�fU4H{�b^"����W �{UIV �J���{�{TP���RTASWUJ��U
ELK��LTMHJE���U � V���n �{�IE�F{HIUI����H � tOurt � �¡na� Pf��� TmV Q �"��VW��K��J���IUo�PS;TM�I��TmHI�d�RTAS�T*F{H{�WTZ\mHIEO�
��TMKmEL�IUo�*FIH{U0�IUIV �I���{�{Tm� �8TdPJ�W�JUIHRTmKME��{UIU PaU{�JE���UISIU0KLT��J��W FRT��JK�UR�fE�VW��K��JE��IE��I�
KLTmVW�M��U/Pf��V �I�ZW�N � V���n � tMtbY�� � n���T�F{TMVWS;T��J�MSoQ	QRHJELK��{���IUo� � tMnwvml � K��LT�K�H{���i�.�{��\AW¤�fU
Uo��KL��V��M�]W ��E�KL�LTmH]W U{VWF{TL�f����TMKME��JU%SIKME���UR�fEZSWHIE��/T!��KZWKU"FRTdPINmTdP�K SWU/PfH{TdPfUI�JE���UIS;�Mn
[�TMV �J���{��S;T���TMH�W�N ��SrVWF{��HIUI�8���R�LTmK�U*TZ\mV QIT PJ���IUR�\UrN*HR����Q��f���OEL�LTMK �;UIPf���0UIVWFRT��J���
��TMKmEL�IUo�,S;TM�I��TmHI���{TgSWT FIHR��TZ\MHJEO��TMKME��{UR�,F{��H{��V���EO�aE0SoE���E����MV �#F{HIUIK��J��SoE��L�W�J�M�RTAU
FRT2V��I�QPJQ�� �"�dU F{HIUI�{UI�R�mq�S;TM�I��TmHI�d�RTM�&F{H{�WTZ\mHIE���TMKmEL�IUR�P�{�PTM�{���I��NmTMH{Tg^.T!PI�I�
TMFIU{V�EL�IUo�£TMV�Tg\����I�{TMV��L�dUPV�Q�S¡�IT;� �JE!F{TMK���HMN{�{TMV���U �{��V��L��V���KL���{�{T*FRT��IKL�{��� �"�bSWTMV¡�
�IEGV�KLTZ\MTdPf�{TgU&F{TMK���HMN{�{TMV���U T*U/PaS;TMV���U n����OE0F{HIU{�IUI�IE*VW��H{�������JE��R��V �fU&FIHRTmV���HJEL�o�
V���K����{�JEO�}HIE����{TMV����JEO�@V��W�MSoE�H{�QPaSoERni� Pa�IE�S;T �<V�TMKMHR���8���I�]W��0S;Tm��FI� ���L��H]W Pf���fEO�
���.KLT����8T T0�]W � U{VWF{TL�f����TMKMEL���%Tm�R���I�%�LTm�{��W���HJEO���RTmV�����W���V��W�MS{U �;V�TMVW�LT�� �.U{��Uo�
\�T��J�g^"���{��� �dUo�I�JU{TM�JEYQr�W�JTMK Uo�fU VWF{��S{��HIE��J�M�]W¤N �8TdP¢n �8ELSIUJ� Tg\MHJEO��T;� � �W��T��
ELH�S Q{�8���{�*FR��HR��VW�OE���\gW����\ELS{��QrEO�f����W���n
���I�QPJQM����T��M�8����UR�M�
�L�{�LT ����U%QRHJELKM�R���IUR�.�R�5�IKL�{������V �"Tg\gW��{��W���U"QRHIE�K��{���IUo�f��U

K#�IE�V�����W�N F{H{TMUR��KLTdPa�]W¤N n���N@�8T T0�RT2�JEO��KME��M� � � UR�J�Z\���H{�O� PfUI������H{���I�{UJEO�f����W��
��U � QRHJELK��{���IUo�f��U �{S;TM�LTMH�W��"�JELHm��PIQPV�TZ\gW��{��W�� PaUI������H{���{�IUIHRTmKMEL�IU{����FRT

u

f → ∂f

∂u
� t�n�v�k��
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f → Ĥ f � t�n�v c��
�>�LTM�IS{U,EL�JEO�fUR�MU{�{��VWS;TAUP�LTM�ISIUP��H{���IUo� PfK�� ����UPTMF{��HJEL�IU{U�V�TMK���H]^.���I�RTGHIE��W�fU{�o�
�]W	nm��T�V��LTM�IS{U���HR���IUR���IU{V �J���I�RTAS�T�H{�b^.���{UR� �%TM�{���I��F{TdT!TdT0U n����dU{V��MK�U{�L���f���{T �
PI�I� %QRH{��� � S E�HI�8Tm�{UISPTmFR��HJEL�IUR� � tMnwvMk��T����JE��JE����

fk → ikfk

E�F{H{�WTZ\mHIE���TMKmEL�IUR� � t�n�v c���V�T��MKL�W��VW��K�Qm�W�

fk → i sign(k)fk

� KZW��IUIV �JU{�L���f���{TgU �LTM�ISIU ��H{���IUo��PaKL� �W��U TmFR��HJEL�IUIU~�\TdPfUI�IE�S;TMK�TgS�T QRH{TMK��R�
��HRQdPa�{TMV���U n

���������
	��������	

O�F{��HIKLTgUPVW��H{UIU£�{UIV �J���I�]W¤N���SrV�FR��HIUJ�8���{�LTMK�U{V�V �I� PJTmKMEO�aELV��"�JTMSoE��JUR��EL�IUR�����R��Ho�
SWUIU@K4FR��HIKLTm�IE��JEO�f���{T4FRTm�R��UCTdPf�{TMH{TdPf�{Tm� �RQ�S�� K�TL�f� ����TMSrV�E{n5�£TdPf���fU{H{TMKmEL�IUR�
F{H{TMK�TdPfUR�ITmVW� K�F{��HIURTdPaU{�{��VWS;TAU�Tg\L�aELV��MU

2π
���OE�S%�R��T�K�TL�f�RTmKZW��5�IU{V �aE¤�����LT �{���=W��

�{UIV �aERn � HIE�K�U{�OE��{U{TM�I�IE�� FRTmV��LT��I�I�IE��
g = 10

n,O�TL�f�IE����LTMSrV�E£NoELHJELS{�L��HIUo�WQm�W��V¡�
S{HRQo��UR���{TgU � � � � � � � � � ��� µ = ak0

� � k0
�£KLT��J�{TMK�T��%�IU{V �JT �

a
�£EM��FR�JU{��Q PaE\KLT��J��W � n

�8V �fU
µ� 1

��K�TL�f�IE"���LTMSrV�E��JK��I�{�W��V¡�*FRTm�R��U �8TM�{T�N{HRT;�dE���UI�{��VWS;TgU n/O �W��TgU*V���HIUIU
��SrVWF{��HIUI�8���R�LTmK

µ = 0.1
n<���LTL�f�4�dEO�aEO�}S{HRQo��UR���IE,F{TL��K�TL�I�{�W��K��W�I����K,SoE��R��VW��KL�

�IE��JEO�f����W�N P EL�I��W�N}V�QRFR��HIF{TL��UI�{U � ��TM�{T�N{H{Tm��E���UI�R��VWS;TgU}KLT��J��W � V k0 = 50
��U

KLT����iQ �"���{UR� � �oEWQ;VWV�TmK ^"Q{� K �QRHI�L��� VWF{��S{��H{� � n 
�TL�I�JUI�R��V���KLT %QRHI�L� � S ELHJ�8TM�IU{S �
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��E Pf�bUIV���K�TMKME��{��W�N�K KZW��{UIV �J���{UR�oN�\AW¤�JT V�HIE�K��IUR�L�W�J�M�RT£�R�b\�TL�f�Z^!UI� �Bt�lMl YZY � �W�LT
cm�MvZf��Ik�� n
���IS{H{���8���{�0�8TdPIQO�I�I�IURTm�{�{TgU��R�WQmV��LTAU{�IUIKLTMVW��U

γ =
ω0

2



(
δk

k0

)2

(ak0)
2 − 1

4
(

(
δk

k0

)4



1

2

. � t�n�vmj �
�=PJ��VW�

ω0
���JELV��LTM�OE0KLTL�f��W

ω0 =
√
gk0,

� δk ��TmF{H{�QPf���I�{�W�*�{��QmV���TgUI�{UIKZW�� S E�HI�8Tm�{UISIU �{��ELSIUR�"�{�LT

k1 = k0 + δk,

k2 = k0 − δk,

k3 = δk.

��ELSrV�UI�dE��J�M�RTM�	���IE��{���IUR��U{�ISIHR�������R��E

γmax = ω0 ·
1

2
(ak0)

2, � t�n�vZf��
PJTmV���U�S EL�W��V¡� PI�I��KLT����iQ �"���{UR�&V�K�TL�f�RTmKZW�� �IU{V��IT;�

p
�

p =
√

2(ak0) · k0. � t�n�vmu �
��U{V �J���I�]WKU���SrVWF{��HIUI�����R�*FIHRTmKLTdPaUo�fV �&V�T0V��I�QPJQ�� �.UJ��U&FJELHJE����W��HJE���U q

µ = ak0 ' 0.1 ω0 =
√

500 ' 24,

γmax ' 0.12 γ−1
max ' 8, p ' 7. � t�nwvgY�

��E��JEO�f����W���QmV��ITmK�UR� PI�I�
R
U
V
�m��ELSIUI� Tg\MHJEO��T;� �3PaE ����V¡� V �J�QPIQ�� �!UI�dU0��TmHI�8Q;�

�fEM��U q

R(u, t = 0) = 0.1 exp(−ik0u) +
K�TL���8Q �"���IUR�

,
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V (u, t = 0) = −i0.1 g
k0

exp(−ik0u) +
K�TL���iQ �.���IUR� � t�n�v�v�

��E��JEO�f����W<U VWFR��SR��H PI�I�
R(k)

FRTmSoEO��E��>�IE �8UIV QR�{S;� tMn t � FIH{U t = 0
����E@�JELV��M�
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FRTmKL��HMN{�{TMVW��U T0U/PfS;TmV���U
y(x)
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FR��H{UJ�8���{�L�%�R���0�{U&�JELSoE��IS{U �J�IU£��E��LQ;NrEL�IUR� �JU&F{TL�f�IE�� ���{��H]S�Uo�&V�T�N{HJEL�R�{�W��V¡� n
O�H{���8���{�JEO� ��KLT������IUo�&VWF{��S{��HJE.F{TMSoE���EL�JE.�JE0�8UIV QR�IS;��t�n t�nJ��E!�
	�� KMUIPa�RT �RSoE�S

Q�^.UIHm�{�W�MV �CV�FR��S{��H Uo�,FR��HIKLTm�IE��JEO�f���{TYF{TM�{��U>�8T�N{H{Tm�dEL��U{�{��VWS;TAUCK�TL�f�]W U8^"Q;�
�dERnJ��F{��S{��HIE��J�M�]W�� � N{KLTmV��ZW � HIE�VWFIHRTmV���HJEL�R� ����V¡��K.Tg\L�aELV��M�&\MTL�f�Z^.UoN K�TL�f�RTmKZW�N
�{UIV����Bn

���LT�� FIH{TM�{��VWV#�8T T*�{T UI�R����H{FIH{�W��UIHRTmKME��M�CSoE�S>��TmHI�dU{H{TMKmEL�IUR�4TmV�TZ\M���{�{TMVW�L�bU
�IE SWH{� \M�R�oN T��bPJ���f����W�N@KLT��J� �¢UR�fU ��PaHoQ�SWUJ��U@V �JTMKmE���U �BSoE�S@�IE��JEO�JT�TmF{H{TMSIU/P=W¤�
KME��{UR��KLT��J��W�n ���LTZ\AW FIHRTdPfTL��T�E���� KZW��{UIV �J���IUo�#FRTmV �I�.��Tm�8���{��E

t = 80
�J�oQIT0�{T

K�SR�����IU{���\KGKZW��{UIV �J���IUR�%SoELS;TAUr� �fU�\MT\�8� NrE��{UR��� PaU{VWV�U{FJEL�IU{U n

����ELS � K���VW� F{H{TM�{��VWV"��EL�IUI��E��W�£F{HIU]\L�fUo��U{�L���f���{T Pf��V �I��� TZ\MHJE��M�]W¤N4UI�{SIH{���8���o�
�LTMK%�8TdPJQO�{�J�{U{TM�I�RTAUG�R��Q;V��LTAU{�IU{K�TMV��MU n�O}�L���{���{U{�<\MTL�f�Z^.�bUG�IE�V���U �W�LTAS�T%K�H{���8���IU
�IE3\L��� P E��W�MV � ��SrVWF{TM�{���I�{UJEO�f����W<U\HRTmV��%�IE��JEO�f���{TgS�T%KLT����iQ �.���{UR� nr��E�F{TMV��I�QPa�{�bU
V���E PaU{U F{H{TM�{��VWV�E
�;�8T T*�{T.KMUIPf�W���V\AW�V��MHRTM����TmHI��UIH{TMKME��{U{��KLT��J�o� Q/\MU�U{� V�EM��FR�JUo�
��Q PJTAU � S;TM�LTMHJEO� \�T��J�g^"���R��� K ��H{U�HIE���E\FIH{��KZWK^!E����\QRH{TMK����{�£�JE��IE��J�M�RTAS�T K�TL�{�
�R���{UR� n¢�<ELV�V��LT��I�IUR�\��� T PIQ�K�TL�f�IEM��UoQ/\mU]UI�JE���U2��j�� u F{��HIURTdPfTMK&�JE��IE��J�M�RTAUYK�TL�{�
�]W	n ��HJELKM�{UIKME��,V � t�n�vZY�� � �8T T*�{T0�OELSR�����IUR�M�
�a�{�LT£HIE�VWV��LT��J�{U{�.�8� T PJQ�KLTL�f�JE���Uo�
Q/\MU�U{�JE��dU,VWT�T��MKL�W��VW��K�Qm�W� PJ�fU{�{��V�E��8TAU�\AW�V���H{TMHJELVW��Q �"�bU S ELHJ�8Tm�{UIS;� �aE UI�����{�{T
k3
n

�m�fE�K���W�� HR����Q��f���OEL�LTm� �W��TgS�T �IU{V �J���I�RTAS�T ��SrVWF{��HIUI�8���R��E �IK��I�{����V � \gW�V���H{T��
��TmHI�dU{H{TMKmEL�IUR��KLTL�f��W�� Q/\MU�U{��WY�JE��R���fUI�R�bUI�{TgU	V��OE PfUIU"�8TdPJQ��I�I�IU{TM�I�RTAU��{��QmVW�LTgUo�
�{UIKLTmV���U n���E4HIUIV QR�{S;�}t�nsl,FRTmSoEO��E��IE��IE��JEO�f���JEO� FRTmKL��HMN{�{TMVW��� T0U/PfS;TmV���U n O�UIPI�
�RT �R�{�LT*�JE��JEO�f���{T��	KLT����iQ �"���{U{���8Tm�RT�N{H{Tm�dEL��U{�{��VWS;TAU � Uo�fUPF{HJELKMUo�f���{�W�	VWSoEO��EL���
KLT��J��W ���LTMSrV�E���dE��ITJn8��E#�8UIV QR�{S;�4t�n�k&F{TMSoE���EL�}FIHRTm��UR�J�#F{TMK���HMN{�RTmV���U@K,S;TM�o�
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t = 80
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�

�IE3\L��� P E��W�MV �>K PaE��{�{Tm� ��SrVWF{��HIUI�����R��� ��U��JK��I�{�W��V¡�CNrELHJELS{�L��HI��W�� F{HIUR���IE�S;Tm�
KLT��J��W�� Q/\MU�U{��W�n�� \AW��I�RTEP E T.��PJTmV���E��LTm�{�{T FIHR��KgW<^.���{UR� K l�� l��pl�HJEO��E
���{�LTZ\AW
�8T T0�RT \gW��IT S�TmKLTmH{U{��� T@KLTL�f�{� � Q/\mU]UI�{�Mn ��TL�J�W��F{TdPfH{TZ\m�RT}TMFIH{�QPJ�W�I���IU{����ELSIUrN
KLT��J� P EL�{T0K � kM��� n
��U{V QR�ISIU tMn c ��t�nsj���tMn f4F{TMSoE��dW�KmE ��� F{H{TMV��MHIE��{V��MKL���I�RTM��HJELVWFIH{�QPJ�W�I���IU{��S{UI�{� �

��UI�R��V�S;TgU � FRTM�L���I�{UJEO�f���{TgU}U2F{TL�f�RTAU ���{��H�SWUIU�FIH{U
t = 80

n�[��JT��M�RTmV���� ���R��H�SWUIU
K2KLT��J�{� � Q/\MU�U{�{��F{TM�{��U �JE!PaKME2F{TMHm��PfSoE�F{H{��KgW<^!EL�W��FR�ITM���{TMV���� ���{��H�SWU{U K�VWT��
V��QPa�{UoNYKLT��J�JE�N n�
�TM�{���I�RT �_��ELSoEO�@S;TM�I�{���R�MHIE��{UR� ���R��H]SWUIU}�dEO�JTm� F{H{TMV��MHIE��{V��MKL�
�IKL�{�I�W��V¡�£TmFIE�VW�{TgU PJ�{���8TmH{V�S{UoNPV�QdPfTMKIn

����� �
� 	 �������	

��HJELKM�{U{�L���f���{T>�R�b\�TL�f�Z^.T�� S;TL�I�JUI�R��V���KLT %QRHI�L� � S E�HI��TM�IU{S �{�YF{TL��KLTL�I�{��� FIHRTL�
V �J�QPfU{���0K���VW�GFIHRTm�R��V�V ��KLTL�����IU{U�KLTL�f��W�� Q/\MU�U{��W � S;T��LTmHIE��,�8T T.�W�G��E�KL��H�^.U{���MV �
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TMFIHRTmS{U/P�W�KME��{U{��� KLTL�f��W�n [�T �W�LT;�iQ K V �J�QPJQ�� �"��� ��SrVWF{��H{UJ�8���{�L��FIH{�QPfVW�OE�K��J� �
�]W HR����Q��f���OEL�ZW �IUIV �I���{�{TgS�T���TbPf���fU{H{TMKmEL�IUo�YTZ\MHJEO��TMKME��{UR�YK�TL�f�]W¤� Q/\mU]UI�]W U2� 	
TMFIHRTmS{U/P�W�KME��{UR� V

2 · 106 �QRHI�L��� S ELHJ�8TM�IUIS n�
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V
n

Z ′ = (1 + x̃u) = iyu)
Uo� � t�n t������ ,

R =
1

Z ′ ,

V = ic(R − 1). � t�n t��Rt �
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· 0.152 ' 0.035
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γ−1
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T0 =
2π√
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KZW��{UIV �J���{U�U n �&E�SrVWUJ�dEO�f���{T����{UIV �JT %QRH{��� � S ELHJ�8Tm�{UIS£� PaKME*�dUo�I�JU{TM�JERn
��E \���� PaE��JV¡�"S;TMH{T���SIU�U.F{��H{U{TdP ��SrVWF{TM�{���I�{UJEO�f���{TgSWT�H{TMVW�OE�K�TL���iQ �.���IUo� ����EL�L���

�R�b\�TL�f�Z^.TgU FIH{Tm�8� TGQo�LTm�{��W<U H{� T0UI��E U{�{�L���IVWUIK��{TgU �8TdPIQO�I�I�IU{U ��S;TM�LTMHJEO� �OE��
SoEL�I�{UIKMEL�W��V¡�£KL��H�W�K���W��C��TMHJ��U{H{TMKmEL�IUR��� TdPa�RTAU£�QPfUI�IV���KL���{�{TgUPK�TL�f�]W¤� Q/\mU]UI�]W	n
"TMHJ�dE�FRTmKL��HMN{�{TMV��MU T*U/PaS;TMV���U�FR��H{�QP&TMFIH{TMSIUIP�W�KmEL�IUR��� K�T�KMHR�������IE

T = 442
U

T = 458.56
FIH{�QPfVW�OE�K��J���]W �IE\��U{V QR�IS;�0t�nsu"U#�8UIV QR�{S;�0tMn YRn

O�H{���8���{�{TgUYU{�{�L��HIKME��}TM�
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d ≥
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t�b_UlXl\_X-ion@F_c#G=M #�ifqWbwXhZ/t Z�i6TVbanmXWdlcWT�M�T_bwc[gonlj�iVz�k[nmXWbug:E@G E-nWj�kWUWT�BW^a`s`ai�Uli_` t
`/^/j-cWXhj

2 → 2
} �|bfT U-if`a`/^/jlclXW^acWXW^2b_UWXl\_X-ion@F_cWT�ElnljxXlchbf^�HsUWXlUhgV^]z�T2H/T `0nlghd-ioj

d = 1
}���T���cWT�klUhTe\f^aUlXhb�F�� veT_b]j X�` I_T_n�F�P�X-z�b_U[g:EmTez�� ��dWbfTriVz�khn-XWbug:E)iYkh^aUl\fT2H/T

ch^ab_UWXl\_X-ion@F_cWT�HsT�Uli_`s`/^aXl\Vi_cWXhj
3 → 3

jl\fnWjl^sb_`�j%bfT��QEm^a`/bV\f^aclc!GPz chg�n-^]z{\ �sb_Tez
`0nlghdlif^V}
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φxx + φzz = 0 (φz → 0, z → −∞),

ηt + ηxφx = φz
∣∣∣∣
z=η

φt +
1

2
(φ2

x + φ2
z) + gη = 0

∣∣∣∣
z=η

;
� )[} 
��

Z $ ^a`2(
η(x, t)

t #�TVU-z�i kWTV\_^aUVvWcWTV`/b_X"�
φ(x, z, t)

tpkhTVbf^ac5&WX-ion `sq'TVUWTV`sb_X kWT_bfTeq[i �
X
g
t	6sU-if\VXhbui7&lXWTVclcliuj khTe`/bfT�jlclc-ioj�}E��i_q khTeq[ioZ�i_chTC\ & 2 *+��kh^]Uh^]z�^acWc51�^

η(x, t)
X

ψ(x, t) = φ(x, z, t)
∣∣∣∣
z=η

��jl\fnWj��
b_`�j�q[i_chTecWXldh^]`sqWX�`sTVklUej0/ 7aclc51Hz�X"�EX�X[v986ghU5(f^
kWUW^sT+,VU-ioZaTe\VifclXhj"�[g $ TV\fnl^ab_\fTeUej5:
bpghU-if\Vch^aclXhj-z

∂ψk
∂t

= −δH
δη∗k

∂ηk
∂t

=
δH

δψ∗
k

.

; $ ^]`2(
H = K + U

t|kWTfnmcliuj<;acW^aU56sX[j=/�X $ q'Te`/b_X1`�`/T_TVb_\f^ab_`/b_\fg0: ��X-z�X1qWXlch^ab_X�t
dh^]`sq'T+*�XykWT_b_^ac'&lX-ion)(_cWT+*>;ach^]U'6sXhj-z?3

K =
1

2

∫
dx
∫ η

−∞
v2dz U =

g

2

∫
η2dx

��iVz�X[n)(�bfTVclX-ifcyz�T@/�^sb
,+1�b.(pU-ioZsn-T@/�^ac�\
,_^a`sq'Tech^]dWc51?*�Uej $ kWTp`/bf^akW^achj-z�v[ifU-ifq[t
bf^aUlchT-*�qlU[g[bVX[Z]c51�\_Tfnmc'1

kηk << 1
��`]z�} & 2�� -BA * �

H = H0 +H1 +H2 + . . .
� )[} )��

C $ T.,echT�\V\f^a`sb_XycWTVU-z�ion)(_chg0: q'Tez�khnl^]q�`sc[g0:�kW^aUh^�z�^aclc[g0:
ak
3



��� ������� ����� ����� � � ����� �	�����
������ ����	���������� ������������	���

ηk =

√√√√ωk
2g

(ak + a∗−k) ψk = −i
√√√√2g

ωk
(ak − a∗−k)

�+)[}"! �
Z $ ^a`2(

ωk =
√
gk
t
Z�ifq'Tec $ XW`akh^aUl`sXlX $ nWj 6sU-if\_XWbui7&lXhTecWc51|v�\_Tfnmc~} �ATeUlzEion)(_c-ioj

kh^]Uh^]z�^acWc-ioj
ak
g $ Te\un-^sb_\_TVUejW^abrghU-if\Vch^]cWX5:�3

∂ak
∂t

+ i
δH

δa∗k
= 0,

�+)[}
	��
6 $ ^

H0 =
∫
ωkaka

∗
kdk,

H1 =
∫
Vkk1k2

{a∗kak1
ak2

+ aka
∗
k1
a∗k2

}δk−k1−k2
dkdk1dk2

+
1

3

∫
Ukk1k2

{akak1
ak2

+ a∗ka
∗
k1
a∗k2

}δk+k1+k2
dkdk1dk2

� )[} #��

Vkk1k2
=

g
1

4

8π
√

2



(
k

k1k2

) 1

4

Lk1k2
−
(
k2

kk1

) 1

4

L−kk1
−
(
k1

kk2

)1

4

L−kk2




Ukk1k2
=

g
1

4

8π
√

2



(
k

k1k2

) 1

4

Lk1k2
+

(
k2

kk1

) 1

4

Lkk1
+

(
k1

kk2

) 1

4

Lkk2
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Lkk1
= (~k ~k1) + |k||k1|

� )[}:-��
� Uh^ $ X�U-ioZ�c'1�v�q'T'z�khTech^]chb

H2
bfT_n (Vq'T�T $ c-irjl\fnWjl^sb_`�jy\Vi /�cWT+*43

H2 =
1

2

∫
Wkk1k2k3

a∗ka
∗
k1
ak2
ak3
δk+k1−k2−k3

dkdk1dk2dk3
� )[} 0 �

Wk1k2k3k4
= − 1

64π2
{M−k1−k2k3k3

+Mk3k4−k1−k2
−M−k1k3−k2k4
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−M−k1k4−k2k3
−M−k2k3−k1k4

−M−k2k4−k1k3
} �+)[} 2 �

Mk1k2k3k4
= |k1k2|

(
k3k4

k1k2

) 1

4

(|k1+k3|+|k1+k4|+|k2+k3|+|k2+k4|−2|k1|− 2|k2|).

$?^aUh^�z�^aclcliuj
ak
ch^Fjl\fnWjl^sb_`�j�kWT $ v'T $ j��Y^ * $ nWj�6sU-if\VXhbui7&lXhTecWc51|v�\_Tfnmc6X[Z/t Z�i�bfT+6sT��

dhb_TK�[i_z�Xhn)(]b_TVclXli_cY`/T $ ^]U-/pXWb
q[g ,eXWdW^a`sqlXh^|dhnl^ac51 �]\HbfT?\_UW^]z�j�q[ifq�b_UW^0vW\fT_n-cWTV\+1|v
Uh^sZaTVc-ifcl`/TV\AcW^sbo} � n-^ $ g0: ��^s^�q[ifcWTVclXldh^a`aq'T_^�� $ T

O(a5)
� klUh^sT+,VU-ioZaTe\Vi_cWXW^|T_b

ak
$ T

bk
� `az�} & 2�� ) 	�* �

ak = bk +
∫

Γ
(1)
kk1k2

bk1
bk2
δk−k1−k2

− 2
∫

Γ
(1)
k2kk1

b∗k1
bk2
δk+k1−k2

+

+
∫

Γ
(2)
kk1k2

b∗k1
b∗k2
δk+k1+k2

+
∫
Bkk1k2k3

b∗k1
bk2
bk3
δk+k1−k2−k3

Bkk1k2k3
= Γ

(1)
k1k2k1−k2

Γ
(1)
k3kk3−k + Γ

(1)
k1k3k1−k3

Γ
(1)
k2kk2−k−

−Γ
(1)
kk2k−k2

Γ
(1)
k3k1k3−k1

− Γ
(1)
k1k3k1−k3

Γ
(1)
k2k1k2−k1

−

−Γ
(1)
k+k1kk1

Γ
(1)
k2+k3k2k3

+ Γ
(2)
−k−k1kk1

Γ
(2)
−k2−k3k2k3

�+)�} A � �

Γ
(1)
kk1k2

= − Vkk1k2

ωk − ωk1
− ωk2

Γ
(2)
kk1k2

= − Ukk1k2

ωk + ωk1
+ ωk2

kWUW^sT+,VU-ioZsge^sb��[i_z�Xhn)(]b_TVclXli_c�q�\VX $ g �lcW^�`sT $ ^aU-/wi��Y^]z�g�qhg ,VXldh^a`aqWXW^Ldhn-^ac'1�3

H =
∫
ωkbkb

∗
kdk +

1

2

∫
Tkk1,k2k3

b∗kb
∗
k1
bk2
bk3
δk+k1−k2−k3

dkdk1dk2dk3 + . . . ;
�+)�} A.A��

Z $ ^a`2(
Tkk1,k2k3

g $ Te\un-^sb_\fTeUejW^sb�g'`0n-TV\_Xhj-z `sX-z�z�^sbVUWXlX 3

Tkk1,k2k3
= Tk1k,k2k3

= Tkk1,k3k2
= Tk2k3kk1
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XyX-z�^s^sbp\_X $ 3

Tkk1,k2k3
= Wk1k,k2k3

−

−Vkk2k−k2
Vk3k1k3−k1


 1

ωk2
+ ωk−k2

− ωk
+

1

ωk1
+ ωk3−k1

− ωk3


−

−Vk1k2k1−k2
Vk3kk3−k


 1

ωk2
+ ωk1−k2

− ωk1

+
1

ωk + ωk3−k − ωk3


−

−Vkk3k−k3
Vk2k1k2−k1


 1

ωk3
+ ωk−k3

− ωk
+

1

ωk1
+ ωk2−k1

− ωk2


−

−Vk1k3k1−k3
Vk2kk2−k


 1

ωk3
+ ωk1−k3

− ωk1

+
1

ωk + ωk2−k − ωk2


−

−Vk+k1kk1
Vk2+k3k2k3


 1

ωk+k1
− ωk − ωk1

+
1

ωk2+k3
− ωk2

− ωk3


−

−U−k−k1kk1
U−k2−k3k2k3


 1

ωk+k1
+ ωk + ωk1

+
1

ωk2+k3
+ ωk2

+ ωk3
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$?^aUW\+1?*Lch^ab_UWXl\_X-ion)(_c51?*6klUWT+&W^a`s`Nt dh^ab.1�U 70vW\fT_n-cWTV\_T_^EU-if`a`/^aXl\VifclXW^%$/q'T_b_TVUWT_^�g $ Tut
\un-^sb_\_TVUejW^ab�`/nl^ $ g0:'&�X-z Uh^sZaTVc-ifcl`sc51Hz ge`0n-TV\VX[jmz �

ki
t*T $ cWTez�^aUlc51)(

k + k1 = k2 + k3,

ωk + ωk1
= ωk2

+ ωk3
,

�+)�} Aa!*(

XY\_`s^|d-if`sbfT_b.1
ωki

Z $ ^a`2(AkWTfn-T@/pXWbf^/n)(_c51�} � Xl`/bf^]zEir�+)�} A]!+(�TVklUh^ $ ^/nljW^sb $ \ugWz�^aUWcWT_^
z�cWT+6/TVT.,VU-ioZ�Xh^�\2dh^ab.1�UW^0vlz�^aUlcWTez�klUWTV`/b_U-ifcl`/b_\_^C�

k, k1, k2, k3
(�}-,*b_T%z�chT-6/T_T+,VU-i�t

Z]XW^LX-z�^s^sb�b_UlXl\_X-ion)(_chg0: q'Tez�kWTVcW^acWbug

k2 = k1, k3 = k, or k2 = k, k3 = k1,
�+)�} A 	.(

chTyX-z�^s^ab�buifq0/�^�X�ch^sbVUWXl\_X-ion)(_chg0: dli_`/b.(l} $
g'`/b.(
k, k1, k3 > 0, k2 < 0

}�/N^akh^]U'(
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�+)�} A]!+(�TekWXl`21�\eiu^sb�U-i7&lXhTecliun (VchTV^�z�chT-6/T_T+,VU-ioZ]XW^%$)q'TVbfTVUWT_^pz�T@/�chTyk-ifU-i_z�^sb_UlX[ZaTft
\Vifb.(p`0n-^ $ g0:'&rXlz T+,VU-ioZaT'z�3

k = a(1 + ζ)2,

k1 = a(1 + ζ)2ζ2,

k2 = −aζ2,

k3 = a(1 + ζ + ζ2)2;
�+)�} A�#%(

Z $ ^a`2(
0 < ζ < 1

X
a > 0

}���^ 6sq'T�\VX $ ^sb.( $�dhbfT<;sb_X $ \Vi�z�cWT+6sT_T.,eUliuZ]Xhj�$�� )[} A 	 (
X
�+)�} Ao# ( $VkWUW^ $ `/boi_\unlj5:
b�T.,+&Y^s^HUh^���^aclXh^ $ nlj�UW^/ZaTecli_cW`achT-6/TL\fZ�ifX-z�T $ ^ *W`sb_\_Xhj�� qlUhTft
z�^Lb_UWXl\_X-ion)(_c51|v3kW^aUW^a`/buifcWTV\_TVq�(�}

��� ��� �
Tkk1,k2k3

= 0

�Vn)if\Vc'1 *6Uh^/Zag�n)(�boifbA`/TV`/b_TVXWb
\
`0n-^ $ g0:'&Y^]z?3����
	�����������
Tkk1,k2k3

�������������������! 

���#"��$�%���#�����'& ���("���)��%�'�%�'���'�%*+	'������"-,.�����/�� �+)�} A�#%(�}�,*bfTVb #�ifqWb�z�T@/�^sb
,+1�b.(CklUhTe\f^aUW^ac klUej-z 1Pz \.1HdWXl`0n-^acWXW^]z

Tkk1,k2k3

$�XW`skWTfn)(uZag_j \.1HUli�/�^aclXh^��+)�} A�)%(
� ;sbfTC` $ ^/n)ifcWT%` kWTez�T%&!(+: 021436587�9;:<3658=?>;3�0 & A�#f��*�(�} � TeqWU-i &�^acWXW^�z�chT@/�^]`/b_\Vi1dhn-^0t
chTe\ \

Tkk1,k2k3

z�T@/�^sb�,+1�b+(�cW^�`0nlghd-i7*lc'1PzA@ `sTVqlUli &Y^aclXh^rXlz�^snlT�,+1 z�^a`/b_T ^a`sbf^0t
`/b_\_^acWcWT $�^]`0n-X ,+1 `sXl`/bf^�z�i �+)�} A (�,-1�n)i%XWcWbf^ 6aUWXlU[ge^]z�i�$�X[nmX X-z�^/n)i1kWT;qWU-i7*lcW^ *
z�^aUW^ $ TVkWTfnmcWXWbf^/n)(_c51?* XWcWbf^ 6sU-ion $ \VX /�^]cWXhj'& Aa�/2�* }��?TVcW^adlchT $7;sb_T�cW^ $ TVq[iuZ�iub_^/n (ut
`/b_\_T�XWcWbf^ 6aUWXlU[ge^]z�Te`/b_XC� z 1 cW^?Xlz�^a^]z�cWXlq[ifq'T-6/T�`skWTV`/T+,ei6Xl`s`0n-^ $ TV\eiub.(Y\V`/^%,_T_nl^s^
\.1H`/TVqlXh^�i_z�khnmXhbug $ 1 Uh^sZaTVc-ifcl`sc51|v�\fZ�ifX-z�T $ ^ *W`/bV\_X5*�\ �+)�} A.A ( ( $NchT1^a`/b+( $ U[g06aXh^
`s\_X $ ^sbf^/n)(_`/bV\Vi	$_ghkWTez�j-c[g[b+1�^A\.1B�Y^%$e\�khT_n (fZsg
6aXWkWT_bf^sZ 1�XWcWbf^ 6aUWXhgV^]z�TV`/b_X�}N5Kchb_^0t
6sUlXWUhgV^]z�TV`/b.(?ghUli_\_cW^aclX'*
6sU-if\_XWbui7&lXhTecWc51|vp\fTfnmcw\ /�X $ q'TV`sb_Xpq'TVcW^adlchT-* 6�nWg ,eXWc51
z�T@/�^sb�,-1�b.(6klUhTe\f^aUW^ac-i�\.1HdWXl`0n-^acWXW^]z�`/TVT_b_\_^sb_`/b_\fg0:'&Y^ 6sT

Tkk1,k2k3

}[�KUWTez�^PbfT+6sT $
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\ U-i�,_TVbf^ & Aa! -�*�dlXW`0n-^aclchTV^;z�T $ ^sn-XlUhTe\Vi_cWXW^ ;a\_Tfn): &WXlXxc-i�,VTVU-i \_TfnmcxkWTVq[iuZ�ion-T $
dhb_Trd-if`/bfTVb_c51�^�`akh^aqWb_U51x\_Tfnmc `aq'TVc5&h^acWb_UlXWUWTV\eifc51x\ � '����"'������� *�b_TVdlq[i�v TVq'Tft
nlTwqWUlXl\.1|v

ωk =
√
nk
$��	� A $�
 $ !	$)}s}a}s}h�KUhT'z�^AbfT+6sT $ $ Xl`sqWUW^sb_c51?*�`akh^aqWb_U t�kWUejmz�T_^

`0n-^ $ `sb_\_XW^LXlcWbf^ 6sUlXWUhgV^�z�TV`/bVX�`sXl`/bf^]z 1 ��
[} A (�}

?TfnlghdlXhb.(3`/b_UWT+6/TV^ $ Teq[ioZ�ifbf^/n)(_`/bV\fT�Xlchb_^ 6sUlXWUhgV^]z�TV`/b_XQz�T@/�chT $ kWT�\_X $ Xlz�T'z�g+$
n-X��!( kWUW^ $ nlT@/�Xl\ cWTV\+1?*1z�^sbfT $ XWcWbf^ 6sUlXlUhTe\VifclXhj�} � ,ec[gon-^acWXW^

Tkk1,k2k3

cli Uh^/Z]Tut
cli_cW`achT-*pkhTe\f^aUVvWcWTV`/bVX�TV`/buif\fnWjl^sbL\ $ ^ *W`sb_\_XWbf^/n)(_cWTV`/bVX�bfT_n (Vq'TLbVUWXl\_X-ion)(_cWT_^A\uZoi�t
Xlz�T $ ^ *l`/b_\VXh^���
[} A 	 ( $hq'TVbfTVUWT_^�`/TVT_b_\_^sb_`/b_\fgV^sbpcW^/nmXWcW^ *lchT'z�g�XhZ�z�^acW^aclX': dli_`/bfTVb.1
T_b $ ^sn (Vc'1�v�z�T $ 3

ω̃k = ωk +
∫
Tkk1

|bk1
|2dk1,

6 $ ^

Tkk1
=

1

4π2
(~k~k1)min(|k|, |k1|),

X 60i_z�Xhn)(]b_TVclXli_c�z�T@/�^sb<,+1�b+(�Z�i_kWXl`aifc���Xl`skWTfn)(uZsgVj;chTe\.1�^�q[ifcWTVclXWdW^a`sqlXh^�kW^aUW^0t
z�^aclc'1�^

ck
(|q[ifq

H =
∫
ωckck

∗dk +
1

2

∫
Tkk1

|ck|2|ck1
|2dkdk1 +O(ck

5).

?T.;sbfT'z�g+$hXWcWbf^ 6sUlXlU[ge^]z�TV`sb.(�$lX-z�^s^sbpz�^a`/b_T�kWT�qWU-i7*lch^ *�z�^aUW^ $ TwkhjWb_T+6/TpkWTVUej $ q[i

ck
� Xhn-X3qWUhg[b_XhZ]c51

kηk
(�} �KUWTez�^LbfT+6sT $Wn):%,eioj���TVU-z�ip\VX $ i

I4 =
∫
f(k)|ck|2dk

tEboi_q /r^�XWcWbf^ 6aUliun $ \VX /r^acWXhj3`�bfTVdlcWTV`/b.(+: $ T�khjWb_T+6/T�kWTVUej $ q[iW}
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 $-�r}e��if`s`s^/n (ez�ifc�� 0/0��~klUh^ $ n-T@/pXhn�ghU-if\_cW^aclXh^6�FTfn)(.&-z�ifcWTV\V`sq'T+6sTYb_Xlkli $ nlj
TVklXW`]ifclX[j $ Xlc-i_z�XlqWX �0dWXl`0n)i�\fTfnmc � ;acW^aU56/^sb_Xldh^]`sq'T+6/T�`skW^aqhbVUli

n
k̂

�
n

k̂
δ
k̂−k̂′ =<

η
k̂
η
k̂′ > /(αω

k̂
)
(

∂n
k̂

∂t
= α2

∫
T 2
H{nk̂2

n
k̂3

(n
k̂

+ n
k̂1

) − n
k̂
n

k̂1
(n

k̂2
+ n

k̂3
)}×

× δ
k̂+k̂1−k̂2−k̂3

δω
k̂
+ω

k̂1
−ω

k̂2
−ω

k̂3

dk̂1dk̂2dk̂3
� 
�} Aa�*(

X;\+1�dlXW`0nmXhn�\.1HUli�/�^aclXh^ $ nlj
T 2
H

t?i_z�khnmXhbug $ 1 dW^sb.1HUN70vW\_TfnmchTe\fT-6/T�\uZoifX-z�T $ ^ *[t
`/b_\VX[jQ� Z $ ^a`2(

ω
k̂

=
√
g|k̂| i α t*klUhTeX[Z�\fTfn)(_c-ioj�q'TecW`sboi_chbui+(�}

� A32_�/0	$��A}:;~i�v[ifUWTV\�� 2��ekWTVq[iuZ�ion�$sdWbfT
kh^aUW^]z�^]cWc51�^
η(x, y, t)

X
ψ(x, y, t) = φ(x, y, z, t)

∣∣∣∣
z=ηjl\fnWj :
b_`8j%q[ifcWTVclXldh^a`aqWXC`sTVklUej0/�^aclc51Hz�X�$~X%X�v 86ghU'(_^0t�klUW^sT.,eUliuZaTV\eifclX[j1g $ Te\un-^0t

b_\fTeUej5:
b�`0n-^ $ g0:'&�X-z ghUli_\_cW^acWXhj-z

∂ψ
k̂

∂t
= −δH

δη∗
k̂

∂η
k̂

∂t
=
δH

δψ∗
k̂

.

; $ ^]`2(
H = K+U

tNkWTfnmcliuj ;ach^]U'6sXhj /�X $ q'TV`/bVX�$�`PqlXWcW^sb_Xldh^]`sq'T+* X�khTVbf^ac5&WX-ion)(ot
chT-*=;acW^aU56sX[jmz�X43

K =
1

2

∫
dx
∫ η

−∞
v2dz U =

g

2

∫
η2dx

?TV`0n-^�\V\f^ $ ^aclX[j�cWTVU-z�ion)(_cWT+*�q[ifcWTVclXWdW^a`sq'T-*ykh^]Uh^]z�^acWcWT+*
ak
3

η
k̂

=

√√√√ωk̂

2g
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k̂
+ a∗−k̂

) ψ
k̂

= −i
√√√√2g

ω
k̂

(a
k̂
− a∗−k̂

)
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�} A.- (

TVc�buifq0/�^LkWTfnlghdlX[n�ghU-if\Vch^aclXW^6�FT_n (+&lz�i_chTe\_`sq'T-6/TYb_Xlk-i $ nlj�k-ifUlchT-*�q'TVUlUh^snWj &WX[t
TVclchT-*��KghcWq5&WXlX

n
k̂
δ
k̂−k̂′ =< a

k̂
a
k̂′ >
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∂n
k̂

∂t
= 4π

∫
T 2
Z{nk̂2

n
k̂3

(n
k̂

+ n
k̂1

) − n
k̂
n

k̂1
(n

k̂2
+ n

k̂3
)}×

× δ
k̂+k̂1−k̂2−k̂3

δω
k̂
+ω

k̂1
−ω

k̂2
−ω

k̂3

dk̂1dk̂2dk̂3
� 
�} AC0*(

Xy\.1HdWXl`0nmX[n1z�iub_UlXldWc51?*>;/n-^]z�^acWb
TZ

� 2���}�,*b_X $ \ei�\.1�U-i /r^acWXhj�$
TH
X
TZ
\.1?6�nlj[t

$ jlb�TVdW^ac'(�kWT�UliuZ]cWTez�g+$lcWT�T.,eiwTecWXyTVklUh^ $ ^/n-^ac51�`�bfTedWcWTV`/b+(.: $ T�kWUWTVXhZ]\fT_n (VchT-*
�?ghclq5&WXlX�$)Uli_\_cWT+*ychgon : c-i�Uh^/Z]TVc-ifcl`schT-*�khTe\f^aUVvWcWTV`sb_X

k̂ + k̂1 = k̂2 + k̂3,

ω
k̂

+ ω
k̂1

= ω
k̂2

+ ω
k̂3
,

� 
�} AC2*(

� AC240 � $F\QUli7,_T_b_^���� 3����	�
� ��$��6}��} $���� 9 ��$��L}��r}FX�� 3���:<3���$ � }���} � - A � ,-1�n ` ��TVU[t
z�gon-XlUWTV\Vi_cQ\fTVklUWTV`�T+,2X $ ^achbVXWdlchTe`/b_X Uh^/Zag�n)(�boifbfTV\���if`a`/^/n)(Vz�i_cWc-i�X ;~iov�ifUWTV\ei	$
T $ c-ifq'TpTVb_\f^sbui�c-i�ch^ 6sT�ch^�,+1�nlT-}
� ;abfTez1k-ifU-i76sU-i ��^Hz 1 kWUWTV\_^aUejW^�z2T.,eiKz�iub_UlXldWc51|v ;/nl^�z�^acWboi

TH
X
TZ
cliKUh^/Z]Tut

cli_cW`achT-*�kWTV\f^]UVvWchTe`/b_XQ� 
[} AC2*(�} � c-i]d-ion)ipT+,eipz�ifb_UlXWdlc'1�v>;/n-^]z�^acWbui ,fg $ g[b�kWUWTV\_^0t
Uh^]c'1�\�T $ chT'z�^aUlchT'z `0nlghdlif^%$ 6 $ ^KXlz�^s^sb_`�j�q'T'z�k-ifqWb_chTV^Li_cliun-XWb_Xldh^a`aq'T_^�\.1�U-i /r^0t
cWXW^ $ nWjQUh^sZaTVc-ifcl`scWT+*;kWTV\_^aUVvWcWTV`/b_X�} � ;sbfTez�`0nWghd-iu^ Uh^/Z]TVc-ifcl`scliuj�kWTV\f^]UVvWchTe`/b.(
Xlz�^s^sb $ \Vi�UliuZsn-Xldlc'1�v�Uh^;�Y^aclX[j $�b_UlXW\VXliun (VchTV^%� 
�} A 	.( $ X�cW^sb_UlXW\VXliun (VchTV^%� 
�} A�#%(
� `az�}�� A -4-�� (
��i�UW^/ZaTecli_cW`scWT+*;khTe\f^aUVvWcWTV`/bVX�� 
�} A 	.(

TZ
X
TH
U-ioZsnmXWd-i7:
bV`8j;b_Tfn)(_q'TyZ�cli_q'Tez $

boi_qxdWbfT
TZ = −TH = 1/4π2(kk1)min(|k|, |k1|)

� ;~iVz�^ad-ifclXh^+3 ;Jcli_q Z $ ^a`2( cW^
\Vi�/�^ac�$�boi_q�q[i_qCbfT_n (Vq'T

T 2
H

X
T 2
Z

klUlXW`0g[bV`/b_\ug0:
b1\yqlXWcW^sb_XldW^a`sqlX�v;ghU-if\Vch^]cWXhj[v~}
�?TV`/buifcWboi

α
\3� 
�} A]�+(�Uli_\_c-i

1/4π2 }
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��i�UW^/ZaTVc-ifcl`scWT+*�kWTV\_^aUVvWchTe`/b_X�� 
[} A�#%(*T+,eipz�ifb_UWXldlc'1�v<;/nl^�z�^acWboiwU-if\_c51�chgon :Y}
��nlj�kWTfnmchT-6/T $ \ugWz�^aUWcWT+6sT `0nlghdliuj�buifq0/�^Qcli.* $ ^ac-i T+,%&wioj�k-ifU-i_z�^sb_UlX[Z�i.&WXhj
Uh^sZaTVc-ifcl`scWT+*�kWTV\f^]UVvWchTe`/b_XQ� 
[} AC2*(

k̂ = (ζ − x)2




cos θ

sin θ


 ,

k̂1 = (ζ + x)2




cos θ1

sin θ1


 ,

k̂2 = (ζ − y)2




cos θ2

sin θ2


 ,

k̂3 = (ζ + y)2




cos θ3

sin θ3


 , 0 < ζ < 1

� 
�}�
 � (

Z $ ^a`2(

cos θ = (1 + |k̂|2 − |k̂1|2)/2|k̂|,

cos θ1 = (1 − |k̂|2 + |k̂1|2)/2|k̂1|,

cos θ2 = (1 + |k̂2|2 − |k̂3|2)/2|k̂2|,

cos θ3 = (1 − |k̂2|2 + |k̂3|2)/2|k̂3|,

X�dWXl`0n-^acWcWT�khTe`sdWXWbuifc51
TZ
X
TH

$ nWjpcW^a`sq'Tfn)(_qlX[v�Z]c-i]dW^aclX'*
ζ
$
x
X
y
} � clX�`/TV\Vkliot

$ i.:
b `�bfTedWcWTV`/b+(.: $ T�T ��X',_TVq�TVqlU[g06�n-^acWXhj�}��xUli7,_T_b_^ � A.A]! �NkW^aUW^aq[i�dWq[i ;ach^]U'6sXlX
khTw`skW^aqhbVU[g Xl`s`0n-^ $ TV\eion)if`2(YdlXl`0nl^]cWcWTw\rUliVz�q[i_zQghUli_\_cW^acWX5* ��if`s`s^/n (ez�ifc-i � 
�} Aa�*(
X ;~i�v[ifUWTV\Vi�� 
�} AC0*(�} � Uli_\_cW^acWXW^AUh^sZsgon (�buiubfTe\6khTeq[ioZ�iunlT6`/TVT_b_\_^sb_`/b_\VXh^?z�^2/ $ g ;sb_X[t
z�X�z�T $ ^snWjmz�X~} �?^2,_T_n (/�YT_^�UliuZsn-XldlXh^�T.,���j-`schjW^sb_`�j�dlXl`0nl^]cWc51Hz�X�T ��X',Vq[i_z�X�klUlX
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\.1HdWXl`0n-^acWXlX
TH
X
TZ
cli3UW^/ZaTVc-ifcl`scWT+*QkWTV\f^]UVvWchTe`/b_X�$ bo} q�}

TH
X
TZ
`/Te\_k-i $ i7:
b

n-X��!(pc-i�UW^/ZaTVc-ifcl`scWT+*�kWTV\_^aUVvWchTe`/b_X�$-chT�cW^6\�^87LTVqlUh^a`sb_chTe`/b_X�}

465�� � �_=KD ����R�> �����HB ����:KD�O<���rB  �<N=���D�B

��� � ��� � ����� �"
#���

� ;abfTez k-ifU-i76sU-i ��^�XW`a`0nl^ $ ge^sb_`�j \fZ�ifX-z�T $ ^ *W`sb_\_XW^�6aUli_\_XWboi.&WXWTVclc'1�v \fT_n-c�$�Uli_` t
kWUWTV`sb_Uli_c[j :'&�X[v'`�j�\�T $ chT'z $E\+1 $ ^/n-^acWcWTez c-ifklUli_\un-^acWXlX�c-i�kWTV\_^aUVvWcWTV`/b_X�X $ ^0t
ion)(_cWT+*�/pX $ q'TV`/b_X
,V^a`sq'TVcW^adlchT-*�6�nWg ,eXWc51�}%,|boiKkWUWT.,_nl^�z�iAX-z�^s^sb ,VTfn)(��6g0: bf^aTVUW^0t
b_Xldh^a`aq'T_^6XyklUli_qhb_XldW^a`sq'T_^LZ]c-i�dh^]cWXW^V}<5AZ�;aq�`akh^aUlX-z�^acWboi�XhZ]\f^]`/b_cWT $ldhb_T �?ghclq5&WXhj
Uli_`sklUh^ $ ^/n-^aclX[j�;ach^]U'6sXlX1\fT_n-c $ i /�^�\�i_qhbVXW\VchT-*2ZaTVcW^ �Yb_TVU-z�i�khTedhb_X1T $ chT'z�^aU[t
cli \ ;ach^]U'6/Te`/T $ ^]U-/wi &�^ *�T+,fn)if`/bVX~} ��i /�^ ,_Tfn)(���^�bfT-6/T $�;sbfT�`sklUli_\f^ $ nmXW\_T �/z�TVU[t
`sq'T+*%Z 1�,eX�� $ iunl^aq'T�TVb�ifqWb_Xl\_cWT+*;ZaTVc51�} � ,%&�^aklUWXlc[jlbfT $�dWbfT<6�n)if\_c51?*�z�^0v[ifclX[Z�z
\uZ�i_Xlz�T $ ^ *l`/b_\VX[j�\fT_n-c�j-\unljW^sbV`8j�Uli_`s`/^aXl\Vi_cWXW^]z dh^sb+1�U 70vW\fT_n-cWTV\_T_^1Uli_`s`/^/j-cWXW^ $
g $ Te\un-^sb_\fTeUej5:'&�^s^L`/nl^ $ g0:'&�X-z Uh^sZaTVc-ifcl`sc51Hz ge`0n-TV\VX[jmz

ωk + ωk1
= ωk2

+ ωk3

~k + ~k1 = ~k2 + ~k3
� 
�}�
BA (

Z $ ^a`2( ~ki \_TfnmchTe\.1�^Y\f^aqWbfTVU-ipdW^sb.1HUN70v3\fZ�ifX-z�T $ ^ *W`sb_\ug0:'&rX�v�\fT_n-c�$)i ωk =
√
gk
t

Z�ifq'Tec $ XW`skW^aUl`sXlX�\fT_n-c�} � T_T_bV\f^sb_`sb_\ug0:'&rX'*
; � �K^]qhb_Xl\_c51?* �[i_z�Xhn (�bfTecWX-ifcwX-z�^s^sb
\_X $ 3

H =
∫
ωkaka

∗
kdk+

+
1

4

∫
T kk1

k2k3
a∗ka

∗
k1
ak2
ak3
δk+k1−k2−k3

dkdk1dk2dk3 + . . .
� 
�}�
�
%(
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�
ak
jl\unlj5:
bV`8j�cWTVU-z�ion)(_c51Hz�X�q'Tez�k[n-^aq�`sc51Hz�X3i_z�khn-XWbug $ i_z�X2\fT_n-c � 2 � $ � - A � $ � A�#12���(�}

� TVT_b_\_^sb_`/b_\fg0:'&Y^s^�/�^�qlXWcW^sb_Xldh^]`sq'T_^ ghUli_\_cW^aclXh^ $ nlj k-ifUlchT-* q'TVUlUh^/nlj5&lXWTVclchT-*
�?ghclq5&WXlX

nk =< aka
∗
k′ > δk−k′

veTeUhT �YT XhZ]\f^]`/b_cWT1� `az�} $)cli_kWUlXlz�^aU�$�� A]� -*$ A - 	 � $)i�buifq0/�^wkli_Uli.6sUli�� 	-}"! $ Xl`s`/^aUWboiot
&WXlX�( 3

∂nk
∂t

= π
∫
|T kk1

k2k3
|2δk+k1−k2−k3

δωk+ωk1
−ωk2

−ωk3
×

× {nk2
nk3

(nk + nk1
) − nknk1

(nk2
nk3

)}dk1dk2dk3
� 
�}�
u!*(

��ifq1khTeq[ioZ�i_chT�\�k-ifU-i76sU-i ��^ 
[} 
[}"!	$�;sbfT�qlXWcW^sb_XldW^a`sq'T_^rghU-if\_cW^aclXh^
;aql\_Xl\Viunl^acWb_cWT
� `az�}�� A - 0�� (LqWXlcW^sb_Xldh^a`aq'Tez�gQghU-if\_cW^aclX': ��if`a`/^/n)(Vz�i_cWc-i	$NkhT_nWghdW^aclchT'z�g \_kW^aUl\.1�^
\ A32_� 
�6/T $ g \ � 0/0�� } ,*bfT�ghU-if\Vch^aclXW^%$P� 
�}�
u!*( $E\_kWTfnmch^2kWUW^]z�n-^]z�T�\�`aXhbug�i7&lXWX�$E^a` t
n-X;\fTfnmcWTV\.1�^w\_^aqWbfTVU-i ~ki j-\unlj5:
b_`�j $ \fgWz�^aUlc'1Pz�X~}~cWTy\�T $ cWTez�^]UWcWT+*%`sXWbug�i7&lXWX�$
q'T+6 $ i

Tkk1,k2k3
= 0

TVcWTpbf^aUejl^sbp`az 1�`/n }
� ^/ZaTecli_cW`ac'1�^Fg'`0n-TV\_Xhj�� 
�}�
BA ( X-z�^ :
b?\AT $ chT'z�^aUlchT'z3`/nWghd-iu^ $ \Vi
b_Xlk-i?UW^��Y^aclX5* 3

A_} /�UlXW\VXliun (VchTV^�UW^���^acWXW^+3

k2 = k1, k3 = k,

Xhn-X
k3 = k1, k2 = k.

� 
�}�
 	.(

; $ ^a` (
k
X
k1
z�T+60g[bwXlz�^sb.(�q[i_q T $ XWc-ifq'Te\.1�^%$�buifq�X�kWUWT_b_Xl\fTekhT_nlT@/�c51�^LZ]c-i�t

qWX�}



��� � � � � 	 � �	����� �����2� � 	�� � �9��� ��r�A	�� � � ���


�} �A^ab_UWXl\_X-ion)(_cWT_^AUW^��Y^]cWXW^+3)�
k2 6= k, k1

(�}*/�ifq'T_^
UW^��Y^aclXW^P`0g	&�^a`/b_\fgV^sb�bfT_n (Vq'T
\�bfTez{`/nWghd-iu^%$ q'T+6 $ i�klUhTeX[Z�\f^ $ ^aclXh^

kk1
X
k2k3

X-z�^ :
b�klUWT_b_Xl\fTekhT_nlT@/�c'1�^
Z]cli_qWX�}

,*bfT ch^sbVUWXl\_X-ion)(_cWT_^YUW^��Y^]cWXW^�TekWXl`ai_chT \pk-ifU-i76aUli��K^ 
�}�
�}�
 Ag'`/b.(
k > 0

$
k1 > 0

$

k2 < 0
$
k3 > 0

} /�T-6 $ i

k = a(1 + ζ)2, k1 = a(1 + ζ)2ζ2,

k2 = −aζ2, k3 = a(1 + ζ + ζ2)2.
� 
�}�
_#%(

/�^]kh^aU5(�U-if`a`az�T_bVUWX-zy`/b_TfnmqWcWTV\VXhbf^sn (Vc'1 *Yd[n-^ac�qlXWcW^sb_Xldh^]`sq'T+6/T�ghUli_\_cW^aclX[j6cli�T.,V^0t
X�vyUW^/ZaTVc-ifcl`aiov�$hbVUWXl\_X-ion)(_cWTez $)Xych^ab_UWXl\_X-ion)(_cWTez�} 9�`0nmXyT $ chT�XhZ�ge`0n-TV\VX'*�� 
�}�
 	.(
\.1HkhT_n-cW^acWT $lbfT-6 $ i�`/bfT_n-qlchTe\_XWbf^/n)(_c51?*2d[n-^ac

nk2
nk3

(nk + nk1
) − nknk1

(nk2
nk3

)

bfT@/ $ ^a`sb_\f^aclcWT�U-if\_^ac�c[gon):Y}+/�i_q�$_dhbfTA? D<=�� =m+����/>6K�� D @	�V&3>)+ >).�cW^ $ i 7sbLcWXlq[ifq'T-6/T
\_qhnmi $ iw\pqlXWcW^sb_XldW^a`sq'T_^�ghU-if\_cW^aclXh^e}G9�`0nmX /�^Yz 1{Uli_`s`az�TVb_UlXlz�> @ ? DG=
�.=)+����/>6K��
D @�_&3>)+ >).3� 
[} 
_#%( $�bfT `sbfTfnmqWcWTV\VXhb_^/n (Vc'1 * dhnl^]c�boi_q /r^1U-if\_^ac�chg�n): $*khTe`sq'Tfn)(_qhg+$
q[ifq�khTeq[ioZ�i_chTr\�k-ifU-i76sU-i ��^ 
�}�
�}�
�� `az�} � A.-4-���( $�q'T+; � �LX5&WXW^acWb

T kk1

k2k3

bfT@/ $ ^]`/b_\f^]cWcWT
Uli_\f^ac�chgon :Y}

T kk1

k2k3
≡ 0

cli�UW^/ZaTecli_cW`achT'z z�cWT+6sT_T.,eUliuZ]XlX���
[} 
V# (�}
,|bfT�Zoi_z�^ad-iub_^/n (VchTV^�bfT@/ $ ^]`/b_\fT2TfZ�cli�d-iu^sb $ dWbfT2`aXW`/b_^]z�i�� 
�}�
�
%(
j-\unljW^sbV`8j �0khTft
dhbVX��0XWcWbf^ 6sUlXlU[ge^]z�T+*�}l�*Tfn-^s^
bfT+6/T $h� b]jl`ac'1x\6Uli7,_T_bui�v � �0A � kWTVq[iuZ�ion�$�dWbfT�X ch^aq'Tft
bfTVU51�^�#]t bVX \fT_n-cWTV\+1�^Ci_z�k[nmXhbfg $ 1 U-if\Vc'1 chgon : c-i Uh^sZaTei_cW`scWT+*�kWTV\_^aUVvWcWTV`/b_X�}
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�%$ c-ifq'T $mq[ifq�,fg $ ^sb kWTVq[iuZ�ifcWT clX /r^%$ ;abfT `sklU-if\f^ $ nmXW\_T cW^ $ nWj%\_`/^/v2#]t bVX2\_TfnmchTft
\.1�vYUW^/ZaTecli_cW`sTV\�$fXrqlXWcW^sb_XldW^a`sq'T_^|ghU-if\Vch^]cWXW^�X-z�^s^sbK`]z 1�`0nwbfTfn)(_q'TL\K`0n-^ $ g0:'&Y^]z
khTeUej $ q'^�� khjWb_Xl\fT_n-cWTV\_T_^Y\fZ�ifX-z�T $ ^ *W`/bV\_XW^ (

∂n

∂t
= st(n, n, n, n).

; $ ^]`2(
st(n, n, n, n)

`/bfT_n-qlchTe\_XWbf^/n)(_c51?*�d[n-^ac�$ `/TVT_b_\_^sb_`/bV\ug0:'&�X5*%khjWb_Xl\fT_n-cWTV\_Tut
z�g \fZ�ifX-z�T $ ^ *W`/bV\_X5: $Wq'TVbfTVUWTez�g�`/TVT_b_\_^sb_`/b_\fg0:
b�`0n-^ $ g0:'&rXh^LUh^sZaTVc-ifcl`sc51�^?g'`0n-Tut
\_Xhj43

ωk + ωk1
+ ωk2

= ωk3
+ ωk4

k + k1 + k2 = k3 + k4
� 
�}�
u�*(

� TVT_b_\_^sb_`/b_\fg0:'&�X5*%�[i_z�Xhn)(]b_TVclXli_c�X-z�^s^sbp\_X $ 3

H =
∫
ωkaka

∗
kdk+

+
1

12

∫
T kk1k2

k3k4
{a∗ka∗k1

a∗k2
ak3
ak4

+ c.c.}δk+k1+k2−k3−k4
dkdk1dk2dk3dk4 + . . .

��1�U-i /r^acWXW^ $ nWj6`/bfT_n-qlcWTV\_XWbf^/n)(_cWT+6sTPdhnl^]cli
st(n, n, n, n)

X-z�^s^sbH`0nl^ $ g0:'&rX'*�\_X $ 3

st(n, n, n, n) =
π

3

∫
|T k1k2k3

kk5
|2fk1k2k3kk5

dk1dk2dk3dk5−

− π

2

∫
|T kk2k3

k4k5
|2fkk2k3k4k5

dk2dk3dk4dk5,

fk1k2k3k4k5
= δk1+k2+k3−k4−k5

δωk1
+ωk2

+ωk3
−ωk4

−ωk5
×

× {nk1
nk2

nk3
(nk4

+ nk5
) − nk4

nk5
(nk1

nk2
+ nk1

nk3
+ nk2

nk3
)} � 
�}�
4- (

� bfT_n-qlcWTV\_XWbf^/n)(_c51?*�dhnl^]c{� 
�}�
4- (6\_kW^aUl\.1�^ ,-1�n kWTfnlghdh^]c��KUli_`sX5&WqlXlz � A � A � } � c
boi_q /r^ cli�� 7/n�$ � \�klUWXlc5&WXlkh^ � \.1HUli�/�^aclXh^ $ nlj

T kk1k2

k3k4

} �?T�^ 6/T�Teq'TVcldlifbf^/n)(_c-ioj
�KTeUlz�g�n)iydlUW^/Z]\.1Hdli.*WcWT>6aUhT'z�TfZ $ q[i	$�XQcW^ z�T@/�^sb>,+1�b+(�klUli_qhb_XldW^a`sqlX XW`skWTfn)(uZ]Tut
\Vi_cliW} � c;XW`skWTfn)(uZ]TV\Viun�bf^/vWcWXlq[g;q[i_chTecWXldW^a`sqlX�v;klUh^sT+,VU-ioZaTe\Vi_cWX5*�$�q'TVbfTVU-iojQkhT_Z/t
\fT_nWjl^sbpXW`sqhn):Adlifb.(�cW^aUh^sZaTVc-ifcl`sc51�^�ch^/nmXlch^ *lc51�^6d[n-^ac51�XhZ��[i_z�Xhn (�bfTecWX-ifc-ih}
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; $ ^a`2(A\ $ Xl`s`/^aUWbui7&lXhTecWcWT+*wUli7,_TVbf^%$uXw\?`/buiub.(_^ � A - 2 �lz�iubVUWXldWc51?*
;/n-^]z�^]chb
T kk1k2

k3k4

\.1HdWXl`0nljW^sb_`�jCcli�UW^/ZaTecli_cW`scWT+*%kWTV\_^aUVvWcWTV`/b_X���
[} 
f�+(�} � q'TecWd-iub_^/n (Vcliuj �KTeUlz�gon)i t
dWUW^/Z]\+1�d-i7*lchT2kWUWTV`sboi�$ X ,_g $ ^sb3khT_nWghdW^ac-iy\�k-ifU-i76aUli��K^ 
[}"!W}
	l}JZ $ ^a` (yz 1 bfT_n (Vq'T
kWUlXl\f^ $ 7]z Uh^/Zag�n)(�boifb�\.1HdWXl`0n-^acWX5*43

T k1k2k3

k4k5
=

2

g1/2π3/2

√√√√ωk1
ωk2

ωk3

ωk4
ωk5

k1k2k3k4k5

max(k1, k2, k3)

,|bfT3^ & 7pT $ Xlc;g $ Xl\_XWbf^/n)(_c51?* �Li_qhb1\yb_^sTVUlXWXQkWTV\_^aUVvWchTe`/b_c51|v 6sU-if\VXhbui7&lXWTVc[t
c'1�v�\_Tfnmc~}
/�ifq0/�^3c-i7* $ ^ac'1 �?Tfn)z�T-6/TVUWTV\V`sqWXW^�UW^��Y^]cWXhj `/bui7&lXWTVc-ifUlchT-6/T #at�b_X�\fT_n-cWTV\_T+6/T
qWXlcW^sb_Xldh^a`aq'T+6/T�ghU-if\Vch^aclXhj

st(n, n, n, n) = 0

KUWX�^ 6/T�\+1�\_T $ ^EklUWX-z�^achjhn)if` (�bf^0vWclXlq[i	$aT_b]n-XldWc-ioj�T_bHT.,+&Y^aklUWXlchjWbfT-*�$ � 2�� $ � -BA � $ � Ao# 2�� $ � 0/0�� }

��� � � � � � 
�� ���#� 
�� � �%�#
�� 
������ ���"��������"�"� �"
�
�� �

� ;sbfT'z%kli_Uli.6sU-i ��^�z 1 kWTfnlghdWX-z $�&3>)(F& D IL>6K @H$�+ >)&C>6=-, @/./$/= @�� @ D @JI @ > >6K @ $oq'T_bfTft
U'1�^YkhTecli $ T+,�jWb_`�j � \ `/nl^ $ g0:'&�X[v3k-ifU-i76sU-i ��i�v<;sb_T+* 68n)if\+1)( $ nlj2kWTfnlghdW^acWXhj2q'Tft
; � ��X5&WXW^acWbfTV\�UliuZsnlT@/�^]cWXhj���i_z�X[n)(�bfTVclXli_cli $ TYkhjWbfT-6/T6khTeUej $ q[i�\_qhn :AdlXhb_^/n (VchT-}
��i]dlc 7]zCTek[jlb.(Y`PXW`8veT $ c'1�v $ XlcliVz�Xldh^a`aqWX[vwghU-if\Vch^]cWX5* $ nWj $ \ugWz�^aUWcWT+6sT6bf^adW^acWXhj
X $ ^]iun (VchT-*ych^]` /�X-z�iu^]z�T+* /�X $ q'Te`/b_X�c-i ,V^a`sq'TVcW^adlchT-*=68nlg ,VXlcW^�� 
�} A ( $

φxx + φzz = 0 (φz → 0, z → −∞),

ηt + ηxφx = φz
∣∣∣∣
z=η

φt +
1

2
(φ2

x + φ2
z) + gη = 0

∣∣∣∣
z=η

;
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; $ ^]`2(
η(x, t)

t?klUWT �LX[n)(>6aUli_cWX5&'1 $
φ(x, z, t)

tKkhTVbf^ac5&WX-ion `sq'TeUhTe`/b_X�bf^adW^aclX[j X

g
t 6sU-if\VXhbui7&lXhTecWc-ioj kWTV`/b_T]j-cWc-ioj }���i_q ,-1�n-T%khTeq[ioZ�i_chT1\3U-i�,VT_bf^ ;~i�v[ifUWTV\ei � 2�� $
khTVbf^ac5&WX-ion1cli 6aUli_cWX5&h^

ψ(x, t) = φ(x, z, t)
∣∣∣∣
z=η(x,t)

X
η(x, t)

jl\fnWj :
b_`8j%q[ifcWTVclXldh^a`aqWXC`sTVklUej0/�^aclc51Hz�X�$~X%X�v 86ghU'(_^0t�klUW^sT.,eUliuZaTV\eifclX[j1g $ Te\un-^0t
b_\fTeUej5:
b�`0n-^ $ g0:'&�X-z ghUli_\_cW^acWXhj-z

∂ψk
∂t

= −δH
δη∗k

∂ηk
∂t

=
δH
δψ∗

k

.

; $ ^]`2( H = K+U
t�khT_n-c-ioj ;acW^aU56sXhjp`aXW`/b_^]z 1 $'`sTV`/bfT�j &riojpXhZAqlXlch^sbVXWdW^a`sq'T-*�$

K
$

XykWT_bf^ac5&lXliun (VchT-*�$
U
$ldli_`/bf^ *43

K =
1

2

∫
dx
∫ η

−∞
v2dz U =

g

2

∫
η2dx

��iVz�X[n)(�bfTVclX-ifc�z�T@/�^ab ,-1�b.(�U-ioZsn-T@/�^ac \ ,_^]`sq'TVcW^adlc'1 *�Uej $ khT�`/b_^akh^]c[jmz v�iot
Uli_qhb_^aUWXl`/b_XldW^a`sq'T+*QqlU[g[bVX[Z]c51 khTe\f^aUVvWcWTV`sb_X

kηk << 1
� `az�} � 2.$ -BA ��(K`pkhT'z�T%& (.:

Xhb_^aUli.&WXWTVclcWT+*�klUhT-&h^ $ ghU51�} �*`/^Hd[n-^ac51 $ T6k[jlbfT+6sT�kWTVUej $ q[i�\_qhn):AdWXWbf^/n)(_cWT $ i7:
b
\_qhnmi $ \pkhjWb_Xl\fT_n-cWTV\_T_^6\uZ�i_Xlz�T $ ^ *l`/b_\VXh^V}
; $ ^a`2( z 1�klUWX-z�^aclXlz $ Uhg06/T+*2`skWTV`/T+,l}�� X-z�^aclcWT $)`acli�d-ion)ip` $ ^/n)iu^]z�q[i_chTecWXldW^0t
`sq'T_^�klUW^sT.,eUliuZaTV\eifclXh^�TVb�kW^aUW^]z�^aclc'1�v

ψ
$
η
qwcWTV\+1Hz;q[ifcWTVclXWdW^a`sqlXlz /�^HkW^aUW^]z�^ac[t

c'1Pz�} ,|bfT2klUW^sT.,eUliuZaTV\eifclXh^ ,_g $ ^sb�`a\ujhZoifcWT�`pq'TVc �KTeUlz�cliuj�Z�iVz�^acWT+*�q'T_TVU $ Xlclifb�}
�Nif`s`az�T_b_UlXlz ;sbug�Z�iVz�^achg khT $ UhT+,VcWTl} � n-^ $ gVj�U-i�,VT_bf^ � AC0'A � $h` $ ^/n)iu^]zQq'Tec ��TVU-z�cWT_^
kWUW^sT+,VU-ioZaTe\VifclXW^�T+,fn)if`/b_X�$WZ�i_c[jlbfT+* /�X $ q'Te`/b.(+:

z < η(x, t),

cli�clX0/pc5: : kWTfnlghk[n-TV`sq'Te`/b.(�q'T'z�khnl^aq�`achT-*�kh^aUW^]z�^]cWcWT+*

w = u+ iv, −∞ < u <∞, −∞ < v < 0.
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8YTVU-z�i 6sU-ifclX'&51�k-ifU-i_z�^sbVUWXhZsgV^ab_`8j $ \ugWz�j �Kghclq'&lX[jmz�X

z(u, t), x(u, t)

q'T_bfTeU'1�^�`s\ujWZ�ifc51 klUh^sT+,VU-ioZaTe\Vi_cWXW^]z �~X[n)(7,V^aUWboi�� q[i_q�z�clXlzEioj�XC\_^ &Y^]`/b_\f^]cWc-ioj
dli_`/b_X�i_cliun-XWb_Xldh^]`sq'T+*3\pcWX0/�ch^ *2kWTfnlghk[n-TV`sq'Te`/b_X��Kghclq'&lXWX�( 3

x(u, t) = u− Ĥ(z(u, t))

Ĥ(f(u)) =
1

π
P.V.

∫ f(u′)du′

u′ − u
�?^sT.,]veT $ Xlz�Trbuifq0/�^Y\_\_^a`/b_X�q'Tez�khnl^]q�`sc'1 *ykWT_bf^ac5&lXliun1`sq'TeUhTe`/b_X�� \ez�^a`/bfT

ψ
(�}

Φ(w, t) = Ψ(u, v, t) + iΘ(u, v, t)

��i 6aUli_cWX5&h^�/�X $ q'Te`/b_X�$N�
v = 0

( $l`skWU-if\_^ $ n-Xl\fT�`0n-^ $ g0:'&Y^s^�`/TVT_b_cWT/��^acWXW^+3

Θ(u, 0, t) = Ĥ(Ψ(u, 0, t)),

�?TV\.1�^2q[i_chTecWXldW^a`sqlXh^CkW^aUW^]z�^aclc'1�^1z�T+60g[b ,-1�b.( kWTfnlghdW^ac'1 X[ZC\eifUlXli.&WXWTVclchT-6/T
kWUlXlc'&lXWk-i $ nWj $ ^ *l`/b_\VX[j }

S =
∫
dt{

∫
ψ(x, t)ηt(x, t)dx−H}.

?TV`0n-^�q'TVc ��TVU-z�chT-6/T6kWUW^sT+,VU-ioZaTe\VifclXhj � AC00A � $ nWj $ ^ *l`/b_\_Xhj�X �Yi76sU-ifc0/�Xli_cliLX-z�^0t
^]z \.1�U-i /r^acWXW^+3

S =
∫
Ldt,

L =
∫
{Ψ(ztxu − xtzu) +

1

2
ΨĤΨu −

g

2
z2xu}du.

�Yi76sU-ifc0/�Xli_c
L
z�T /r^sb ,+1�b+(�kh^]Uh^aklXl`aifcy\�b_^aUlz�XWc-i�v�cWTV\.1�v�kW^aUW^]z�^aclc51|vyq[ifq

L =
∫
{zt(Ψxu − Ĥ(Ψzu)) +

1

2
ΨĤΨu −

g

2
y2xu}du.
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XycWTV\.1Pz�Xyq[i_chTecWXldh^]`sqWX-z�XykW^aUW^]z�^aclc51Hz�X�b_^akh^]U'(�j-\unlj5:
b_`�j

z(u, t)

P(u, t) = Ψxu − Ĥ(Ψzu).

Ψ
z�T@/pcWT�n-^ 6sq'T�T.,eUlifb_Xhb+(

Ψ =
Pxu + Ĥ(Pzu)

x2
u + z2

u

� 
�}�
 0*(

X�$WTeq'TVcldlifbf^/n)(_cWT $J�[i_z�Xhn (�bfTecWX-ifc3`sXl`/bf^]z 1 klUlXWclXlzEiu^sb�`0n-^ $ g0:'&�X5*y\_X $ 3

H =
1

2

∫
{gz2xu − ΨĤΨu}du

6 $ ^
Ψ
\+1�U-i /wif^sb_`�j�dW^aUW^/Z�cWTV\ug0: q[ifcWTVclXWdW^a`sqhg0: kW^aUh^�z�^aclc[g0: P `CkWTez�T+&!(.:

`/T_TVb_cWT/�Y^]cWXhjQ� 
�} 
10+(�}0CKUli_\_cW^aclX[j $ \_X0/�^aclX[j1z�T+60g[b ,-1�b.(�c-ifklXl`aifc51�\wjl\VchT-* 60i�t
z�Xhn (�bfTechTe\fT+* �KTeUlz�^+$Vq'TVbfTVU-ioj \Vq[n):Ad-iu^sbY\�`/^2,�jpXWcWbf^ 6aUliun (Vc'1 *�TVkW^aU-iubfTeU��~Xhn (ut
,_^aUWbui03

∂P
∂t

= −δH
δz

∂z

∂t
=
δH
δP

��� � � � � ��� ������� � ����� ���  ��� ��
�� �{� ��� � �� � � 
�����
��

� ;sb_Tez kli_Uli.6sUli��K^1z 1 `/T.,e`/b_\_^acWcWTQkhT_nWghdlXlz U-ioZsn-T@/�^aclXh^;��iVz�X[n)(�bfTVclX-ifc-i $ T
k[jlbfT+6sT�kWTVUej $ q[i�\_qhn):AdWXWbf^/n)(_cWTykhT�`/b_^akh^]c[jmz

z
X P }mg $ T.,VcWT�\_\_^a`/b_X1cWTV\ug0: kh^/t

Uh^�z�^aclc[g0:
x̃
`/nl^ $ g0:'&�X-z T.,eUliuZaTez�}

x = u+ x̃, xu = 1 + x̃u, x̃ = −Ĥz

/�T-6 $ i

Ψ =
P + Px̃u + Ĥ(Pzu)

(1 + x̃u)2 + z2
u
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/N^akW^aU'(pz 1 U-ioZanlT@/�Xlz
Ψ
kWT�`/bf^akW^achj-z

x̃u
X
zu

Ψ = Ψ(1) + Ψ(2) + Ψ(3) + Ψ(4) + . . .

Ψ(1) = P

Ψ(2) = Ĥ(zuP) − x̃uP

Ψ(3) = P(x̃2
u − z2

u) − 2x̃uĤ(zuP)

Ψ(4) = Px̃u(3z2
u − x̃2

u) + (3x̃2
u − z2

u)Ĥ(zuP)

��iVz�X[n)(�bfTVclX-ifc�`aXW`/b_^]z 1�TVklUh^ $ ^/nljW^ab_`8jy`0n-^ $ g0:'&�X-z \.1�U-i /r^acWXW^]z�3

H =
1

2

∫
{gz2(1 + x̃u) − ΨĤΨu}du

/�^]kh^aU5(pU-ioZsn-T@/�^aclXh^w�[i_z�Xhn (�bfTecWX-ifc-i H z�T /r^sb ,+1�b.(pZ�i_kWXl`ai_chT `/nl^ $ g0:'&�X-z T.,ft
UliuZaTez

H = H2 + H3 + H4 + H5 + . . .
� 
�}�
 2*(

Z $ ^a`2(

H2 =
1

2

∫
(gz2 − Ψ(1)ĤΨ(1)

u )du

H3 =
1

2

∫
(gz2x̃u − 2Ψ(2)ĤΨ(1)

u )du

H4 = −1

2

∫
(2Ψ(3)ĤΨ(1)

u + Ψ(2)ĤΨ(2)
u )du

H5 = −
∫

(Ψ(4)ĤΨ(1)
u + Ψ(3)ĤΨ(2)

u )du

�*\f^ $ ^]z kWUW^sT+,VU-ioZaTe\VifclXW^!86ghU5(f^6`0n-^ $ g0:'&�X-z T+,VU-ioZaT'z�3

fk =
1√
2π

∫
f(u)e−ikudu, f(u) =

1√
2π

∫
fke

ikudk

?TV`0n-^EcW^a`0n-T /�c51|v�$]chT $ TV\_Tfn)(_cWT 6sUWTez�TfZ $ qWX[vL\+1�`sXl`0n-^acWX5*6z�T@/�chTAkWTfnlghdWXWb.(A`0n-^0t
$ g0:'&rXh^6\+1�U-i /�^aclXhj $ nlj Hn

3

H2 =
1

2

∫
(g|zk|2 + |k||Pk|2)dk,
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H3 =
1

2
√

2π

∫
zk1

{Sk1k2k3
zk2
zk3

− F k1

k2k3
Pk2

Pk3
}δk1+k2+k3

dk1dk2dk3,

H4 =
1

4π

∫
Mk1k2

k3k4
zk1
zk2

Pk3
Pk4

δk1+k2+k3+k4
dk1dk2dk3dk4,

H5 =
1

2(2π)
3

2

∫
Nk1k2k3

k4k5
zk1
zk2
zk3

Pk4
Pk5

δk1+k2+k3+k4+k5
dk1dk2dk3dk4dk5

; $ ^]`2(
Sk1k2k3

$
F k1

k2k3

$
Mk1k2

k3k4

X
Nk1k2k3

k4k5

�Kghclq'&lXWX�$
`sX-z�z�^sbVUWXldWc51�^QTVb $ ^/n)(_cWT�kWT
\f^aUVvWclX-z $lX�T_b $ ^sn (VchT kWT�clX /�clXlz�Xlc $ ^aq�`aiVz�} � Xlz�^]cWcWT

Sk1k2k3
=

g

3
(|k1| + |k2| + |k3|)

Lk1k2
= k1k2 + |k1k2|

F k1

k2k3
= L−k1k2

+ L−k1k3
= |k1|(|k1| + |k2| + |k3|)

� 
�} ! � (

��1�U-i /r^acWXW^ $ nlj
Mk1k2

k3k4

X
Nk1k2k3

k4k5

kWUlXl\f^ $ ^ac51�\ KUWXhnlT@/�^]cWXlX;} 
[}
; $ ^a`2(�Tek[jlb.(�g $ T+,VcWT�\_\_^a`/b_X chTeUlzEion)(0g0:{q'Tez�khnl^]q�`sc[g0:{kW^aUW^]z�^aclc[g0:

ak
`/nl^ $ g't

:'&�X-z T.,VU-ioZ]Tez

yk =

√√√√ωk
2g

(ak + a∗−k) Pk = −i
√√√√2g

ωk
(ak − a∗−k)

� 
�} !0A (

,*bui�kh^]Uh^]z�^acWc-ioj�g $ TV\un-^sb_\_TVUejl^sb�`0n-^ $ g0:'&�^]z�g ghUli_\_cW^ac': $ \_X0/�^aclX[j 3

∂ak
∂t

+ i
δH
δa∗k

= 0.
� 
�} ! 
 (

6 $ ^
ωk =

√
g|k| trZ�ifq'Tec $ Xl`skW^aUl`sXWX $ nlj96sU-if\_XWbui7&lXhTecWc51|v \fT_n-c cli 6�nWg ,VTVq'T-*

\fT $ ^V}
��cWTV\+1|v3q[i_chTecWXldh^]`sqWX[v2kW^aUW^]z�^aclc'1�v

ak
ql\Vi $ U-iub_XldWc51?*%dhn-^ac3\���iVz�X[n)(�bfTVclX[t

ifcW^LklUlXWclXlzEiu^sb \VX $ 3

H2 =
∫
ωkaka

∗
kdk

�Ag ,VXldh^a`aqWX5*�d[n-^ac3\��[i_z�Xhn)(]b_TVclXli_ch^YU-if\_^ac 3

H3 =
1

2

∫
V k1

k2k3
{a∗k1

ak2
ak3

+ ak1
a∗k2
a∗k3

}δk1−k2−k3
dk1dk2dk3+
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+
1

6

∫
Uk1k2k3

{ak1
ak2
ak3

+ a∗k1
a∗k2
a∗k3

}δk1+k2+k3
dk1dk2dk3

� $ nlj
V k1

k2k3

X
Uk1k2k3

Xlz�^a^]z�3

V k1

k2k3
=

g
1

4

2
√

4π
(|k1| + |k2| + |k3|)×


|k1k2k3|

1

4 +

(
k1

k2k3

)1

4

|k1| −
(
k2

k1k3

) 1

4

|k2| −
(
k3

k1k2

)1

4

|k3|



Uk1k2k3
=

g
1

4

2
√

4π
(|k1| + |k2| + |k3|)×


|k1k2k3|

1

4 +

(
k1

k2k3

)1

4

|k1| +
(
k2

k1k3

) 1

4

|k2| +
(
k3

k1k2

) 1

4

|k3|



�Anl^ac�dW^sb_\_^aUWbfT+6/T khTeUej $ q[i�\��[i_z�Xhn)(]b_TVclXli_ch^Y`/Te`/bfTeXhb�XhZ6b_UN7/v�`0n)i760iu^�z 1|v 3

H4 = H4⇔0
4 + H3⇔1

4 + H2⇔2
4

`/T_TVb_\f^ab_`/b_\fg0:'&�X[v U-ioZsnmXldWc51Hz b_XlkliVz�\fTfnmcWTV\.1�vQ\fZ�ifX-z�T $ ^ *W`/bV\_X5*~} � n)i760iu^�z�T_^%$
`/T_TVb_\f^ab_`/b_\fg0:'&Y^s^

4 ⇔ 0
\uZoifX-z�T $ ^ *l`/b_\VX':�X-z�^s^sbp\_X $ 3

H4⇔0
4 =

1

24

∫
Rk1k2k3k4

(ak1
ak2
ak3
ak4

+ a∗k1
a∗k2
a∗k3
a∗k4

)×

δk1+k2+k3+k4
dk1dk2dk3dk4

6 $ ^
Rk1k2k3k4

U-if\VchT 3

Rk1k2k3k4
= −1

4π (

∣∣∣∣∣
k1k2

k3k4

∣∣∣∣∣

1

4

Mk1k2

k3k4
+

∣∣∣∣∣
k1k3

k2k4

∣∣∣∣∣

1

4

Mk1k3

k2k4
+

∣∣∣∣∣
k1k4

k2k3

∣∣∣∣∣

1

4

Mk1k4

k2k3
+

+

∣∣∣∣∣
k2k3

k1k4

∣∣∣∣∣

1

4

Mk2k3

k1k4
+

∣∣∣∣∣
k2k4

k1k3

∣∣∣∣∣

1

4

Mk2k4

k1k3
+

∣∣∣∣∣
k3k4

k1k2

∣∣∣∣∣

1

4

Mk3k4

k1k2

� nmi.6 if^]z�T_^+$h`/TVT_b_\_^sb_`/bV\ug0:'&Y^a^
3 ⇔ 1

\fZ�ifX-z�T $ ^ *W`sb_\_X5: Xlz�^a^sb�boi_q'T+*y\VX $ 3

H3⇔1
4 =

1

6

∫
Gk1

k2k3k4
(a∗k1

ak2
ak3
ak4

+ ak1
a∗k2
a∗k3
a∗k4

)×

δk1−k2−k3−k4
dk1dk2dk3dk4
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6 $ ^
Gk1

k2k3k4

Uli_\_cWT53

Gk1

k2k3k4
= −1

4π (

∣∣∣∣∣
k1k2

k3k4

∣∣∣∣∣

1

4

M−k1k2

k3k4
+

∣∣∣∣∣
k1k3

k2k4

∣∣∣∣∣

1

4

M−k1k3

k2k4
+

∣∣∣∣∣
k1k4

k2k3

∣∣∣∣∣

1

4

M−k1k4

k2k3
−

−
∣∣∣∣∣
k2k3

k1k4

∣∣∣∣∣

1

4

Mk2k3

−k1k4
−
∣∣∣∣∣
k2k4

k1k3

∣∣∣∣∣

1

4

Mk2k4

−k1k3
−
∣∣∣∣∣
k3k4

k1k2

∣∣∣∣∣

1

4

Mk3k4

−k1k2
)

� nmi.6 if^]z�T_^+$)`/TVT_b_\_^sb_`/b_\fg0:'&Y^s^p\fZ�ifX-z�T $ ^ *W`/bV\_X5:
2 ⇔ 2

\.1HUli�/wiu^sbV`8jC`0n-^ $ g0:Ht
&�X-z T+,VU-ioZaT'z�3

H2⇔2
4 =

1

4

∫
W k1k2

k3k4
a∗k1
a∗k2
ak3
ak4
δk1+k2−k3−k4

dk1dk2dk3dk4

6 $ ^
W k1k2

k3k4

3

W k1k2

k3k4
= −1

4π (

∣∣∣∣∣
k1k2

k3k4

∣∣∣∣∣

1

4

M−k1−k2

k3k4
−
∣∣∣∣∣
k1k3

k2k4

∣∣∣∣∣

1

4

M−k1k3

−k2k4
−
∣∣∣∣∣
k1k4

k2k3

∣∣∣∣∣

1

4

M−k1k4

k3−k2
−

−
∣∣∣∣∣
k2k3

k1k4

∣∣∣∣∣

1

4

M−k2k3

−k1k4
−
∣∣∣∣∣
k2k4

k1k3

∣∣∣∣∣

1

4

M−k2k4

−k1k3
+

∣∣∣∣∣
k3k4

k1k2

∣∣∣∣∣

1

4

Mk3k4

−k1−k2
)

� Uh^ $ X�U-ioZan-XldWc51|v�dhnl^]chTe\�k[jlbfT+6/TxkhTeUej $ q[i Z $ ^]`2(�z 1 U-if`s`az�T_b_UlXlz bfT_n (Vq'T
T $ Xlc�$miwX-z�^aclchTpb_T_b $)q'T_bfTeU'1 *�`/TVT_b_\_^sb_`/b_\fgV^sb kWUWT+&W^a`s`0g

2 ⇔ 3
$ � 
�}�
u�+( 3

H5 =
1

12

∫
Qk1k2k3

k4k5
{a∗k1

a∗k2
a∗k3
ak4
ak5

+c.c.}δk1+k2+k3−k4−k5
dk1dk2dk3dk4dk5

Z $ ^a`2(

Qk1k2k3

k4k5
=

−3

(4π)
3

2g
1

4

× {

+ (
|k1k2k3|
|k4k5|

)
1

4N−k1,−k2,−k3

k4,k5
− (

|k1k2k4|
|k3k5|

)
1

4N−k1,−k2,k4

−k3,k5
−

− (
|k1k2k5|
|k3k4|

)
1

4N−k1,−k2,k5

k4,−k3
− (

|k1k3k4|
|k2k5|

)
1

4N−k1,k4,−k3

−k2,k5
−

− (
|k1k3k5|
|k2k4|

)
1

4N−k1,k5,−k3

k4,−k2
− (

|k2k3k4|
|k1k5|

)
1

4Nk4,−k2,−k3

−k1,k5
−
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− (
|k2k3k5|
|k1k4|

)
1

4Nk5,−k2,−k3

k4,−k1
+ (

|k1k4k5|
|k2k3|

)
1

4N−k1,k4,k5

−k2,−k3
+

+ (
|k2k4k5|
|k1k3|

)
1

4Nk4,−k2,k5

−k1,−k3
+ (

|k3k4k5|
|k1k2|

)
1

4Nk4,k5,−k3

−k1,−k2
}
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��iVz�X[n)(�bfTVclX-ifc H $ ZoifklXW`ai_cWc51?* \%chTeUlz�iun (Vc'1�v kh^aUW^]z�^]cWc51|v
ak
`0nmX �rq'Tez 6sUWTut

z�TfZ $ Teq~}�� ;sbfTez�k-ifU-i76aUli��K^Yz 1�ghklUhTe`/b_X-z ^ 6/T $lklUWXl\f^ $ j�qy`/nl^ $ g0:'&Y^�z�g�\VX $ g�3

H =
∫
ωkbkb

∗
kdk +

1

4

∫
T k1k2

k3k4
b∗k1
b∗k2
bk3
bk4
δk1+k2−k3−k4

dk1dk2dk3dk4+

+
1

12

∫
T k1k2k3

k4k5
{b∗k1

b∗k2
b∗k3
bk4
bk5

+c.c.}δk1+k2+k3−k4−k5
dk1dk2dk3dk4dk5

� 
�} !_!*(

��nWj�bfT-6/T $[dhbfT+,+19;sbfTr` $ ^/nmifb.(YklUhTeX[Z�\f^ $ 7]z�q[ifcWTVclXWdW^a`sq'TV^?kWUW^sT+,VU-ioZaTe\VifclXW^
q chTft
\.1Pz kW^aUW^]z�^aclc51Hz

bk
$W\ $ g've^6U-i�,VT_b � A+A $ 
 	 �

ak = bk +
∫

Γkk1k2
bk1
bk2
δk−k1−k2

− 2
∫

Γk2

kk1
b∗k1
bk2
δk+k1−k2

+

+
∫

Γkk1k2
b∗k1
b∗k2
δk+k1+k2

+
∫
Bkk1

k2k3
b∗k1
bk2
bk3
δk+k1−k2−k3

+ . . .
� 
�} ! 	.(

Γkk1k2
= −1

2

V k
k1k2

ωk − ωk1
− ωk2

Γkk1k2
= −1

2

Ukk1k2

ωk + ωk1
+ ωk2

Bkk1

k2k3
= Γk1

k2k1−k2
Γk3

kk3−k + Γk1

k3k1−k3
Γk2

kk2−k−

− Γkk2k−k2
Γk3

k1k3−k1
− Γk1

k3k1−k3
Γk2

k1k2−k1
−

− Γk+k1

kk1
Γk2+k3

k2k3
+ Γ−k1−k1kk1

Γ−k2−k3k2k3
+ B̃kk1

k2k3

; $ ^]`2(
B̃kk1

k2k3

jl\fnWjl^sb_`�j�klUWTVXhZ]\fT_n (VchT-* �KghcWq5&WXW^ *�$Wg $ Te\un-^sb_\fTeUej5:'&�^ *�ge`/nlTe\_Xhj-z�3

B̃kk1

k2k3
= B̃k1k

k2k3
= B̃kk1

k3k2
= −(B̃k2k3

kk1
)∗

KUh^sT+,VU-ioZaTe\Vi_cWXW^?� 
[}"! 	.(Jj-\unljW^sb_`�jYq[ifcWTVclXWdW^a`sqlX-z1`Fb_TVdlchTe`/b.(.:�\Vk[n-T_b+( $ T?d[n-^acWTV\
khTeUej $ q[i |bk|4 } � cWTYXW`aq[n):Adlif^sb�XhZL��i_z�X[n)(�bfTVclXli_cli�q[g ,eXWdW^a`sqlXW^?d[n-^ac51 $'q'T_b_TVU51�^
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ch^rjl\fnWj :
b_`�j;Uh^/Z]TVc-ifcl`sc'1Pz�X�} �*X $ z�iub_UlXldWcWT+6/T<;/nl^�z�^acWboi
T kk1

k2k3

Zoif\_Xl`sXWb�T_by\.1�t
,_TeUli �KghcWq5&lXWX

B̃kk1

k2k3

} Ag'`/b.(

B̃kk1

k2k3
= 0.

��1�dlXl`0nl^]cWc51?*yklUlXybuifq'Tez g'`0nlTe\_XlX�z�ifb_UWXldlc'1 *<;/n-^]z�^]chb
T̂ kk1

k2k3

$lT.,_T_Z]c-i]dlX-z q[i_q

T kk1

k2k3
= T̂ kk1

k2k3

X $ nWj�cW^ 6/TpkWTfnlghdlif^sb_`�j�`0nl^ $ g0:'&�^s^L\+1�U-i /�^]cWXW^+3

T̂ kk1

k2k3
= W k1k

k2k3
−

−1

2
V k
k2k−k2

V k3

k1k3−k1


 1

ωk2
+ ωk−k2

− ωk
+

1

ωk1
+ ωk3−k1

− ωk3


−

−1

2
V k1

k2k1−k2
V k3

kk3−k


 1

ωk2
+ ωk1−k2

− ωk1

+
1

ωk + ωk3−k − ωk3


−

−1

2
V k
k3k−k3

V k2

k1k2−k1


 1

ωk3
+ ωk−k3

− ωk
+

1

ωk1
+ ωk2−k1

− ωk2


−

−1

2
V k1

k3k1−k3
V k2

kk2−k


 1

ωk3
+ ωk1−k3

− ωk1

+
1

ωk + ωk2−k − ωk2


−

−1

2
V k+k1

kk1
V k2+k3

k2k3


 1

ωk+k1
− ωk − ωk1

+
1

ωk2+k3
− ωk2

− ωk3


−

−1

2
U−k−k1kk1

U−k2−k3k2k3


 1

ωk+k1
+ ωk + ωk1

+
1

ωk2+k3
+ ωk2

+ ωk3


 � 
�} !e#%(

,*bfT2\.1HUli�/�^aclXh^%$*��
[}"!'# ( $ cW^a`az�TVb_Uej�c-i�`s\fT-: `0nlT@/�cWTV`/b.(3Xlz�^s^sb�\_^a`2(VzEi \ei /�c51�^
`s\fT-*W`sb_\ViW} �Nif`s`az�T_b_UlXlz�\_`/^�cW^sb_UlXW\VXliun (Vc'1�^�UW^���^acWXhj�UW^/ZaTecli_cW`sc51|vCghU-if\Vch^]cWX5*
� 
�} 
 A (�} � cWX `/TV`/b_T]jlb%X[Z�z�cWT+6/TVT.,eUliuZ]X[j�� ��
[} 
V# (�X `/^]z�X $ Uhg06sX�v z�cWT+6sT_T.,eUliuZ]X5*�$
q'T_bfTeU'1�^6khT_nWghd-i7:
b_`�j3XhZ���
[} 
V# (|kW^aUW^a`/buifcWTV\Vq[i_z�X�Xlc $ ^aq�`/Te\W}

k ↔ k1, k2 ↔ k3, (k, k1) ↔ (k2, k3)

�?^akhTe`sUW^ $ `sb_\f^aclc51�^?ifc-ionmXhbVXWdW^a`sqlXh^�\.1�dlXl`0nl^]cWXhj�kWTVq[iuZ 1�\ei7:
b�� `az�}'U-ioZ $ ^/n 
�}�
LX
� A -4-�� ( $ldWbfT

T̂ kk1

k2k3
≡ 0



��� � � � � 	 � �	����� �����2� � 	�� � �9��� ��r�A	�� � � ���

cli�\_`/^0v=;sb_X[v2z�cWT+6/TVT.,eUliuZ]X[jhv~} � bVz�^sb_X-z Z $ ^a`2( $-dhb_T ;sbfTVb UW^/Zsgon (�buiub ,-1�n1kWUWTV\_^0t
Uh^]c2\�U-i�,_TVbf^ � �42 ��cW^/Z�i_\_Xl`sX-z 1Hz�X1\+1�dlXW`0n-^aclX[jmz�X�} �YUhg06 iuj�Z�iVz�^ad-iubf^/n)(_c-ioj1TV`sTut
,_^aclcWTV`/b.(pz�ifb_UlXWdlchT-6/T ;/n-^]z�^]chbui

T̂ kk1

k2k3

tE^ 6/TpklUhTe`/boiuj $ X-i76/Tecliun (Vcliujydli_`/b.(W} � ,VTut
Z]c-i]dlX-z

Tkk1
= T̂ kk1

kk1
.

KUhTe`/b.1�^+$WcWT $ TV\fT_n (VchT $ nmXWclc'1�^Y\.1HdWXl`0n-^acWXhjQ� � A -4-�� $�� !0A ��(|kWTVq[iuZ 1�\ei7:
b $-dhbfT

Tkk1
=

1

4π2
kk1min{|k|, |k1|}.

� q[ioZ 1H\Viu^ab_`8j $�X[ZHcW^ 6/TLz�T@/pcWT�`aq'TVcl`/b_UhghXWUWTV\eiub.(L\f^a` (Kz�iubVUWXldWc51?*
;/n-^]z�^]chb
T kk1

k2k3

}
�6^ *W`sb_\_XWbf^/n)(_cWT $-U-if`s`]z�T_b_UlX-z �Kghclq'&lX':

T̃ kk1

k2k3
= [

1

2
(Tkk2

+ Tkk3
+ Tk1k2

+ Tk1k3
)−

− 1

4
(Tkk + Tk1k1

+ Tk2k2
+ Tk3k3

)]θ(kk1k2k3)

θ(x) =





1,
= �
x ≥ 0

@

0,
= �
x < 0.� dh^a\VX $ cWT $ldhb_T

T̃ kk1

kk1
= T̂ kk1

kk1
= Tkk1

��1�,V^aUW^]z b_^akh^]U'( $ U[g06sT_^
B̃kk1

k2k3

$-cW^6Uli_\_cWT_^�c[gon): $mi

B̃kk1

k2k3
=

T̃ kk1

k2k3
− T̂ kk1

k2k3

ωk + ωk1
− ωk2

− ωk3

�?^sb_Uhg $ cWT
g ,_^ $ Xhb+(_`�j�$odWbfT?buifq'T_^�klUh^aT.,VU-ioZ]TV\Vi_cWXW^|kWUW^sT.,eUliuZsgV^ab
T̂ kk1

k2k3

\
T̃ kk1

k2k3

} /�i_q�$
dhb_T $ iunl^a^ ,_g $ ^]z khT-6 i.6 ifb.(�$ldWbfT

T kk1

k2k3
= T̃ kk1

k2k3
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� `0nlghdlif^LkW^aUlXhT $ XWdW^a`sqlX[v=6sU-ifclXldWc51|v�ge`/nlTe\_X5*y`�kh^aUlXWT $ Tez

L =
2π

k0
,

bk =
∞∑

n=−∞
bnδk−k0n

�*\fT $ j�T.,_T_Z]c-i]dW^aclX[j

ωk0n = ωn

T k0nk0n1

k0n2k0n3
= T nn1

n2n3

nl^ 6sq'TpkhT_nWghdlXhb+(�$mdWbfT�bf^]kh^aU5(wghU-if\_cW^aclXh^ $ \_X0/�^aclX[j2kWUlXWclX-z�iu^sb�\VX $ 3

∂bn
∂t

+ i
δH
δb∗n

= 0,

i���i_z�X[n)(�bfTVclXli_c�`/TVT_b_\_^sb_`/bV\f^aclchT

H =
∞∑

n=−∞
ωn|bn|2 +

1

4

∞∑

n,n1,n2,n3=−∞
T nn1

n2n3
b∗nb

∗
n1
bn2
bn3
δn+n1,n2+n3

� q[i_chTecWXldW^a`sq'Tez /�^pklUh^sT+,VU-ioZaTe\Vi_cWXlX � 
�}"! 	 (P\V`/^�XWcWbf^ 6sU-ion)1 $ Tfn5/pc51 ,-1�b.(�Zoi�t
z�^acW^ac51�c-i�`0gWz�z 1�}�� dli_`/b_cWTV`/b_X�$m\ez�^a`/bfT

B̃kk1

k2k3

,fg $ ^]z X-z�^sb+(

B̃nn1

n2n3
= B̃k0nk0n1

k0n2k0n3

��1�,V^aUW^]z \�q[i�dW^a`/b_\_^
B̃nn1

n2n3

B̃nn1

n2n3
=
T nn1

n2n3
− Tnn1

δn,n2
δn1,n3

− Tnn1
δn,n3

δn1,n2

ωn + ωn1
− ωn2

− ωn3

.
� 
�} !_�*(
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,*bfT \+1�U-i /�^]cWXW^Cch^1X-z�^s^sb `sXlc'6/g�nljlUlcWTV`/bf^ *�cli $ Xli.6/TVc-ionlj[v
n2 = n, n3 = n1

X
n2 = n1, n3 = n

}*��ifcWTVclXWdW^a`sq'TV^ykWUW^sT+,VU-ioZaTe\VifclXW^Q� 
�}"! 	 (�`�� 
�} !_�*(YklUlXW\_T $ XWb
��iVz�X[n)(�bfTVclX-ifc�q�chTeUlz�iun (VchT-*���TVU-z�^r�*XWUlq56/T � �Li

H =
∞∑

n=−∞
ωn|bn|2 +

1

2

∞∑

n6=n1

Tnn1
|bn|2|bn1

|2 +
1

4

∞∑

n=−∞
Tnn|bn|4.

� 
�} ! -%(

� ;sbfTY��i_z�X[n)(�bfTVclXli_c�XWcWbf^ 6sUlXlU[ge^]z�T+*�`sXl`/bf^�z 1�}@CKUWTV\_^ac5(�cW^/nmXWcW^ *lchTe`/b_X /�^%$uklUlX
q'T_bfTeUhT'z3^ & 7*`skWU-if\_^ $ n-Xl\fT
buifq'T_^|klUWX',fnmX /r^acWXW^L� 
�} ! - (E� ,V^/ZEghdW^sbuiK#at�b_XY\_TfnmchTe\.1|v
\uZ�i_Xlz�T $ ^ *l`/b_\VX'*�(*^ & 7L`/nl^ $ gV^ab�XhZsghdlXhb+(pT_b $ ^sn (VchT-}
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/�^]kh^aU5(3z 1 kW^aUW^0veT $ Xlz�qQ\.1�dlXl`0nl^]cWX5: #]t b_X \fTfnmcWTV\fT-6/T%z�iub_UlXldWcWT+6/T ;/n-^]z�^]chbuih}
�?bfT.,-1 \.1HdWXl`0nmXhb+(

T kk1k2

k3k4

cW^sT+,av'T $ X-z�TYghdW^a`/b+(�dhnl^ac51 kWTVUej $ q[i
b3
X
b4
\�q[i_chTecWX[t

dh^]`sq'Tez klUh^sT+,VU-ioZaTe\Vi_cWXlX�� 
�} ! 	 (�},|boi \f^a`2(ez�i
6sUWTez�T_Z $ q[iuj�kWUWT+&W^ $ ghUli ,+1�n)ipklUhTft
$ ^snmi_cli��KUli_`sX5&WqlXlz \ � A � A ��}m� `/T@/wion-^aclX': $lkWTfnlghdh^aclc-iojy\�Uh^/Zag�n)(�boifbf^ �KTeUlz�g�n)i
dWUW^/Z]\+1�d-i7*lchT�6sUWTez�T_Z $ q[i�$oXrcW^Hz�T@/�^ab ,+1�b.(KXl`skWTfn)(uZaTe\Vi_cliKkWU-ifqWb_Xldh^a`aqWX�} � ;abfTez
kli_Uli.6sU-i ��^�klUh^ $ n)i760iu^sb_`�j�c-i_z�chT-6/T!,VTfn-^s^KklUhTe`/bfT+*�X j-`sc'1 *�`skhTe`/T.,w\.1HdWXl`0n-^acWXhj

T kk1k2

k3k4

Xl`skWTfn)(uZsg0:'&rX'* $ X-i76aUliVz�z�chg0:�bf^/vWcWXlq[g $ nWj3zEiub_UlX'&3Uli_`s`/^/j-cWXhj�}
��i �wi;klUWTez�^ /�g[bfTedWc-ioj ��TVU-z�gon)i;buifq0/�^2TVdW^ac5( 6aUhT'z�TfZ $ q[i � XhZ/t Z�i ,VTfn)(���T+6/T
q'Tfnln-XldW^a`/b_\ei $ X-i76sU-i_zEz ( $eT $ c-ifq'TY\_`�j�kWUWT+&W^ $ ghUliYcliVz�chT-6/T	,_T_nl^s^Hjl`acliuj�} �xTeq'TVc[t
dlifbf^/n)(_cWT_^6\.1HUli�/�^aclXh^�tEZoi_z�^ad-iub_^/n (VchT�klUWTV`/bfTV^V}
� kh^aUl\Vi z 1�\V\fT $ X-z ��TVU-z�ion)(_chg0: qhnmi_`s`sXldh^a`aq[g0: z�ifb_UlX'&hg3U-if`s`/^sjlclX[j }	Ag'`/b.(

H

H = H2 +Hint
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;sbfT���iVz�Xhn (�bfTecWX-ifc cW^aq'TVbfTVUWT+* cW^/nmXWcW^ *lchT-* `sXl`/bf^]z 1 \2T $ cWTVUWT $ cWTez klUhTe`/b_U-ifc[t
`/b_\_^V}<; $ ^a` (

H2 =
∫
ωkaka

∗
kdk

$mi
Hint

\�T.,+&Y^]z `0nlghdlif^�;abfT ,_^]`sq'TVcW^adlc'1 *yUej $ kWT
`/bf^akW^achj-z

ak, a
∗
k

Hint = H3 +H4 + . . .

CKUli_\_cW^aclXh^ $ \_X0/�^aclX[j�q[i_qyT.,-1�dlchTp^]`/b.(

∂ak
∂t

+ i
δH

δa∗k
= 0.

� 
�} !40+(

;~i_z�^]cWX-z
H
c-i�\_`skWTez�T+60iubf^/n)(_c51?*1��i_z�X[n)(�bfTVclXli_c

Ĥ = H2 + e−ε|t|Hint
� 
�} !42*(

/�T-6 $ i�ghUli_\_cW^aclXh^ $ \_X0/�^aclX[jQ� 
�} !40*(|`/buifcWTV\VXhb_`�j�nmXWcW^ *lc'1Pz�kWUlX
t→ ±∞ $lX

ak(t) → c±k e
−iωkt

t → ±∞

�?`sX-z�khb_T_b_Xldh^]`sqWXW^Y`/Te`/bfT�jlclX[j
c±k
ch^�cW^/Z�if\VXW`aXlz 1 $-i�`s\ujWZ�ifc51{`/T_TVb_chT �Y^aclXW^]z

c+k = Ŝε[c
−
k ].

; $ ^]`2(
Ŝε[c

−
k ]
tJch^/nmXlch^ *lc51?*YTekh^]UlifbfTVU�$�q'T_bfTeU'1 *rz�T@/�^sb%,-1�b.(AklUh^ $ `/buif\fnl^]cY\
\_X $ ^

Uej $ i�kWT `/b_^akh^]c[jmz
c−, c−∗ }~�Fg $ ^]z�`sdlXWboifb.(�;sbfT_b�Uej $ ��TVU-z�ion)(_c51Hz $ X1ch^�,_g $ ^]z

Z�i�,VT_b_XWb.(V`8j�Tp^ 6/T�` v'T $ X-z�TV`sb_X~}�8YTeUlz�iun (Vc'1 * /r^YUej $ $-khT_nWghd-i7:'&rX'*l`8j2kWUW^ $ ^/n (ut
c'1Pz kh^aUW^0v'T $ Tez

Ŝ[c−k ] = lim
ε→0

Ŝε[c
−
k ]
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X�^a`sb.( �KTeUlzEion)(_c-ioj qhnmi_`s`sXldh^]`sq[ioj z�ifb_UlX'&-iYU-if`s`s^/jlclX[j } � c-i�X-z�^s^sbY`0n-^ $ g0:'&�X5*
\_X $

Ŝ[c−k ] = c−k − ∑

n+m≥3

2πi

(n− 1)!m!

∫
Snm(k, k1, . . . , kn−1; kn, . . . , kn+m−1)×

× δk+k1+...+kn−1−kn−...−kn+m−1
δωk+ωk1

+...+ωkn−1
−ωkn−...−ωkn+m−1

×

× c−
∗
k1
. . . c−

∗
kn−1

c−kn
. . . c−kn+m−1

dk1 . . . dkn+m−1
� 
�} 	 � (

86ghcWq5&WXlX
Snm

t ;snl^]z�^achb+1�z�ifb_UlX'&51{Uli_`s`/^/j-cWXhj�} � clX TekWUW^ $ ^/nl^]c'1�cli�Uh^sZaTVc-ifcl` t
c'1�vyz�chT-6/T_T+,VU-ioZ]Xhj[v

k + k1 + . . .+ kn−1 = kn + . . .+ kn+m−1

ωk + ωk1
+ . . .+ ωkn−1

= ωkn
+ . . .+ ωkn+m−1

.
� 
�} 	5A (

��ion-^s^�c-i_z ,fg $ g[b�\Vi�/pc51 $ \Vi�`s\_T+*l`/b_\eipz�iub_UlX5&'1�U-if`a`/^/jlclXhj�}

A_} ;Jcli�dW^acWXW^ z�ifb_UlXWdlchT-6/T�;/nl^�z�^acWboi
Snm

cli3Uh^sZaTVc-if`scWTez�z�chT-6/T.,eUliuZ]XlX�� 
�} 	5A (
XWcl\Vi_UWX-ifcWb_cWT khTpTVb_cWT/�Y^]cWX5: qyq[ifcWTVclXWdW^a`sq'T'z�g�kWUW^sT.,eUliuZaTV\eifclX': � 
�} ! 	 (�}


�} 5Kz�^s^sb_`�jwklUhTe`/bfT-* ion)6/TVUlXWbVzQ\.1HdWXl`0n-^acWXhj z�iubVUWXldWc51|v ;/n-^]z�^]chbfTe\W}.,Fn-^]z�^]chb

Snm
i_\unljW^sbV`8j�q'TVcW^adWcWT+*�`0gWzEz�T+* d[n-^acWTV\ $Eq'TVbfTVU51�^1z�T+60g[b ,+1�b.(Q\.1�U-i /r^0t

c'1�dh^]Uh^/Z�q'T+; � ��X5&WXW^acWb.1 ��iVz�Xhn (�bfTecWX-ifc-i
Hi, i ≤ n+m

}~��i / $ 1?*2boi_q'T+*
d[n-^ac2`/T_TVb_\f^sbV`/b_\uge^sb�TVklUh^ $ ^/n-^aclchT-* $ Xli.6sU-i_z�z�^
8Y^ *lc-z�ifc-ih} KUli_\_Xhnmi `/T_TVbot
\f^sb_`sb_\_XhjyTVklXW`]ifc51 \ ?UlXhnlT@/�^aclXlX�}"!W}

� khTe`/T., \+1�dlXW`0n-^aclX[j
T kk1k2

k3k4

bf^]kh^aU5( `/Te`/bfTVXWb \ `0n-^ $ g0:'&Y^]z�} � 1 \.1HdWXl`0nljW^]z
kh^]UW\+1?*%cW^ac[gon-^a\fT-* ;/n-^]z�^acWbyz�iub_UlX5&'1 U-if`a`/^/jlclXhj $ nWj��[i_z�Xhn (�bfTecWX-ifc-i�� 
�}�
 2*(PX
$ nlj ��i_z�X[n)(�bfTVclXli_cli 3��W�x� 
�} !_!*(�} ?TV`sq'T_n (Vq[g�T.,ei<;sb_X �[i_z�Xhn)(]b_TVclXli_cli2`s\fjhZ�i_c'1
q[ifcWTVclXWdW^a`sqlX-zxklUW^sT.,eUliuZaTV\eifclXh^]z � 
�} ! 	 ( $�UW^/Zsgon)(]buiub+1 $ T_n'/�c51 `/Te\_k-i $ iub.(l} ��nWj
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khTe\f^aUVvWcWTV`sb_c'1�v 6aUli_\_XWboi.&WXWTVclc'1�v \_Tfnmc�kW^aUW\+1Hz ch^ab_UWXl\_X-ion)(_c51Hz z�ifb_UlXWdlc'1Pz
;/n-^]z�^acWbfTez jl\fnWjl^sb_`�j

S22
} ��bf^aU-z�Xlcliov1��i_z�X[n)(�bfTVclXli_cli2��
[}"!V!+(*TecyU-if\f^]c

S22(k, k1, k2, k3) = T kk1

k2k3

��1�dlXl`0nl^]cWc51?* /�^ $ nlj��[i_z�Xhn (�bfTecWX-ifc-i � 
[} 
 2*( $�,*bfTVb ;/n-^]z�^acWbC`/TV`sbfTVXWb;X[v ��^0t
`/b_X�d[n-^acWTV\W} � clX;klUW^ $ `sboi_\un-^ac'1 ��\ez�^a`/b_^�`p`/T_TVb_\f^sbV`/b_\ug0:'&rXlz�X $ Xli.6sU-i_z�z�iVz�X�(
\ KUWXhn-T /r^acWXlXQ}"!h} �A^ab_U[g $ chT�\_X $ ^ab.(�$ dhbfT�Uh^sZsgon (�buiub `/Te\_k-i $ iu^sb `6\.1�U-i /r^acWXW^]z
� 
�}"!'# (*c-i�UW^/ZaTVc-ifcl`scWTez�z�cWT+6/TVT.,eUliuZ]XWX�� 
[} 
BA (�}
� T $ chT'z�^aUlchT'z `0nWghd-iu^ykW^aUl\.1 * Xlchbf^ 6sUliun�\���
[}
	 � (�,_^aUW^sb_`�j�$�buifq dhb_T�kW^aUW\+1�^

$ \ei�d[n-^ac-i�\���
[}
	 � (|klUlXhT+,VUW^sboi.:
b \_X $

c+k = c−k (1 − πi
∫ ∞

−∞
Tkk1

|ωk − ωk1
| |c

−
k1
|2dk1).

� 
�} 	 
 (

,*bui ��TVU-z�gonmi6^ & 7AU-ioZKkWT $ dW^aUWqlXl\Viu^abYbfT_b �Li_qhb $[dWbfTrdW^aU51�U 70vW\fT_n-cWTV\+1�^KklUWT+&W^a` t
`21 \pT $ chT'z�^aUlXWX2kWUlXl\fT $ jlb�bfT_n (Vq'T qybVUWXl\_X-ion)(_cWTez�g�U-if`a`/^/jlclX5: $-X3cW^6kWUWTVXhZ]\fTft
$ jlb �0chTe\.1�v1\fT_n-cWTV\+1|vC\f^aqWbfTeUhTe\ �o} 5Kchb_^ 6sU-ion;\;� 
�}
	�
 (�n-T+60ifUlX �Lz�XldW^a`sqlX%Uli_` v'Tut
$ XWb_`�j�} 5�z�^aclchT1kWT.;sbfT'z�gQzEiub_UlX'&-i%U-if`s`s^/jlclX[j�jl\fnWjl^sb_`�j ��TVU-z�ion)(_cWT+*�} ��T $ chTft
z�^aUlchT-*3`aXhbug�i7&lXWX�$ $ ^ *W`/bV\_XWbf^/n)(_cWT $~\fT_n-c51 cW^�`/buifcWTV\fjWb_`�j2n-Xlch^ *Wc51Hz�X%klUlX

t →

∞ } � clXyX-z�^ :
bwnlT-6 i_UWX ��z�XWdW^a`sqlX�U-if`sbug	&6g0: �LiuZsg���`]z�} � Ao#���(�}
?^aUl\.1 *rcW^sb_UlXW\VXliun (Vc'1 * ;/n-^]z�^acWb�z�ifb_UlX'&51�Uli_`s`/^/j-cWXhjr\�T $ cWTez�^aUlcWTez%`0nlghd-iu^%$

;sbfT

S32(k, k1, k2, k3, k4) = T kk1k2

k3k4

��1�dlXl`0nl^]cWc51?*p\�bf^]Ulz�Xlc-i�v�kh^aUl\fTecli�d-ion)(_cWT+6/Tr�[i_z�Xhn (�bfTecWX-ifc-i � 
�}�
 2+(�TVcp`/Te`/bfTVXWb
X[Z 0'A�d[n-^ac-i�� $ X-i76sU-i_z�z 1)(�} 5
v�\+1�U-i /�^aclXhj�$m\ez�^a`/bf^�` $ X-i76aUliVz�z�i_z�X�$-klUh^ $ `/buif\ut
nl^]c'1 \ KUlX[n-T@/�^aclXWX;} 	l}
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�?^a`az�T_b_Uej�c-i�`0nlT@/�cWTV`/b.( T.,%&�^ 6/T�\.1HUli�/�^aclX[j $ nlj
T kk1k2

k3k4

$Pcli�UW^/ZaTecli_cW`scWTez
z�cWT+6/TVT.,VU-ioZ�XWX�TechTp`0g	&�^a`s\f^]cWc51Hz T.,VU-ioZ]Tez ghkWUWT%&wiu^sb_`�j�}G; $ ^a`2(�z 1 Uli_`s`az�TVb_UlXlz
bfTfn)(_q'T�`/nWghd-i7*�$-q'T+6 $ i�\V`/^�\fTfnmcWTV\.1�^L\_^aqWbfTVU-i

ki
klUWX3Uh^sZaTVc-ifcl`sc51|v�ge`0n-TV\VX[jhv

k + k1 + k2 = k3 + k4

ωk + ωk1
+ ωk2

= ωk3
+ ωk4

� 
�} 	e!*(

Xlz�^ :
b3T $ XWc-ifq'Te\.1 *QZ]c-ifq�} � ^/ZaTecli_cW`ac'1�^�ge`/nlTe\_Xhj � 
�} 	e!*(�z�T+6/g[b>,-1�b.(%k-ifU-i_z�^abot
UWXhZaTe\Vifc51 `0n-^ $ g0:'&�X-z T+,VU-ioZaT'z

k = a(p2 − q2 + 1 − 2p)2,

k1 = a(p2 − q2 + 1 + 2p)2,

k2 = 16a,

k3 = a(p2 − q2 + 3 − 2q)2,

k4 = a(p2 − q2 + 3 + 2q)2,
� 
�} 	 	.(

Z $ ^a`2(
0 < |p|, |q| < 1, |p ± q| < 1, a > 0

} �?^sb_Uhg $ cWT�\_X $ ^ab.(�$~dWbfT
ki
g $ Te\un-^sb_\fTft

Uej5:
b�`0n-^ $ g0:'&�X-z cW^aU-if\_^acW`sb_\ViVz�3

k, k1 < k3, k4 < k2

?T $ `/buif\fnWjWj�k-ifU-i_z�^ab_UWXhZ�i.&WX5: ��
[}
	 	 (*\�\.1HUli�/�^aclXh^+$WkWTfnlghdW^acWcWT_^ $ nWj
T kk1k2

k3k4

khTft
nWghd-iu^�z�`0gWzEz�g�XhZ=,_Tfn-^s^�dh^�z�b.1H`8j-dli1dhn-^achTe\W} 5K`skWTfn)(uZsgVj $ nlj ifc-ionmXhb_XldW^a`sqlX�v
\.1HdWXl`0n-^acWX5*�klUhT-6sU-i_z�z�g 0 143 5 7 9�:<3 58=?>�3 0�;sbui6`0gWz�zEi�`/g	&Y^a`/bV\f^aclchTLghklUhT+&rif^sb_`�j�$eX
kWUlXl\fT $ XWb_`�j�qy\_X $ g

T k1k2k3

k4k5
=

2

g1/2π3/2

√√√√ωk1
ωk2

ωk3

ωk4
ωk5

k1k2k3k4k5

max(k1, k2, k3)

� 
�} 	�#%(
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,*bui ��TVU-z�gonmiAjl\fnWjl^sb_`�j!68n)if\Vc'1Pz1Uh^/Zag�n)(�boifbfTez ;sbfT+6sT�k-ifU-i76sU-i ��ih} /NT_b �Li_qhb $fdWbfT

T kk1k2

k3k4
6= 0

cli�UW^/ZaTecli_cW`achT-*ykhTe\f^aUVvWcWTV`sb_X�T_Z]c-i]d-iu^ab $ldhb_T `sXl`/bf^]zEiwT $ cWTez�^aUlc51|v�khTe\f^aUVvWcWTV`sbot
c'1�v�6sU-if\VXhbui7&lXhTecWc51|vy\fT_n-c�c-i!6�nlg ,_TVq'T-*�\fT $ ^Kjl\fnWjl^sb_`�j � �W� 9����?= ��9acW^aXlchb_^ 6sUlXWUhg't
^]z�T-*~}
� nl^ $ gV^abYT_bVz�^sb_XWb.(�$Wdhb_T�z�ifb_UlXWdlc'1�^ ;/n-^]z�^]chb.1 $ nlj�\V`/^0vpTV`/buion)(_c51|v q'T'z ,VXlcliot

&WX5* \_TfnmchTe\.1|v \f^aqWbfTeUhTe\%` UW^/ZaTecli_cW`sc51Hz�X�ge`0n-TV\VX[jmz�Xx� 
�}
	'!+( $�,+1�n-XQZoiubf^]z \.1�t
dWXl`0n-^ac51 \pUli7,_T_b_^ � A.A]��� } ��if`/b+(pX[ZYclX�v�TVq[iuZ�ionmXW` (wU-if\Vc'1�c[gon): $-dli_`/b.(rt*cW^sb�}

465 � � D�>FB�=?D�S�B�<����HB M?I�:���>FBP>?D�B

��iub_UlXWdlc51?* ;/n-^]z�^sbVc'1
T kk1

k2k3k4

$ nlj2klUhT-&h^a`a`ai
3 ⇔ 2

X
T kk1

k2k3

$ i7:
b�\fT_Z�z�T@/�chTe`/b.(
cli_kWXl`aifb.(xqlXlch^sbVXWdW^a`sq'TV^ ghUli_\_cW^aclXh^%$?\_qhn :Ad-i7:'&�^s^ dW^sb.1�U 70v�X�khjWb_Xl\fT_n-cWTV\+1�^
\uZ�i_Xlz�T $ ^ *l`/b_\VX[j }
�YXlcliVz�XWdW^a`sq'TV^KghU-if\Vch^]cWXW^ $ nlj

bk
� `Y��iVz�X[n)(�bfTVclX-ifcWTez�� 
�} !_!+( (�Xlz�^a^sbp\_X $ 3

∂bk
∂t

+ iωkbk + i
1

2

∫
T kk1

k2k3
b∗k1
bk2
bk3
δk+k1−k2−k3

dk1dk2dk3+

+ i
1

4

∫
T kk2k3

k4k5
b∗k2
b∗k3
bk4
bk5
δk+k2+k3−k4−k5

dk2dk3dk4dk5+

+ i
1

6

∫
T k1k2k3

kk5
bk1
bk2
bk3
b∗k5
δk1+k2+k3−k−k5

dk1dk2dk3dk5 = 0.
� 
�} 	e�+(

�*\f^ $ 7]z `/buifc $ i_Uhb_chg0: k-ifUlc[g0: q'TeUWUW^/nlj5&lXhTecWchg0: �?ghclq'&lX5:
nk

< bkbk1
>= nkδk−k1

XykWTfnlghdWX-z X[Z�� 
�} 	e�+( $ nlj
nk
ghUli_\_cW^acWXW^+3

∂nk
∂t

= Im

∫
T kk1

k2k3
< b∗kb

∗
k1
bk2
bk3

> δk+k1−k2−k4
dk1dk2dk3+



��� � � � ������	 �����*� � �2�{��� ���r��������� � � �

+
1

2
Im

∫
T kk2k3

k4k5
< b∗kb

∗
k2
b∗k3
bk4
bk5

> δk+k2+k3−k4−k5
dk2dk3dk4dk5−

− 1

3
Im

∫
T k1k2k3

kk5
< b∗k1

b∗k2
b∗k3
bkbk5

> δk1+k2+k3−k−k5
dk1dk2dk3dkdk5

� dh^a\VX $ cWT $ldhb_T
T kk1

k2k3

$ i 7sbp\Vq[n)i $ b_Tfn)(_q'T \pq'TeUWUW^/nlj5&lXhTecWchg0: �?ghclq'&lX5: dh^sbV\f^aU[t
bfT+6sT�kWTVUej $ q[i�$-i

T k1k2k3

k4k5

$ i 7sbp\_qhn)i $ bfT_n (Vq'T�\rghUli_\_cW^acWXW^ $ nlj $ nljyq'TVUlUh^snWjlbfTVU-i
k[jlbfT+6sT�khTeUej $ q[i�� X[Zst�Z�i�b_T+6/T $ dhb_T3q'TVUlUW^/nWj &WXWTVclc-ioj �KghcWq5&lX[j `/^ $ (Vz�T-6/T�khTeUej $ t
q[i1khT_nmi.6 if^sb_`�j Uli_\_cWT+* c[gon): (�}F�?TVUlUh^/nlj5&lXWTVclcliuj �?ghclq'&lXhj khjWbfT-6/T;kWTVUej $ q[i

<

b∗k1
b∗k2
b∗k3
bk4
bk5

>
z�T@/�^sb ,+1�b.(�\.1HUli�/�^ac-ipdW^aUh^sZ�q'TeUWUW^/nljWbfTeU�\fTe`2(Vz�T+6/T�khTeUej $ q[i03

(
∂

∂t
− i(ωk1

+ ωk2
+ ωk3

− ωk4
− ωk5

)) < b∗k1
b∗k2
b∗k3
bk4
bk5

>=

= i
1

4

∫
T k1p2p3

p4p5
< b∗k2

b∗k3
b∗p4
b∗p5
bk4
bk5
bp2
bp3

> δk1+p2+p3−p4−p5
dp2dp3dp4dp5+

+ i
1

4

∫
T k2p2p3

p4p5
< b∗k1

b∗k3
b∗p4
b∗p5
bk4
bk5
bp2
bp3

> δk2+p2+p3−p4−p5
dp2dp3dp4dp5+

+ i
1

4

∫
T k3p2p3

p4p5
< b∗k1

b∗k2
b∗p4
b∗p5
bk4
bk5
bp2
bp3

> δk3+p2+p3−p4−p5
dp2dp3dp4dp5−

− i
1

6

∫
T p1p2p3

k4p5
< b∗k1

b∗k2
b∗k3
b∗p5
bk5
bp1
bp2
bp3

> δp1+p2+p3−k4−p5
dp1dp2dp3dp5−

− i
1

6

∫
T p1p2p3

k5p5
< b∗k1

b∗k2
b∗k3
b∗p5
bk4
bp1
bp2
bp3

> δp1+p2+p3−k5−p5
dp1dp2dp3dp5

?Tfn)i760ioj%`skWU-if\_^ $ n-Xl\.1Pz klUWX',fnmX0/�^aclXh^�`0nlghd-i7*lc'1�v ��ioZ $ nlj;q'TVUlUW^/nWjlbfTVU-i
0�t 6/T
khTeUej $ q[i���dWbfT+,+1 U-if`�&�^akWXWb.( ^ 6/T�c-i kWUWTVXhZ]\f^ $ ^aclXW^�k-ifUlc'1�v q'TeUWUW^/nlj5&lXhTecWc51|v
�?ghclq5&WX5*�( $-XykWTfn)i760iojyz�^ $ n-^acWcWT_^LX[Zoz�^acW^acWXW^�`/Tw\VUh^�z�^acW^]z q'TeUWUW^/nljWbfTeUli�khjWbfT-6/T
khTeUej $ q[i	$-z�T@/�chT khT_nWghdlXhb+(�`0n-^ $ g0:'&�^s^�\.1�U-i /r^acWXW^ $ nWj

< b∗k1
b∗k2
b∗k3
bk4
bk5

>
3

Im < b∗k1
b∗k2
b∗k3
bk4
bk5

>= πT k1k2k3

k4k5
δωk1

+ωk2
+ωk3

−ωk4
−ωk5

×

× {nk1
nk2

nk3
(nk4

+ nk5
) − nk4

nk5
(nk1

nk2
+ nk1

nk3
+ nk2

nk3
)} � 
�} 	 - (

� \.1HUli�/�^aclXWX � 
[}
	 -%(�TVkhg	&Y^ac51 ch^aUW^/ZaTecli_cW`ac'1�^�d[n-^ac51�} ��nWj�q'TVUlUh^/nlj5&lXWTVclchT-*
�?ghclq5&WXlX�dW^sb_\47aUhb_T+6/T kWTVUej $ q[i�X-z�^s^ab_`8j�v'TVUWT/�YTpXhZ]\f^]`/b_cWT_^6\.1HUli�/�^aclXh^6\ � A]� -�� 3

Im < b∗kb
∗
k1
bk2
bk3

>= πT kk1

k2k3
δωk+ωk1

−ωk2
−ωk3

×
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× {nk2
nk3

(nk + nk1
) − nknk1

(nk2
+ nk3

)} � 
�} 	 0+(

?T $ `/buif\fnWjWj � 
[}
	 0*(~X�� 
[}
	 -%(~\PghU-if\_cW^aclXh^ $ nWj
nk
z 1 klUWX[veT $ Xlz2qw#]t bVX�\fT_n-cWTV\_Tez�g

qWXlcW^sb_Xldh^a`aq'Tez�g�ghUli_\_cW^aclX':�3

∂nk
∂t

= st(n, n, n) + st(n, n, n, n)

st(n, n, n) = π
∫
|T kk1

k2k3
|2f kk1

k2k3
dk1dk2dk3

st(n, n, n, n) =
π

3

∫
|T k1k2k3

kk5
|2f k1k2k3

kk5
dk1dk2dk3dk5−

− π

2

∫
|T kk2k3

k4k5
|2f kk2k3

k4k5
dk2dk3dk4dk5,

f kk1

k2k3
= δk+k1−k2−k3

δωk+ωk1
−ωk2

−ωk3
×

× {nk2
nk3

(nk + nk1
) − nknk1

(nk2
+ nk3

)}

f k1k2k3

k4k5
= δk1+k2+k3−k4−k5

δωk1
+ωk2

+ωk3
−ωk4

−ωk5
×

× {nk1
nk2

nk3
(nk4

+ nk5
) − nk4

nk5
(nk1

nk2
+ nk1

nk3
+ nk2

nk3
)}

��ifq�gB/�^	,+1�nlT khTeq[ioZ�i_chTp\pk-ifU-i76sU-i ��^ 
�}"!W} A%$h\�T $ chT'z�^aUlchT'z `/nWghd-iu^

st(n, n, n) ≡ 0

X�z 1 klUWX[veT $ Xlz Teq'TVcldlifbf^/n)(_cWT q2#at�b_X3\fTfnmcWTV\fT'z�g�qWXlch^ab_XWdW^a`sq'T'z�g�ghUli_\_cW^aclX':�3

∂nk
∂t

= st(n, n, n, n)
��
[}
	 2+(

CKUli_\_cW^aclXh^ � 
�} 	 2+( �KTeUlz�iun (VchT `/T]vWUli_c[jl^sb $ \ei�XWcWbf^ 6sU-ion)i $ \_X0/�^aclX[j $ ;acW^aU'6aX':

E =
∫ ∞

0
ωknkdk,

XyX-z�k[gon)(_`

P =
∫ ∞

0
knkdk.
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� �=1 Uli_`s`az�ifb_UlXW\eiu^]z�`/nWghd-i7*�$mq'T+6 $ i�\_`s^
ki
kWTfn-T@/pXWbf^/n)(_c51)(�} � bui7&lXWTVc-ifUlchTV^�/�^

ghUli_\_cW^aclXh^

st(n, n, n, n) = 0
��
[} # � (

Xlz�^s^sb�bf^aU-z�T $ Xlc-i_z�Xldh^]`sq'T_^6UW^��Y^aclXW^

nk =
T

ωk + αk
.

��ifqwX $ nlj�dW^sb.1HUN70vW\_TfnmchTe\fT-6/TLXhZaTVb_UhTekWcWT+6sT�qlXlch^sbVXWdW^a`sq'T-6/TKghU-if\Vch^]cWXhj�$ughUli_\_cW^0t
cWXW^L� 
�} 	 2+( ^ & 7FTekWXl`21�\eiu^sb�kWUejmz�T+*rXYT.,eUlifb_c51?*�q[if`sq[i $ 1L} � ,VU-iub_c51?*wq[if`sq[i $ $�;sbfT
q[if`sq[i $ ;ach^]U'6sXlX�$hq'TVb_Uliujykh^aUW^acWTV`/bVXhb_`�jy\
,_Tfn)(��rXh^�z�if`��Ybui�,+1L} � c�TekWXl`21�\eiu^sbV`8j
`0n-^ $ g0:'&rXlz��?Tfn)z�T+6sTVUWTV\_`aqWX-z UW^���^acWXW^]z ghUli_\_cW^aclX[jQ� 
�} # � (

n
(1)
k = α(1)ε1/4|k|−25/8.

; $ ^]`2(
ε
tFkhTVbfTVq<;ach^]U'6sXlX�$

α(1) t��?T_nmz�T-6/TVUWTV\V`sq[ioj�q'TVcl`/buifcWboiW}
� T_T_bV\f^sb_`sb_\ug0:'&rX'*>;acW^aU'6s^sb_Xldh^a`aqWX5*y`skW^aqWb_U�X-z�^s^sbp\VX $ 3

Eωdω = ωknkdk

Eω = α(1)ε1/4ω−17/4

KUej-z�T-*�/�^pq[if`sq[i $ kh^]Uh^acWTV`aXhb�X-z�k[gon)(_`�\yz�iun 1�^pzEif` ��boi7,+1�} � c%TekWXl`21�\eiu^sbV`8j
�?Tfn)z�T+6/TeUhTe\_`sqlX-z UW^��Y^aclXW^]z

n
(2)
k = α(2)µ1/4|k|−13/4.

; $ ^]`2(
µ
t*kWT_b_TVq�X-z�khgon (V`ai	$

α(2) t��?Tfn)z�T+6/TeUhTe\_`sq[iuj�q'TecW`sboi_chbuih}
/N^akW^aU'(

Eω = α(2)µ1/4ω−9/2.
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� ;sbfT+*�6�nmi_\f^AkWUW^ $ `/buif\un-^ac51 UW^/Zsgon)(]buiub+1 $'Tek[g ,_n-Xlq'TV\eifclc'1�^K`
Uli7,_T_bui�v � A.- 
*$ A.-f!	$
A.- 	�$ A.-f�	$4AC0 � $4AC0 	 $4AC0 -�� }

�6587 ��Rr:��
: � ����R�> ����: � =EM?I���MJRYBP>E=?>��H<�=�� � ���y> ��O�BHIK> ��O

>FB�R�D�>FB  �> �YO M?I�:���>FBP>?D�D 	 I*B �yD�>AG'BHI�:

� � ����� � ����� �"
#���

KUhT+,fn-^]z�i2�?T_nmz�T-6/TVUWTV\V`sqlX�v�`akh^aqWb_UWTV\�t?jl\fnWjl^sb_`�j�qhn :AdW^a\_T+* \2bf^sTeUWXlX `0n)i�,_T-*
\fT_n-cWTV\_T+*ybfghU0,_g�n-^acWb_cWTV`/b_X�}�,*b_X1`skW^aqWb_U51 jl\fnWj :
b_`�j�bfTVdlc51Hz�X1UW^��Y^aclXhj-z�X3`/boiot
&WXWTVc-ifUlcWT+6/TPqWXlch^ab_XWdW^a`sq'T-6/THghUli_\_cW^acWXhj $ nljL`sUW^ $ ch^aql\Vi $ U-iubVXWdlc'1�v6iVz�k[nmXWbug $ \fTfnmc
� A]� -*$+A.- 	 � } �?^a`sTez�cW^aclchT $0dhbfTA`0n)i�,VT_bughU',fgon-^acWb_c'1�^��?Tfn)z�T-6/TVUWTV\V`sqWXW^�`skW^aqWb_U'1 $ Tfn5/rt
c'1 b_^sTVUW^sb_Xldh^]`sqWXxT., ��jl`schjWb+(�`sbf^akW^acWc51�^%`skW^aqWb_U-ion)(_c51�^CU-if`sklUh^ $ ^/n-^aclX[j ;]ch^aU[t
6sXlX�\6ifcl`ai_z ,_nWjhvp`sbfT]v�if`sb_XWdW^a`sqlX[vpcW^/nmXWcW^ *lchTY\fZ�ifX-z�T $ ^ *W`/bV\ug0:'&�X[v�\fTfnmcpn):%,_T-*
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kWUlXlUhT $ 1�} � kW^aqWb_U51 buifq'T+6sT6b_XWk-iYc-i�,_n : $ i.:
b_`�j `sXl`/bf^]z�ifb_Xldh^a`aqWX�} � iVz 1?*�jlUlqWX5*
kWUlX-z�^aU�buifq'T+6sTw`skW^aqWb_U-i6tF`akh^aqWb_U

εω ' gv/ω4 $lq'T_bfTeU'1 *�T.,-1�dlchTpc-i�,fn): $ iu^ab_`8j�\
`sXl`/bf^]z�iov�\_TfZ ,_gB/ $ iu^�z 1|vy\f^sbVUhT'z"6sUli_\_XWboi.&WXWTVclc51|v�\fT_n-cy\�z�TVUW^V}
�%$ cli_q'T $ ;aboi�bfTVdlq[i�Z]UW^acWXhj�U-ioZ $ ^/nljW^ab_`8jQch^ \_`/^]z�X~}��?UWTez�^pbfT+6/T $�`]i_z�iuj�klUWX[t
z�^aclXlz�TV`/b.(2qlXWcW^sb_Xldh^]`sq'T+6/T2ghU-if\Vch^aclXhj $ nlj \_Tfnmc q Uh^�ion)(_cWT+* `sXWbug'i.&WXlX buifq0/�^
$ Xl`sqhg[b_XlU[ge^sb_`�j�}�� � z�} $�cli_kWUlX-z�^aU � A.A.-�� } ( ��1H\fT $ qWXlcW^sb_Xldh^a`aq'T+6/T3ghUli_\_cW^aclX[jQX[Z
XW`8veT $ c'1�v $ Xlc-i_z�Xldh^]`sqWX[v�ghU-if\Vch^]cWX5*�kWUW^ $ khT_nmi.6 if^sb�Z�i_q'TVclchTe`/b.(PkWUW^ $ khT_nlT@/�^]cWXhj
Tpv[iuT_bVXWdlchTe`/b_X ��ioZ+$ q'T_bfTeUliuj%z�T /r^sb ,-1�b.(�cli_U[g���^ac-i ��TVU-z�XWUWTV\eifclXh^�z cW^aq'T_bfTft
U'1�v�q'T-6/^aUW^acWb_c'1�v `/b_UhghqhbughU�$�buifqlX[v q[i_q \fT_n-cWTV\+1�^%q'Tfnln)ifkl`21 Xhn-X `sTfnmXhbfTec'1L}
8rifqWb_XWdW^a`sqlX�$7;sbui?qlUlXhb_Xlq[i�Xlz�^a^sbK`/^aU5(f^sZ]c'1�^|TV`scWTV\eifclX[j } ��Uh^�ion)(_c51|vr`sXWbug'i.&WXhj[v
q'T+6/^]Uh^acWb_c51�^�`/bVU[ghqWbughU51 \V`/b_UW^adli.:
b_`�jwd-if`/bfT $ucWTK\AbfT /�^�\_UW^]z�j�cW^sbKklUWXldlXWc $ nlj
khT_n-cWT+6sT�T_b_q[iuZ�i�TVb�bf^sTeUWXlX3`/nmi7,_T+*�bughU',fgonl^]chb_cWTV`sb_X~} �6^ *l`/b_\_XWbf^/n)(_cWTV`sb.( z�cWT+6sTut
T.,eUliuZ]cli�$ X \_T%z�chT-6sX�vQq'TVclqWUW^sb_c51|v `sXWbug'i.&WXhj[v q'T+6/^]Uh^acWb_c51�^�`/b_UhghqhbughU51 `/Te`0g't
&Y^a`sb_\ug0:
bK`sTK`0n)i�,_TVbughU',fgonl^]chb_cWT+*�q'T'z�khTech^]chbfT-*�$ughdli_`/b_\fg_jr\?klUWT+&W^a`s`21 kW^aUW^acWTV`ai
X $ XW`s`aXWk-i7&lXWX ;ach^]U'6sXlXyX $ Uhg06sX�vyXlchbf^ 6sUliunlTe\ $ \_X0/�^aclX[j }
� nl^ $ TV\eiubf^sn (VchT $[^a`sb.(r`aX[n)(_cWT_^�z�T_b_Xl\Vi.&WXhj�$WdWbfT.,-1�klUWT $ Tfn5/�Xhb+(pXW`s`/nl^ $ TV\eifclXh^
bf^sTeUWXlX1`0nmi7,_T-*�bughU',fgon-^acWb_chTe`/b_X�$~XW`s`/nl^ $ g_j2bfT_b�`0nlghdli.*�$�6 $ ^Yq'T+6s^aUh^ab_c'1�^�`/b_Uhghq[t
bughU51�\Vi�/pc51 $)Xy`0nlghdli.*�$56 $ ^�buifqlXh^6`/b_UhghqWbughU'1 ch^6\ei /�c'1L}

� � ��� � ���	� � � ��� ������

�%$ Xlc XhZ�`ai_z 1|v cli $ 7 /�c51|v kWT $ v'T $ TV\ $ nlj Xl`s`0n-^ $ Te\Vi_cWXhj bf^sTeUWXlX `/nmi7,_T+* bughU[t
,fgon-^achbVchTe`/b_XCtPkWUejmz�T_^pdlXW`/nl^aclcWT_^ z�T $ ^/n-XlUWTV\Vi_cWXW^pch^sn-Xlch^ *Wc51|v $ XWc-i_z�XWdW^a`sqlX�v
ghUli_\_cW^aclX'*�$�TVklXl`21�\ei7:'&�X[v�`sXl`/bf^]z�g%\_Tfnmc~} �FT�z�cWT+6sX[v;`0nWghd-iojhv ;sb_X;ghUli_\_cW^acWXhj
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z�T+6/g[b�,+1�b+(!; � ��^aqhbVXW\VchT�Uh^;�Y^ac51 klUWX�khT'z�T%&rX `akh^aqWb_U-ion)(_cWT+6/Twz�^sbfT $ ih}l�?Tech^ad[t
chT $hdlXl`0nl^]cWcWT_^�z�T $ ^/nmXlUhTe\VifclXW^?ghU-if\_cW^aclX'*�$lcli_X0,VTfn-^s^ ,_n-XhZ]q'T-6/Twq�UW^]iun (VchT-* �LX[t
Z]Xldh^a`aq'T+*w`sXhbfg'i7&lXlXwjl\unljW^ab_`8jw`ai_z 1Pz%klUh^ $ kWTVdWb_Xhb_^/n (Vc'1Pz�} �%$ c-ifq'T $_z�cWT+6sT�Xlchbf^/t
Uh^]`schT-*rXlc �KTeUlz�i.&WXlX z�T@/�^ab ,+1�b.(�X[Z�\un-^adh^]chTLXwXhZPUW^���^acWXhj�ghklUWT%&Y^]cWc51|v�$.,_T_nl^s^
X[nmXYz�^acW^s^EXl`sqhge`s`sb_\f^aclc51|v�z�T $ ^/n-^ *�$]q'T_b_TVU51�^|cli_`0nl^ $ g0:
bPTV`scWTV\Vc'1�^ETe`/T.,V^acWcWTV`sb_X
Uh^�ion)(_c51|v �LX[Z�XWdW^a`sqlX�v�ghUli_\_cW^aclX'*�} KUWTV\_^aUWXWb.( $hc-if`sq'T_n (Vq'Trb_^sTVUlX[j�`0n)i�,VT+*�bughU[t
,fgon-^achbVchTe`/b_X j-\unljW^sbV`8j T.,+&Y^ *�$�i2boi_q /r^ykWUWTV\_^aUWXWb.(%^C7�6�nmi_\_c51�^ g[b_\f^]U-/ $ ^aclX[j $
boi_qWXW^6q[ifq

• tFklUlXlz�^]cWX-z�TV`sb.(�qlXWcW^sb_Xldh^]`sq'T+6/T�ghU-if\Vch^]cWXhj
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buifq'T_^?z�Tft
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� cWXyXl`skWTfn)(uZaTe\Viun-X�z�T $ ^/n)(�$-q'TVbfTVUhg0: cliuZ 1�\ei7:
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;sbfT-* `/buiub.(VX�$hq[ifq 1 1 �|t z�T $ ^/n (l}�1 1 �|t z�T $ ^/n)(Lt�T.,_T+,%&�^acWcWT_^
cW^/n-XlcW^ *WcWT_^
ghU-if\ut
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XW`a`0nl^ $ ge^sb_`�j�`0n-^ $ g0:'&riuj3z�T $ ^/n)('3

i
(∂ψ

∂t
+ γk ψk

)
=

� !h} A (
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kα ψ + a
{ ∫

(|k||k1||k2||k3|)β/4 ψ∗
k1
ψk2

ψk3
δk+k1−k2−k3

dk1 dk2 dk3 +

g
∫

(|k||k1||k2||k3|)β/2 (ψk1
ψk2

ψk3
δk−k1−k2−k3

+ 3ψk1
ψ∗
k2
ψ∗
k3
δk−k1+k2+k3

)dk1 dk2 dk3

}

��`/nWghd-iu^%$lq'T-6 $ i
g = 0

$';sboi z�T $ ^/n)(rjl\fnWjl^sb_`�j�`sboi_c $ ifUWb_cWT+* 1 1 ��t z�T $ ^/n)(.:Y}
,|boi6z�T $ ^/n)(�TekWXl`21H\Viu^abLcW^aq'T_b_TVUhg0: �[i_z�Xhn (�bfTechTe\ugp`sXl`/bf^]z�g*$_XpkWT.;sb_Tez�gpz�T@/�^sb

,+1�b.(wZ�ifklXl`aifc-i�\p`0n-^ $ g0:'&�^]z \_X $ ^+3

i
(∂ψ

∂t
+ γk ψk

)
=
δH

δψ∗
k

,
� !W} 
%(

6 $ ^

H = H0 +Hint

H0 =
∫
|k|α ψk ψ∗

k dk

Hint = a
{1

2

∫
(kk1k2k3)

β/4 ψ∗
k ψ

∗
k1
ψk2

ψk3
δk+k1−k2−k3

+

g
∫

(kk1k2k3)
β/4

[
ψ∗
k ψ

∗
k1
ψ∗
k2
ψk3

+ ψk ψk1
ψk2

ψ∗
k3

]
×

δk+k1+k2−k3
dk1 dk2 dk3

} � !W}"!*(

��iVz�X[n)(�bfTVclX-ifc
H
TekWXl`21�\eiu^sbp`0n-^ $ g0:'&�XW^LdW^sb.1HUN7/v�t�\_TfnmchTe\.1�^YklUWT+&W^a`s`21�3

A_} ��i_`s`/^/j-cWXW^%$W`/Tp`0n-^ $ g0:'&rXlz�XyUh^sZaTVc-ifcl`sc51Hz�X�g'`0n-TV\_Xhj-z�X

ωk + ωk1
= ωk2

+ ωk3

k + k1 = k2 + k3
� !W}
	.(


�} ��i_`sk-i $ ��T $ Xlc2\�b_UlX��0X1T.,eUlifb_c'1 *1kWUWT+&W^a`s`Y`/n-XhjlclX[j ��b_UlX%\�T $ XWc � $ khT $ dWX[t
c[j :'&�XW^a`8j�`0n-^ $ g0:'&�X-z UW^/ZaTecli_cW`ac'1Pz g'`0nlTe\_Xhj-z

ωk = ωk1
+ ωk2

+ ωk3

k = k1 + k2 + k3
� !W} #%(
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ωk = |k|α }
��ion-^s^wXW`s`/nl^ $ gV^ab_`8j1bfT_n (Vq'TyT $ Xlc%`0nlghdli.*

α > 1
}�� ;abfT+*C`aXhbug�i7&lXWX;Uh^/Z]TVc-ifcl` t

c'1�^pge`/nlTe\_Xhj � !h} 	 ( $ `/TVT_b_\_^sb_`/bV\ug0:'&�XW^ U-if`a`/^/jlclX5: X-z�^ :
b2bfT_n (Vq'T3b_UlXl\_X-ion)(_cWT_^
Uh^;�Y^aclXh^

k2 = k, k3 = k1 or k2 = k1, k3 = k,
� !W}"�*(

iCUW^/ZaTecli_cW`sc51�^�g'`0n-TV\_Xhj�� !W} # ( $E`/T_TVb_\f^sbV`/b_\ug0:'&rXh^2Uli_`sk-i $ g X `/n-XhjlclX': TVklXW`21�t
\Vi.:
b $ \ugWz�^aUlcWT_^�z�cWT+6sT_T.,eUliuZ]XW^C\ klUhTe`/b_U-ifcl`/b_\f^

(k, k1, k2, k3)
} KUWX

a > 0
X

$ Te`/buiubfTedWcWTwz�iunlT'z
g
$W��iVz�X[n)(�bfTVclX-ifc1� !W}"!+(�jl\fnWjl^sb_`�j�khT_nlT@/�Xhb_^/n (VchTwTVklUW^ $ ^snl^ac[t

c'1Pz�}
��ionmXldWXW^H\���iVz�Xhn (�bfTecWXhjlcW^ �0Uli_`skli $ cWT+6sT � dhn-^acliKT.,V^a`skW^adlXW\eiu^sb�T_b_`0g[bV`/b_\_XW^PnlTft
q[ionmX[Z]TV\Vi_cWc51|v�`sb_U[ghqWbughU�$�XL`sTfZ $ i 7sb�ge`0n-TV\VX[j $ nlj �0cli7,fn): $ ^acWXhj �0`0n)i�,_TVbughU',fgonl^]chb_cWT+6sT
Uh^2/pX-z�iW}
KUlX ;sb_X[v�kWUW^ $ khT_nlT@/�^]cWXhj[v3`sXl`/bf^�z�i�� !h} A (*TekWXl`21�\eiu^sbV`8j�qlXWcW^sb_XldW^a`sqlXlz ghU-if\ut
ch^]cWXW^]z

∂n

∂t
+ 2γk nk + st(n, n, n),

� !h} - (

6 $ ^

st(n, n, n) = 4πa2g2
{ ∫

(kk1k2k3)
β/2 ×

(nk1
nk2

nk3
− nk nk1

nk2
− nk nk1

nk3
− nk nk2

nkk
) ×

δ(k − k1 − k2 − k3) δ(ωk − ωk1
− ωk2

− ωk3
)dk1 dk2 dk3 +

+3
∫

(kk1k2k3)
β/2(nk1

nk2
nk3

+ nknk1
nk2

+ nknk1
nk3

− nknk2
nk3

) ×

δ(k − k1 + k2 + k3) δ(ωk − ωk1
+ ωk2

+ ωk3
) dk1 dk2 dk3

} � !W} 0*(
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?TwTekWUW^ $ ^/n-^acWX5:

< ψk ψ
∗
k′ >= nk δk−k′.

� !W} 2*(

��`sboi.&WXWTVc-ifUlchTV^LghUli_\_cW^acWXW^

st(n, n, n) = 0
� !W} A � (

Xlz�^s^sb $JklUWX%TekWUW^ $ ^/n-^acWc51|v1Z]c-i�dh^aclXhj[v1k-ifU-i_z�^sb_UWTV\
α
X
β
$~`/bf^akW^aclc'1�^wUW^���^acWXhj

� `az�}�� A]� -�� (

nk =
αP 1/3

kγ
� !h} A.A (

γ =
2

3
β + 1.

� !h} A 
 (

,*bfT�^a`/b+(��?Tfn)z�T-6/TVUWTV\V`sqWX5*2`skh^]qhb_U�$)q'TVbfTVU51?*1T+,_^a`akh^adlXl\Viu^ab kWTV`/bfT�j-cWc51?*1kWT_bfTeq
;acW^aU'6aXWX

P
\�T.,fn)if`sb.(�z�ion)1|vCz�if` ��boi7,_Te\%� ,_T_n (/��X[v1\_TfnmchTe\.1|vCdlXW`/^sn

k
(�} �

α
t

,_^/Z�UliuZ�z�^aUlcliuj��?T_nmz�T-6/TVUWTV\V`sq[ioj�q'TVcl`/buifcWboiW}
	-}N��1�n-T�\+1�kWTfnmch^acWT�dlXW`/nl^aclcWT_^ z�T $ ^/n-XlUWTV\Vi_cWXW^�ghU-if\_cW^ac56sXhj�!h} A�`pXW`skWTfn)(uZ]Tut
\Vi_cWXW^]z `/boi_c $ ifUWb_cWT+6/T `skh^]qhb_U-ion)(_cWT+6sT z�^sbfT $ ih})��1�n-X3\.1�,eUli_c'1 `/nl^ $ g0:'&�XW^

α = 3/2, β = 9/4, a = 1.

� q'T.; � ��X5&lXh^sb d[n-^ac-ip\���iVz�Xhn (�bfTecWX-ifcW^%$-`/TVT_b_\_^sb_`/b_\fg0:'&Y^ 6sT kWUWT+&W^a`s`/g � T $ Xlc�\
b_UlX��0\VifU5(_XlUWTV\Viun-`�j�$-X�kWUlXWclX-z�ion1\pUliuZ]c'1�v�\eifUlXWcWbui�v�`sd 7sboiwbuifqlXW^�Z�cli�dW^acWXhj43

g = 0, 0.05, 0.1, 0.15, 0.2.

��1HdWXl`0n-^aclX[j�kWUWTV\_T $ Xhn-Xl`2(PcliHUliuZ]cWTV`/b_cWT+*�U-if\VchT'z�^aUlchT-*L`s^sb_q'^E` 
 � 	 0|g�Zsn)i_z�XL\
kh^]UWXWT $ Xldh^]`sq'T+*6T+,fn)if`/bVX

2π
$odWbfT�`/TVT_b_\_^sb_`/bV\ugV^abK\A`skW^aqhbVUliun (VchT'z%q'T $ ^�\fT_n-cWTV\+1Hz

dWXl`0n)i_z −1024 < k < 1023
} � Xl`/bf^]zEiHc-ifq[i�dlXW\eion)if`2(
\PT.,_nmi_`/b_X�zEion)1|v�\_TfnmchTe\.1�v
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γk = −0, 005 5 ≤ |k| ≤ 10.

�YXW`s`aXWk-i7&lX[j /�^	;acW^aU56sXlXy\wT.,fn)if`sb_X ,VTfn)(���X[vy\fTfnmcWTV\.1�v�dlXl`/^/n�T+,_^a`skW^adlXW\eion)if`2(
`0n-^ $ g0:'&rXlz $ ^aqWUW^]z�^]chbfT'z�3

γk =





400(k/512)2 |k| > 512
@

0 |k| ≤ 512
}

�FT1\_`/^0vQ\VifUlX-ifcWboiov z�T $ ^/nmXWUWTV\eifclX[j cli7,fn): $ ionm`8j UWTV`/b $�i�Z�ifbf^]z `/bui�,VXhnmX[Z�i.&WXhj
khT_n-cWT+* ;ach^]U'6sXlX�\fT_n-cWTV\_T+*y`aXW`/b_^]z 1

H
}'CKUWTV\f^]c'( /�^	;acW^aU56sXWX�$lcli�q'TVbfTVUWTez klUhTft
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g
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5AZ ��Xl`0ghclq[i�!W} AHv'TVUWT/�YTr\_X $ cWT $hdhbfT�klUhT-&h^a`a`
1 ⇐⇒ 3

X'6aUlif^sb�`0g	&�^a`/b_\_^acWchg0:
UhT_n (p\wg'`/buifcWTV\un-^aclXWX�Uli_\_cWTV\f^]`sX[jyc-ifq[i�dlqWX3X $ Xl`s`sXlk-i7&lXWX�}
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5AZ ��XW`/ghcWq[i�!h}�
3v'TVUWT/�YTQ\_X $ chT $EdWbfT \�XWcW^aU5&WXWTVclchT'z XlcWbf^aUl\Vion-^
30 < k <

300
;abfT_b�`akh^aqWb_U�ifklkWUWTVq�`sX-z�XlU[ge^sb_`�j;`/bf^akW^aclc'1Pz��?Tfn)z�T+6/TeUhTe\_`sqlX-zx`akh^aqWb_UWTez{`

khTeq[ioZ�ifbf^/n-^]z

λ =
5

2
.

/�XlkWXldlcliuj�\f^/nmXWdlXlclipcW^/nmXWcW^ *lchTe`/b_X

ε =
Hint

H
,

`/TV`sboi_\unljW^sb
ε ' 0.15

}*/�ifqlX-z T.,eUliuZaTez $hz�T@/�chT 6/Te\fTVUlXWb.(�$Wdhb_T�\!;sb_X[v�dlXW`/nl^aclc51|v
;aq�`skW^aUlXlz�^]chbui�vyz 1 clioveT $ Xlz�`�jy\p`0n)i�,_TVbughU',fgonl^]chb_cWTez�UW^ /�X-z�^V}
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� Z�i_q[n):Adh^]cWXW^C`0n-^ $ ge^sbQT_bVz�^sb_XWb.(�$�dhbfT kWUW^ $ `/boi_\un-^aclc'1�^C\ ;sbfTez k-ifU-i76aUli��K^
Uh^sZsgon (�buiub.1 j-\unlj5:
b_`�j kh^]UW\+1Hz�X�$�khT $ b_\f^]U-/ $ i7:'&rXlz�X `sklU-if\f^ $ nmXW\_TV`/b+(1bf^sTVUlXlX
`0n)i�,_T-*wbughU0,_gonl^acWb_cWTV`/bVX X-z�^aclchT6\ � ���'���
��"��'���{`0nWghd-iu^e} ��nlj $ \ugWz�^]UWcWT+6/T�`0nlg't
dliuj3ifc-ion-TVdlXWdlc51�^YUW^/Zsgon (�buiub.1 $mkWT $ b_\_^aU-/ $ i.:'&�XW^�`0g	&Y^]`/b_\fTe\Vi_cWXW^6`0nmi7,_TVbughU0,_g't
nl^]chb_c51|v��?Tfn)z�T+6/TeUhTe\_`sqlX[v3`skh^]qhb_UWTV\ ,+1�n-X1kWTfnlghdh^]c'1�\ U-i�,VT_bf^ � A]! 
�� $ $ nWj2ghUliot
ch^]cWX5*xq[i_kWXhnlnWj-UWc51|v \fTfnmc�cli khTe\f^aUVvWcWTV`sb_X{X $ ^]ion)(_cWT+*9/�X $ q'TV`sb_X~} �%$ cli_q'T \
T $ cWTez�^]UWcWTez�`/nWghd-iu^�XlcW^aU'&lXWTVclc'1 *%XWcWbf^aUl\Viun $~\ q'TVbfTVUWTez cli7,fn): $ iu^sbV`8j%`/bf^akW^ac[t
chT-*�`skW^aqhbVU�Z�i�dWXWbf^/n)(_cWT ,_T_n (/�Y^%$WdWbfT $ ^/nmif^sb�\_`2: `0nmi7,_TVbughU0,_gonl^acWb_chg0: q[ifUWb_Xlc[g
,_T_nl^s^�g ,_^ $ XWbf^/n)(_cWT+*�}
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/�ghU',fgon-^achbVchTe`/b.(p\�ch^sn-Xlch^ *Wc51|v�`sk[n-T/�rc'1�v�`sUW^ $ i�v�$Wq[ifq�klUli_\_XhnlT $�> �VklUhTe\fT@/ $ iot
^sb_`�j \fT_Z]cWXlqlchTe\f^aclXh^�z�nlTeq[ionmX[ZaTe\Vi_cWc51|v `0g	&�^a`/b_\_^acWcWTYcW^/n-XlcW^ *Wc51|v `sb_U[ghqWbughU�}��
bf^0v�`0nlghdliuj[v�$eq'T+6 $ i�ghU-if\Vch^]cWXhj�$VTVklXl`21�\ei7:'&�XW^A`sUW^ $ g*$VX-z�^ :
b�g'`/bfT-*WdlXW\+1�^A`/T_n-X[t
bfTVclc51�^AUh^;�Y^aclX[j $f^]`/bf^a`/bV\f^aclc'1Pz�X�q[i_c $ X $ iubui_z�X c-i�UWTfn)(�buifqlX�v�`/b_UhghqhbfghU�j-\unlj[t
:
b_`�j�`/T_n-XWbfTec'1L}%/�ghU0,_gonl^acWb_cWTV`/b+(6\ ;sb_Tez�`0nWghd-iu^Pz�T@/�^sb�,+1�b+(Lc-ioZ�\Vifc-i�`/TfnmXhb_TVc[t
chT-*~} �*kW^aUW\+1�^Y`/T_n-XWbfTecWc-ioj1bughU',fgonl^]chb_cWTV`sb.(�Uli_`s`az�ifb_UlXW\eion)if`2( $)kWTut \_X $ X-z�Tez�g+$m\
AC2 -u! 6 }�\ U-i�,VT_bf^ � 2e#�� }��?^/n)( ;sbfT-*{dli_`/b_X 68n)if\+1 $ iub.( q[i�dh^a`sb_\f^aclchg0: q[ifUWb_Xlc[g
`/TfnmXWbfTVclchT-*�bughU0,_gonl^acWb_cWTV`/bVX \�U-i_z�q[i�v�cW^aXlchbf^ 6sUWXlUhgV^]z�T-6/T3cW^/nmXWcW^ *lchT-6/TyghU-if\ut
ch^]cWXhj � UW^ $ Xlc56/^aU-i;\;ge`0n-TV\VX[jhv T_b_`/g[b_`/b_\VX[j \_TfnmchTe\.1|v�q'Tfnlnmi_kW`/Te\W} �KX /�^2khTft
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q[ioZ�i_chT;trc-i;Te`scWTV\f^2kWUWTV`sb.1|v�T+&W^acWTVq�$FkWT $ bV\f^aU-/ $ ^acWc51|v dlXW`0n-^aclc'1Pz ;aq�`skW^aUWX[t
z�^acWbfTez ��`]z�}�buifq0/�^ � A]�	$�A -u! ��( $�dWbfT�`�bf^]dh^aclXW^]z \_UW^]z�^]cWX `/boi_chTe\_XWb_`�j \fT_Z�z�T@/wt
c'1Pz�\.1 $ ^/nmXhb+( $ \_^Pq'T'z�kWTVcW^achb+1�bughU',fgonl^]chb_cWTV`sb_X 3h`0n)i�,_Tech^sn-Xlch^ *Wchg0:{\fTfnmcWTV\ug0:
bughU',fgonl^]chb_cWTV`sb.(3X;UliuZ]Uh^2/�^aclc'1 * 60ioZp`/TfnmXWbfTVcWTV\l} KUWX ,_Tfn)(��rX�vC\_UW^]z�^]cliov%`/b_^0t
kh^]c'(pU-ioZ]UW^ /�^]cWcWTV`/bVX�`/T_n-XWbfTVclcWT+6/T 60ioZ�iy��T_bVchT �Y^aclXh^Lv[ifU-ifqWbf^aUlchT-6/T U-if`s`sbfT�jlclX[j
z�^ / $ g�`/TfnmXhb_TVc-i_z�X1q2X�v3U-ioZ�z�^aU[g (Hi_`sXlz�khbfTVb_Xldh^a`aqWX3gh\f^sn-XldWXl\Vif^sb_`�j�$mklUlX>;abfTez
khTedhbVX \V`/^�Z]c-i�dh^aclXW^yXWcWbf^ 6sU-ion)i �0dWXl`0n)iCql\ViuZ]XWd-if`sb_X'& �f� �LX[Z�XWdW^a`sqlX�X'6sU-i7:'&�^ 6/T
UhT_n ( ;]ch^aU56sXlX�(|TVq[iuZ 1�\eiu^sb_`�j�`/TV`sUW^ $ T_bfTedh^]cWc51Hz�\�`/T_n-XWbfTVclcWT+*2q'Tez�kWTVcW^acWbf^V}

?T $ T+,VcWT_^6g[bV\f^aU-/ $ ^acWXW^YgB/r^r\.1H`sq[ioZ@1�\ViunlTe`2(�\�Uli7,_TVboiov � 
V#*$ !/0 � $�6 $ ^ $ nWj2^ 6/T
T.,VTV`scWTV\eifclX[jyXl`skhT_n (fZaTV\eionm`8j�bf^]Ulz�T $ XWc-i_z�XWdW^a`sqlX'*3khT $ veT $ } /�i_q'T_^LT.,_Te`scWTV\Vi_cWXW^%$
T $ c-ifq'T $scW^ $ Te`/buiubfTedWcWT $]buifq�q[ifq�c-i�`aiVz�Tez $ ^/n-^�bughU',fgon-^acWb_chTe`/b.( $ ion-^aq[i�T_bH`sTV`/bfTft
jlclX[j�bf^aU-z�T $ XWc-i_z�XldW^a`sq'T+6sT
U-if\VchTe\f^a`aX[j } ?T.;abfTez�g�\
Uli7,_T_b_^ � 	5A �[\.1H\fT $ T.,
Te`/T.,VT+*
UhT_n-X2`/T_n-XWbfTVcWTV\ \pbughU',fgon-^achbVchTe`/b_X�$ `s\_T.,VT $ cWT+*yTVb q'Tfnln)ifkl`/TV\ $ ,+1�n1kWT $ \_^aU'6ac[g[b
`/Tez�ch^aclX5:Y}�� ;abfT+* dli_`/b_X�68n)if\+1 $ i17sb_`�j T.,VTV`scWTV\eifclXh^Pg[b_\_^aU-/ $ ^aclXhj T!&W^achbVUliun (ut
chT-*;UWTfnmX�`sTfnmXhbfTechTe\�\�i_`sX-z�khb_T_b_Xldh^]`sq'Tez `sTV`/bfT�j-cWXlXCbughU',fgon-^acWb_chTe`/b_X $ ifclchT-6/T
b_Xlkli
XYkWTVq[iuZ 1�\eiu^sbV`8j $/bf^]z2`aiVz 1Hz $adWbfT?`/T_n-XWbfTVclc51?*!60ioZFjl\fnWjl^sb_`�j�`s\_T_^sT+,VU-ioZ]c51Hz
`/buiub_Xl`/b_Xldh^]`sqWX-z ifbfb_U-ifqWbfTVUWTez gWz�^]c'(/�ri7:'&�^ *l`8j `/T \_UW^]z�^acW^]z UliuZ�z�^aUlcWTV`/b_X�\
ch^]XWcWbf^ 6sUlXlU[ge^]z�T+* 60i_z�X[n)(�bfTVcWTV\V`sq'T+*%`sXl`/bf^�z�^r`!,_^a`sq'Tech^]dWc51Hz dWXl`0n-Tezx`/bf^akW^acW^ *
`s\fT+,_T $ 1�}
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�6TV`/buiubfTedWcWTHghcWXl\f^aUl`aiun (VchT-*Lz�T $ ^/n)(.: \fT_n-cWTV\_T+*LbughU',fgon-^achbVchTe`/b_X�j-\unljW^sb_`�j�cW^/nmX�t
ch^ *WcWT_^�ghUli_\_cW^aclXh^r� Uh^ $ Xlc'6/^]Uli�� `az�} $lcli_kWUlXlz�^aU�$ � Aa�.$m!/0.$ Aa!V! � (

iψt + ∆ψ + f(|ψ|2)ψ = 0,
� !h} A]!+(

Xlz�^ :'&Y^s^LUh^;�Y^aclXh^�\p\_X $ ^ $ \_X0/�g	&Y^ 6sTV`�j�`sTfnmXhbfTecli'3

ψ(r, t) = g(λ, ξ) exp


 i

2
(vr) + i(λ2 − v2

4
)t


 ,

ξ = r − vt, ∆g + f(g2)g − λ2g = 0, ∇g|ξ=0 = 0, g → 0, ξ → ∞ � !W} A 	 (

KUWX
f(u) > 0

X
f ′(u) ≥ Cu(2−d)/d � d t�UliuZ�z�^aUlcWTV`/b.(2klUhTe`/b_U-ifcl`/b_\Vi*(�`/T_n-XWbfTec

� !h} A 	 (pch^/g'`/bfT-*WdlXW\ X \Qb_Uhg ,fgonl^]chb_c51|v{kWUWT+&W^a`s`aiov�cW^%Uh^�ionmX[Zsge^sb_`�j�} ��ifklUhTVb_Xl\�$
kWUlX�ge`/nlTe\_XlX�ge`/bfT-*WdlXl\fTV`sb_X `/T_n-XWbfTecli � Xlz�^ :'&Y^]z $ nWj \Vi�/�chT-6/T%dli_`/b_cWT+6/T%`0nlg't
dliuj�`/bf^akW^aclchT-*3cW^/nmXWcW^ *lchTe`/b_X

f = us/2
\VX $

sd < 4
( $lbughU0,_gonl^acWb_cWTV`/b+(�j-\unljW^sb_`�j

`/TfnmXWbfTVclchT-*~}�86ghc $ iVz�^acWboiun (Vc'1 * T.,+&Y^ �LXhZ]XWdW^a`sqlX5*�XWcWbf^aUW^a`2kWUW^ $ `/boi_\unljW^sbQ\fTft
kWUWTV`CT v�i_Uli_qhb_^aUh^ ;a\fT_n : &lXWX ;sb_T+*�bughU',fgonl^]chb_cWTV`sb_X~}?CKU-if\Vch^aclXW^�� !h} A]!+( X-z�^s^sb
`0n-^ $ g0:'&rXh^�Xlchbf^ 6sUliun 1 $ \VX /�^]cWXhj43

N =
∫
|ψ|2dr, P = i

∫
[ψ∇ψ∗ − ψ∗∇ψ]dr,

H =
∫

[|∇ψ|2 − Φ(|ψ|2)]dr, � !h} A�# (

Φ′(u) = f(u).

�QklUh^]ch^2,eUh^2/�^aclXWX�ql\VifcWbfTe\.1Hz�X ; � �K^aqWbui_z�X�bf^]c $ ^ac5&WXhj�qpUli_\_cWTVU-if`sklUh^ $ ^/n-^aclX':
;acW^aU'6aXWX�khTw`/bf^akW^achj-z `a\fT.,VT $ 1xkWUlXW\_T $ XWbwq�bfT'z�g+$hdhbfTwZ]c-i�dh^]cWXW^ 60i_z�Xhn (�bfTecWX-ifc-i

H
TVklUh^ $ ^/nljW^ab_`8j \CTV`scWTV\VchT'z�T+,fn)if`/b+(.: q'TVUWT_bVqWX[v \fT_n-c�} KUWX ;sbfT'z \C`sXl`/bf^]z�^
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z�T+6>,+1 ` �KTeUlz�XWUWTV\eiub.(V`8jxq'Tec $ ^acl`aiub�twT $ cWTVUWT $ cWT_^%khT_nl^+$|`/TVklUhTe\fT@/ $ i.:'&Y^s^]`8j
z�^/nmq'Tez�i_` �Ybui�,ec'1Pz�X �?nlghqWbug'i.&WXhj-z�X�} �?T�kWUlX

f ′(u) > 0
q'TVc $ ^acW`]iubpch^sge`/bfT-*WdlXl\

X�\pTVb_`0g[b_`sb_\_XW^rq'T_nWn)ifkl`aipU-if`sk-i $ iu^ab_`8j�c-i�`sTfnmXhbfTec'1L}�� `skW^ &lXliun (VchT'z�XWcWbf^ 6sUlX[t
U[ge^]z�T'z `/nWghd-iu^

f(u) = Cu
$
C > 0

$
d = 1

`sTfnmXhbfTec'1 Uli_`s`/^aXl\Vi.:
b_`�j $ Uhg06�cli
$ Uhg06/^1ghklU[g06sT $�X�X�v{dWXl`0n-T `/T]vWUli_c[jl^sb_`�j�} � T+,%&�^]z ch^]XWcWbf^ 6sUlXlU[ge^]z�Tez `0nWghd-iu^
q[i�dh^a`sb_\f^aclcWT_^Cbf^]Ulz�T $ XWc-i_z�XWdW^a`sq'TV^�U-if`s`az�T_b_UW^aclXh^�\uZ�i_Xlz�T $ ^ *l`/b_\_Xhj�`sTfnmXhbfTechTe\
`/TQ`s\fT+,_T $ c51Hz�X�\fTfnmc-i_z�X � 
_#*$|!/0��?khTeq[ioZ 1H\Viu^ab $*dhb_T khTe\f^ $ ^aclXh^2`sXW`sbf^]z 1 TVklUW^0t
$ ^snWjl^sb_`�j�c-ifq'TVkhn-^acWXW^]z�`0nmi7,+1�v ; � �K^aqWbfTe\�$�q'T_bfTeU'1�^ T+,fge`/nlTe\un-^ac'1 cW^a`sq'Tez�kh^ac[t
`sXlUhTe\VifclcWTV`/b.(+: kWUWT+&W^a`s`sTV\�$eklUhTVbf^aq[i.:'&�X[v \YkWUWT_bVXW\_TVkWTfn-T /�c51|v�cli_kWU-if\fnl^aclXhj[v~}
KUWX�\fZ�ifX-z�T $ ^ *W`sb_\_XlX�`/T_n-XWbfTVcWTV\r`/T6`0n)i�,_TVbughU',fgonl^]chb_c51Hz `skh^]qhb_UWTez�b_^aUlz�T $ Xlcliot
z�Xldh^a`aqWXy\+1?6/T $ c'1Pz�X�j-\unlj5:
b_`�j�kWUWT+&W^a`s` 1 $lkWUlXl\fT $ j &�XW^6q�gh\f^/nmXldh^aclX5: iVz�khn-X[t
bug $ `/T_n-XWbfTechTe\�klUWX�gWz�^ac5(��Y^]cWXlX�X[v�dlXl`0nmiW} KUWX `0n-XhjlclXlX `/T_n-XWbfTVcWTV\rch^]`sq'Tfn)(_q'T
gWz�^ac5(��wiu^sb_`�j Z�cli�dW^acWXW^�XWcWbf^ 6sU-ion)i ��$hX�U-ioZ]clX5&lirghcWTV`sXWb_`�j�`a\fT.,VT $ c51Hz�X�\_Tfnmcliot
z�X�@fXlchbf^ 6sUliun�dWXl`0n)i?ql\VioZ�XWd-if`/bVX'&�� \fT_n-cWTV\eioj ;]ch^aU56sXhjr\?Te`scWTV\_cWTez%TVklUh^ $ ^/nljW^sbV`8j
`/TfnmXWbfTVcWTez�} �NiuZ�z�^aU�`/T_n-XWbfTeclipklUlX ;sbfT'z gWz�^ac5(��rif^sb_`�j�}

�Nif`a`az�T_bVUWX-z ,VTfn-^s^
khT $ UhT+,VcWT�;snl^]z�^achbuifUlc51�^
kWUWT+&W^a`s`21 \uZoifX-z�T $ ^ *l`/b_\VX[jp`/T_n-X[t
bfTVcWTV\ $ Uhg06Y` $ Uhg06/T'z�X�`/T `/nmi7,_TVcW^/nmXWcW^ *lc'1Pz�X�`a\fT.,VT $ c51Hz�X3\fT_n-c-i_z�X3`Lghdh^abfTez
XWcWbf^ 6aUliunlTe\ $ \_X0/�^aclX[j�� !W} Ao# (�} � 6sUli_cWXldlXlz�`�j $ nWjwkWUWTV`/b_T_b.1 `/bf^akW^aclchT-*rcW^/nmXWcW^ *[t
chTe`/b.(+:

f(u) = us/2
}"/�T-6 $ i `sTfnmXhbfTec%kWUWTVXhZ]\_Tfn)(_cWT+6/T�UliuZ�z�^aU-i

λ−1 \.1�U-i /�iu^sb_`�j
dh^]Uh^/ZLghclXW\_^aUW`]ion)(_chg0:�z�T $ g

R(η)
3

g(λ, ξ) = λ2/sR(λξ), ∆R− R+ Rs+1 = 0

�
R(η) = [(1 + s/2)1/2/ ch(sη/2)]2/s

klUlX
d = 1

( $NdhbfTCkWTfZ�\fTfnljW^ab $ \1d-if`/bVchTe`/b_X�$
khT_nWghdlXWb.(�kWTfn-^/Z]c51�^p`/TVT_b_cWT/��^acWXhj�z�^2/ $ gCXWcWbf^ 6aUliunmiVz�X�� !W} A�#%(
c-i�`/T_n-XWbfTVclcWTez
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Uh^;�Y^aclXWX43

P = Nv, H = N
v2

4
− κ

1 + q
N1+q, N = λ2/qNkp,

� !h} Aa�*(

6 $ ^

Nkp =
∫
R2dη, q =

2s

4 − sd
> 0, κ = N−q

kp .

� ghdh^abfTez � !h} Aa�*(�cW^sb_Uhg $ cWT�kWTfnlghdWXWb.(�$_dhb_TKkWUlX�U-if`a`/^/jlclXlXY`0n)i�,_Tech^sn-Xlch^ *WcWT+*Y\_TfnWt
c'1 \VX $ i

exp[i(kr − k2t)]
`LdlXl`0nlT'z qW\eifcWbfTV\

δN
$mXlz�k[gon)(_`/T'z

δP = 2kdeltaN
X

6 iVz�Xhn (�bfTecWX-ifcWTez
δH = k2δN

c-i�`/TfnmXhb_TVcW^
(N, v)

\.1�kWTfnmcW^achT�`sT_T_bVchT �Y^aclXh^-3

δN0(|k0 − v/2|2 + κN q) = δN1(|k1 − v/2|2 + κN q),
� !h} A.- (

6 $ ^%XWc $ ^aq�`21 �
0
�0X �

1
� T_b_cWTV`�jWb_`�j q Xl`8veT $ cWT+*xX U-if`s`s^/jlclchT-* \_TfnmcliVz `/T_TVb_\f^sbut

`/b_\_^acWcWTl}
5AZ3� !W} A - (P`0n-^ $ gV^sb $ dWbfTyklUWX;kh^aUW^aq[i�dlq'^!;acW^aU56sXWX%XhZp\fTfnmc51 \�`sTfnmXhbfTec �

δN1 <

δN0
(�klUhTeXW`8veT $ Xhb6b_TVU-z�T@/�^aclXh^A`/T_n-XWbfTVc-i6X�gh\_^/nmXWdW^aclXh^
\fT_n-cWTV\_T+6/T6\f^]qhbfTeUli�\_TfnWt

c'1L}���i�dh^]`/b_\f^]cWcWT3kWTVchjWb_cWT $�dWbfT1\3`sUW^ $ ch^�z ;sbfTVb2klUhT-&h^]`s` ,_T_nl^a^�\f^aUWT�jWbf^ac�$ dW^]z
T.,eUlifb_c'1 * 3VklUWXpc-ifq'Tek[n-^aclXWX�\fT_n-c�\�T.,_nmi_`/b_X
,_T_n (/��X[v

k
X�v �LiuZaTV\+1?*wT., � ^]z%\fT_Z/t

Uli_`/buiu^sb $]`sT_T_bV\f^sb_`sb_\f^aclcWT?Uli_`/bf^sb%;acWb_UWTVklX[j�`sXl`/bf^�z 1x��boi_qYq[ifq6dlXW`/nlT?`/T_n-XWbfTecWc51|v
`/bf^akW^acW^ *�`s\fT+,_T $ 1{z�cWT+6/T�z�^ac5(���^%$�dW^]z `0n)i�,VT_bughU',fgon-^acWb_c'1�v�klUli_qhbVXWdW^a`sqlX�z�T@/wt
chT1`sdlXhbuiub+(�$�dWbfT1Z]c-i]dW^aclXh^ ;acWb_UhTekWXlX TekWUW^ $ ^/nWjl^sb_`�jQ\Vq[n)i $ Tez `0n)i�,VT_bughU',fgon-^achbut
chT-6/Tp`skW^aqhbVUli*(�}
�FT_nl^a^;`0n-T /r^ac{qWXlch^�z�iub_XldW^a`sqlX'* U-if`sdW^sb \uZ�i_Xlz�T $ ^ *l`/b_\_Xhj�`sTfnmXhbfTechTe\�`1ghdliot
`/b_XW^]z `s\_T.,VT $ c51|v \fT_n-c�} 5K`skWTfn)(uZag_j1� !h} Aa�+( $Wz�T@/pcWTrkWTVq[iuZ�iub+(�$[dWbfTpklUWX $ ^ *W`/bV\_XlX
$ \fg'vw`/T_n-XWbfTVcWTV\

(N1, v1)
X

(N2, v2)
`sklU-if\f^ $ nmXW\+1 � \L`sXl`/bf^]z�^�T_b_`sdW^sbui	$V\�q'TVbfTVUWT+*
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khT_n-c51?*3Xlz�k[gon)(_`L\fTfnmcyU-if\_^acychg�n): (�`/T_TVb_chT �Y^aclXhj

∆N1 =
κN q

2 + v2
2/4)δN + δH +N1(v1 − v2)∆v1/2

κ(N q
1 −N q

2 ) − |v1 − v2|2/4
� !h} AC0*(

∆N2 =
κN q

1 + v2
1/4)δN + δH +N2(v1 − v2)∆v2/2

κ(N q
1 −N q

2 ) − |v1 − v2|2/4
6 $ ^

δN
X
δH
ghcWTV`�jWb_`�j�`s\fT+,_T $ c'1Pz�X \_TfnmcliVz�X~}N5AZw� !h} AC0+(�\_X $ cWT $[dhbfTwkWUlX zEion)1|v

`sq'TVUWTV`sbajhv1klUhTeXW`8veT $ Xhb�ge`aX[n-^aclXh^
,_T_nl^s^wXWcWbf^acl`sXl\_cWT+6/TyX1Te`0n)i�,fn-^aclXh^pz�^acW^s^wXWc[t
bf^acl`sXl\_cWT+6/T�`/TfnmXWbfTVc-ih}.,*b_T_b6kWUWT+&W^a`s`�`/T_TVb_\f^sbV`/b_\uge^sb6kli_UWcWTez�g � `sbfTfnmqWcWTV\_^aclX': �0X
jl\fnWjl^sb_`�j�$NTVdW^a\_X $ chT $ ,_Tfn-^s^�\f^]UhT�jWbVc'1Pz $�dh^�z�T+,VU-iub_c51?*���b_UWT+*lchTV^�� `/b_TfnmqWcWTV\_^0t
cWXW^ � (�}	KUWXl\f^ $ ^aclc51�^KU-if`s`/gB/ $ ^aclX[jykWT $ b_\_^aU-/ $ i.:
b�q[i�dh^a`sb_\f^aclc51�^�\+1�\_T $ 1�bf^aU[t
z�T $ Xlc-i_z�Xldh^]`sq'T+6/TCU-if`a`az�T_bVUh^aclXhj43�\CUW^/Zsgon)(]buiub_^=;a\fT_n : &lXWX Z�i $ i_cWcWT+6/TCc-i�dliun (ut
chT-6/TpUli_`sklUh^ $ ^/n-^aclX[jy`/T_n-XWbfTVc�TVq[iuZ 1�\eiu^sb_`�j�`/boifb_Xl`/b_Xldh^a`aqWX-z iub_b_Uli_qhb_TVUWTez t*`sTut
`/bfT�jlclXW^Hif`sX-z�kWbfT_bVXWdW^a`sqlX�$ekWTL\VUh^�z�^aclXrU-if`sk-i $ iu^ab_`8j�cli�`/T_n-XWbfTVc�X�`/Te\fTVqhghklchTe`/b.(
`0n)i�,_Tech^sn-Xlch^ *Wc51|vy\fT_n-c�}

� � ��� � � � �  ��
�
 � ��� �*� ���"�#� �!��
��

� &h^/n)(.:�klUej-z�T-6/T $ TVq[iuZ�iub_^/n (V`/b_\ei
;sbfT+6sTrg[bV\f^aU-/ $ ^acWXhj2z 1{klUhTe\fT $ X[nmXydlXW`0n-^ac[t
chTV^HXlchb_^ 6sUlXWUWTV\eifclXh^PT $ cWTut�X $ \fgWz�^aUlchT-6/T�ghUli_\_cW^acWXhj3� !W} A]!+(Nc-i ,VTfn)1 �rX�vw\VUh^�z�^0t
cliov ;]\fTfn): &lXWX3kWUlX�U-ioZsnmXldWc51|v�cW^/n-XlcW^ *WcWTV`sbajhv

f(u)
}6;~i $ i�d-i�Uh^;�rion)if` (w\ �LXlq�t

`sXlUhTe\VifclcWT+*2T.,_nmi_`/b_X
0 ≤ r ≤ L

`YkW^aUlXhT $ XWdW^a`sqlXlz�X�6aUli_cWXldWc51Hz�X%X3\_TfZ�z�g	&�^ac[t
c'1Pz�X�T $ chTeUhT $ c'1Pz�X�c-i�dliun (Vc'1Pz�X�g'`0nlTe\_Xhj-z�X

ψ(r, 0) = ψ0[1 + φ(r)],
� !h} A32+(

6 $ ^
φ(r) << 1 �

zEion-T_^�\fTfZoz�g	&Y^aclXW^V}
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� U-i_z�q[iov�� !h} Aa!*(*XWclqlUh^]z�^achb z�T $ gonWj &WXWTVclcWT+*�cW^/g'`/bfT+*ldlXW\_TV`/b_X3q'TVc $ ^]cW`aifboi

ψ0 exp[if(|ψ0|2)t]
TVklUh^ $ ^/nljW^ab_`8jy\+1�U-i /�^aclXW^]z

γ(k) = k(2A− k2)1/2,

A = (u
∂f

∂u
)|u=|ψ0|2.

� !h}�
 � (

� c z�ifq�`sX-z�iunl^ac kWUlX
k = A1/2 X Uli_\f^ac γmax =

} � T_TVb_\f^ab_`/b_\fg0:'&rioj�z�T $ gonlj[t
&WXWTVclc-ioj $ n-Xlcli

λmod = 2π/A1/2 TekWUW^ $ ^/nljW^sb dlXW`0n-T ` ��TVU-z�XlUhTe\Vif\/��X[v'`�j�klUlX

t > γ−1
max

`sTfnmXhbfTechTe\
n ≈ (L/λmod)

} �ifU-i_z�^sb_U51 z�T $ ^/nmX�\.1�,eXWU-ionmXl`2(�boi_qWX-z
T.,eUliuZaTez $'dWbfT+,+1 q'TecWqhghUlXWUhg0:'&�XW^Lz�^2/ $ g�`/T.,VT+* b_Uh^ ,_TV\eifclX[j g ,_^ $ XWbf^/n)(_cWT+*�`/boiot
b_Xl`/b_XlqWX `sTfnmXhbfTechTe\

n >> 1
X $ TV`/buiub_TVdlchT-6/T UliuZ]Uh^;�Y^aclX[j�if`sX-z�kWbfT_bVXWdW^a`sq'T-6/T

`/TfnmXWbfTVc
(λ∆)d << 1

�
∆ �

n-XlcW^ *Wc51?*�UliuZ�z�^aU%jldW^ *WqlX�$
λ �

T.,VU-iubVc'1 *1v�i_Uli_q�t
bf^aUlc'1 *YU-ioZ�z�^]U6`/TfnmXhb_TVc-i�@ $ nWjY`/bf^]kh^aclcWT+*YcW^/nmXWcW^ *lchTe`/b_X

λ N s/(4−sd) ( \PU-if`adh^sbui�v
\_`/^ 6 $ iP\.1�kWTfnmchjhnmXW`2(l} �Nif`sdW^sb.1 kWUWTV\_T $ Xhn-Xl`2(?c-i?z�cWT+6/TekWUWT+&W^a`s`sTVUlchT'z�q'T'z�k[n-^aq�`/^
9 � t A � ! -]tJ9 � t 
4- � � 5�� 5 � � ��� � � } 5KcWbf^ 6sUlXlUhTe\VifclXW^�ghUli_\_cW^acWXhjQ� !h} Aa!+(|TV`0g	&�^0t
`/b_\fnWjWnlTe`2(Y`
XW`akhT_n (fZaTV\eifclXh^]z iun 6sTVUlXhbVz�TV\�� �8 kWTrz�^sbfT $ XWq'^+$[ifc-ion-T+6sXldlchT-* � 
�� }
��nWj1q'TVcWb_UhT_nWjCXl`skWTfn)(uZaTe\VionmXl`2( XlcWbf^ 6sU-ion)1 $ \VX /�^]cWXhj � !W} A�#%(�} ?Tez�Xlz�T�`/bf^akW^ac[t
chT-*ycW^/n-XlcW^ *WcWTV`sb_X�$)Uli_`s`az�ifb_UWXl\Viun-Xl`2(p`sXl`/bf^�z 1{`Lc-if` 1 &Y^]cWXW^]z b_XWk-i

f(u) = u(1 − au), f(u) = u(1 + b1u)/(1 + b2u).

� ^/Zsgon)(�boifb.1 U-if`sdW^sbfTe\2klUWT $ ^]z�TecW`sb_UWXlUWTV\Viun-X khT_n-cWT_^�`/TVT_b_\_^sb_`/b_\VXh^yc-i�,_n : $ iot
^]z�T-*�klUhTe`/b_U-ifcl`/b_\f^]cWcWTut \_UW^]z�^aclcWT+* $ Xlc-i_z�XlqWX `sXl`/bf^�z 1 klUh^ $ `sq[iuZ�ifclchT-* q[i�dW^0t
`/b_\_^acWcWT+*�q[i_Uhb_XlcW^
`sTfnmXhbfTecWcWT+*�bfghU0,_g�n-^acWb_cWTV`/b_X�}���i ��XW`/ghcWq'^
!h}"!�klUh^ $ `/buif\fnl^ac51
Uh^sZsgon (�buiub.1 Xlchb_^ 6sUlXWUWTV\eifclX[j�T $ chT'z�^aUlchT-6/T�ghU-if\_cW^aclX[jy`

f(u) = u1/2 }
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iψt + ψxx + |ψ|ψ = 0

� > ����!�������!��
ψ0 = 1 � L = 60 �

* ����! �
t
���*��� 
�� �	� 9 � ? � ��
� �	� 9 
4?0������ ��� 9 * ?
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� UW^/Zsgon (�buiubf^%U-ioZ]\VXhbVX[jxz�T $ gonWj &WXWTVclchT-* cW^/ge`sbfT+*ldWXl\fTe`/b_X �KTeUlz�XlUhgV^sb_`�j UW^0t
�Y^sbVq[iK`/T_n-XWbfTechTe\�`Hkh^aUlXWT $ Tez;khTeUej $ q[i

λmod
� ��Xl`0ghcWTVq�!W}"!	$Vi+(�} ��kWUWT+&W^a`s`s^ $ iun (ut

ch^ * ��^ *9;]\fTfn): &lXWX `sXl`/bf^�z�i \V`/^ ,_T_nl^a^�U-ioZ $ ^/nljW^sb_`�jxc-i `/TfnmXhb_TVc51 X{`0n)i�,VTVcW^0t
n-XlcW^ *Wc51�^�`a\fT.,VT $ c51�^�\fT_n-c51�} �FZ�ifX-z�T $ ^ *W`/bV\_XW^�`sTfnmXhbfTechTe\ $ U[g06�` $ U[g06/T'z�X;`/T
`s\fT+,_T $ c'1Pz�X�\fTfnmc-i_z�XpklUWXl\fT $ XhbYqpkWTV`sbf^akW^acWcWT+*pkW^aUW^aq[i�dWq'^PdWXl`0n)iL\fTfnmcpXhZP`/T_n-X[t
bfTVcWTV\w\ ,_Tfn-^s^KXlcWbf^acl`sXW\Vc'1�^%$-i_z�khnmXhbug $ 1{`/TfnmXhb_TVcWTV\�Uli_`/bug[bp`
gWz�^]c'(/�Y^aclXh^�z X�v
dWXl`0n)iw� ��Xl`0ghcWTVqp!h} !	$7, (�} ��i%,VTfn)(���X[vw\VUh^]z�^acliov�`sXW`sbf^]z�iKkWUlX�v'T $ XWbLqw^ $ XlcW`/bV\f^ac[t
chT'z�g6`/TfnmXhb_TVchgrz�ion-T+6/TAU-ioZ�z�^aUli
X!,_T_n (/�YT+*ri_z�khn-XWbug $ 1{� ��Xl`0ghcWTVqr!W}"!�$o\*(�}45AZ�z�^0t
Uh^]cWc-ioj1`sq'TVUWTV`/b+( `/T_n-XWbfTVc-i

v
z�chT-6/T z�^]c'(/�Y^�6sUhghkWkWTV\_T+*1`sq'TeUhTe`/b_X

(∂ω/∂k)k=λ
$

dhb_Tw\VkhT_n-cW^?^a`/b_^a`/b_\_^acWcWT53[ch^akWT $ \VX /�c51?*�`/T_n-XWbfTec�UW^]iun-XhZsgV^abrz�XlcWX-z�gWz ;acW^aU56sXlX~}
8YTVU-z�i�if`aXlz�kWbfTVb_XWdW^a`sq'T-6/T `/T_n-XWbfTecli�i $ ^]qW\eiub_cWT�TVklXl`21�\eiu^sb_`�jybfTedWc51Hz�UW^���^acWX[t
^]z�ghU-if\Vch^aclXhj � !h} A 	 ( $�\3q'TVbfTVUWTez�\f^/nmXWdlXlcli3\.1HdWXl`0n-^acli

λ
\.1�dlXl`0nl^]cli3X[Z�X[Z�z�^0t

Uh^]cWcWT+*pi_z�k[nmXhbfg $ 1�} ��i?`a\fT.,VT $ c51�^/@_\fT_n-c51�kWUlX�v'T $ XWb_`�jwTeq'Tfn-T Ao#at 
 ��� Z]cli�dW^aclX[j
XW`8veT $ chT-6/TpXWcWbf^ 6aUliunmi

N
}

�?c-ion-T+6sXldlc'1�^HUW^/Zsgon (�buiub.1 kWTfnlghdh^ac51 X�klUWX $ U[g06sX[vw\VX $ i�vrcW^/nmXWcW^ *lchTe`/b_X�� ��X[t
`0ghcWTVq !W}
	 `/T_TVb_\f^ab_`/b_\fgV^sb cW^/nmXWcW^ *lchTe`/b_X

f(u) = u[(l + 0, 1u)/(1 + 0, 5u)]
( $Ei

boi_q /r^ kWUlX�UW^���^acWXlX $ \ugWz�^aUWcWT+*�Z�i $ i�dWX�} �%$ c-ifq'Tx\ $ \fgWz�^aUlchT'z `0nWghd-iu^x� UW^0t
Zsgon (�buiub.1 XlcWbf^ 6sUlXWUWTV\eifclX[j ghUli_\_cW^acWXhj�� !h} A]!+(L`

f(u) = u1/2 klUW^ $ `sboi_\un-^ac'1 c-i
� ��Xl`0ghcWq'^�!h} # (H\_UW^]z�j ;a\_Tfn): &WXlX%cli_`/bfT_n (Vq'T�\_TfZ]U-if`/buiu^abC� `6gWz�^ac'(/�Y^aclXW^]z�dlXW`0n)i
`/TfnmXWbfTVcWTV\�k-i $ iu^sbp\f^]UhT�jWbVchTe`/b.(�X�vy\uZoifX-z�T $ ^ *l`/b_\VX[jyz�^ / $ g�`/T+,_T-*�( $ldhb_T�Z�i $ i�dli
$ Te`/b_X0/�^aclX[jY^ $ XlcW`sb_\f^aclcWT+6/T?`/T_n-XWbfTecli
`/buifcWTV\VXhbV`8j�\_^a`2(VzEi�`0n-T@/�chT-* $ nWjYdlXW`0n-^ac[t
chT-6/T z�T $ ^/n-XlUWTV\Vi_cWXhj�}���i�dW^a`/b_\_^acWc-ioj"/�^Cq[i_UhbVXWc-i ;a\_Tfn): &WXlX bfghU0,_g�n-^acWb_cWTV`/b_X
q[ifq�z 1�\VX $ X-z $'`/TV\Vkli $ if^sb�`HTekWXl`ai_cWcWT+*�\+1 ��^V} � nl^ $ ge^sb�T_bVz�^ab_Xhb+(�$[dWbfTYklUWX Uli_` t
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`az�TVb_Uh^]cWXlX ;a\fT_n : &lXWXQbfghU0,_g�n-^acWb_cWTV`/b_X z 1 cW^�T+,Vc-ifUhgB/pXhnmX cWX�T $ chT-6/T2`/nWghd-ioj
gh\f^/nmXldh^aclXhj�dlXW`0n)iy`sTfnmXhbfTechTe\3XhZ/t Z�i $ UhT+,fn-^aclX[j `/TfnmXWbfTVc-i�kWT $ $ ^ *l`/b_\VXh^]z�`0n)i�t
,_Tech^/nmXlch^ *lc51|vy\fTfnmc�$-dhbfT 6/TV\_TVUlXhbpT�`/buiubVXW`/bVXWdW^a`sq'T-*3cW^sT.,eUlifb_X-z�TV`/bVX�klUhT-&h^a`a`aih}
/�i_q'T_^ kWTV\_^ $ ^acWXW^ `/T-68n)if`/gV^sb_`�j�` Uli_`sdh^aboiVz�X �"#�� $�\3q'T_bfTeU'1�v ,-1�n-T3T+,Vc-ifUhgB/�^acWT $
dhb_T $ nlj $ UWT.,_nl^]cWXhjy`/TfnmXhb_TVc-iwZ]\ughq'Te\fT-*�\fTfnmcWT+*yklUWX[veT $ XhbV`8j ,eUlifb.(p`skW^ &WX-ion)(_cWT
khT $ T.,eUli_cWc51?*yZ]\ughq'Te\fT+*�k-ifq'^ab ,_Tfn)(���T+*yiVz�k[nmXWbug $ 1L}

� � ��� � 	 ��� �� ����
����

5?boi_q�$_\?kWUWT+&W^a`s`s^ ;a\fT_n : &lXWX $ Tfn)6/T@/�XW\fg	&Y^ *w`/TfnmXWbfTVclchT-*wbughU0,_gonl^acWb_cWTV`/bVX�ch^]XWc[t
bf^ 6sUlXlU[ge^]z�iojy`sXl`/bf^�z�i�kWUlX',fnmX /wif^sb_`�j3qy`/Te`/bfT�jlclX5: `/T_n-XWbfTecWcWT+6/T 60ioZoi	$ldhb_T khT_Z/t
\fT_nWjl^sb�`sdWXWbuiub.( ;abfT `/Te`/bfT�jlclXh^Q`/buiub_Xl`/b_XldW^a`sqlXlz ifbfb_U-ifqWbfTVUWTez�} ,*b_T_b UW^/Zsgon)(ot
boifb�kWTfnlghdh^ac b_UW^]z�j�`skhTe`/T.,'i_z�X43�ifc-ionmXWb_XWdW^a`sqlX�\7,fnmXhZ]X U-if\VchTe\f^a`achT-6/TY`/TV`sbfT�jlclX[j
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� � � ��	Y�����A� ����	�� ���A	�� � �2� �Q���w�
��	�� � � �
�y� ���L� �1�
��� ����� ������� � ��� � ��������� � � � 	�	�� � � � �?�������H� �)� �
�65�� � M?I��HM RYB�=?>��H<�=�� ����>���BP>*<�:F=�: � � ��M?O�BHI�> �YO

MAI�:���>*BP>?D�D 	 I*B ��D�>AG�BHI�: < ��=F=|:ER ��D���:K>?D�BPO

� � � ��� � ����� �"
#���

9�`0nmX ,_^/Z $ Xl`s`sXlklifb_Xl\_c-ioj `sXW`sbf^]z�i�`/T]vWUli_c[jl^sb<,VTfn)(��Y^ dh^]z T $ Xlc�XlcWbf^ 6sU-ion $ \_X[t
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H = H2 +H4
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∑

k

ωkψ
∗
kψk, H4=

∑

k1k2k3k4

λk1k2k3k4
ψ∗
k1
ψ∗
k2
ψk3

ψk4
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∑
k |ψk|2
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λk1k2k3k4
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} �Lnlj z�iunlT-6/T�ghUhTe\_chj cW^/n-XlcW^ *WcWTV`sb_X
H4 �

H2
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n-XldlXh^ $ \fg'v2XWcWbf^ 6aUliunlTe\ $ \_X0/�^aclXhj�$JqW\ei $ Ulifb_XWdlc51|v;khT�\fT_n-cWTV\+1Hzxi_z�khn-XWbug $ i_z



� � � ��	Y�����A� ����	�� ���A	�� � �2� �Q���w�
��	�� � � �
�y� ���L� �1�
��� ����� ������� � ��� � ��������� � � � 	�	�� � � � �?�������H� � ���
�K\�klUh^]ch^2,eUh^2/�^aclXWX�\_qhn)i $ Tez

H4
\Q�[i_z�Xhn)(]b_TVclXli_c�( $FkWUlXW\_T $ XWb q `0g	&�^a`/b_\_TV\ei�t

cWX5: $ \fg'v�q[i_`sq[i $ TV\ $FklUej-z�T+6/T q[if`aq[i $ i ;]ch^aU56sXlX�$*X�T+,VU-iub_cWT+6sT q[if`sq[i $ i�dlXW`0n)i
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\�T+,fn)if`/bVX�T+,VU-iub_cWT+6sT1q[i_`sq[i $ i � A.- 	 � }��F^/Z]U-ioZoz�^aUlc'1 *�k-ifU-i_z�^abf^aUQch^sn-Xlch^ *WcWTV`/bVX

λ|ak|2k2/ωk = λ|ak|2
gh\_^/nmXWdlXW\eiu^sbV`8j�` $ nmXlchT-*�\_Tfnmc'1 $�buifq�dWbfTwbughU0,_gonl^acWb_cWTV`/b+(
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`sXhn (Vcliuj�qWUhghklchT'z�if` ��boi7,Vc-ioj�bughU0,_gonl^acWb_cWTV`/b+(3`/Te`0g	&Y^]`/b_\uge^sby`�z�^/nmq'TezEif` ��boi7,ut
chT-*y`0n)i�,VT+*�bughU',fgon-^acWb_chTe`/b.(+:Y}

; $ ^a`2( $ $ iunl^a^%$�U-if`s`azEiub_UlXW\eiu^sbV`8j $ ^ ��TVqhge`aXWUhg0:'&�X5*�`0nlghdli.*~}BCKUli_\_cW^acWXW^�� !h}�
BA (
`
λ < 0

$lX[nmX�ghU-if\Vch^aclXW^Y�~UWTV`a`ai�t KXhbuiu^a\V`sq'T+6sTrXl`skhT_n (fZsgV^ab_`8j $ nWj�TekWXl`aifclXhj�`0nmiot
,_T�\uZoifX-z�T $ ^ *l`/b_\fg0:'&Y^ 6sT �*TfZa^0t 60ioZ�i X��FTfZ]^0t�q'Tec $ ^acl`aiubui � 	 ��}?�FTfn)(���T_^Qq'Tfnln-X[t
dh^]`/b_\fT�nmXhbf^]UlifbughU'1 khTe`s\uj &Y^acWT�`s\_T+*l`/b_\ei_z d-if`sb_c'1�v�UW^���^acWX5*�X�Uli_\_cWTV\_^a`scWT+*
`/buiub_Xl`/b_Xlq'^���X ��ioZ]TV\.1Pz�kW^aUW^0veT $ i_z (�\>;sbfT-* z�T $ ^sn-Xx� `az�}Nc-ifklUWX-z�^aU�$ � - 2�$N! 	 ��(�}
�?^aUli_\_cWTV\_^a`sc-iojwqlXlch^sbVXWq[i��FTfZa^/t�q'Tec $ ^acl`ai7&lXWXpz�T@/�^ab�,+1�b+(6kWUlXlz�^ach^]cli�\6`s\fjhZ]Xp`
;aq�`skW^aUlXlz�^]chbui_z�X2`Yifcl`aiVz ,fnlj-z�X1iub_Tez�Te\ klUWX1`s\_^aUVvWcWXhZ]qlX�v�b_^]z�kW^aUlifbughU-i�v � Aa!/2�� }
� `sXhn)(_cWT+* bughU',fgon-^acWb_chTe`/b_X \1UliVz�q[i�v�ghUli_\_cW^acWXhj�� !h} 
 A (�z�T+60g[b1T $ cWTV\VUh^�z�^aclchT
kWUlXl`0g[b_`/b_\_TV\eiub.(�X q'TVc $ ^acW`]iub $�X �KTechTec'1 $�X g $ ifUlc'1�^�\fTfnmc51 $�X b47]z�c51�^y`/T_n-X[t
bfTVc51�X3qW\eifcWbfTV\+1�^Y\_X[vWUlX~}�/�ifq[iuj�`0n-T /�cWTV`/b+(�$-bf^�z�ch^Yz�^acW^s^%$lcW^6khT $ UliuZsgWz�^a\eiu^sb
ch^]\fTfZoz�T@/pc51Hz `0g	&Y^a`sb_\fTe\VifclXW^�ghcWXl\f^]UW`aiun (VchT-6/T�`aq0; *hnmXWc56 i $ nWj�q'TVUlUh^snWj &WXWTVc[t
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:<3658= � ��(F\ � 242 � }G; $ ^a` (�/�^6U-if`s`]z�iub_UlXl\Viu^ab_`8j $ \ugWz�^]UWc-ioj�bughU',fgon-^achbVchTe`/b.(�$)\fTfZ ,fg't
/ $ if^]z�iojyXl`/bfTedWclXWq'T'z \rT+,fn)if`/bVXykWUWTez�^ /�g[bfTVdlc'1�v3z�if` ��boi7,_Te\�$WX�`?Z�ifbug'v�i_cWXW^]z
`?T+,fn)if`/b_X3z�ion)1|vyz�if` ��boi7,_Te\W}G;~iubug'v[ifclX[jy\�qWUhghklc'1�vyz�i_` �Ybui�,'i�v�ch^sbo} ?Tp`0g[b_X�$
Uli_`s`az�ifb_UlXW\ei7:
b_`�j $ \ei�\fTekWUWTV`ai'3

• �*TfZ�z�T@/�cWT nmX;kWTfnlghdlXhb.(�`/boi.&WXWTVc-ifUlcWT_^�`/Te`/bfT�jlclXh^�q%T+,fn)if`/b_X�q'TVcW^adlc'1�v
k

,_^/Z $ Xl`s`sXlkli.&WXlX�\�T+,fn)if`/bVXyqWUhghklc'1�v2z�if` ��boi7,_Te\��

• ��i_q�T.,VU-ioZagV^sb_`�jyq'TVc $ ^]cW`aifb��

�Eg $ ^sb�kWTVq[ioZoifcWT $mdWbfT ;ab_X $ \Vi�\fTVklUWTV`ai�b_^a`scWT `s\ujWZ�ifc51 3 �Knlghqhbug�i7&lXWX%klUlX
k 6=

0
z�T-60g[b=,+1�b.(�`/bui7&lXhTecli_UWc51Hz�X�$ b_Tfn)(_q'Ty\�klUWXl`0g[b_`/bV\_XlX�U-if`/bfg	&Y^ 6/Tyq'Tec $ ^acl`aiubui
kWUlX

k = 0
}
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�
 � ��� �*� ���"�#� �!��
��

��nWjxdlXl`0nl^]cWcWT+6/T XWcWbf^ 6sUlXlUhTe\VifclXhj ghU-if\_cW^aclX[j � !h} 
 A (�`
λ = −1

$�,+1�n{klUWX-z�^0t
cN7]c z�^sbfT $ $FTVklXW`ai_cWc51?*x\ � A.- 	 ��} �|`/^3\eifUlXli_chb.1 z�T $ ^sn-XlUhTe\Vi_cWXhj ,+1�nmX \+1�kWTfnWt
ch^]c'1 \2T.,_nmi_`/b_X

2π × 2π
} � q[i]dW^a`/bV\f^�cli�d-ion)(_c51|v $ i_cWc51|v ,+1�n \.1�,eUli_c � ql\Vi�t

Z]X � U-if\_cWTV\_^a`sc51?*�`skW^aqWb_U

nk = T/(k2 + µ)
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T = 0.01

X
µ = 1/12

} �Ki�d-ion)(_c51�^ ��ioZ 1�\_Tfnmc ,-1�nmX�`0nlghdli.*Wc51�} �Ab_T.,+1�khT_nWg't
dWXWb.(pbfghU0,_g�n-^acWb_c51?*2Uh^ /�X-z $-\wghU-if\_cW^aclXh^	,-1�nmX $ T.,ei_\un-^ac51 cli_q[i]dlq[i

γp(k) = α
√

(k2 − k2
l )(k

2
r − k2) at kl < k < kr

= 0 otherwise .

X�Z�ifbug'v�i_cWXW^6\�z�ion)1|v
k

γd(k) = 0.5k2h(k/kd) ,

h(x) =
1

6x5
exp[5(1 − x−2)] , x ≤ 1 ,

h(x) = 1 − 5

6
exp[1/2(1− x2)] , x > 1 .

��1�,VTVU
γd
,-1�n ` $ ^/nmi_c�kWTav'T@/pX-z�cli�Zoiubug'v[ifclXh^ �Yifc $ iagp\�k[n)ioZ�z�^/@fveT_b]j q'TVclqlUh^sbut

c'1 *y\_X $
h(x)

cW^6\Vi�/�^ac�$Wn-X��!( ,-1
h(x) → 0

kWUlX ,VTfn)(���X[v
x
}

��i ��Xl`0ghclq[i�v !h} ��X�!h} -CklUW^ $ `sboi_\un-^ac'1 Uh^/Zag�n)(�boifb.1 $ nWj \eifUlXli_chbui c-iQ`/^sb_q'^

128×128
`
α = 0.05, kl = 28, kr = 32

� gWz�^aUW^acWc-iojYc-ifq[i�dlq[i+(�}45AZ ��XW`/ghcWq[iA!W}"�Y� ��(
\_X $ cWT $ dhbfT1q'TVc $ ^acW`]iub�kWT�jl\unljW^ab_`8j�khTe`0nl^

t ' 10
X�\�q'Tec'&W^ q'Tec'&WTV\3khTed[nmX�\V`/^

\fT_n-c51 ��ql\Vi_chb+1 $�d-if`/b_X5&51)(PTeq[ioZ 1H\Vi.:
b_`8jC\�q'TVc $ ^acW`]iubf^V} ; $ ^a`2(
N0
\.1HdWXl`0nljhnm`8j

ge`sUW^ $ ch^]cWXW^]z
ψ
kWT�\V`/^ *pT+,fn)if`/b_X�$'bo} ^V}-;sbui6\_^/n-XldlXWc-iYklUh^ $ `/buif\fnWjl^sbYq'T+6s^aUh^]chb_c51?*

q'TVc $ ^]cW`aifb�}|�ATeUWcW^a\_T+* UW^ /�X-z $
N0 ∝

√
t
cli�dlXWc-iu^ab_`8j $�q'T-6 $ iCdlXW`/nlT�qW\eifcWbfTV\�\

q'TVc $ ^]cW`aifbf^�khTedhbVXr`sU-if\VcWXl\Vif^sb_`�j�`|khT_n-c51Hz1dlXW`/nlT'z1qW\eifcWbfTV\l}W� kWUlX
t ≈ 70

(�q'T-6 $ i
q'TVUlUh^snWj &WXWTVclc'1 *2zEif` ��boi7,

r0 ' N
−1/2
0

`aUli_\_clXW\eiu^sb_`�j�` $ XW`s`aXWk-i7&lXhTecWc51Hz�} ��nWj
v�i_Uli_qhbf^]UWXl`/b_XlqWX \_cW^0t�q'Tec $ ^acl`aiubVc'1�v �?nlghqWbug'i.&WX5* `/b_UWTVXhnmXW`2(1q'TeUWUW^/nlj5&lXhTecWc51�^
�?ghclq5&WXlX

Si(r) = 〈|ψ(x + r) − ψ(x)|i〉.
CF`sUW^ $ ch^aclXW^2klUhTeX[Z�\fT $ Xhn-TV`2( kWT

x
X \_UW^]z�^]cWX�� kWT ch^]`sq'Tfn)(_qlXlz ,V^/Z]U-ioZ�z�^]UWc51Hz
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t ' 100

X[Zoz�^acW^acWXhj
Si
gB/�^PcW^H\VX $ c51�cli ��Xl`0ghclq'^
!W}"�+(�} ,*bfT6`/TVT_b_\_^sb_`/bV\ugV^ab�`akh^aqWb_Uhg

nk ∝

k−2 }

��nlj�b_T+6/T $WdWbfT+,+1 TekWUW^ $ ^/n-XWb.(�c-if`aq'Tfn)(_q'Tp\_cW^0t q'TVc $ ^acl`aifb_c'1�^ �?nlghqhbfg'i7&lXlXyT_but
q[n-TVchj5:
bV`8j TVb���iage`s`sTV\fT-*Q`/boifb_Xl`/b_XlqWX�z 1 \+1�dlXW`0nljhnmX cWTVU-z�XlUhTe\Vi_cWc51�^�q'TVUlUW^0t
nWj &WXWTVclc51�^ �Kghclq'&lXWX 	ft 6sT%� ����365 � 9 � � ��(

S4/S
2
2

� $ Tfn5/pc-i ,+1�b.(�Uli_\_c-i 
 $ nljC�[isg'` t
`/TV\_T+*y`sboifb_XW`sb_XWqlX�(PX2�ot 6sT

S6/S
3
2

� $ Tfn5/�cli ,+1�b.( U-if\Vcli 0 $ nlj%�[isg'`s`/Te\fT+*�`/boifb_X[t
`/b_XlqWX�(�kWTVUej $ q'Te\W} ��� � 365 � 9 � � � U-if`sbf^sb $ T�\_UW^]z�^aclX

t ≈ 55
� q'T-6 $ i TVb_cWTV`sXWbf^/n)(ot

c'1 * UhTe`/bxq'Tec $ ^acl`aiubui�cli_`21 &wiu^sbV`8j( $�i�Zoiubf^]z ����365 � 9 � � ��gWz�^]c'(/�riu^ab_`8j } ��� � 365 t
��9 � � � kWTVdWb_X T $ XWc-ifq'Te\Vi%c-iC\V`/^0v z�if`��Ybui�,eiov kWUlX

r > r0
$ 6 $ ^yq'TVUlUW^/nWj &WXWTVclc-ioj

$ nmXlcli
r0 ' N

−1/2
0

gWz�^ac'(/�rif^sb_`�j�`/T�\VUh^�z�^acW^]z�}

� boi.&WXWTVc-ifUlc'1 *�`skW^aqhbVU�t�`0g	&Y^]`/b_\f^]cWcWTrifclXhZaT_b_UWTVkW^ac�$hcW^a`az�T_b_Uej c-i6b_T $[dWbfT�cliot
q[i�dWq[iHX[Z]T_b_UWTVklcliW} �?cWXhZaTVb_UhTekWXhj�U-if`/b17ab
`EgWz�^ac5(���^aclXh^]z

k �

`az�} ��Xl`0ghchTeq�!h} -h� 3+(�}
� bVz�^sb_X-z $Ndhb_TC\3U-i_z�q[iov�bf^sTeUWXlX `0n)i�,VT+*�bughU',fgonl^]chb_cWTV`sb_X qlU[ghklcWTez�i_` �Ybui�,ec'1 *
Uli_\_cWTV\_^a`sc51?*�`skW^aqWb_U�g'`/bfT+*ldlXW\�kWTpT_bVchT �Y^aclX': q�g06�n-TV\.1Pz \_TfZ�z�g	&Y^aclX[jmz � Aa� -�� }
��ifUhg��Y^aclXh^�`sX-z�z�^sbVUWXlX /�^p\�U-if`s`]z�iub_UlXl\Viu^�z�Tez�`0nlghdlif^�z�T@/�^sb=,+1�b.(�T+,fge`/nlTe\ot
nl^]chTpcW^/n-XlcW^ *Wc51Hz�X ; � �K^]qhbui_z�X ��boi_qWX-z�X�q[i_q�T.,eUliuZaTV\eifclXh^�qlXWclq'TV\ (

�

`az�}hbuifq[t
/�^ ��Xl`0ghchTeqy!h} 0h} ��Xl`0ghcWqlX�!W}:-YXy!h} 0 $ ^]z�TVcl`/b_UlXlU[g0:
b $-dhbfT�X-z�^s^ab_`8j $ \Viw\uZ�i_Xlz�chT
kh^]UWkW^ac $ Xlq[gonljlUlc'1�v�c-ifklUli_\un-^aclX[j $-��T $ cWT6kWUlX ' 30o

(N`�c-ifX',_Tfn)(��rXlz�X�cli_Xlz�^ac'(ut
��X-z ghUhTe\_chj-z�X �?nlghqhbfg'i7&lX5*~} ?Tykh^aUl\fT'z�g%cli_kWU-if\fnl^aclX5: `skh^]qhb_U�klUli_qhb_XldW^a`sqlX
k[n-TV`aqWX5* \ z�iun 1�v

k
$|i;Z�iub_^]z `skli $ if^sb kWUlX',fnmX[Z]XWbf^/n)(_cWT q[i_q

k−3 $|dhb_T z�T@/�^sb
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32×32
`
α =

0.05, kl = 6, kr = 10 �

`az�} ��Xl`0ghchTeq�!W} 2W} � bVz�^sb_X-z $ dWbfT�kli_UliVz�^sb_U ch^/nmXlch^ *lcWTV`/b_X

H4/H2
,+1�n c-i_z�cWT+6sT ,_T_n (/�Y^ A3q'T+6 $ i �?nlghqWbug'i.&WXlX ,+1�n-X�`/bui7&lXWTVc-ifUlc'1 $E\;bfT

\_UW^]z�j%q[ifq%TVb_cWT/�Y^]cWXW^
N2/2SH

�
S = 4π2 k[n-T%&wi $ (�T.,fn)if`sb_X (PTe`/buif\ViunlTe`2(�khTft

Uej $ q[i A $Vboi_q�dWbfT�q'TVc $ ^acW`]iub $ i17sb�68n)if\Vc'1 *�\_qhn)i $ q[i_qp\	;ach^]U'6sX5: $Vboi_q�X�\�dlXW`0n-T
qW\eifcWbfTV\l} ��i ��Xl`0ghclq'^�!W} 2 � > (YkWUW^ $ `/buif\un-^ac-i 6sXl`/bfT-6sUliVz�z�i �KnWghqWbug�i7&lX'*�dlXW`0n)i
qW\eifcWbfTV\ \_cW^�q'Tec $ ^acl`aiubuih} � boifb_Xl`/b_Xlq[i�\_cW^aq'Tec $ ^acl`aiub_c51|v �KnWghqWbug�i7&lX'*1klUWX-z�^aU[t
chTw�[iage`s`/Te\ViLc-i�,_Tfn)(��rX�v�\_UW^]z�^]cliov�$Vq[i_q ;sb_T�\_X $ cWTYXhZ ��XW`/ghcWq'Te\�!h} �l� ��(�X !W}"�l� > ( $
veTVbaj�UW^ /�Xlz t*`aX[n)(_cWT_bughU',fgon-^acWb_c'1 *~}

��1�n�kWTV`sdlXWboi_c�^ & 7PT $ XWc \Vi_UWX-ifcWb�� Z $ ^]`2(6ch^AklUh^ $ `/buif\fnl^]c�( $�\6q'TVbfTVUWTez iVz�khn-X[t
bug $ i�cli_q[i]dlqlX ,+1�nmi�\ $ ^a`�jWb+(pUliuZ	,VTfn)(���^V} KUWX�buifqlX[v /�^6\_UW^]z�^ac-i�v�z�T $ ^sn-XlUhTft
\Vi_cWXhj�$

t ' 400
$uz 1 cW^�T.,ecli_U[gB/�Xhn-X�clXWq[i_qWX[vrkWUlXhZ]cli_q'TV\�Uli_`/bug	&Y^ 6/TKq'TVc $ ^acW`]iubui

X%`/bui7&lXhTecli_UWc51|v �?nlghqWbug'i_qWX5*;klUWX;q'TVcW^adWc51|v
k
} ; $ ^a`2(�z�T@/�chT�klUh^ $ kWTfn-T@/pXWb.( $

dhb_TLc-ifq[i�dlq[i?`sc-i�dliunmiKkWUlXW\_T $ XWbLqw`0n)i�,VT_bughU',fgon-^achbVchT'z�gwUW^ /�Xlz�g+$oZ�ifbf^]z%q'Tec $ ^ac[t
`aiub�X-z�^s^sb�\_UW^]z�j $)dWbfT.,-1 UliuZ]\_XWb.(_`�j�$~i Z�iub_^]z U-if`/bfg	&�X5*Cq'TVc $ ^]cW`aifb�\+1�kWTfnmc[jl^sb
UhT_n ( �0`/bfTeq[i � klUlX

k 6= 0
} � `0nmX���q'Tez `sXhn)(_c-ioj�c-ifq[i�dWq[i�kWUlXW\_T $ XWb q�cW^a`/bui�,eX[nmX[t
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Z]XlU[ge^]z�T+*�bfghU0,_g�n-^acWb_cWTV`/b_X1\pz�iun 1Pz ghUWTV\Vch^�z q'Tec $ ^acl`aiubuih}

� nl^ $ g0:'&�X5* \eifUlXli_chb $|q[i�dh^a`sb_\f^aclcWT�TVbanmXldli.:'&�X5*W`�j T_b klUh^ $ `/buif\fnl^]cWcWT+6/T c-i
��Xl`0ghclq[i�v !h}"��$�!h} -yX !h} 0	$�\%q'T_bfTeUhT'z cli_q[i�dWq[i%c-i�v'T $ Xhnmi_`2( $ ion)(��Y^�T_b;T.,fn)if`sb_X
cli_q[i�dWqlX~} ��i ��Xl`0ghclq[i�v�!W} A � X !W} A+A�klUh^ $ `/buif\fnl^]c'1 $ ifclc'1�^Cz�T $ ^/nmXlUhTe\VifclXhj�`

α = 0.068, kl = 13, kr = 17
}��enmi_\_c-ioj U-ioZ]clX5&li1\CkWTfn-T@/�^aclXWX cli_q[i�dWqlX�$�q'TVbfTut

Uliuj2b_^akh^]U'(�c-i�veT $ XhbV`8jCklUWX
kp = 15

} ��i�d-ion)(_c51�^Yg'`0n-TV\_Xhj%X�Zoiubug'v[ifclXh^�t�boi_qWXW^
/�^%$mq[i_q3c-i ��XW`0ghclq'^r!W}"�h} /�ifq0/�^�q[i_q3X3\ `0nlghd-iu^Y`sXhn (VchT-*3c-ifq[i�dlqWX�$m`/bui7&lXWTVc-ifU[t
chTV^2`sTV`/bfT�j-cWXW^3\Qq'TVcW^adlc'1�v

k
ch^1c-i�,fn): $ iu^ab_`8j�� U-if`sdW^sb.1 \_^/nmXW`2( $ T

t ' 70
(�}

?TfnmchTV^ydWXl`0n-T�ql\Vi_chbfTe\�U-if`sbf^sb ;]q�`skhTech^]c'&lXliun (VchT $ T
t ≈ 2

$�Z�ifbf^]z c-if`/bfghklif^sb
kWUWTez�^ /�g[bfTVdlcliuj `/bui $ X[j UWTV`sboi

N ∼ t2
}H5{c-ifq'Tech^ & kWUlX

t ' 50
$_UWTV`/b

N(t)
\.1|v'Tut

$ XWb c-iwnmXWcW^ *lc'1 *�kWT \_UW^]z�^aclX
N ∼ t

} �KXl`0n)irZ�ifkWTfnmch^]cWXhj
nk
Uli_`/bug[b \�T.,fn)if`sb_X

z�ion)1|v
k
X `/bui�,eX[nmX[Z�XWUhg0:
b_`�j \1T.,_nmi_`/b_X c-ifq[i�dlqWX�$�`skW^aqWb_U `sk-i $ iu^ab�,-1�`/bVUh^s^y`

khTeq[ioZ�ifbf^/n-^]z�`/bf^]kh^aclX2kWUlXlz�^aUWcWT
4.5
c-i�\VUh^]z�^acliov

t = 44
}�� bf^adW^acWXW^�;sb_T+*1kWUWTut

z�^ /�g[bfTedWcWT+*y`sboi $ XlX�q'TVc $ ^]cW`aifb�zEion�$h`az�} ��XW`0ghcWTVqy!W} A � � 3+(�} 5�b_Tfn)(_q'T�kWTV`0n-^
t >

50
$uq'Tec $ ^acl`aiubLcli�dlXWc-iu^ab�U-if`/b_X�$_T_b_cWT/��^acWXW^

N0/N
�KnWghqWbughXlU[ge^sb�TVq'Tfn-T

1/3
} ,*bfT

Z]c-i]dlXWb $'dWbfT�`sUW^ $ ch^s^PZ]c-i�dh^]cWXW^
ψ̄
z�iunlT $'X�\�bfT@/�^K\VUh^]z�jp\_^/nmXWdlXWc-i |ψ(r)|2 khTedhbVX

khTe`/bfT�jlclc-i%\%kWUWTV`sb_Uli_cW`sb_\f^%$E`az�} ��Xl`0ghclqWX�!h} A � � ��(YX !h} A+A_} �?T%^a`/b+(Cch^]`sq'Tfn)(_q'T
68nlg ,_TeqWX[v3z�XlcWX-z�gWz�Te\pg |ψ|2(r) � q[ifq2\_X $ chT�X[Z ��XW`0ghclq[i !W} A � � ��(�klUWX

x ≈ 2.1
(�}

,*bfTVb�z�XlcWX-z�gWz $o`sT_T_bV\f^sb_`sb_\ug[b?b_^]z�cWTez�g6`/TfnmXWbfTVchg+$oXhn-Xr\_X[vWU':Y}
ψ̄
\%,_T_n (/��XlcW`/bV\f^

khTe`sdlXhbuifclc'1�v1\eifUlXli_chbfTe\�khT]veT@/�X%c-i�bfT $ dWbfT�c-i ��XW`0ghclq'^w!W} A+A�� `sU-if\_clXWbf^w` ��X[t
`0ghclq'TezQ!h} 0 $ nlj�gWz�^aUW^aclchT-*�c-ifq[i�dWqlX�(�}��?TVUWT/��TY\.1 $ c51 `/b_UhghqWbughU'1xb_Xlkli�qWXlclq'TV\
cli?kWUWT �LX[nlj[v��A9

Ψ
X�� :

ψ
\AbfTL\_UW^]z�j�q[ifq |ψ| t khTedhb_Xwq'TVcl`/buifcWboiW} /NT_b ��ifqWb $_dhb_T

�?nlghqWbug'i.&WXlX |ψ(r)|2 \rkWUWTV`/bVUli_cW`/bV\f^�z�iun 1 $'T_bVUli�/wiu^sbV`8j�boi_q /r^KX c-i6kWTV\_^ $ ^]cWXlX
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T_b_cWT/��^aclX[j

N2/2SH
} � chT3kWUlX0,_n-X0/wif^sb_`�j�q A%$�boi_q /r^ q[ifqCX $ nlj�\eifUlXli_chbuiyc-i

��Xl`0ghclq'^6!W} 2y� ��(�}

� � � � � 	 ��� �� ����
����

� Z�i_q[n):Adh^]cWXW^KTVbVz�^sb_X-z $Wcli7,fn): $ ion-TV`2( $ \f^Kq[i�dW^a`/b_\_^acWcWT�UliuZsn-Xldlc'1�v�q'Tez�kWTVcW^ac[t
b.1 \%bfghU0,_g�n-^acWb_cWTV`/b_X�cW^aU-if\_cWTV\_^a`scWT+6/T��*TfZa^0t q'TVc $ ^acW`]iubuih} C�z�^aUW^aclcliuj cli_q[i]dlq[i
kWUlXl\fT $ XWb

• q�`0nmi7,_TVbughU0,_gonl^acWb_cWTez�gyUW^ /�Xlz�g�\wT+,fn)if`/b_X3cli_q[i�dWqlX�$

• T+,VU-iub_c51?*�q[i_`sq[i $ kWUWTVXhZ]\_T $ XWb�nmXWcW^ *lchT
U-if`/bug	&rX'*�q'Tec $ ^acl`aiub $sq'T_b_TVU51?*�`/bui�t
,VXhn-XhZ]XlU[ge^sb�\_cW^0t q'TVc $ ^]cW`aifb_c51�^ �Knlghqhbug�i7&lXWX�$hb�} ^e}�`0nlgB/pXWb�`/bfTVq'T'z \YbfghU0,_g't
nl^acWb_cWTV`/bVX�$mq'TVbfTVU-ioj�`sboi.&WXWTVc-ifUlcli�kWUlX�\V`/^0v

k 6= 0
}

�YUhg06sXh^1UW^ /�Xlz 1 $|kWUlX `aX[n)(_cWT+* c-ifq[i�dlq'^%$�6 $ ^1cli_Uej $ g�`2UhTe`/bfT'z q'Tec $ ^acl`aiubui
Uli_`/bug[b�Xy\V`/^LTV`/buion)(_c51�^ 86ghU'(_^0t 6 i_Ulz�TecWXlqlXyb_UW^2,fge^sb $ ion)(_cW^ * ��^ 6/TpXhZsghdh^]cWXhj�}

�65 � �%B�MN<�= �! �S�D ���P<�=�� D <�:KO<��� � ��M�<�DLI���� ��: < ��R�D|=��Y>���� �

< � ��DLG �����YO � ��=�� �~B

� UliVz�q[i�v�T.,VT.,%&�^aclchT-6/T $ \fgWz�^aUlchT-6/T�ghUli_\_cW^aclX[j1�F^]c $ /wi_z�XWc-i�t � chT i_cliun-XWb_Xldh^/t
`sqlX�X�dlXl`0nl^]cWcWT kWTVq[ioZoifcWT $-dWbfT \pklUh^ $ ^/n-^�z�iunlT-*�\ujWZ]q'TV`sb_X�cW^/ge`sbfT+*ldWXl\fTe`/b.(pT $ t
chT'z�^aUlc'1�v $ nmXWclcWTV\fT_n-cWTV\+1|v�`sTfnmXhbfTechTe\ \ kWT+6aUli_cWXldWcWTez `0nlTV^%kWUlXW\_T $ XWb q�X�v
`ai_z�T ��TVqhge`sXlUhTe\_q'^6X2q'Tfnlnmi_kW`0g'}��Ki.* $ ^ac-i�bfTedWc-ioj1\f^aUVvWchjhj>6aUli_cWX5&li $ nlj3kWTfnmchT-*
;acW^aU'6aXWX�\_TfZ�z�g	&�^aclX'*�$hq'T-6 $ iwq'Tfnlnmi_kW`L\_`s^�^ &�^�cW^a\fT_Z�z�T@/�^ac�X�q'T+6 $ iYn :%,VT_^6\fT_Z/t
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z�g	&Y^]cWXW^Pi_`sXlz�khbfTVb_Xldh^a`aqWX�Xl`sdW^/Z�if^sb�`Hbf^adW^aclXh^]z�\_UW^]z�^]cWX�} /N^sTeUh^sbVXWdW^a`sqlXh^PkWUW^ $ t
`sq[ioZoifclX[jyc-i�veT $ jWb_`�jy\pq[i�dh^a`sb_\f^aclcWTez `/T+6�n)if`sXlX�` ;]q�`skh^]UWX-z�^acWboiVz�X � 
�
���}

� � � ��� ���� ��� � �����#� �

��ch^sn-Xlch^ *WcWT+*pifqhge`sb_XWq'^PXlz�^s^sb_`�jwifc-ion-T+6�`ai_z�T �KTeq[g'`sXlUhTe\_qlXr`s\_^sbuih}+,|bfT�q'Tfnlnmi_kW`
ifqhge`/bVXWdW^a`sqlX�v \fT_n-c `3kWTfn-T@/pXWbf^/n)(_cWT+* $ XW`skW^aUl`sXW^ * � 
/-��?q'T_bfTeU'1 *xz�T@/�cWT Uli_` t
`az�ifb_UWXl\Vifb.(Pq[ifq�ch^sn-Xlch^ *Wc-ioj�`/boi $ Xhj6ch^/g'`/bfT-*WdlXW\_TV`/bVXY��i $ T'z &h^]\Vi�t ?^sb_\VXli���\_XhnmX
� �  (�T $ cWTez�^aUlcWT+6/TK`sTfnmXhbfTecli � 
 � � } �;TVbanmXWdlXW^�T_bK`]i_z�T �KTeq[g'`sXWUWTV\VqWXw`s\_^sboi�$uz�^0v[i�t
cWXhZ�zC� 
t�cW^/ge`sbfT+*ldWXl\fTe`/b_XwX�$o`/nl^ $ TV\eiubf^sn (VchT $uq'Tfnlnmi_kW`]i?ifqhge`/bVXWdW^a`sqlX�v�\_Tfnmc�`s\fj[t
Z�ifcw`*gWz�^ac5(���^aclXh^]z1`aq'TVUWTV`/b_X�`/T_n-XWbfTecli�XYgh\_^/nmXWdlXWcW^aclXh^�z;i_z�k[nmXhbfg $ 1�} �?^a`az�TVbot
Uejrc-i �LX[Z]XldW^a`sq'T_^�U-ioZan-XldWXW^�z�^ / $ gr`aiVz�TV` ��TVqhge`aXWUWTV\Vq'T+*�`a\f^sbuiAX�ifqhge`/b_XldW^a`sqlXlz
q'Tfnlnmi_kW`sTez $JT.,'i jl\fnl^aclXhjCz�T+60g[b=,-1�b.(�TekWXl`ai_c'1 X�$�`/T_TVb_\f^ab_`/b_\_^acWcWT $~T+,���j-`sch^]c'1
cli�Te`scWTV\f^�T+,%&Y^ 6/T�60i_z�X[n)(�bfTVcWTV\_T+6/T�TekWXl`aifclXhj�} � ;sb_T+*Cb_TVdlqWX;Z]UW^acWXhj�$~klUWXldlXWc-i
T.,eUliuZaTV\eifclX[jLTV`/T+,_^aclchTe`/b_X�Z�iHq'TVcW^adlchTV^F\_UW^]z�jKt)boi?/�^|`ai_zEioj $ nljLT+,_^aX[vL`sXl`/bf^]z $ai
Xlz�^acWcWT $[TVc-i�`a\ujhZoifc-i6`?cW^sT+6sU-ifclXldh^aclcWTV`/b.(+: �[i_z�Xhn (�bfTecWX-ir`scWXhZsg%� q'T-6 $ i $ U[g06aXh^
XWcl\Vi_UWX-ifcWb.1 Zoi �LXWq�`sXlUWTV\Vi_c'1 $~q'TVcl`/boi_chb+1)(
XhZ/t Z�i�ch^sn-Xlch^ *Wc51|v%d[n-^acWTV\W}�� ch^aq'Tft
bfTVUWTezQ`]z 1�`0n-^
q'Tfnlnmi_kW`Az�T@/�chTrUli_`s`az�ifb_UWXl\Vifb.(Yq[i_q�kli $ ^]cWXW^Adli_`/b_X5&'1x\6ch^sT-6sU-i�t
cWXldW^acWcWTez $a`aiVz�TV`sT+6�nmi_`/TV\eifclchT'z�khTVbf^ac5&WX-ion-^V}19�`/n-X�/�^���iVz�Xhn (�bfTecWX-ifc�T-6sUli_cWXldW^ac
`sclX[Zsg*$ebfT+6 $ i!;sbuiYclX /�chjhj=6sU-ifclX'&-iY`/TVT_b_\_^sb_`/bV\ugV^abr`/bui7&WTVXlcli_UWcWTez�g Uh^;�Y^aclX': `sTut
n-XWbfTecWcWT+6/T�bVXWk-i	$~c-i q'TVbfTVU-z�ch^sn-Xlch^ *WcWTV`/b+(�X $ Xl`skW^aUW`aX[j1bfTVdlcWTyq'Tez�kW^acl`sXWUhg0:
b
$ Uhg06 $ nWg060ih} � T+6�nmi_`schT%b_^sTVUW^]z�^ �LjlkhghcWTV\Vi�$�boi_qWXW^�`/T_n-XWbfTec'1 ge`/bfT-*WdlXl\.1 � A � !�� }
�FTfnmcWTV\.1�^Kq'Tfnln)ifkl`21 $hq[ifq�kWU-if\VX[n-T�kWUlXW`/g	&�X�z�cWT+6/T'z�^aUlc'1Pz `sXl`/bf^]z�iVzx� `az�} $�cliot
kWUlX-z�^aU�$ � A 
�� $ � Aa! ��( $ i�g'`/bfTeXWdlXW\+1�^�`/TfnmXhb_TVclc'1�^ Uh^;�Y^aclX[j�T.,+1HdWcWT1\_`/b_UW^ad-i7:
b_`�j
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\�T $ chT'z�^aUlchT'z�`0nlghd-iu^V} ,*bfTC`s\fjhZ�i_chT2`pgh\_^/n-XldW^acWXW^]z�\unmX[j-cWXhjQcW^/nmXWcW^ *lchTe`/b_X `
UhTe`/bfT'z U-ioZoz�^aUlchTe`/b_XyklUhTe`/b_U-ifcl`/b_\ei

d
}

� ;sbfTez�U-ioZ $ ^/n-^Hz 1�khTeq[i /�^�zCq[ifqlX-zCT+,VU-ioZaT'z ;sb_X�T+,%&�XW^Pi_U'6/gWz�^acWb.1 $ ^ *l`/b_\fg't
:
b \�q'TVclqWUW^sb_cWTez `0nlghdlif^�kWUlX2TVklXW`]ifclXWX1cW^/n-XlcW^ *WcWT+* $ XWc-i_z�XWqlX $ nmXlcWcWTV\_TfnmchTft
\.1�vLTV` &WXhnWnlj5&lX5*Y\AkhT-6sU-ifclXWdlchT'z2`0nlTV^%$]\AkWUW^ $ ^/nl^�z�iunlT-*6\ujhZ�q'TV`/b_X�} �%k-ifU-i76aUli��K^
!h} 	l} 
 klUW^ $ `sboi_\un-^acli3z�T $ ^sn (�t $ \fgWz�^aUlchTV^pT.,VT.,%&�^aclXh^wghU-if\_cW^aclX[j �F^ac $ /�i_z�Xlcliot
� chT $�\_kW^aUl\.1�^CkWTfnlghdW^acWcWT+6sT \ U-i�,VT_bf^ � 	'��� } � kli_Uli.6sUli��K^�!h}
	-}"!�T+,V`0gB/ $ i7:
b_`�j
T.,+&�XW^K`s\fT-*W`sb_\Vi�T $ cWTutEX $ \fgWz�^aUlc'1�v�`/T_n-XWbfTechTe\�$Wq'T_bfTeU'1�^LU-if`sklUWTV`/b_U-ifchj5:
bV`8jy\
khT-6sU-ifclXWdlchT'z `0nlTV^%$lX�klUh^ $ `/buif\fnWj :
b�`/T.,VT+* ��Z�i_z�^ $ n-^aclX[j � c-iw`sUh^ $ cW^]z kWUWT �LX[n-^
`sq'TVUWTV`sb_X~} �C`0n-^ $ g0:'&�^]zyk-ifU-i76aUli��K^%$o!W}
	l} 	?z 1QkhTeq[ioZ 1H\Viu^�z $adWbfT?T $ chT'z�^aUlc'1�^*`sTut
n-XWbfTec'1 jl\fnWj :
b_`8j%g'`/bfT-*WdlXW\+1Hz�X�TVb_chTe`sXWbf^/n)(_cWT�T $ cWTez�^aUWc51|v /r^�\fTfZoz�g	&Y^aclX5*�$
chT�cW^/g'`/bfT+*ldlXW\+1 T_b_cWTV`aXhbf^sn (VchT�X[Z 6aX0,ec'1�v�\_TfZ�z�g	&�^aclX'*�� ifc-ion-T+6aXWdlchT�ifqhge`/b_XldW^0t
`sqlXlz `sTfnmXhbfTecliVz (�} ,|boi3cW^/ge`/b_T+*ldWXl\fTe`/b.(yt ��TVqhge`sXlUhg0:'&Y^ 6/T2b_Xlkli�$�klUlXW\_T $ j &wioj
cliLcW^/nmXWcW^ *lchT-*�`/bui $ XWX�q UliuZ ,VXW^aclX':�`/TfnmXWbfTVc-i�cli�TVb $ ^/n)(_c51�^Aq[n)if`sbf^aU51�X $ iun (ut
ch^ * ��^ * `aiVz�T ��TVqhge`sXlUWTV\_q'^1q[i / $ T+6/T q[n)if`/b_^aUli !h}
	-} #[} � k-ifU-i76sU-i ��^;!h} 	l}"��c-i7*[t
$ ^]cli�b_TVdlcliuj�\f^aUVvWchjhj 6sUli_cWX5&-i $ nlj ;acW^aU56sXlX;\fT_Z�z�g	&�^acWX5*�$�q'T+6 $ i�q'T_nWn)ifkl`�^ & 7
ch^]\fTfZoz�T@/�^ac�$hX2if`sX-z�kWbfT_b_XldW^a`sq'T_^6`/Te`/bfT�jlclXW^Lc-i
,_T_n (/��X[v�\VUh^]z�^acliov nmX � (wg���X[t
UejW^sbV`8j�X[Z/t Z�i $ Xl`skh^]UW`sXlX�} �ifU-i76aUli���!W}
	l} -
kWTV`s\fj &�^ac�dlXW`/nl^aclcWTez�g!;]q�`skh^]UWX-z�^acWbuge}
5�$mcli_q'TVcW^ &�$)\ kWTV`/nl^ $ cW^]z�kli_Uli.6sU-i ��^Ybf^sTeUh^sbVXWdW^a`sqlXh^wX3dlXl`0nl^]cWc51�^�UW^/Zsgon)(�boifb.1
`sU-if\_clXl\Vi7:
bV`8jy` ;aq�`skW^aUWX-z�^acWbuion)(_c51Hz�X $ ifclc51Hz�X�T�q'T-6/^aUW^acWb_c'1�v�`sb_U[ghqWbughU-i�v�\
khT-6sU-ifclXWdlchT'z `0nlTV^ � 
�
�� }
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�Nif`s`az�T_b_UlXlzC` $ \_X56/TV\+1?*rkhTVbfTVq�$fk-ifU-ionlnl^sn (Vc'1 *rkhnlTe`sqlXlz%`sbf^aclq[i_z $_`�khTe`/bfT�jlclchT-*
� khT�\_UW^]z�^aclX�(�`aq'TVUWTV`/b.(+:

U
$|Z�i_\_Xl`8j &Y^ * T_b�chTeUlz�iun (VchT-*{q'T_TVU $ Xlclifb.1

z
} � 1

kWUW^ $ khT_nmi.6 if^]z $Wdhb_T

• �Kghclq'&lX[j
U(z)

cW^6Xlz�^s^sb�bfTVdW^aq3kh^aUW^ 6sX',ei�$

• U `/bVUh^]z�Xhb_`�j3qycW^aq'TVbfTVUWT+*3q'TVcl`/boi_chb_^ U0
klUlX

z → ∞ X

• kW^aUl\Viuj�klUWTVXhZ]\fT $ cliuj U ′ \wbfTedWq'^ z = 0
khT_nlT@/�XWbf^/n)(_c-i	$

U ′(0) > 0
}

/�i_q'T+*3kWUWT �LX[n)(�`sq'TVUWTV`sb_X
U(z)

`/boi.&WXWTVc-ifUW^ac�n-X��!( $ nlj2X $ ^]ion)(_cWT+*>/�X $ q'TV`sb_X�$
b�} ^L\�U-i_z�q[iov ghU-if\_cW^aclX[j , *[n-^aU-ih} ��i /�^ $ nWj3z�iunlT-*�\ujWZ]q'TV`/bVX�TVc�gB/�^�cW^�`sboi.&WX[t
TVc-ifUW^ac43�khT-6sUli_cWXldlc'1 * `/nlT-* `/buifcWTV\VXhb_`�j bfghU0,_g�n-^acWb_c51Hz $EchT�`sUh^ $ cW^s^�Z]c-i]dW^aclXh^
`sq'TVUWTV`sb_X

U(z)
\f^ $ ^sbp`/^2,�j�boi_q /r^V}

�Nif`a`az�T_bVUWX-z clXhZ]q'TVd-if`/b_T_b_c51�^pq'Tfn-^2,'ifclX[j � ` $ n-XlcWT+*%\fT_n-c51
λ � h

( $J`adWXWboiuj
X�v�ch^a\fZ�ifX-z�T $ ^ *W`sb_\ug0:'&rXlz�X�`�\+1�`/Teq'TVd-if`/b_T_b_c51Hz�X �Knlghqhbug�i7&lX[jmz�X�}�� ;sbfT'zC`0nlg't
dlif^ $ nlj clX[Z�q'TVd-if`/bfTVb.1|v $ \VX /�^]cWX5* z�T /�cWT�Xl`skWTfn)(uZaTe\Viub+(1ghUli_\_cW^aclXh^ , *[n-^aU-ih}
�EnmX[j-cWXW^K\ujWZ]q'TV`sb_X�,fg $ ^abwz�iun 1Pz $ �A9 −1 \w`sU-if\Vch^aclXlX�` $ Xl`skW^aUW`aXh^ * TV` &WXhnWnlj5&lX5*
\�kWT+6aUli_cWXldWcWTez `0n-T_^V} � `/nmi7,_TVcW^/nmXWcW^ *lchT'z klUWX',fnmX0/�^aclXWX�ghU-if\Vch^]cWXW^ $ nlj�iVzNt
k[nmXWbug $ 1

A(x, y, t)
clX[Z]q'Tedli_`/bfTVb_c'1�v q'Tfn-^2,'ifclX'*�z�T@/�^sb ,-1�n-T;kWTfnlghdh^acWT�\ � 	e� �

X[ZLghU-if\_cW^aclX[j , *[n-^aU-i03

∂A

∂t
+ U ′(0)AAx + U0h

∂

∂x
k̂A = 0

� !h}�
�
 (

6 $ ^
h = U0/U

′(0)
}�86ghU'(_^0t kWUW^sT.,eUliuZaTV\eifclXh^QXlchbf^ 6sUliun (VchT-6/T Tekh^aU-iub_TVU-i

k̂
;sbfT

|~k| = (k2
x + k2

y)
1/2 } 5
Zst�Z�i ;sbfT+6sT Tekh^aU-iub_TVU-i�ghU-if\Vch^]cWXW^r`/buifcWTV\VXhbV`8j $ \fgWz�^aUlc'1Pz�}
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��T $ chT'z�^aUlchT'z /�^�`0nlghd-iu^�;sbfT_b1Tekh^aU-iub_TVU \+1�U-i /wif^sb_`�j dh^aUW^/Z�kWUW^sT.,eUliuZaTV\eifclXh^
�~Xhn (.,_^aUWboi

Ĥ
$

Ĥψ(x) =
1

π
P.V.

∫ ∞

−∞
ψ(x′)

x′ − x
dx′,

`0n-^ $ g0:'&rXlz T.,eUliuZaTez

k̂ = ∂xĤ.

;~if\VXW`sX-z�Te`/b.( TVb b_UW^sb.(f^ *�q'TVTVU $ XWc-iub+1
z
\ ;sb_Tez ghU-if\Vch^aclXlX TVb_`0g[b_`/bV\ugV^ab $HkhTft

`sq'Tfn)(_qhg�\
6�n)if\_cWTez kWTVUej $ q'^ �?nlghqWbug'i.&WXlX1`sq'TVUWTV`/bVXy\ $ Tfn)(pkhTVbfTVq[i2��k-ifU-ionln-^/n (ut
chT-6/T

x
(�\.1�U-i /�i7:
b_`�j3dW^aUh^sZ6iVz�k[nmXWbug $ g

A
`0n-^ $ g0:'&�X-z T.,VU-ioZ]Tez

vx ≈ A(x, y, t)U ′(z).
� !h} 
f!+(

�Y\f^ $ Uhg06sXW^Lq'T'z�khTech^]chb.1{t|z�ion)1 kWT�`sUli_\_cW^aclX': `Lch^ *�}
CKU-if\Vch^aclXW^�� !h}�
�
%( ,+1�n-TpkhT_nWghdW^acWT�� UlXWUWT+*�\ � 	'��� } � chTrjl\fnWjl^sb_`�j $ \ugWz�^]UWc51Hz
T.,VT.,%&�^aclXh^]z X[Z]\_^a`/b_cWT+6sT ghU-if\Vch^aclXhj �*^ac $ /wiVz�XWc-i�t � chT � � � ( $�TekWXl`21H\Vi7:'&�^ 6/T
$ nmXlcWc51�^�\fTfnmc51 \ `/b_U-iub_X ��X5&lXWUWTV\eifclchT-* /�X $ q'TV`/bVX~} � n-^ $ gV^sb T_bVz�^sb_XWb.(�$PdWbfT
khT $ T.,echTV^HghU-if\Vch^]cWXW^%$VghdlXhb.1H\Vi.:'&Y^s^Kz�iunWg0:{\fjhZ]q'Te`/b.(�$-,-1�n-TYkhT_nWghdW^acWT�\YU-i�,VT_bf^
� -���}
CKU-if\Vch^aclXW^�� !h}�
�
%(�Z�ifklXW`]ifcWTr`?b_TVdlchTe`/b.(.:

(kh)3 }���`0n-^ $ g0:'&�^]z kWTVUej $ q'^Kg dliot
`/bfTVb.1

ω = U0hkx|k|
kWT�jl\unljW^ab_`8jpz�clXlz�iuj�dli_`/b.( ∼ (kh)3 $_q'TVbfTVU-iojpT+,_^a`skW^adlXW\eiu^sb

$ Xl`s`sXlk-i7&lX':Y} ?T.;sbfT'z�g+$�T., ;sb_X[v TV` &WXhnWnlj5&lXhj[v�z�T@/�cWT 6sTV\fTeUWXWb.(�q[ifq TQqW\eioZ]X[t
z�T $ iov�$�ch^�klUhTVb_Xl\fTVUW^ad-i &rX�v T+,%&Y^ * bf^sTeUh^]z�^ � ;/n-^/j `az�} $Nc-ifklUlXlz�^]U�$ � ! 
�� $�� !V! ��(�}
� T-68n)if`scWT ;sbfT-*2bf^sTVUW^]z�^+$-` $ \_X56/TV\_T_^�bf^adW^aclXh^r`6kWUWT �LX[n-^]z�`aq'TVUWTV`/b_X>,_^sZ�kh^aUW^ 6sX[t
,ei�$ n-XlcW^ *Wc-ioj6`skW^aqWb_Uliun (Vcliuj�klUWT.,fn-^]z�i�ch^*Xlz�^s^sb�`s\fjhZ�i_cWc51|v�`sTV`/bfT�j-cWX5*�$]i�bfT_n (Vq'T
ch^]kWUW^aU51�\_c51?*�`skh^]qhb_U�}
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� ,V`/gB/ $ iu^�z 1�^
Z $ ^a`2(6ql\ViuZ]X[t z�T $ 1 $ ^ *W`sb_\_XWbf^/n)(_cWTYj-\unlj5:
b_`�j $ n-XlcWcWTV\_TfnmchTe\.1�t
z�X k-ifq'^aboiVz�Xx`sT.,V`sb_\f^aclc51|vxz�T $ XhZ;ch^]kWUW^aU51�\_cWT+6sT `skW^aqhbVUli{��`]z�}|khT $ UhT+,VcW^s^C\
� 	'����(�} ,|b_X�ql\VioZ�X�t z�T $ 1 \f^ $ g[bQ`/^2,�j q[i_q \_Tfnmc'1 ` $ Xl`skh^]UW`sXW^ * X�`0nmi7,+1Pz Z�ifbug't
v�i_cWXW^]z�} ?T.;sb_Tez�g ch^sn-Xlch^ *Wc51�^ ; � �K^]qhb.1 $AT+,V`0gB/ $ iu^]z 1�^ cWX0/�^%$Ai_cliunlT-6sXWdlc51 $
cli_kWUlX-z�^aU�$Fi_q[g'`/b_Xldh^a`aqWX-z \_TfnmcliVz `/T�`0n)i�,_T-* $ Xl`skW^aUW`aXh^ *�} /�ifq0/�^1\Vi�/pcWT $FdWbfT
ghUli_\_cW^aclXh^�� !W} 
�
%( ch^CkWT $ U-ioZsgWz�^a\Vif^sb z�iunlTe`/b_X�T_b_cWT/��^aclX[j

ky/kx
$�dWbfT $�clifT.,_Tft

UhTVb $~X-z�^s^sb�z�^a`/b_T $ nWj1ghU-if\Vch^aclXhj���i $ T'z &h^]\Vi�t ?^sb_\VXli���\_XhnmX � 
 � � } ,*bfT�`s\fjhZ�i_chT
`/T�`/b_UhghqhbughUWT+*2clX[Z]q'Tedli_`/bfTVb_c'1�v�qW\eioZ]X[t z�T $ } ?TVkW^aUh^]dWc-ioj�q'Tez�kWTVcW^acWboi �Knlghqhbug't
i7&lX'*�`sq'TeUhTe`/b_X $ nWj ;sb_X[v�z�T $ z�iun 1�kWTL`sU-if\Vch^]cWX5: `�klUhT $ Tfn)(_c51Hz�X�$�� 	'��� } �?cliunlTft
6sXldWc-ioj�`sXWbug�i7&lX[j3X-z�^s^ab z�^a`/bfT $ nlj3XWTVclchTft i_q[g'`/b_Xldh^a`aqWX[v�\fTfnmc�\pZ�i_z�i.6sclXWdW^acWT+*
k[n)ioZoz�^%$ 6 $ ^�XWTVc51 $ \VX'60i7:
b_`�j \2TV`scWTV\VchT'z�\ $ Tfn)(1\_cW^���cW^ 6/T1z�i76acWXWb_cWT+6/TCkWTfnlj�$
� A]�_��� $Ji boi_q /r^ $ nlj 6sU-if\VXhbui7&lXWTVclc'1�v%\_Tfnmc%cli�z�^/nmq'T+*1\_T $ ^%$Jq'T+6 $ i klUhT $ Tfn)(_c-ioj
q'Tez�kWTVcW^acWboi�`sq'TVUWTV`sb_X�z�chT-6/T�,_T_n (/�Y^%$[dh^]zQ\_^aUWb_XWq[iun (Vcliuj�} � $ cWTez�^aUlcWTV`/b.(rch^sn-X[t
ch^ *WcWT+6/T1dhnl^ac-i ∼ AAx

\3ghU-if\_cW^aclXWX{� !W} 
 
 (LXQT+,���jl`ac[jl^sb_`�j�buifq'T+* `/b_UhghqhbughUWT+*
z�T $ }

� � � � � �)�  ����� 
 � � � �����	� � � ��	�

� ,+1�dlc51Hz�z�if`��Ybui�,Vc51Hz klUh^aT.,VU-ioZ]TV\Vi_cWXW^]z

~r → −~rh, t→ t/U ′(0), A→ −6hu
� !W} 
 	.(

ghUli_\_cW^aclXh^
� !W} 
�
%(Jz�T@/�^sb?,-1�b.(PkW^aUh^]kWXl`aifcWTH\H`/buifc $ i_Uhb_cWTez � $ nljLghUli_\_cW^acWXhjY�*^ac $ /wiVz�XWc-i�t
� chT.(*\_X $ ^-3

ut =
∂

∂x
k̂u− 6uux =

∂

∂x

δH

δu

� !h}�
_#%(
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6 $ ^���i_z�X[n)(�bfTVclXli_cy^a`sb.(

H =
1

2
I1 − I2.

; $ ^]`2(

I1 =
∫
uk̂ud~r, I2 =

∫
u3d~r.

�KUhT'z�^A�[i_z�Xhn (�bfTecWX-ifc-i
H
$_ghU-if\_cW^aclXh^r� !h}�
_#%(�`/T]vWUli_c[jl^sb $ Uhg06sXW^PXlchb_^ 6sU-ion)1 3'X-zNt

k[gon)(_` ~P `�q'T'z�kWTVcW^achbui_z�X

Px = 1/2
∫
u2d~r, Py = 1/2

∫
uφyd~r, φx = u,

�0z�i_`s`0g �0cliYn-XlclXWX
y = const

$

M(y) =
∫
udx,

X &W^achbVU��0zEif`s` � $
∫
~rud~r − 6Px~nt = const,

6 $ ^
~n
^ $ XlclXWdlc'1 *�\_^aqhb_TVUy\ $ T_n (wTV`aX

x
}���d-if`sb_chTe`/b_X�$-X[Z6kWTV`0n-^ $ ch^ 6sTwXlchb_^ 6sU-ion)i

`0n-^ $ ge^sb $�dhbfT"&W^achbVU �0z�i_`s` � $ \_X0/�^sbV`8jx\ $ T_n ( TV`aX
x
`;khTe`/bfT�jlclchT-*{`sq'TVUWTV`/b+(.:Y}

?T.;sbfT'z�g1^a`/bf^a`sb_\f^aclcWT�XW`aq[iub.(y`sTfnmXhbfTecWcWT_^ Uh^���^aclXh^%$ $ \_X0/�g	&Y^s^a`�j;\ $ Tfn)(�Te`sX
x

\�\_X $ ^

u = us(x− V t, y).
� !W} 
f�+(

8YTVU-z�i�`/TfnmXWbfTVc-i�TVklUW^ $ ^snWjl^sb_`�j�ghU-if\Vch^]cWXW^]z

−V us − k̂us + 3u2
s = 0.

� !h}�
4- (

��nWj�T $ cWTez�^]UWcWT+6/T�`0nlghdliujyUh^���^aclXh^KghUli_\_cW^acWXhj�� !h} 
/- (*XhZ]\_^a`/b_cWT $W^ 6/Trjl\Vc'1 *�\_X $

us =
2V

3(x2V 2 + 1)
(V > 0).

� !h} 
10+(
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� $ \fgWz�^aUlchT'z�`0nlghdlif^6ghUli_\_cW^aclXh^�� !h}�
4-%(�X-z�^s^ab ,_Tfn-^s^ �rXWUWTVqlX'*1qhnmi_`s`6UW^��Y^aclX5*~}
; $ ^]`2(yc-if`�Xlchb_^aUh^]`0gV^sb2bfT_n (Vq'T2`/T_n-XWbfTecQTV`scWTV\VchT-6/T�`/Te`/bfT�jlclX[j $�i_q�`sXliun (VchT1`sX-zNt
z�^sb_UlXldWcWT_^PUh^���^aclXh^|ghU-if\Vch^aclXhjy� !h}�
4- ( ,V^/Z�c[gon-^ *�} /�ifq'T_^�UW^���^acWXW^ ,+1�nlT�c-i7* $ ^acWT
dWXl`0n-^aclchT�\pU-i�,VT_bf^ � A � }
; $ ^a`2(3\Vi /�cWT1T_bVz�^ab_Xhb+(�$�dWbfT%`sq'TVUWTV`/b+( $ \ugWz�^]UWcWT+6/T2`/TfnmXWbfTVc-i	$Nbuifq /�^�q[ifqQX
^ 6/T�i_z�khn-XWbug $ i t kWTfn-T@/pXWbf^/n)(_c51�^ \_^/n-XldlXWc51�} � �LX[Z�XWdW^a`sqlX�v kh^]Uh^]z�^acWc51|v�$�X
T $ cWTez�^]UWc51�q1X $ \fgWz�^aUlc'1�^�`/T_n-XWbfTVc51 $Jq[ifq�;sb_T�`0n-^ $ gV^sb�X[Z�Z�i_z�^]c'1 � !W} 
 	 ( $ $ \_X[t
6 i.:
b_`�j klUhTVb_XW\�bf^adW^aclX[j�X�Xlz�^ :
b;TVb_UWX5&-iubf^/n)(_chg0: i_z�khn-XWbug $ ge} ,|bfT�TfZ]c-i�dlif^sb $
dhb_T�\wUW^]ion)(_cWTez bf^adW^acWXlXy`/T_n-XWbfTec'1{\.1 68nlj $ jWb�q[ifq � $ 1HUWqlX��0cliwklUhT ��Xhn-^�`aq'TVUWTut
`/b_X�}<5Kz�^acWcWTpkhT+;sbfT'z�g�TecWXyTVclX $ \VX /�g[b_`�j2z�^ $ n-^aclch^s^LTV`achTe\_cWT+6/T�khTVbfTVq[iW} �?T+6 $ i
i_z�khnmXhbug $ ip`/T_n-XWbfTVc-ipU-if`/b_^sb $l^ 6sT�`aq'TVUWTV`/b.(pk-i $ iu^ab $lXyc-iuT.,VTVUWT_bo}
?TfnlghdlXlz ch^aq'TVbfTVU51�^�Xlchbf^ 6sUliun (Vc'1�^L`sT_T_bVchT �Y^aclX[j $ nWj�`/TfnmXWbfTVclc'1�v�UW^��Y^]cWX5*
ghUli_\_cW^aclX[j%� !W} 
u�*( $'ch^sT+,]veT $ X-z 1�v $ nlj $ ion)(_cW^ * ��^ 6/TYU-if`s`]z�T_b_UW^aclX[j } KUh^ $ `/buif\VXlz
� !h} 
/- (*\p\eifUlXli.&WXWTVclcWTez�\_X $ ^

δ

δu
(H + V Px) = 0.

� T_n-XWbfTVc1� !W} 
/- (�j-\unljW^sb_`�jp`/boi.&WXWTVc-ifUlcWT+*pbfTedWq'T-*���iVz�Xhn (�bfTecWX-ifc-i
H
klUlX ��Xlq�`sX[t

UhTe\Vi_cWcWTez
Px ≡ P

} 9�`0nmXC`/T_n-XWbfTec;UW^]ionmX[ZagV^sbyz�XlcWX-z�gWz
H
$~bfT-6 $ i�TVc%ge`/bfT-*WdlXl\

khT �Lj-k[ghcWTV\fge}
�Nif`a`az�T_bVUWX-z�z�if` ��boi7,VcWT_^6klUh^sT+,VU-ioZaTe\Vi_cWXW^%$W`/T]vWUli_c[j :'&Y^s^

Px
$

us(~r) →
1

ad/2
us(~r/a).

� !h} 
12+(

KUWX�;sbfT'z klUh^aT.,VU-ioZ]TV\Vi_cWXlX;��iVz�X[n)(�bfTVclX-ifc
H
`sboi_chTe\_XWb_`8j �KghcWq5&WXW^ *;zEif` ��boi7,ut
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chT-6/Tpkli_UliVz�^sb_U-i

a
$

H(a) =
I1s
2a

− I2s
ad/2

.
� !h} ! � (

; $ ^]`2(�X $ iunl^s^%Xlc $ ^aq�`
s
T_Z]c-i]d-iu^abQ\_^/nmXWdlXWchg�XWcWbf^ 6sU-ion-TV\ cliQ`/T_n-XWbfTecWcWTez UW^0t

�Y^aclXlX~} �?^sb_Uhg $ cWT�\VX $ ^sb.( $FdWbfT \�T $ cWTez�^]UWcWTez `0nWghd-iu^
H(a)

Xlz�^a^sb�z�XlclXlz�gWz $
`/T_TVb_\f^ab_`/b_\fg0:'&�X5*�`/T_n-XWbfTVclcWTez�gyUW^��Y^aclX5: � !h}�
 0*( $

Hmin = −1

2
I1s.

� !h} !0A (

�KUhT'z�^�b_T+6/T $WXhZ6TVdW^a\_X $ chT-6/T�Uli_\f^acl`/b_\ei

∂H

∂a a=1
= 0

z�T@/�chT�kWTfnlghdWXWb.(

I1s = dI2s.
� !h} ! 
%(

C�z�cWT /�ioj%Z�ifbf^]z � !W} 
/- (Pc-i
us
X%Xlchb_^ 6sUlXWUhg0: khT

x
$~z�T /�cWTykhT_nWghdlXWb.(�^ & 7�T $ cWT

`/T_TVb_cWT/�Y^]cWXW^�z�^ / $ g
I1s
X
I2s
3

−2V Pxs − I1s + 3I2s = 0.
� !h} !_!+(

� n-^ $ TV\Vifbf^/n)(_cWT $ $ nWj
d = 1

X-z�^s^]z

I1s = I2s = V Pxs

X[nmX

Hs = −1

2
V Pxs.

� !h} ! 	.(

��nlj $ \fgWz�^aUlchT-6/T�/�^?`0nlghdliuj�$[��iVz�X[n)(�bfTVclX-ifc�cli�`/T_n-XWbfTecWcWTezQUW^��Y^]cWXlXpbfT@/ $ ^/t
`/b_\_^acWcWT�U-if\f^]cyc[gon): \p`sX[nlg�`/T_TVb_chT �Y^aclXhjQ� !W}"! 
 (�} 9�`0nmX�\pc-i�dliun (Vc'1�v�ge`0n-TV\VX[jhv

I2 > I1
$�bfT+6 $ i � kWUlX

d = 2
( $�\%`/TVT_b_\_^sb_`/bV\_XlX `;� !h} ! � ( $�Tec ,_g $ ^sbCcW^sT+6aUli_cWXldh^]c
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`sclX[Zsg�klUlX

a → 0
}�� kWUWT_bVXW\_TVkWTfn-T /�cWTez�`0nlghdlif^%$

I1 > I2
$ ��iVz�Xhn (�bfTecWX-ifc ,_g $ ^sb

T+6sU-ifclXldh^ac�`scWXhZsge}
��ion-^s^CkWTVq[i�/�^]z $�dWbfT cli `/TfnmXhb_TVclchT'z UW^��Y^aclXlX � !h}�
 0+( $ TV`/b_X560iu^sb_`�j bfTedWc51?*
z�XlcWX-z�gWz

H
\�q[n)if`s`s^�T $ chT'z�^aUlc'1�v �?ghclq5&WX5*�kWUlXlcli $ n-^ /wi &�X[v kWUWTV`sb_Uli_cW`sb_\ug

W
1/2
2

`�cWTVU-z�T+*

||u|| =
(∫

u2dx+
∫
uk̂udx

)1/2
.

��nWj ;sbfT-6/TCXl`skhT_n (fZsgV^�z�cW^aU-if\f^]cW`/bV\fT � A 
BA � $�`0nl^ $ g0:'&�^s^�XhZ�bf^sTeUh^]z 1 \un-T /r^acWXhj
$ nlj�klUhTe`/b_U-ifcl`/b_\

W
1/2
2

X
L3
3

∫
u3d~r ≤ C

(∫
uk̂ud~r

)d/2 (∫
u2d~r

) 3−d
2 � !h} !e#%(

6 $ ^Fc-ifXhnlghd �wioj�q'TVcl`/buifcWboi
C
TVklUh^ $ ^/nljW^sbV`8j6q[ifqY\_^aUVvWchjhj�6sU-ifclX'&-i �?ghclq'&lXWTVc-ion)i

F =
∫
u3d~r

(∫
uk̂ud~r

)−d/2 (∫
u2d~r

)d−3

2

.
� !h} !_�*(

� bVz�^sb_X-z $Hdhb_T $P\fTft�kW^aUl\.1|v�$
supF

$ Te`/b_X56 if^sb_`�j{c-i i_q�`sX-ion)(_cWT `sX-z�z�^ab_UWXldlchT'z
Uh^;�Y^aclXWX<,_^/Z�chgonl^ *�$ X�$ \fTut \fb_TVU51|v�$

F
$)`/T-68n)if`scWT�TekWUW^ $ ^/nl^]cWX5: � !h}"!V�+( $lj-\unljW^sb_`�j

XWcl\Vi_UWX-ifcWb_c51Hz kWTCTVb_chT �Y^aclX5: q z�if`��Ybui�,VXlUWTV\Vi_cWX5: q'T_TeU $ XlclifbCX
u
} � d-if`sbot

chTe`/b_X ;sbfT�Z]cli�dlXhb $ dWbfT�ghU-if\Vch^]cWXW^ $ nlj�`sboi.&WXlcli_UWcWT+*�bfTedWqlX
F
$�bo} ^V} $JghUli_\_cW^acWXW^

�Yi76sU-ifc0/wi
δF

δu
= 0,

\_`/^ 6 $ irz�T /r^sb ,+1�b.(�klUh^ $ `/buif\fnl^acWT�\p`0n-^ $ g0:'&Y^]z \_X $ ^

−V u− k̂u+ 3u2 = 0.

,*bfT?ghUli_\_cW^acWXW^|`/TV\Vkli $ if^sbA`EghU-if\Vch^]cWXW^]z � !h} 
/- ( $ nlj�`/TfnmXhb_TVclchT-6/TKUW^��Y^aclXhj�} � n-^0t
$ Te\Vifbf^/n)(_cWT $_ghdWXWb.1H\ViojC� !W}"! 	 ( $_cW^aU-if\_^acW`sb_\fT�� !h} !e#%( $ nljpT $ cWTez�^]UWcWT+6/T6`0nlghd-ioj $ iot
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7sb'3

I2 ≤ I
1/2
1s I

1/2
1

Px
Pxs

.
� !h} ! -%(

?T $ `/buif\fnWjWj ;sbfg�T+&W^aclq[g \
H
X kWTfn)i760ioj

Px = Pxs
$�klUWX[veT $ Xlz�q `0n-^ $ g0:'&Y^]z�g

ch^]Uli_\f^acl`/b_\fg $ nWj
H
$

H ≥ Hs + 1/2(I
1/2
1 − I

1/2
1s )2,

� !h} !40*(

jl\fnWj :'&Y^]z�g'`8j�bfTVdlc'1Pz $ nlj6T $ cWTez�^aUlcWT+6/T
`/TfnmXWbfTVc-ih} /�ifqlXlzyT.,VU-ioZ]Tez $]\�T $ chT'z�^aU[t
chT'z{`0nlghdlif^pz�XWclXlz�gWz

H
$ Te`/b_X56 if^sb_`�j�c-i�`/TfnmXWbfTVclchT'z UW^��Y^aclXlX�$�X;bf^]z `aiVz 1Hz

$ Teq[ioZ�i_cli6^ 6/T�ge`sbfTVXldWXl\fTe`/b.(wkhTrT_b_cWT/��^aclX': q�z�ion)1Hz T $ cWTez�^aUlc51HzQ\fT_Z�z�g	&�^acWX[t
j-z�} ; $ ^a` (?`0n-^ $ ge^sb?TVbVz�^sb_XWb.( $VdWbfT�;sbuiAg'`/bfT+*ldlXW\_TV`/b.( ,+1�nmiKch^sZ�if\VXW`sX-z�T $ TVq[iuZ�ifc-i
Uli_ch^a^L\pU-i�,VT_bf^ � Ao# 	 ��}

� � � � � � ���.� ��� � � � ����� � � ����
�� �!�"�#
������ � �  ����� 
��

�Nif`s`az�T_b_UlXlz Z�i $ i�dhg3TycW^/ge`sbfT+*ldWXl\fTe`/b_X;T $ cWTez�^aUlcWT+6/T�`/T_n-XWbfTVc-i�kWT�T_b_cWT/��^aclX':
q $ \ugWz�^]UWc51Hz�\_TfZ�z�g	&Y^aclX[jmz�})�Eg $ ^�z Xl`sq[ifb.( UW^��Y^]cWXW^�ghUli_\_cW^aclX[j � !W} 
_#%(�\ \_X $ ^

u = us(x
′) + u′(x′, y, t)

�
x′ = x − V t

( $�khT_nmi.6 iuj�\_TfZ�z�g	&�^aclXh^
u′
zEion)1Hz kWT

`sU-if\_cW^aclX': `
us
} ?TV`/nl^2nmXli_ch^aUlXhZ�i7&lXWX�kWTfnlghdlif^]z `skW^aqWb_Uliun (Vc[g0: Zoi $ i]dhg $ nlj

i_z�khnmXhbug $ 1
ψ
$

−iωψ +
∂

∂x
L0ψ − ∂

∂x
(k̂ − k̂0)ψ = 0.

� !h}"!/2+(

6 $ ^
u′
X
ψ
`s\ujWZ�ifc51{`0nl^ $ g0:'&rXlz T.,eUliuZaTez

u′ = ψ(x′) exp(−iωt+ ikyy)

}
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; $ ^a`2(�\_\_^ $ ^ac'1{`0n-^ $ g0:'&�XW^�T.,_T_Z]c-i]dW^aclX[j

L0 = −V − k̂0 + 6us; k̂2 = k2
y + k̂2

0, k̂0 = −∂xĤ.

$ ^ *l`/b_\ugVj;ifc-ion-T+6sXldWcWT�Uli7,_TVbf^ � 
 2 � $�,fg $ ^�z Xl`sq[iub.(�UW^���^acWXW^r`akh^aqWb_U-ion)(_cWT+*1Zoi�t
$ i�dlXC\ $ n-XlclchTe\fTfnmcWTV\fT'z{kWUW^ $ ^/n-^��

ε = kyV � 1
(�} �NioZsn-T@/�Xlz

ψ
X
ω
\yUej $ kWT

`/bf^akW^achj-z z�ion-T+6sT�k-ifU-i_z�^sb_U-i
ε
$-kWTfn)i760ioj 3

ψ = ψ0 + εψ1 + ε2ψ2 + ..., ω = εω1 + ε2ω2 + ....

�96�nmi_\_cWTez khTeUej $ q'^�kWTfnlghd-iu^]z

∂xLoψ0 = 0.

�%$ cWTKXhZ�Uh^���^aclX'* ;sbfT-6/TAghU-if\_cW^aclX[jrgB/�^�XhZ]\f^]`/b_cWTl}%,|bfT�cW^ *Wb_Uliun (Vcliujpz�T $ i
ψ0 =

∂us/∂x
$l`/T_TVb_\f^sbV`/b_\ug0:'&wioj3` $ \_X560g�`/T_n-XWbfTecliW}

� $ ^ $ g0:'&�X5*�kWTVUej $ TeqykWT
ε
$ if^sb

−iω∂xus +
∂

∂x
L0ψ1 = 0,

X[nmX

−iωus + L0ψ1 = 0.
� !h} 	 � (

�YX � �K^]Uh^ac5&lXWUhg_j�ghU-if\Vch^aclXW^ � !W} 
4-%(|kWT
V
$

−us + L0
∂us
∂V

= 0,

Xy`sU-if\VcWXl\Viuj�kWTfnlghdW^acWc51?*3Uh^sZsgon (�buiub�`�� !W}
	 � ( $-khT_nWghd-iu^�z

ψ1 = −iω∂us
∂V

.
� !h} 	5A (
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��`/nl^ $ g0:'&Y^�z kWTVUej $ q'^6kWT

ε
X[Z�� !h} !42+(�`0n-^ $ ge^sb

−iωψ1 −
k2
y

2
Ĥψ0 = −∂xL0ψ2.

� !h} 	 
%(

CF`0n-TV\VXh^PUliuZ]Uh^;��X-z�TV`/bVX $ nlj ;sbfT+6sT�ghU-if\Vch^]cWXhjpTVklUh^ $ ^/nljW^sb�`/TVT_b_cWT/��^acWXW^Az�^ / $ g

ω
X
ky
} �?bfT.,-1 ^ 6/TykWTfnlghdWXWb.( $ cW^sT.,]veT $ Xlz�T gWz�chT@/�Xhb+(3`sq[iunWj-UWcWTy`0n-^a\Vi�c-i�`/T+,ut

`/b_\_^acWchg0: �KghcWq5&lX':
Φ0
TVkW^aUlifbfTVU-i	$V`/TekWUej'/�^aclchT-6/T�q

∂xL0
$f`�chgonl^a\+1Hz%`sT.,V`sb_\f^ac[t

c'1Pz�dWXl`0n-Tez � nl^ 6sq'TykhTeq[ioZ�ifb.(�$�dWbfT
Φ0 = us

(�} ATe`0n-^wcW^a`0n-T@/pc51|v;\+1�dlXW`0n-^aclX'*�$
ghdWXWb.1H\Vioj1� !W}"! 
%(NX2� !h} ! 	 ( $VkhT_nWghd-iu^�z;cW^/ge`sbfT+*ldWXl\fTe`/b.(�T $ chT'z�^aUlchT-6/TL`sTfnmXhbfTecli�kWT
T_b_cWT/��^aclX': qyXhZ 6sX',Vc51Hz \fT_Z�z�g	&Y^]cWXhj-z ^ 6/T �LUhTechbui03

ω2 = −k
2
yV

2

2
< 0.

� !h} 	e!+(

� z 1H`0n�;sbfT-*LcW^/g'`/bfT+*ldlXW\_TV`/b_X�t)buifq'T-*�/�^Fq[i_qLX $ nWj6cW^/ge`/b_T+*ldWXl\fTe`/b_Xr��i $ Tez &W^a\ei�t
?^sb_\_X-i �r\_Xhn-X $ nWj�ifqhge`/b_XldW^a`sq'T+6sTr`/T_n-XWbfTVc-ir\�`sUW^ $ ^?`?khT_nlT@/�XWbf^/n)(_cWT+* $ XW`skW^aU[t
`sXW^ * � 
 � ��}_�Ki_q�,_g $ ^sbKkWTVq[iuZ�ifcWTK\?k-ifU-i76aUli��K^�!W}
	l} !	$o`sq'TeUhTe`/b.(?`sTfnmXhbfTecliAgWz�^ac5(��wi�t
^sb_`�j�`HUhTe`/bfT'z%^ 6/T6i_z�k[nmXhbfg $ 1�}�?T.;abfTez�gwT.,_nmi_`/b_X�$_\�q'T_b_TVU51|v�kWTVkW^aUW^adlcliujpz�T $ g't
nWj &WXhjykWUlXl\fT $ XWbpq�gWz�^ac5(���^aclX':�i_z�khn-XWbug $ 1 $ $ \_X0/wg[bV`8j ,-1�`/b_UW^s^%$ldW^]z T.,fn)if`sb_X
` ,VTfn)(���T+*�iVz�k[nmXWbug $ T-*~}",|bfT cW^/ge`sbfT+*ldWXl\fTe`/b.(�`]i_z�T �KTeq[g'`sXWUWTV\_TVdlchT-6/T�b_XlkliW}

� � � � � � � � � ��

�NioZ]\VXhb_XW^ cW^/ge`sbfT+*ldWXl\fTe`/b_Xx� !h} 	e!*( $ Tfn5/�chT1klUWXl\fT $ Xhb.(1U-ioZ ,eXh^]cWX5: `/TfnmXWbfTVc-i�c-i
T_b $ ^sn (Vc'1�^�qhn)if`/bf^]U'1L} ��Te\fT_n (VchT�TVdW^a\VX $ chT $~dhbfT $ nlj;\fT_n-cWTV\+1|vCdWXl`/^/n

k
$�,_T_n (ut

��X[v�$[dW^]zQT+,VU-iub_c51?* v[ifU-ifqWbf^aUlc'1 *�U-ioZoz�^aU�`/TfnmXhb_TVc-i
V
$[cW^/g'`/bfT+*ldlXW\_TV`/b.( $ Tfn5/rt

cli�T_bV`0g[b_`/b_\_TV\eiub.(l} �yi_q�`sX-z�gWz /�^�XWclqlUh^]z�^achbui � !W}
	'!+(�c-i�veT $ XhbV`8j kWUlX
ky ∝ V

}
5 `0n-^ $ Te\Vifbf^/n)(_cWTwU-ioZ�z�^aU�q[n)if`/b_^aUli $ Tfn5/�^ac ,-1�b.(pkWTVUej $ q[irUliuZ�z�^aU-ir`ai_z�T-6/T�T $ t
chT'z�^aUlchT-6/T�`/T_n-XWbfTecliW} ?TV`0n-^�U-ioZ ,eXh^aclXhj�cliyT_b $ ^sn (Vc'1�^ qhnmi_`/bf^aU51 $�ch^/nmXlch^ *lc-ioj
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$ Xlc-i_z�Xlq[i1`sXl`/bf^]z 1 ,_g $ ^sb%TekWUW^ $ ^/nljWb.(V`8jQgB/�^ykWTV\_^ $ ^]cWXW^]z q[n)if`/b_^aUhTe\W}E��ifq'Te\Vi
/�^ $ ion)(_cW^ * �wioj�`/g $ (7,'i�qhnmi_`/bf^aUWTV\ � ; $ ^a`2(�X-z�^s^ab_`8j;cW^a`sq'T_n (Vq'T�\fT_Z�z�T@/�chTe`/bf^ *�}
?^aUW\eioj $ ;sbfT2T.,VU-ioZ]TV\Vi_cWXW^ `/T_n-XWbfTecliW} �?T ;sb_T2klUhTVb_Xl\fTVUW^adlXhb%`/T]vWU-ifcW^aclX': ;]ch^aU[t
6sXlX~} ��nWj $ \fgWz�^aUlchT-6/T�`/TfnmXhb_TVc-ip�[i_z�Xhn)(]b_TVclXli_c�Uli_\f^ac�chgon : $li $ nlj�T $ chT'z�^aUlchTft
6/T�tATVc�TVb_UWX5&-iubf^/n-^ac�}#/�ifqlX-z T.,eUliuZaTez $ �KTeUlz�XWUWTV\eifclXh^�`/TfnmXhb_TVc-i3\3Uh^sZsgon (�buiubf^
;a\fT_n : &lXlXwqhn)if`/bf^]Uli�\.1 68nlj $ Xhb�z�ion-TV\_^aUWT]jlb_c51Hz�} ATKbfT+*
/�^H`ai_z�T-*rklUlXWdlXWcW^���`sTut
vWUli_ch^]cWXW^ ;ach^]U'6sXlX�(
qhnmi_`/bf^aU�ch^ z�T@/�^abyXW`sdW^/Z]chg[b.( $~boi_q;q[ifq;bf^adW^aclXh^�`pz�iun 1Pz�X
i_z�khnmXhbug $ i_z�X3Xlz�^s^sbpkhT_nlT@/�XWbf^/n)(_c51?*C��i_z�X[n)(�bfTVclXli_c~}

� $ U[g06sT+*�`/b_TVUWTVc51 $'q[ifq ,+1�n-TYkWTVq[ioZoifcWT�\6k-ifU-i76aUli��K^A!h} 	l}"!�$_\ $ \ugWz�^aUWcWTez�`0nlg't
dlif^L`�T_bVUWX5&lifbf^/n)(_c51Hzx�[i_z�Xhn)(]b_TVclXli_chT'z $lboi_q'T_^6`/Te`/bfT�jlclXh^�cW^sT+6sU-ifclXldh^acWT�`sclX[Zag
kWUlX zEif` ��boi7,VcWTez klUh^sT+,VU-ioZaTe\Vi_cWXlX�$�q'T+6 $ i1k-ifU-i_z�^ab_U

a → 0
}�,|bfTCZ�cli�dlXhb $�dhb_T

q'Tfnlnmi_kW`�qhnmi_`/bf^aU-i ,VTfn-^s^p\f^aUWT�jWbf^ac�} � bfTedWqlX;Z]Uh^]cWXhj%Z�ifq'Tecli�`sTavWU-ifcW^aclX[j ;]ch^aU[t
6sXlX�$5;sb_T_b�klUhT-&h^a`a`L\_TfZ�z�T /r^ac~} �?Tech^adlcWT $l\Vi�/pcWT�buifq0/�^6ghdlXhb+1�\Vifb.(�XyX[ZanWghdW^aclXh^
\fT_n-c�zEion-T+*�iVz�k[nmXWbug $ 1�XhZYq[n)if`sbf^aU-ih}

?TV`]z�T_b_UlX-z1cli
`s\_T+*l`/b_\ei?z�if`��Ybui�,VcWT+6sT
klUW^sT.,eUliuZaTV\eifclX[j�`sXl`/bf^�z 1x� !h} 
V# ( ` $ Uhg't
6/T+*2`/bfTeUhTec'1L}�� $ \ugWz�^aUlcWTez `/nWghd-iu^��[i_z�Xhn)(]b_TVclXli_c2ghUli_\_cW^acWXhj � !W} 
V# (HklUWXCz�i_` t
�Ybui�,echT'z klUW^sT.,eUliuZaTV\eifclXWX � !W} 
12+(�\_^ $ ^sb `/^2,�j�boi_q /�^+$�q[ifqx\ $ \fgWz�^aUlchT'z ghU-if\ut
ch^]cWXlX�� Uh^ $ Xlc'6/^]Uli � � C�� ( $|\ �KTeq[g'`sXlU[g0:'&�^]z `0nWghd-iu^e}��enmi_\_c-ioj�TV`sT.,_^]cWcWTV`2(
� C�� $_dhbfT	;sb_T�ghU-if\Vch^]cWXW^�TekWXl`21�\eiu^sbLqWUlXWb_XWdW^a`sqlX5*�q'Tfnlnmi_kW`V} ��nlj ,_T_nl^a^�`0n)i�,_T-*
ch^sn-Xlch^ *WcWTV`/bVX�$-Xhn-X2z�^ac5(���^ *�UliuZ�z�^aUlcWTV`/b_X�kWUWTV`/bVUli_cW`/bV\Vi	$)q'Tfnlnmi_kW`�`/buifcWTV\VXhb_`�j
ch^]\fTfZoz�T@/pc51Hz�} � c�`/buifcWTV\VXhbV`8j \fT_Z�z�T@/�c'1Pz cli�dlXWc-ioj `

d = 2
} � k-ifU-i76sU-i ��^

!h} 	l}"!=,+1�n-T3kWTVq[iuZ�ifcWT $�dhb_TC�[i_z�Xhn (�bfTecWX-ifcQklUWX
d = 1

T+6sU-ifclXWdW^acQ`sclX[Zag+$ X�q'TfnWt
nmi_kW` khT+;sbfTez�g�ch^]\fTfZoz�T@/�^ac�} ��nWjQ`0nWghd-ioj /�^

d = 3
$ dhnl^ac �[i_z�Xhn (�bfTecWX-ifc-i	$ T_bot
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\f^ad-i7:'&rX'*2Zoi cW^/nmXWcW^ *lchTe`/b.( $E�

Hint = −I2
( $JT.,_^]`skh^]dWXl\Vif^sb�cW^sT-6sUli_cWXldW^achTe`/b.(

H

`sclX[Zsg�kWUlX
a → 0

$Wq[ifq=;abfTp\_X $ cWT�X[Z � !h} ! � (*^a`0nmX�bfTfn)(_q'T
I2 > 0

}��";abfTez `az 1H`0nl^
$ \fgWz�^aUlchTV^PghUli_\_cW^acWXW^��F^ac $ /�i_z�Xlcliot � cWTYbuifq0/�^Ajl\fnWjl^sb_`�j�khT-6sUli_cWXldlc'1Pz $�q[ifq X
$ \fgWz�^aUlc'1 * �%C�� } 5�z�T /�cWTr^ 6/T�buifq0/�^�`sdWXWbuiub.(�qlUWXWb_Xldh^a`aq'T+*yz�T $ ^/n (+:Y} ; $ ^a`2(
`0n-^ $ ge^sb�\V`skWTez�clXhb+(�$ dWbfT \QqlUWXWb_Xldh^a`aq'Tez � C�� � `az�} $Fcli_kWUlXlz�^aU�$ � A.- 	 ��( ��TVU-z�i
q'Tfnlnmi_kW`aXWUhg0:'&Y^ * `/b_UhghqWbughU'1 klUli_qhbVXWdW^a`sqlX�`/TV\VkW\ $ if^sb;` ��TVU-z�T+* $ \ugWz�^aUlcWT+6/T
`/TfnmXWbfTVc-ih} ?T.;abfTez�g%X $ nWj $ \ugWz�^aUWcWT+6sT�ghUli_\_cW^acWXhjQ�F^ac $ /wi_z�Xlc-i�t � cWT�� khT�i_cliot
nlT-6sXlX�` �%C�� (�z�T /�cWT T@/�X $ iub.( boi_q'T+6/T /�^ khTe\f^ $ ^aclX[j } �L^ 6sq'T�\_X $ ^sb+(�$
dWbfT
ghUli_\_cW^aclXh^Q� !W} 
_#%( $ Tek[g'`sq[iu^sb�if\fb_Tez�T $ ^/n (VchTV^�q'Tfnln)ifkl`sXWUhg0:'&Y^a^3UW^��Y^aclXW^�� b_TVd[t
ch^a^LkWT $ `/buifcWTV\Vq[g (�\_X $ i

u =
1

(t0 − t)
f(~ξ), ~ξ =

~r

(t0 − t)

6 $ ^
f
TekWUW^ $ ^/nWjl^sb_`�j�ghUli_\_cW^acWXW^]z

−1/2(f + (~ξ∇)f) +
∂

∂ξx
k̂ξf + 6f

∂

∂ξx
f = 0.

��i%;sbfT'z%Uh^;�Y^aclXWX
P
$_Xlz�^ :'&�X5*r`az 1�`0n ;acW^aU'6aXWXw\fT_Z�z�g	&Y^]cWX5*�$oq'Tech^]dh^ac�} �%$ cli_q'T $

Z $ ^a`2(%ifc-ion-T+6sXhj ` $ \fgWz�^aUlc'1Pz � C�� Zoifq[ifcldlXW\eiu^sb_`�j�} � d-if`/bfTe`/b_X�$�cW^ g $ i 7sbV`8j
khT_nWghdlXWb.( ifc-ion-T+6Lbf^aTVUW^]z 1 \_XlUlXliunmi�$-q[ifq=;sb_T Xlz�^s^sb�z�^a`/b_T $ nlj �%C�� � A�#f! ��}

� � � � � � ���������� �%� � � �� �

/�^�z ch^;z�^]ch^s^+$ $ nlj�cW^aq'T_nWn)ifkl`sXlU[g0:'&�^ 6/T `/^]qhbfTeUli{��boi_q9/r^;q[ifq�X $ nlj � C��
� A - 	�$ A�#f! ��(Az�T@/pcWT�cli.*hbVXCqWUlXWb_XWdW^a`sqhg0: ;acW^aU'6aX':

Px,cr
$JclX0/�^wq'TVbfTVUWT+*;q'Tfnlnmi_kW`

ch^]\fTfZoz�T@/�^ac�}~��ifq ,_g $ ^sb�khTeq[ioZ�i_chT $ ion-^s^%$J\f^/nmXldWXlcli
Px,cr

TVklUh^ $ ^/nljW^ab_`8j1TV`achTe\ot
c'1Pz `/T_n-XWbfTVclc51Hz `sTV`/bfT�j-cWXW^]z�}��|i�/�chT $[dWbfT ;aboi�;ach^]U'6sXhj cW^AZ�i_\_Xl`sXhb�T_b

V
} �6^ *[t
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`/b_\VXhbf^sn (VchT $-`/T+6�nmi_`scWT�� !W} 
4-%( $

us(~r) = V g(ξ), ξ = ~r/V

6 $ ^
g
kWT $ dlXWchjW^ab_`8j�ghU-if\Vch^]cWX5:

−g − k̂ξg + 3g2 = 0.
� !h} 	 	 (

?T.;sbfT'z�g

Px,cr =
1

2

∫
g2(ξ)d~ξ.

?TVq[i /r^]z $mdWbfT klUlX
Px < Px,cr

$J��iVz�Xhn (�bfTecWX-ifc2T+6aUli_cWXldh^]c3`sclXhZsgyX�^ 6sT cWX0/�c[jWj
6sU-ifclX'&-i�U-if\Vcliwchgon : $lX $ Te`/b_X56 if^sb_`�j�c-iwUli_`sklUh^ $ ^/n-^aclXWX�$h\wq'T_b_TVUWTez ∫

uk̂ud~x→

0
}
5K`skWTfn)(uZsge^]z ch^]Uli_\f^acl`/b_\_T%� !h} ! - (�X3TVklUh^ $ ^/nmX-z�cli_X[nlghd��6g0: q'TVcl`/buifcWbug

C
$ nlj

d = 2
}@CKdlXhb+1�\Viuj�`sT_T_bVchT �Y^aclXh^L� !W}
	 	.( \ez�^a`/b_Tp� !h} !_�+( $okWTfnlghdlif^]z $ nWj $ \fgWz�^aUlchT-6/T

`0nlghdliuj
∫
u3dr ≤ 1

2

(∫
u2
sdr

)−1/2 (∫
u2dr

)1/2 ∫
uk̂udr.

?T $ `/buif\fnWjWj ;abfT�ch^]Uli_\f^acl`/b_\_T�\
H
$

H ≥ 1

2


1 −


 Px
Px,cr




1/2


∫
uk̂ud~r

� !h} 	�# (

khT_nWghd-iu^�z $-dhb_T���iVz�X[n)(�bfTVclX-ifc�klUlX �LXWq�`sXlUWTV\Vi_cWcWTez
Px < Px,cr

T+6sU-ifclXWdW^acy`acWX[t
Zsg+$'X�^ 6/TrcWX0/�c[jWj 6sU-ifclX5&li $ Te`/b_X56 if^sb_`�j�c-iYUW^��Y^aclXhj[v `/T�`aUh^ $ clXlz 〈k〉 → 0

}�,*bfT
X T_Z]c-i]d-iu^ab $�dWbfT $ nlj c-i�dliun (Vc'1�v ge`/nlTe\_X5* `

Px ≤ Px,cr
Uli_`skWUW^ $ ^/n-^acWXW^ ,_g $ ^sb

Uli_`skhn 1H\Viub+(_`�j�X[Z/t Z�i $ XW`skW^aUl`sXlXyX�if`aXlz�kWbfTVb_XWdW^a`sqlX�Xl`sdW^/Z�ifb.(W}
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��

� `schTe\_c-ioj1b_Uhg $ cWTV`/b.(�dWXl`0n-^acWcWT+6sT�z�T $ ^/nmXlUhTe\VifclXhj2ghU-if\Vch^]cWXhj�� !h} 
V# (P`a\ujhZoifc-i `
bf^]z $�dWbfT�q[ifq `sTfnmXhbfTec'1 $�buifq X q'Tfnlnmi_kW`aXWUhg0:'&�XW^yq[n)if`sbf^aU51 X-z�^ :
b;z�^ $ n-^acWcWT
`sk-i $ i7:'&�XW^�vW\_TV`/b.1L}�,|bfT�b_Uh^ ,fgV^ab $ TV`/buiubfTedWcWT ,_T_n (/�6g0: T+,fn)if`/b.(%� X[nmXCz�^/nmq[g0:
UliuZ]cWTV`/b_chg0:�`/^sbVq[g ( $udWbfT.,-1 T+,_^a`skW^adlXhb+(
g ,+1H\VifclXW^*vW\fTV`sbfTV\?q 6sU-ifclX'&W^�z�T $ ^sn-XlUhTft
\Vi_cWXhj�}���Uli_`sdh^aboiov XW`skWTfn)(uZ]TV\Viunmi_`2( ��TVUW^ac5&h^]\Vi�X���iage`a`/TV\ei �KTeUlz�i $ nlj�c-i�dliun (ut
chT-* i_z�khnmXhbug $ 1 `sq'TeUhTe`/b_X

u(r, t)
`pv[ifU-ifqWbf^aUlc'1Pz ,_^/Z]U-ioZoz�^aUlc'1Pz�U-ioZ�z�^]UhT'zH� � (

khTeUej $ q[i
1
$li�U-ioZoz�^aU�T+,fn)if`/b_X2z�T $ ^sn-XlUhTe\Vi_cWXhj

L
,-1�n

32πx32π
} ��ipz�i_` �Ybui�,'i�v

khTeUej $ q[i
1
$ cW^sT.,]v'T $ X-z�T�veTeUhT �Y^s^�U-ioZ�Uh^���^aclXh^�`/T_n-XWbfTVboi�$ buifqQdWbfT2dlXl`0nlT3g�Zsn-TV\

`/^sb_qlX ,+1�n-Tr\+1�,eUli_chT
512x512

} 5K`skhT_n (fZaTV\eionmXW` ( $ \ei6b_Xlk-i!6sU-ifclXldWc51|v g'`0n-TV\_X5*�}
?^aUW\+1?*�tLkW^aUlXhT $ XWdW^a`sqlXW^�kWT%T.,VTVX-z�kW^aUW^]z�^aclc51Hz�} �FbfTeUhT-*Qt�� $ nWj b_T+6/TCdWbfT.,-1
T.,V^a`skW^adWXWb.(pXhZsnlghdh^aclXW^YX[ZYT+,fn)if`/b_X�( � kWT+6�nlT+&ri7:'&rXh^ � $-klUWX3q'T_bfTeU'1�vygB/�^Ych^Y`sTut
vWUli_c[jl^sb_`�j cWX

H
clX

Px
}�� �*kW^aUl\.1�^�buifq[iuj X $ ^/j klUWX-z�^/jWnmi_`2(1\%dWXl`0n-^aclchT'z z�Tft

$ ^sn-XlUhTe\Vi_cWXlX q'Tfnlnmi_kW`]i $ nWjQb_U 70vlz�^aUlcWT+6/T1q'Tfnlnmi_kW`]i�\�ghUli_\_cW^aclXWX ��i $ Tez &W^a\ei�t
?^sb_\_X-i �r\_Xhn-X � 
4-.$ 
f� ��(�} �~U-ifclXWdlc51�^wge`0n-TV\VX[j ,+1�n-X;\.1�,eUli_c'1 kW^aUlXhT $ XWdW^a`sqlX-z�X
khT

y
X

u|x=0 = k̂u|x=0 = k̂u|x=L = 0.

��nWjpg $ T.,V`sb_\ViLghU-if\Vch^]cWXW^w� !h} 
V# (�Uh^��wion-TV`2(6\ $ \VX /�g	&Y^ *W`�j `sXl`/bf^]z�^PTVb_`sdW^sbui	$B6 $ ^
q'Tfnlnmi_kW`aXWUhg0:'&�X5*�q[n)if`/b_^aU cW^akWT $ \VX /�^]c�$hX[nmX $ \_X560iu^sb_`�j�z�^ $ n-^aclchT-} /*} ^V} ��ifqWb_X�t
dh^]`sqWX�dlXl`0nl^]cWcWT�Uh^;�rion-TV` (�ghU-if\Vch^]cWXW^

ut − V ux =
∂

∂x
k̂u− 6uux

� !h} 	e�*(
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; $ ^]`2(

V (t)
\+1�,VXlU-ion)if`2(CdlXl`0nl^]cWcWTCcli1q[i�/ $ T'z �ri76s^�kWTC\_UW^]z�^aclX�$�dhbfT+,+1 kWT $ t

$ ^]U-/pXl\Vifb.(�klXWq3q'Tfnlnmi_kW`]i�\
&W^acWb_UW^6T.,fn)if`sb_X3z�T $ ^/nmXWUWTV\eifclX[j }
KUlXlz�^]c[jWnmi_`2(A`/buifc $ i_Uhb_c-iojp`8ve^]z�i �Yi_q�`ai�t �F^ac $ UWT ��i $ nWj�ghUli_\_cW^acWXhjy� !W}
	e�*(~Zoi�t
kWXl`ai_cWcWT+6/Tp\ $ XW\_^aU56/^acWb_chT'z \_X $ ^+3

ut + Fx = 0.
� !h} 	 - (

; $ ^]`2(�kWT_bfTeq
F = −V u− k̂u+ 3u2 $hX�XlcWbf^ 6sU-ion)(_c51?*�Tekh^]UlifbfTVU k̂u \.1HdWXl`0nljhnm`8j

`skW^aqhbVUliun (Vc'1Pz�z�^sbfT $ Tez�}
5K`s`0n-^ $ TV\eionmXW`2( $ \f^6kWUWT.,_nl^�z 1 3

��� ?TVUWT+6LcW^/ge`/b_T+*ldWXl\fTe`/b_X $ nlj�cli�d-ion)(_c51|v�ge`0n-TV\VX'*�\7,fnmXhZ]X
H = 0

}
��nWj ;ab_X�v�\VifUlX-ifcWbfTV\�Xl`skhT_n (fZaTV\eion)if`2( �LTeUh^]c'&W^a\Vi �KTeUlz�i $ nWj�cli�d-ion)(_c51|v g'`0n-Tut
\_X5*

u(~r) =
2/3|~V |

1 + (Vxx)2 + (Vyy)2
.

5AZ�z�^acW^aclXh^]z
V
z�T /�cWT khT_nWghdlXWb.( q[ifq�kWTfn-T@/pXWbf^/n)(_cWT_^+$Ebuifq X TVb_UlX'&-iubf^sn (VchTV^

Z]c-i]dW^aclXh^
H
} ��nWj3\V`/^0vycli�d-ion)(_c51|v�g'`0n-TV\_X5*�`

Px > Px,cr
X
H < 0

c-i�,_n : $ iun-`�j
q'Tfnlnmi_kW`V} ��i_q2\VX $ cWTyX[Z ��Xl`0ghclq[i�!h} A 
 $~i_z�khnmXhbug $ i�kWXlq[i	$~q'TVbfTVU51?* $ \VX /�^ab_`8j;`
ge`sq'TeUh^]cWXW^]z $ gh\f^/nmXldW\eiu^sb_`�j�} ;~if\VXW`aXlz�Te`/b.(2T_b%\VUh^]z�^acWX `aq'TVUWTV`/b_X kWXlq[i � &h^acWb_U-i
q'Tfnlnmi_kW`]i	$|`az�}�!W}
	'�+( $|khTeq[ioZ�i_cWc51�^Cc-i ��XW`0ghclq'^;!h} Aa!QX ��Xl`0ghcWq'^;!W} A 
 $|kWTav'T@/pX�$
dhb_T�`s\_X $ ^sbf^/n)(_`/bV\ugV^abY\6khT_n (fZsg if\fb_Tez�T $ ^/n (VchT-6/TYUW^ /�Xlz�iW} 5�z�gon)(_`
\ $ Tfn)(�TV`aX

x
$

\.1HdWXl`0n-^acWc51?*�kWTLdW^sb_\_^aUWb_X�T.,_nmi_`/b_X�\fTeqWUhg06�q'T_nWn)ifkl`ai	$fTV`/bui 7ab_`8j�khTedhbVXpkhTe`/bfT�jlc[t
c'1Pz�\fT6\_`/^/v�\Vi_UWX-ifcWbui�v `�TVb_UlX'&-iubf^sn (Vc'1Pz

H
}�� bfT�/�^A`aiVz�T_^P\_UW^]z�j�$[�[i_z�Xhn (�bfTft

cWX-ifcYboi_q /�^H\.1�dlXl`0nl^]cWc51?*rkhT?dW^sb_\_^aUhbVX�T+,fn)if`/b_X�$]gWz�^ac5(��wiu^sbV`8j }�� ��XW`0ghcWTVqw!h} Aa�+( $
dhb_T	6sTV\fTeUWXWb�T.,�X[ZanWghdW^aclXWX ;]ch^aU56sXlX�$_T_bez�^adW^acWcWTez�\Lkli_Uli.6sUli��K^A!h} 	l} #�} � klUWX',fnmX[t
/�^aclXh^�z�q &W^acWb_U[g q'Tfnln)ifkl`ai	$�ifclXhZaT_b_UWTVklXhj XW`sdW^/Z�if^sb $�X U-if`sklUh^ $ ^/n-^aclXh^�\fT-6sU[g06
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&h^]chb_U-ip`/buifcWTV\VXhbV`8j�kWTVdWb_X�`aXlz�z�^sb_UlXWdlc'1Pz�� ��Xl`0ghcWqlX3!W} A 	 $"!W} Ao# (�}
��nljxcli�d-ion)(_c51|v g'`0nlTe\_X5* `

Px < Px,cr
�
H > 0

(�cli7,fn): $ ion)if`2( z�^ $ nl^aclc-ioj
;a\fT_n : &lXhj43*Uli_`sklUh^ $ ^/n-^aclXh^

u
\ &W^acWb_Uh^Cz�^ $ n-^aclchT k-i $ iu^sbo} ,|\fT_n : &lXhj `skh^]qhb_U-i

$ nlj
Px < Px,cr

ghq[ioZ@1�\Vif^sb�cli�kW^aUW^aU-if`sklUh^ $ ^/n-^aclXh^
;acW^aU56sXWX;\ $ nmXWclchTe\fT_n-cWTV\+1�^
z�if`��Ybui�,+1 $ldhbfT clioveT $ XWb_`�j�\p`/T+6�n)if`sXlX�`KT-&h^]cWq'T-*�� !h}
	[# (�}
��� � �A^sge`/bfT-*WdlXl\fTV`sb.(�T $ cWTez�^]UWcWT+6/T�`sTfnmXhbfTecliW}
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ρ = 1
fg�/!$�"-:91�1I8)@'�4 JE!F0V!F46�,I

φ
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4φ = 0, 6 S8f P87
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−∞ < z < η(~r), ~r = (x, y). 6 S<f X�7
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∂η

∂t
+
∂φ

∂x

∂η

∂x
+
∂φ

∂y

∂η

∂y
=
∂φ

∂z

∣∣∣∣∣
z=η

,
(
∂φ

∂t
+

1

2
(∇φ)2

)∣∣∣∣∣
z=η

+ σ(
√

1 + (∇η)2 − 1) = 0,
6 S8f � 7

.10<I
z = η

C8I��

φz|z=−∞ = 0, 6 S8fnS37
.10<I

z → −∞ f��*2*-:4 A
η = η(x, y, t)
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�x91-:0<% IG`{4 I<46�"-OZ�;^!$.<I14:;K+$)"- �,4(`{43'<-62<?V�/�z-:# �L?V91J1�1I1-:#g�

H = T + U,

T =
1

2

∫
d2r

η∫

−∞
(∇φ)2dz, 6 S8f���7

U = σ
∫

(
√

1 + (∇η)2 − 1)d2r +
1

2
g
∫
η2d2r, 6 S8f q 7

%�2*-
σ �

JE!$y � ��I1�1I1-:91�[.1!$+,-:0$N19V!F46�,91!$%6!m9<)"�:`1�z-:9<IG`WC
g �

?F4:JE!$01-:91I1-{4 +,!,H,!B259V!"a
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46�,I

η(x, y, t)
I�.V!$�"-:91�1I8)@' 4:JE!$4 01!,�,I^98)p.1!$+,-:0$N19V!F46�,I ��Iv25JE!$4 �,I

ψ(x, y; t) =

φ(x, y, η(x, y; t); t)
f��L0<),+,91-:9<IG`�G),Z�IV'8AO�"!F9<)�I<Zd-B�M��43'<-62<?V�/��I1#{+$Iv2 �

∂η

∂t
=
δH

δψ
,

∂ψ

∂t
= −δH

δη
. 6 S8f R 7
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H =
1

2

∫ (
σ|∇η|2 + gη2 + ψk̂ψ

)
d2r +

1

2

∫
η
[
|∇ψ|2 − (k̂ψ)2

]
d2r+

+
1

2

∫
η(k̂ψ)

[
k̂(η(k̂ψ)) + η4ψ

]
d2r.

6 S8f r 7

�*28-B4 A +,+,-32*-:9�'*I191-:#<91; #}!$.1-:0<)"�"!$0
k̂
C,43?G�,A 28-:#<46�,+$IG`�JE!,�"!F0V!F%6!|9<).� ?V9<J �<I<�=4 +,!7a
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k
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η̇ = k̂ψ − (∇(η∇ψ))− k̂[ηk̂ψ] + k̂(ηk̂[ηk̂ψ])+

+1
2
4[η2k̂ψ] + 1

2
k̂[η24ψ],

ψ̇ = σ4η − gη − 1
2

[
(∇ψ)2 − (k̂ψ)2

]
− [k̂ψ]k̂[ηk̂ψ] − [ηk̂ψ]4ψ.

6 S8f T 7
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ψ~k =
1

2π

∫
ψ~re

i~k~rd2r, η~k =
1

2π

∫
η~re

i~k~rd2r. 6 S<f P:U 7
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H = H0 +H1 +H2 + ...,

H0 =
1

2

∫
(|k||ψ~k|2 + σ|k|2|η~k|2 + g|η~k|2)d~k,

H1 = − 1

4π

∫
L~k1

~k2
ψ~k1

ψ~k2
η~k3
δ(~k1 + ~k2 + ~k3)d~k1d~k2d~k3,

H2 =
1

16π2

∫
M~k1

~k2
~k3
~k4
η~k1
ψ~k2

η~k3
ψ~k4

δ(~k1 + ~k2 + ~k3 + ~k4)d~k1d~k2d~k3d~k4,

6 S<f P,P 7
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L~k1
~k2

= (~k1
~k2) + |~k1||~k2|,

M~k1
~k2
~k3
~k4

= |~k2||~k4|
[
1

2
(|~k1 + ~k2| + |~k1 + ~k4|+

+|~k3 + ~k2| + |~k3 + ~k4|) − |~k2| − |~k4|
]
.
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η
I
ψ

IvN �L?V0<A"-3a !,HF0<)7>B;�!$H"'5)O2 )"�M�~4 I8Z a
Zd- �,0<I1-:#

η~k = η∗−~k
f*� !$y �"!FZd?c?O2*!,H$91- -|+,+,-:46�,I{JG),9V!F91I<w1-:4 J<IV-�.1-:0V-OZd-:9<91;K-$�

a~k =

√
ωk
2k
η~k + i

√√√√ k

2ωk
ψ~k, 6 S<f P � 7

>62*-:4 A
ωk

	 y �"!�>O),JE!$9&25I<4 .V-B014 I<I{+,!"'*9��

ωk =
√
σk3 + gk. 6 S<f P6S37
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H0 =
∫
ωk|a~k|

2d~k,

H1 =
1

6

1

2π

∫
E
~k0

~k1
~k2

(a~k1
a~k2
a~k0

+ a∗~k1
a∗~k2
a∗~k0

)δ(~k1 + ~k2 + ~k0)d~k1d~k2d~k0+

+
1

2

1

2π

∫
C
~k0

~k1
~k2

(a~k1
a~k2
a∗~k0

+ a∗~k1
a∗~k2
a~k0

)δ(~k1 + ~k2 − ~k0)d~k1d~k2d~k0,

H2 =
1

4

1

(2π)2

∫
W~k1

~k2
~k3
~k4

(a~k1
a~k2
a~k3
a~k4

+ a∗~k1
a∗~k2
a∗~k3
a∗~k4

)×

×δ(~k1 + ~k2 + ~k3 + ~k4)d~k1d~k2d~k3d~k4+

+
1

4

1

(2π)2

∫
F~k1

~k2
~k3
~k4

(a∗~k1
a~k2
a~k3
a~k4

+ a~k1
a∗~k2
a∗~k3
a∗~k4

)×

×δ(~k1 − ~k2 − ~k3 − ~k4)d~k1d~k2d~k3d~k4+

+
1

4

1

(2π)2

∫
D~k1

~k2
~k3
~k4

(a~k1
a~k2
a∗~k3
a∗~k4
δ(~k1 + ~k2 − ~k3 − ~k4)d~k1d~k2d~k3d~k4.
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E
~k0

~k1
~k2

= V k0

~k1
~k2

+ V k1

~k0
~k2

+ V k2

~k0
~k1

,

C
~k0

~k1
~k2

= V k0

~k1
~k2

− V k1

−~k0
~k2

− V k2

−~k0
~k1

,

V k0

~k1
~k2

=

√√√√ωk1
ωk2

k0

8k1k2ωk0

L~k1
~k2
,

F~k1
~k2
~k3
~k4

= W~k1,−~k2,−~k3,−~k4
−W~−k2,~k1,−~k3,−~k4

+W−~k3,−~k2,~k1,−~k4
−

−W~−k4,−~k2,−~k3,~k1
,

D~k1
~k2
~k3
~k4

= W~k1,−~k3,~k2,−~k4
+W~k3,−~k1,~k4,−~k2

−

−
(
W~k1,~k2,−~k3,−~k4

+W~k1,~k2,−~k4,−~k3
+W~k2,~k1,−~k3,−~k4

+W~k2,~k1,−~k4,−~k3

)
,

W~k1
~k2
~k3
~k4

=

√√√√ k1ωk2
k3ωk4

16ωk1
k2ωk3

k4
M~k1

~k2
~k3
~k4
.
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�/'<-:9

H0
!,�,+,-:w<)"- ��'8I<9V-B#191!$#&y:+,!"'*� �1I<I�9<)Ow8)@'*A,9<;xN�?E43'8!$+,I<#gf1��; 0<)7�z-:9<IV-�4

H1

!,�,+,-:w8)7- �}�,01-3N1+"!,'891!$+$; Z_+7>O),I<Z�!:2*-:#<46�,+$IG`*ZiCV+��"!EZw<I<43'<-F�VwV'<-B9�4
E
~k0

~k1
~k2

25)"- ��%6-3a
9V-B0<)��1I<� +"�"!F0V!F#�%3)"08Zd!F91I<J1IgC")LwG'8-:9z4

C
~k0

~k1
~k2

!$�,+"-:w8)7-:� �,01-3N1+"!,'891!$+$; Z	.<0V! �V-B4 4:),Z
0<),4 .8)O2 )LI�43'*IG`891IV`gf3��; 0<)7�z-:9<IV-M4

H2
.<0V-32546�7)"+"'1`<- ��w1- �,; 0V-6N1+"!"'*91!$+,;K- .<01! �1-:4 a

4 ;DCE)|I8Zd-:9<9V!8�EwG'8-:9�4
W~k1

~k2
~k3
~k4

2 )7- ��%6-B9V-:08)��<I<�=�,01- �,A,-:#&% ),0<Zd!F91I<J<I�C
F~k1

~k2
~k3
~k4

	

0<),4 .8)O2kIu43'*IG`891I1-�!B2*91!$#u+"!"'*9<; +~�,0<IgC
D~k1

~k2
~k3
~k4

	 08)"4:46-6`<9<I1-L25+7?EN�+,!"'*9u+�25+"-
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ȧ~k = −iδH
δa∗~k

= −iωka~k−

− i

2

1

2π

∫
C
~k
~k1
~k2
a~k1
a~k2
δ(~k1 + ~k2 − ~k)d~k1d~k2−

− i

2π

∫
C
~k0

~k~k2

a∗~k2
a~k0
δ(~k + ~k2 − ~k0)d~k2d~k0−

− i

2

1

2π

∫
E
~k
~k1
~k2
a∗~k1
a∗~k2
δ(~k1 + ~k2 + ~k)d~k1d~k2−

− i

(2π)2

∫
W~k1

~k2
~k3
~ka

∗
~k1
a∗~k2
a∗~k3
δ(~k1 + ~k2 + ~k3 + ~k)d~k1d~k2d~k3−

− i

4

1

(2π)2

∫
F~k~k2

~k3
~k4
a~k2
a~k3
a~k4
δ(~k − ~k2 − ~k3 − ~k4)d~k2d~k3d~k4−

− i

4

3

(2π)2

∫
F~k1

~k2
~k3
~ka~k1

a∗~k2
a∗~k3
δ(~k1 − ~k2 − ~k3 − ~k)d~k1d~k2d~k3−

− i

2

1

(2π)2

∫
D~k1

~k2
~k3
~ka~k1

a~k2
a∗~k3
δ(~k1 + ~k2 − ~k3 − ~k)d~k1d~k2d~k3.
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a2

&
c2

�10"3���� �

a2 = a2
1k

3 + tanh2 kh

4 tanh3 kh
,

c2 =
g

k
tanh kh


1 +


9 − 6 tanh2 kh+ 5 tanh4 kh

8 tanh4 kh
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tanh kh̄


1 +


9 − 10 tanh2 kh̄+ 9 tanh4 kh̄

8 tanh4 kh̄
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c2 =
g

k
(1 + (ka1)
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Ŝ ' h(1 − h2

3

∂2

∂x2
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H4
1st = −1

2

∫
2Ψ(3)HΨ(1)′du =

= −
∫
P(x′

2 − y′
2
)HP ′du+ 2

∫
x′H(y′P)HP ′du =

=
1

2π

∫
|k3|(|k1k2| + k1k2)zk1

zk2
Pk3

Pk4
δk1+k2+k3+k4

dk1dk2dk3dk4+

+
1

π

∫
|k1|k2|k3|sk2+k4

zk1
zk2

Pk3
Pk4

δk1+k2+k3+k4
dk1dk2dk3dk4
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H4
2nd = −1

2

∫
Ψ(2)HΨ(2)′du =

= −1

2

∫
(y′P)H(y′P)′ + (x′P)H(x′P)′ + 2(x′P)(y′P)′du

�
k
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H4
2nd = 1

4π

∫
{(|k1k2| − k1k2)|k2 + k4| + (|k1|k2 − k1|k2|)(k2 + k4)}×

zk1
zk2

Pk3
Pk4

δk1+k2+k3+k4
dk1dk2dk3dk4 6�� � 7
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H5
1st = − ∫

Ψ(4)HΨ(1)′du =

−1

(2π)
3

2

∫
|k4|{(3k1k2 + |k1k2|)|k3| + (3|k1k2| + k1k2)sk3+k5

k3}×

zk1
zk2
zk3

Pk4
Pk5

δk1+k2+k3+k4+k5
dk1dk2dk3dk4dk5
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H5
2nd = − ∫

Ψ(3)HΨ(2)′du =

∫ P(x′
2 − y′

2
)(z′P)′du+

∫
P(x′

2 − z′
2
)H(x′P)′du−
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−2
∫
x′H(z′P)(z′P ′)′du− 2

∫
x′H(z′P)H(x′P)′du =

− 1

(2π)
3

2

∫ {(|k1k2| + k1k2)(k3(k3 + k4) + |k3||k3 + k4|)}×

zk1
zk2
zk3

Pk4
Pk5

δk1+k2+k3+k4+k5
dk1dk2dk3dk4dk5−

− 2

(2π)
3

2

∫ |k1|k3sk3+k4
(k2(k2 + k5) + |k2||k2 + k5|)×

zk1
zk2
zk3

Pk4
Pk5

δk1+k2+k3+k4+k5
dk1dk2dk3dk4dk5
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H =
1

2

∫
(g|zk|2 + |k||Pk|2)dk+

+
1

2
√

2π

∫ {Sk1k2k3
zk1
zk2
zk3

− F k1

k2k3
zk1

Pk2
Pk3

}δk1+k2+k3
dk1dk2dk3+

+
1

4π

∫
Mk1k2

k3k4
zk1
zk2

Pk3
Pk4

δk1+k2+k3+k4
dk1dk2dk3dk4+

+
1

2(2π)
3

2

∫
Nk1k2k3

k4k5
zk1
zk2
zk3

Pk4
Pk5

δk1+k2+k3+k4+k5
dk1dk2dk3dk4dk5

2 ���
Sk1k2k3

6
Lk1k2

&
F k1

k2k3

 ����	�����&.������ 3 6 � � �	� 7 6%&

Mk1k2

k3k4
= (|k3| + |k4|)(k1k2 + |k1k2|)+

+
1

4
L−k1k2

(|k1 + k3| + |k1 + k4| + |k2 + k3| + |k2 + k4|)+

+
1

2
(|k1|k2(2k2 + k3 + k4) + k1|k2|(2k1 + k3 + k4))+

+ |k1|k2(|k3|sk2+k4
+ |k4|sk2+k3

) + k1|k2|(|k3|sk1+k4
+ |k4|sk1+k3

)

Nk1k2k3

k4k5
=

− {(|k1k2k3| + |k1|k2k3 + k1|k2|k3 + k1k2|k3|)(|k4| + |k5|)+

+
k1k2k3

3
(|k4|(sk1+k5

+ sk2+k5
+ sk3+k5

)+

+ |k5|(sk1+k4
+ sk2+k4

+ sk3+k4
))+

+ |k4|(k1|k2||k3|sk1+k5
+ |k1|k2|k3|sk2+k5

+ |k1||k2|k3sk3+k5
)+

+ |k5|(k1|k2||k3|sk1+k4
+ |k1|k2|k3|sk2+k4

+ |k1||k2|k3sk3+k4
)}
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− 1

3
{Lk1,k2

Lk3,k3+k4
+ Lk3,k2

Lk1,k1+k4
+ Lk1,k3

Lk2,k2+k4
+

+ Lk1,k2
Lk3,k3+k5

+ Lk3,k2
Lk1,k1+k5

+ Lk1,k3
Lk2,k2+k5

}−

−1

3
{|k1| ( k3(Lk2,k2+k4

sk3+k5
+ Lk2,k2+k5

sk3+k4
)+

+ k2(Lk3,k3+k4
sk2+k5

+ Lk3,k3+k5
sk2+k4

))+

|k2| ( k3(Lk1,k1+k4
sk3+k5

+ Lk1,k1+k5
sk3+k4

)+

+ k1(Lk3,k3+k4
sk1+k5

+ Lk3,k3+k5
sk1+k4

))+

|k3| ( k2(Lk1,k1+k4
sk2+k5

+ Lk1,k1+k5
sk2+k4

)+

+ k1(Lk2,k2+k4
sk1+k5

+ Lk2,k2+k5
sk1+k4

))}
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G(q, k2 − p, k1 , k3 )V (k2 , p, k2 − p)

ω(k2 ) − ω(k2 − p) − ω(p)
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−ω(k3 ) − ω(k3 − p) + ω(p)
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−ω(k3 ) − ω(k3 − q) + ω(q)
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δη = ηn+1 − ηn, δψ = ψn+1 − ψn. 6�� � 7
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δH =
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δη
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=
∂H

∂ψ
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δψ

τ
= −∂H

∂η
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ηn+1
~k

− ηn~k
τ

= 1
2|~k|

(
ψn+1
~k

+ ψn~k

)
−

−1
4
F̂
(
∇, (ηn+1 + ηn)∇(ψn+1 + ψn)

)
−

−1
4
|~k|F̂

(
(ηn+1 + ηn)k̂(ψn+1 + ψn)

)
+

+1
4|~k|F̂

[(
ηn+1 + ηn

)
k̂
(
ηn+1k̂ψn+1 + ηnk̂ψn

)]
−

−1
8|~k|2F̂

[
((ηn+1)2 + (ηn)2)k̂(ψn+1 + ψn)

]
+

+1
8|~k|F̂

[
((ηn+1)2 + (ηn)2)4(ψn+1 + ψn)

]
.
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− ψn~k
τ

= −1
2
ω2
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|~k|

(
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)
−

−1
4F̂

(∣∣∣∇ψn+1
∣∣∣
2
+ |∇ψn|2

)
+

+1
4F̂

(
(k̂ψn+1)2 + (k̂ψn)2

)
−

−1
4F̂

[
k̂
(
ψn+1 + ψn

)
k̂
(
ηn+1k̂ψn+1 + ηnk̂ψn

)]
−

−1
4
F̂
[
(ηn+1 + ηn)(4ψn+1k̂ψn+1 + 4ψnk̂ψn)

]
.
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∇, (ηn+1 + ηn)∇(ψn+1 + ψn)

)
−

−1
4|~k|F̂

(
(ηn+1 + ηn)k̂(ψn+1 + ψn)

)
+

+1
4
|~k|F̂

[(
ηn+1 + ηn

)
k̂
(
ηn+1k̂ψn+1 + ηnk̂ψn

)]
−

−1
8
|~k|2F̂

[
((ηn+1)2 + (ηn)2)k̂(ψn+1 + ψn)

]
+

+1
8|~k|F̂

[
((ηn+1)2 + (ηn)2)4(ψn+1 + ψn)

]
,

Rψ = −1
4F̂

(∣∣∣∇ψn+1
∣∣∣
2
+ |∇ψn|2

)
+

+1
4F̂

(
(k̂ψn+1)2 + (k̂ψn)2

)
−

−1
4F̂

[
k̂
(
ψn+1 + ψn

)
k̂
(
ηn+1k̂ψn+1 + ηnk̂ψn

)]
−

−1
4F̂

[
(ηn+1 + ηn)(4ψn+1k̂ψn+1 + 4ψnk̂ψn)

]
.
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ηn+1
~k

= A(k, τ)ηn~k + B(k, τ)ψn~k + C(k, τ)Rη +D(k, τ)Rψ,

ψn+1
~k

= E(k, τ)ηn~k + A(k, τ)ψn~k + F (k, τ)Rη + C(k, τ)Rψ,
6�� � 7
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A(k, τ) =
1 − 1

4ω
2
kτ

2

1 + 1
4ω

2
kτ

2
, B(k, τ) =

τk

1 + 1
4ω

2
kτ

2
,

C(k, τ) =
τ

1 + 1
4ω

2
kτ

2
, D(k, τ) =

1

2
τB(k, τ),

E(k, τ) = −ω
2
k

k
C(k, τ), F (k, τ) =

1

2
τE(k, τ).
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�

• s = 2
� 6 ηn+1
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