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BeeanerHune

Anpom jpamHO pabOTHI, BOKPYI KOTOPOrO IIOCTPOEH BECh MATEPHUAJI JIHCCEepTa-
WU, ABJIAIOTCA YPaBHEHUSA MOTCHIUAJIBHOIO TEYCHUS HEeCKUMaeMOU ujiealibHON
JKAJIKOCTH CO CBOOOJHOM IpaHUIEl. DT ypaBHEHUsI IPEJICTABJISIOT COOO0M OuH
13 KJIACCHYECKUX ODEKTOB MCCJIEIOBAHUM, KOTOPBII sIBUJICS OCHOBOH, CTHMYJIOM
JIJIsT TIOCTPOEHUS PA3JIMUHBIX (pU3nUecKuXx Mojesieii. B manHoi paboTe mpeacras-
JICHbl UCCJICJOBAHUS 110 HECKOJIbKUM HAIIPABJICHUAM, U BCE OHU TaK WU UHAYE
CBSI3aHBI C I'UJIPOJIMHAMUKON YKUJKOCTU CO CBOOOIHON I'DAHUIIEN.

Cucrema ypaBHEHHUIT, ONUCHIBAIOIINE TEUCHUE HECXKUMACMOT XKUJKOCTH (He 00si-
3aTeJIbHO HOTeHuHaﬂbﬂoe) B 00J1aCTH OI'PaHMIEHHON CBOOOIHOM I'PaHUTIEH n(:v, Y, t),
XOPOIIIO U3BECTHA. DTO yPaBHEHUE Diljiepa, YCJIOBUE HECXKUMAEMOCTH YKUJIKOCTH,

1 KUHEMATHUYECKOE yCJIOBUE Ha, CBOOOJIHOI T'DaHMUIIE:

OV o\ - .
S H(VV)V = —vP g
V-V =0
n on on
E—i—vx%—i—‘/ya—y = Vz‘zzn~ (0'1)

3mech V' - BEKTOP CKOPOCTH TeYEHHS KUIKOCTH, P - JaBjeHne XKUIKOCTH, § -
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BEKTOP I'PABUTALMOHHOrO yCKOpeHus. s HOTEHIMAIbHOIO YKe TeUeHUs, KOTIa
V=Vo, V&=0 (0.2)
(®(z,y, 2,t) - mMOTEHIMAT CKOPOCTH) ypaBHEHHe Diliepa MPUHUMAET BHT;:

9 1., )
V(EW‘V@' +P> -7 (0.3)

Ha cBoboHOI 2Ke rpanuiie, rje JaBjieHue P IOoCTOSHHO, 9TH ypaBHEHUsI SKBUBa-
JIEHTHBI CJIEJIYIOIIell KpaeBoil 3ajiade Jijid MOTEeHIMaJa, ¢ TPAHUYHBIM YCJIOBUEM

Ha IIEPEMEHHON I'PDaHUIE:

Ve = 0,
8<I> 1
875 |V<I>\ +gn = const| _, , (ypasnenne Beprysmm)
on Va vy .
N + o +V, oy Z|Z:77 (KMHEMATHYIECKOE YCIIOBHE). (0.4)

Koneuno, cioma emé Hy»KHO H00aBATHL TPAHUYHOE YCJIOBHE JJIsI MOTEHIHAIA HAa
OCTAJIbHOM TpaHuiie. DTO MOTYT OBITH TAKUE YCJIIOBHUsI, K&K OTCYTCTBUE JIBUKEHUSI
JKUJKOCTH HA, OECKOHEYHOCTH, [IEPUOJIUIYECKUE YCJIOBUSL, YCIAOBUSI HEIIPOTEKAHMUSI
na "jue".

OrMmeTuM 371€Ch, 9TO €CJH €Ié yUeCTh MOBEPXHOCTHOE HATSKEHHE, TOrIa K

const B ypaBHenuu Beprysuin ciejgyer 100aBUThH diieH

- (1 it \vnE) | (0.5)

311echb 0 - KO3A(MDDUIUEHT TOBEPXHOCTHOIO HATSXKEHMUSI.
KparTko 0oCcTaHOBUMCSI HA OCHOBHBIX PE3YJIbTATAX, U3BECTHBLIX JJIsI 9TUX yPaB-

HEHUA.
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1. Tlepsoiit Baxkubiit pesysbrar jisi ypasaenuit (0.4) maruposan 1880 rogom
u npunajiexxur Crokcy [144, 32]. Ero runoresa oTHOCHTCSI K yCTAHOBUB-
[ITUMCST, CTAIMOHAPHBIM I'PABUTAIMOHHBIM BOJIHAM PEJETHLHON aMIJIATY/IbI.
['paBUTAIIMOHHAST BOJIHA HA3BIBAETCS BOJTHON MPEIEJIbHON aMILTUTY/IbI, €CJIH
Ha e€ npoduiie ecTb TOUYKA, B KOTOPO# CKOPOCTHb >KMJIKOCTH OOpaIIaeTcs
B HyJb. CTOKC BBICKa3aJl THUIIOTE3y O TOM, 4TO 0cobas TOYKa BOJIHBI Ipe-
JIeJIbHOM aMILTUTY/IbI SBJISETCSA YIJIOBOM TOUYKOW Ha, BEPINWHE BOJIHBI, U 3TOT
yroJ pasen 120°. T'mmoresa Crokca Oblia moka3ana B paborax Tojanma u

[lnoraukosa [148, 49, 39].

2. B 1921 r. Hekpacos [36], a B 1925 r. nezaBucumo Jlesu-Uururra gokaszasu,
YTO ITU yPaBHEHUsI UMEIOT PElleHUe B BUJIE YCTAHOBUBIIEHCs, CTAIMOHAD-

HO¥1, Oeryimeit BOJIHBI.

3. B 1957 r. Kpamunep [70] naies TouHoe peienue 3a/a49u 0 yCTAHOBUBIIUXCSE

JIBYMEPHBIX KAMUJIJISPHBIX BOJHAX, B OTCYTCTBUU CHJIbI TskecTd (g = 0).

4. B 1974 r. Hasmumon jgokasad [35], uro 3amaqda Komm st (0.4) umeer ejuu-
CTBEHHOE pellleHre Ha KoHeYHOM mHTepBaJje Bpemenn 0 < t < T, ecom g >
0, 1 HayaJbHOE YCJOBME JIOCTATOYHO MaJio. BblI paccMoTpeH ciydail JBY-
meproro reuenusi. B 1999 r. Wu gokazasia [157], uro Takoe e yTBepxKjieHue

CIIPaBeUIMBO U it H0jiee 00IEero, TPEXMEPHOI'o TEUEHUSI.

U3BecTbl HEKOTOPBIE YacTHbIE perernst ypasaenuil (0.4) 6e3 rpaBUTAIMT U T10-
BEPXHOCTHOI'O HATsKEeHUs. JBUXKYIIasiCsi I'PAHUILA OIbICHIBAETCS KPUBBIMU BTO-

POro MOPSIAKA: SJIIUICOM, THIIEPO0JIOi 1 mapabosioit. DTu pelrenns ObLIN Haiite-
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ubl Jupuxiie emé B8 1860 romy. Ouu nogpobuo onucanbl B padbore [114].

Hecomuenno, ocobblii nHTEpEC NMPEACTABJISIOT IPABUTAIMOHHBIE BOJHBI 0OJIH-
IO AMILIUTY/IbI, TAK HA3bIBAEMbIE BOJIHBI-YOUMAIIbI, [TOSBJISIIONIECS HA, TOBEPXHO-
CTH OKeaHa "u3 HHOTKyHa'", u ObIcTpo ucuesaionme. OHU IPEJCTABISIOT YIPO3y
JUIsT MOPSIKOB, M3-38 HUX TEPSIIOTCS dejIoBeYecKue Ku3Hu u cyjga. OHu OveHb
KpyThl. B mociieneit craanm nx pasBuTHsI, KPYTU3HA CTAHOBATCS OECKOHEUHOIA,
obpasysi "creny Bojbl". Kpome Toro, tunnanasi BosHa-yOuiing - OTIeJIbHOE CO-
obitre [6]. M3ydenune 9Tux BOJIH BaXKHO Kak Jjisi KOPAOJECTPOEHUs, TaK U JIJIsi
IIPOEKTUPOBAHUS HEPTAHBIX U MA30BbIX IJIAT(MOPM HA MOPCKUX Iesibdax. Takxke
Ba>KHBIM BJISIETCST Pa3pabOTKa METOMOB UX IPOrHo3a. Her HMKaKuMX COMHEHWUIA,
9TO BOJIHBI-YOUMIIbI sIBJISIIOTCsI HEJIMHEAHBIMU OObeKTaMu. EcTecTBEHHO CBSA3ATDH
I0sIBJIEHUE BOJIH-YOUII C MOYJISIIIUOHHOM HEyCTORInBOCTHIO BosiHbl CTOKCA. JIn-
HeiiHas TeopHusi 9TOI HEeyCTONYMBOCTH ObLIa pa3paboTaHa HE3aBHUCHMO B [8] U B
[57]. B nanHoii paboTe 4uCJIEHHO UCCIIEyeTCsT HeJIMHEHHAs CTa iUt 9TOU HEYCTOM-

YUBOCTH.

XO0poLIO M3BECTHO, YTO YPABHEHUS OLMCBIBAIOILIUE UJCAJILHYIO JKUJKOCTH CO
¢BOOOIHOI IIOBEPXHOCTDIO B IIOJIE CUJIBI TSI2KECTH BIIOJIHE HHTEIPUPYEMbBL B HECKOJIhb-
KUX BAXKHBIX Cjlydadx. VIHTEerpupyeMoCTbh MMEET MEeCTO JIJIsL JIMHHBIX BOJIH HA
mesikoit Bozie (KdV(86], must ypasuenus Kamomnesa-Ilersuamsunu [19], st npu-
Oamkenuns: Byccuneckal161], st ciekTpasibHO Y3KOI BOJIHBI B XKUJIKOCTH [TPOU3-
BOJIbHO# TyiyOuHbl (Hesnueiinoe ypasuenue Ipepunrepa [18]). Cnabo Hesuneit-
HOE JIBUXKEHUE XKUJKOCTH B OTCYTCTBUK 110JIsl CHJIbL TAXKECTU TAKXKE UHTEIPUPY-

emo [104]. Ogenn ecrecTBeHHO CHOPMYJIUPOBATH TUIOTE3Y, YTO U IPOU3BOJHHOE
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OJITHOMEPHOE JIBU2KEHUE UJI€aJIbHON YKUJKOCTHA B I'PABUTAIIMOHHOM I10JI€ UHTETPU-
pyemo. Bo BTpoIi rjaBe ucciieryercsi 3TOT BOIIPOC, U XOTsI OTBET, CTPOT'O TOBOPSI,

OTPULATEJIbHBIA, OJITHOMEPHAA CUTyAlL U ABIACTCA 1IOYTU UHTEIPUPYEMOIA.

Crenyroimast BaxKHas mpobJieMa, 3aTPOHYTasl B JUCCEPTAINH - Ipobema Koui-
MOTOPOBCKHUX CIEKTPOB - SBJISIETCS KJIIOUEBO# B Teopuu cjiaboii BOJIHOBO# TypOy-
JIEHTHOCTH. 9TI/I CIIEKTPbI ABJIAIOTCA TOYHBIMU PEIICHUAMU CTAIIUMOHAPHOTO KU-
HETUYECKOI'O yPABHEHUsI JIJIsl CPEJIHEKBAIPATHIHbIX aMiiuTy BoiH [167]. Heco-
MHEHHO, 4TO CJIa0OTypOyJieHTHbIE KOJIMOrOpOBCKHE CIIEKTPHI JOJXKHBI TEOPETH-
YeCKU OO'bSICHSITh CTEIEHHbBIE CIIEKTPaJIbHbIE PACIIPEJICJICHNST SHEPIUU B aHCAMO-
JISIX CTOXACTUYECKUX HEJIMHEWHO B3aMMOJIEHCTBYIONINX BOJIH JIIOOOW MPUPOIHI.
CriekTpbl TAKOTO THIIA HAOJIOHAI0OTCs cucTemarudecku. CaMplil sipKuit npumep
TAKOTO POJa - CHEKTD €, ~ gv/w*, KOTopbii 0OLIYHO HAOGMIOJAETCA IPH BO3-
6y)K,ZLeHI/H/I BETPOM I'PaBUTaIMOHHLIX BOJIH B MODE. (),D;HaKO7 9Ta TOYKa 3pPEHUA
pasjensieTcss He BceMu. Kpome Toro, camasi IpUMeHUMOCTh KHHETHIECKOI'O YPaB-
HEHUS JIJTsT BOJH K PEAJIbHON CHTyaruu Takxke auckytupyercs. (Cwm., Hampumep
[117].) BoIBOI KMHETHYIECKOTO YPABHEHUS U3 UCXOMHBIX JTUHAMUICCKUX yYPABHE-
HUI TIpernoaraeT 3aKOHHOCTE MPEITOJIOKEHNsT 0 XaOTHIHOCTH (a3, KOTopast
MOXKeT ObITh HapylieHa (hPOPMUPOBAHMEM HEKOTOPBHIX KOI'€PEHTHBIX CTPYKTYD,
TAKUX KaK BOJIHOBBIE KOJIJIAIICHI, COJUTOHBI uanu Bboze-koujencar. Gakrudecku,
9Ta KPUTHUKa UMEET CEPbE3HbIEC OCHOBAHMU . B PE€aJIbHBIX CUTYallUAX KOI'€PEHTHBIC
CTPYKTYPhI BCTPEIAIOTCS 9aCTO, HO B TO YK€ BPEMsl HET MPUYIWH JJIsT TTOJTHOTO OT-
Ka3a OT TeOpuu CJjaboii TypOyJsieHTHOCTH. JleiicTBUTEIbHOCTH MHOrOOOpa3Ha, u

BO MHOI'MX KOHKPETHbLIX CHUTYallNAX KOI'€PEHTHbIE CTPYKTYPbI COCYIIECTBYIOT CO
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cJ1a00TypPOYIEHTHON KOMIIOHEHTOM, yIaCTBYs B MPOIECCHI TIEPEHOCA, U JIUCCHUITIA-

MU SHEPTUU U JPYTUX UHTETPAJIOB JIBUKEHUS.

CirieoBaTesIbHO, €CTh CHJIbHASI MOTHBAIKS, YTOOBI IIPOIOJIKUTEH UCCJIEI0BAHNE
Teopuu CJaabo# TypOyJIEeHTHOCTH, MCCIIEAysl TOT CJIydail, Ijie KorepeTHble CTPYK-

TYpPBI BaXKHbI, U CJIy4Yall, [Jile TaKhe CTPYKTYPbl HE BarKHBI.

CrpykTypa AuccepTaIium CJielyomast.

B I'maBe 1 uzjioxkeH KpaTKuit 0630p U3BECTHBIX PE3YJIHLTATOR JIJIsi yPaBHEHU
JIBYMEPHOT'O TE€UEHUST UIeAJhHON HECXKUMAEMOR YKUJIKOCTH CO CBODOIHOM rpaHm-
mefi. D10, B MEPBYIO 04Yepejib, OTHOCTUTCS K CTAIMOHAPHDBIM, yCTAHOBUBIIUMCSI
I'DABUTAIMOHHBIM BoOJIHAM. [Ipumenenue teopum (QyHKIUI KOMILJIEKCHBIX IIepe-
MEHHBIX B 9TOI 00JIACTH MO3BOJIUJIO MTOJIYIATh BayKHbIE PE3yJIbTaThl, TIEPBHIA U3
KOTOpbIX mpuHaekuT Crokcy [144]. VIm ObL10 MOKA3aHO, 9TO € POCTOM aM-
IJTUTY/IBl CTAIIMOHAPHBIX I'PABUTAIMOHHBIX BOJIH MIPOUCXOJUT 3a0CTPEHUE I'ped-
Hell BoJTH 1 obpasyerca yrod, pasubii 120°. [ns 1ByMepHO# reoMeTpuu Haubo-
JIee €CTECTBEHHBIM SBJISIETCS TIOJIXO/I, COUETAIONINI KOH(MPOPMHBIE OTOOPaYKEHUST 1
KAQHOHWYECKUH (POPMAJIM3M FaMUJILTOHOBON CHCTEMbI. DTOT TO/IX0]] Pa3padoOTaH
JUIsl CJIydast BOABI MPOU3BOJILHON TUIYOMHBI C YIETOM IOJIS TSAXKECTU U IMOBEPX-
HOCTHOT'O HaTsi>kKeHusi. HalijieHbl HEKOTOPbIE YaCTHBIE TTPUOJIMKEHHBIE PEIEeHUsT
HECTAIIMOHAPHOM JIMHAMUKYU CBOOOJIHOI I'PAHUIIBI B OTCYTCTBUU IPABUTAIIMOHHOTO
1OJISI U CUJI IOBEPXHOCTHOI'O HATSIY)KEHUsI, UCCJIEJOBAH CJIydall JIMHAMUKYU I'PAHU-

16l ¢ OOJBITION KpuBu3HOU. [loTydenbl TouHbIe, KybUUecky Heasunetinve ypaBHe-
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HUSI, OIUCHIBAIOININE OTEHIIMAJIbHOE T€IEHNE JIBYMEPHON HEC)KUMAEMON KU KO-
CTH B IPABUTAIIMOHHOM TI0Je. [lepeMeHHbIME, B KOTOPBIX YPABHEHUST CTAHOBSITCST
KyOU4IecKuMu, SIBJISIIOTCS (DyHKIMsI, 0OpaTHAsT MPOU3BOIHON KOH(OPMHOIO Ipe-
obpazoBaHus OOJIACTH 3aHUMAEMON XKUJIKOCTBIO, Ha HUXKHIOIO TOJYIJIOCKOCTD,
M KOMILIEKCHAsI MMOTEHIMAJIbHAsT CKOPOCTh TedeHusi. C MOMOIIBIO MOy IeHHBIX
ypaBHEHWI TPOBEICHO YNCJIECHHOE MOJIJTUPOBaHUE 00PA30BAHNS BOJHBI-YOUMITHI,
1 e€ OpoKuIbIBaHus. [lesiaeTcs BBIBOJI, UYTO BOJIHA, yOuiilia obpasyercs B pe3yJib-

TaTe PA3BUTUS MOJYJIAIMOHHONR HEYCTONYUBOCTH.

B I'maBe 2 paccMOTpeH BOIPOC O MHTEIPUPYEMOCTH yPABHEHHI JIBYMEDPHO
IUJIPOJNHAMWKI UIeaJIbHOM YKUJIKOCTA CO CBODOJIHOI moBepxHOCTHIO. [lomyden
s dekTuBHbIi YeThIPEXBONHOBON [amMusibroHuan (MCKIFOYEHbI HEPE3OHAHCHDIE
TPEXBOJIHOBBIE B3auMoieiicTsust ). Cliesana napaMeTpusaliysi pe30HAHCHOTO MHO-
roodopasusi Jijisi OJHOMEPHOrO Cjydas U JByMepHOro ciydaen. IlokazaHo, 4To
JETBIPEXBOJIHOBOI MATPUYHBIN 3JEMEHT B3aUMOJIEHCTBHS TOXKJIECTBEHHO PaBeH
HYJIIO HA PE30HAHCHOW MOBEPXHOCTH. PaccMOTpeH BOIpPOC O MJIEHTUYHOCTU KH-
HETHYECKKMX ypaBHEeHMI XaccejbMaHHa U 3axapoBa. BBejenbl KOH(DOPMHbIE Ka-
HOHUYECKHE [IePEMEHHbBIE, TI03BOJIUBIINNE CDABHUTENBHO JIETKO (XOTS U TPOMO3/I-
KO) IMOJIyYUTh pas3jiokeHwue [aMuIbTOHMAHA JIO 5-I'0 MOPsJIKA BKJIIOYUTEIHHO.
[TpecraBiiena mporeaypa BbIYUCIEHUST MaTPUIHOIO 3JIEMEHTa, COOTBETCTBYIO-
IIEr0 IPOILECCy 3 < 2 ¢ y46TOM HCKJIIOYEHUSI HEPE3OHAHCHBIX IIPOIECCOB. DTO
CIeJIAHO C TIOMOIIBIO JuarpaMuoil Texunku. OH OKa3aJicsl He PaBABHBIM HYJIIO
1 , T€M CaMbIM, JIOKA3aHO, YTO CHUCTEMa yPaBHEHM, OIMCHIBAIOIIAS JIBYMEPHOE

IOTEHIUAJbHOE, OECKOHEUHO TJIyDOKOe TeYeHHEe HEeCXKUMAEMOH UIeabHON »Ku/I-
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KOCTH B I'DABUTAIMOHHOM I10JIe HEMHTerpupyema. Kpome Toro B 310t ['yiaBe Bbi-
BOJIUTCS O-TW BOJTHOBOE KMHETUYECKOE YPABHEHUE U TIOJIyYeHbI €r0 CTaIlMOHAPHbIE

perierusi, KoJMOropoBCckue CIeKTPbI.

B I'maBe 3 wusydaercsa BAUSIHEE KOIEPEHTHLIX CTPYKTYD Ha CJIa00TypOyJIeHT-
HbI€ CIIEKTPBI B pamkax mojudunuposannoit MM T-mozesnn (A.Maida, D.McLaughlin
u E.Tabak [117]). Hanuuue B momudunuposannoii mojgesnu "pacmagaoro" dwiena
00eCIeYnBaeT OTCYTCTBUAE JIOKAJIU30BAHHBIX CTPYKTYD, M CO3AET YCJIOBUS JIJIsI

cJa00TyPOYJIEHTHOIO PEXKUMA.

Kpowme Toro B 910l rjiase, 4MCJIEHHO U AHAJUTUYECKH, PACCMATPUBACTCS TAKIKE
COJINTOHHAS TYPOYJIEHTHOCTh B HEMHTEIPUPYEMOM HestnHeiHoM ypasuenun Llpe-
jgunrepa. IloBejenne cucTeMbl OpejIeIsieTCs HAKOILIEHHEeM CJIa0bix 3 deKTos,
KOTOpbIE ODYCJIOBJIEHBI HECKOMIIEHCHPOBAHHOCTHIO MPOIECCOB, MPOTEKAMNUX B
IIPOTUBOIIOJIOKHBIX HalpaBieHusx. [Ipy B3anMoaeicTBUN COJTUTOHOB CO CJI1a0O0-
TypPOYJIEHTHBIM CIEKTPOM TEPMOJIMHAMUYECKU BHIIOJAHBIMY SIBJISIIOTCS [IPOLECCHI,

[IPpUBOJANINE K YBECJIMICHUIO aMIIJIMTY/J COJIMTOHOB IIPW YMCHBIICHUU MX YHCJIA.

Tak>ke paccmarpuBaercsi TypOyJ€HTHOCTh B JIByMepHOM ypaBueHnuu [1Ipemun-
repa ¢ orrajkusanueM (ypasuenue I'pocca-IluraeBckoro), B koTopoit mpucyT-
CTBYIOT U KOHJIEHCAT, ¥ (DOHOHBI, ¥ TEMHBIE COJTUTOHBI U KBAHTOBbIE BUXpU. JIJjist
XapPaKTEPUCTUKU BHE-KOHJIEHCATHBIX (DJIYKTYAIUI MOCTPOEHBI KOPPEJISAIIMOHHbIE
dyukiuu. KagectBeHHO 00bsICHSIETCS aHU3OTPOINS IOy YeHHBIX YUCJIEHHO TYyP-

OyJIEeHTHBIX CIEKTPOB.

HuceHHO ¥ aHAJMTHIECKN HCCJIEJ0BAHO ODODOIEHHOE JByMEPHOE ypPaBHEHWE

Benmxkamuna-OHo, HalijeHa MHTErpaJibHasg IPAHUIA HA SHEPIUI0 BO3MYIIEHUI
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JIBYMEPHOT'O COJIUTOHA, KOTJIa KOJLJIAIC eIlé HeBo3MOXKeH. VceieioBana HEYCTOM-
YUBOCTH OJHOMEPHOTO COJUTOHA OTHOCHUTEJHHO M3rMOHBIX Bo3MymleHnii. OTme-

qae€TCd COBlIaJC€HUE YMCJICHHOI'O U PEaJIbHOI'O dKCIIEPUMEHTOB.

B I'maBe 4 paccMOTpeH BOIPOC O BIUSIHUY JINCKPETHOCTU BOJTHOBBIX UHCEJI B
YUCJICHHOM MOJICJINPOBAHUY CJIaOOTYypPOYJIEHTHBIX PEXKUMOB, KOTIJIa BayKHBIM SIB-
JISIETCST PE30HAHCHOE B3aMMO/IeicTBIE BOJTH. UMCIEHHO U aHAJUTHIECKU U3y IEHO
PE30HAHCHOE B3aMMOJIEHCTBIE KAUJIISPHBIX W IPABUTAIMOHHBIX BOJH. Kpome
TOTO, IPOBEJIEHO YUCJICHHOE MOJIEJIMPOBAHUE CJIa0OW TypOyJIEHTHOCTH I'DaBUTA-
IMOHHBIX BOJIH HA MOBEPXHOCTH TPEXMEPHOM >KMUJKOCTH, W BIIEPBBIE IMOJIYYEHBI
st Heé Kosmmoroposckue crekTpbl. st perrenusi 9ol 3aja4du ObLia pas3pa-
OboTaHa YHUCJEHHas CXeMa, COXpaHdomas [aMUIbTOHMAH B OE3/IMCCUTIATHBHOM

CJIydae.
B 3akaodyeHun chopmysinpoBaHbl pe3yJibTarbl pabOTHI.

B IIpuno>keHus BbiHeceH MOAPOOHBII BbIBOJ HEKOTOPBLIX (POPMYJI, IIPUBEIE-
HUE KOTOPBIX B OCHOBHOM TEKCTE IIPEPhIBAJIO Obl CBA3HOCTD U3JIOXKEHUS M3-38 UX

UBJIUITHEN TPOMO3JIKOCTH, JIMarPaMMbl O-TU BOJHOBBIX ITPOIECCOB.

Ilenbto paboTHI siBiIsieTCs Pa3BUTHE TEOPETUUECKMX U UKMCJIEHHBIX METOJOB
HCCJIeIOBAHNSI HEJIMHEHHBIX SIBJIEHAN B TMIPOAUHAMUAKE UIEAJHHON KUIKOCTH CO
cBobomHOM rpanutieii. Ocoboe BHUMaHME yesseTcs pas3spaboTKe 3PpHeKTUBHBIX

YUCJICHHDIX aJI'OPUTMOB, COXPAaHAIIIUX UHTEI'PAJIbl JBU2KCHUA.

Tak>ke BaxKHBIM 3/1€Ch SIBJISIJICS [TOMCK MHTEIPUPYEMBIX IIPUOJIMXKEHUIA.
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UccnemoBanue posi KOTEPEHTHBIX CTPYKTYP B PA3BUTON BOJIHOBO# TypOyJI€HT-

HOCTH TaK>Xe ObLIO OJIHOM U3 1EJIbI0 PAOOTHI.

Kpowme Toro, nmpoBejeHHOE HCCJIEI0BaAHIE CJAa00TYPOYJIEHTHBIX PEXKUMOB B Pa3-
JIMNIHBIX MOJIEJISIX UMEJIO CBOEH eJIbI0 000CHOBATH IPUMEHUMOCTD KHHETHIECKUAX
yPaBHEHUI, KOTOPBIE [TO3BOJISIIOT C Topa3 0 0oJibiieii 3(hPEKTUBHOCTHIO MO/IEJIN-

POBATH BOJIHOBYIO TYPOYJIEHTHOCTD, U€M HCXOJHbIE TUHAMUIECKHE YPaBHEHMUSI.

NMpakTuyeckasa n TeopeTuyeckas LEHHOCTb padoThI

[Tonyuyenubie KyOuueckn HeJIMHEHHbIE YypaBHEHUST O€3BUXPEBOI JIByMEPHON T'U/I-
POJMHAMUKHY MTO3BOJIAIOT 3(PHEKTUBHOE UNCIEHHOE MOIEINPOBaHNE HEJMHEHHBIX
IIPOIIECCOB HA, MOBEPXHOCTH KWJIKOCTH, BKJIIOYAsi TaKWe Kak OOpyIlIeHWe BOJIH,

KOI'JIa I'PaHUIA KUJKOCTH CTAHOBUTCSA HEOIHO3HAYHOM.

HoBbiit 110/1X0/] K BBIYUCJIEHUIO MATPUIHBIX 3JIEMEHTOB (C MOMOIIbIO KOHMOPM-
HBIX KAHOHUIECKUX [EPEMEHHBIX ) MO3BOJISTET 3G (HEKTUBHO BBEIYUCIATD PE3OHAHC-

HBIC BSaHMOﬂeﬁCTBHH BOJIH B rHBYMepHOIL/'I HOTGHHH&HBHOﬁ rmapoanHaMUKeE.

TeopeTnueckoe W YHUCJIEHHOE WCCIEIOBAHUE KOJIJIANCA B MOTPAHUIHOM CJIOE
00'bSICHSIET IKITEPUMEHTHI 110 T€HEPAIMU KOTEPEHTHBIX CTPYKTYP B MOIPAHUIHOM

CJIO€.

Habuitojiennrie B 9UCJIEHHBIX IKCIIEPUMEHTAX CJAA00TYPOYJIEHTHBIX PEXKUMOB, C
Kosmoroposckumu criekTpamu (BJIyKTyalnii, OJU3KIX K IKCIEPUMEHTAJIbHBIM,
1103BOJIsieT 0DOCHOBATH NPUMEHEHHE 00Jiee MPOCThIX, KNHETUIECKUX YPABHEHUI

JJIA IIpEeACKa3aHd OKEaHCKOI'O BOJIHEHH A B METCOPOJIOTMYICCKUX ITPUJIO2KEHU AX.
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Pabotra Bbinosinena B Mucrturyre Teoperndeckoit pusuku um. JI. . Jlanpay
Poccwuiickoit Akagemun Hayx.
[To Teme juccepranuu omyoankoBano 20 paboT, CIIMCOK KOTOPHIX MPUBEICH B

KOHIIe JIUCCepTalluu.



1 KoHdopMHbie npeocbpa3oBaHnNs ”
[aMunbTOHOB dbopmMmann3m B
rmapoavHaMmnKe HeCO>KMMaeMoli
naeasbHOW XXUNOKOCTU CO CBODOOHO

rpaHunuen

B aroit riaBe npejcraBiienbl pe3ysbraThl, OnyoiuKoBanHbie ¢ paborax [181, 182,
183, 185, 186, 188, 193|.

['naBa opranmzoBaHa cjenyomuM obpaszoM. B pasgene 1.2 BBomuTcs omuca-
HUEe JWHAMUKNA CBODOJHON TOBEPXHOCTH >KUJIKOCTA KOHEUHON TJIyOWHBI MCXOJIsT
13 BapPUAIMOHHOIO IPUHITUIIA ¥ KCIIOJIb3Ysi KOH(OpMHOE oTobparkerue. HesiBHbie
ypaBHEHUsI HA KOMILJIEKCHBIH ITOTEHIMAJ CKOPOCTH U KOH(MPOPMHOE OTOOpaKeHne
B II0JIOCY BO3HMKAIOT KaK ypaBHeHusi Jditiepa-Jlarpamka. B pazmese 1.2.1 mouy-
yeHa siBHAs (POPMYJIUPOBKA ITUX ypaBHEeHWH. Pasjioxkenne mo oOpaTHbIM cTerre-
HsIM siKOOMaHa paccMoTpeHo B pazjese 1.3. Tam »ke Mbl aHAJIU3UPYEM PEIIeHUs B

Bujie "masibieB' a Tak Ke aBTOMOJIEIbHbIE PELIeHNUsI 715 TOJTHOR CHCTEMBI YpaBHE-
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HUI B OTCYTCTBUY TOJIS TSKECTH 1 KanuyuiipHocTu. Creayromuii pa3iest TiaBbl,
1.4, nocesiieH BBIBOJy KyOudeckKux ypapHeHuil. I, HakoHerl, B mocjejgHeM pas-
jesie 1.5 npejcraBiieHbl pe3yJibTaThl YUCIAEHHOI'O MOJIEJMPOBAHMST 00PA30BaHUSI
BOJIH-YOUIAII, ¥ OIIPOKU/IbIBAHKUS BOJIH.

B IIpunoxxenun .1 KOTOpoe OTHOCUTCsI K 9TOM IJIaBe, PACCMATPUBAIOTCA CTa-
IIMOHAPHbIE BOJIHbI (B MNPUCYTCTBUHU I10JIA TH}KGCTI/I) N BBIYUCJIAETCA 3aBUCUMOCTD

9aCTOTHI BOJIH OT aMILIUTYJIbl BOJIH (HEJIMHEHHYO TIONPABKY K 4acToTe).

1.1 BBepeHue

JIByMepHOe TTOTEHITMAJbHOE TeUEeHUEe UJIeAJTHHOM YKUJIKOCTU B 00JIACTH, OrpaHuU-
YEeHHOU CBOOOJIHOI MOBEPXHOCTHIO W IJIOCKAM JTHOM, TTPEJACTABJISET cODO# OmuH
13 KJIACCUYECKUX ODEKTOB MCCJICIOBAHMM rupouHaMuKu. Meros KoHpOpMHBIX
peobpas3oBaHuii TPAIUIMOHEH JJisi 9TO# 3aja4u. [lepBbiii BaxKHBI pe3ybraT
B 9TOI 00JIACTH JIATUPOBAH CEPEJIMHOM MPOILIOro Beka u NmpuHaiexkuT CToK-
cy [144]. Im 6bL10 1OKA3aHO, YTO ¢ POCTOM AMILIUTY/bI CTAIMOHAPHBIX I'Pa-
BUTAIIMOHHBIX BOJIH IPOUCXOJIUT 3a0CTpeHue rpedHeil BOJH U obpasyeTrcsi yroJ,
pasubiit 120Y. B jBajiaTsle rojbl 3TOr0 BEKa B TOM HAIPABJIEHUU ObLIM Bbl-
noJiHeHb! Kiraccudeckue pabotsl Hekpacosa [36| u Jlesu-Uusura [111], maTema-
TUYECKHE ACIIEKThl KOTOPHIX JAJIM MOIHBIN UMITYJIbC PSIJy HAIIPABJIECHUN TEOPUU
MHTErPaJIbHbIX ypaBHEHWH U (PYHKIIMOHAJIBHOIO aHaju3a. BrocieacTsue He pa3
METO]T KOH(MOPMHBIX 0TOOpaXKEeHUt HaXOIUJI CBOE IPUMEHEHNE B 3a/1a9aX CO CBO-
boaHoM rpanunei (cM., Hanpumep, Kaury Crokepa [143] u cebuiku B Heit).

st ucceoBaHusT HECTAITMOHAPHONW JUHAMUKHU IOBEPXHOCTU B IIECTHIECATHIE
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roJbl W MMO32KE€ IMOJIYYNJI Pa3BUTHE TIOJXOM, OCHOBAQHHBIX Ha JIaI'PaH2>KEBOM OIIN-
canun |59, 52]. Psax aBropos (cm. [91], 0630p [115] u cehliku B HeM) mbitagics
[IPUMEHUTb METO/J aHaJIUTHYECCKOI'O IIPOLOJI2KCHMS 110 Jial'DaH2KEBLIM 11€PEMECH-
HbiM. OJIHAKO, 9TH KOOPJUHATHI HE JIOIMYCKAIOT MOIXOIAIIEr0 KOHMOPMHOTO IIpe-
0o0pa30BaHusi, T.K. X AHAJUTUIECKOE IMPOJIOJIKEHNE HMEeT OCOOEHHOCTH B 0De-
WX TOJIYIUIOCKOCTSIX KOMILTeKCHOro mepementoro. Hemasro Tanseep [145, 146|
MPEJJIOXKU TPUMEHUTh KOH(OPMHOE 0TOOpaskeHWe K HeCTAIIMOHAPHON 3ajaue
psiMO B 9iijiepoBoM omucannu. OH UCIOJIb30BAJ JIJIsI TEPUOSUIECKOMN (B,HOJIB ro-
PU3OHTAJIBHOMI HepeMeHHOﬁ) 3aJa4n JJIs cjIydasi TyIyOOKO# BOJIbI KOH(POPMHbBIE
oToOparkeHre 00JIACTH, 3aHSTOMW XKUJIKOCTH, BO BHYTPEHHOCTH €IUHUIHOIO KPY-
ra. OHAKO, YpaBHEHUsI OKA3aJUCh JOCTATOYHO CJOXKHBI, 8 UX aHAJUTHICCKUAN U

YUCJICHHBIN aHaJIU3 - 3aTPpYyJHUTEJIIbHBIM.

Y100HbBI OIXO0/, ONUCAHUST IOTEHIIUAJIBHBIX TEUEHUH KUIKOCTH CO CBOOOIHOM
MIOBEPXHOCTBIO JIJIsI TTPOU3BOJILHON pa3MEepHOCTH TPOCTPAHCTBa OCHOBAH Ha UC-
IOJIb30BAHIN KAHOHHUIeCKOro (hopmanmama, usBectHoro ¢ 1968 r. (cm. [9]). s
JIByMEpHO# reomeTpun HanbOJIee eCTECTBEHHBIM SIBJISIETCS 11O/IXO/], COYETAIONIN I
KAHOHMYIECKU (popMain3M U KOH(POPMHBIE OTOOPaXKeHNsI. DTOT IOAXOT] OBLIT OCY-
necriier B pabore [182] juisi ciyvast riryGOKO# BOJBI C yUETOM MOJIsi TSYKECTH
U [IOBEPXHOCTHOI'O HATSXKEHMs. Y paBHEHHUs, IIOJyUIEeHHbIE B 9TO paboTe, MOI'yT
OBITH 3allMCAHBbI B JIBYX Pa3HbiXx (HopMax — HEsBHOW (He pa3perieHHoil OTHOCH-
TEJIbHO MPOU3BOIHBIX MO BPpeMeHM (DOPMBI MOBEPXHOCTH W TOTEHIMAJA Ha TI0-
BEPXHOCTHU) U B $IBHO¥ (C pa3peIieHHO! OTHOCUTEJNbHBIX BPEMEHHbIX [1POU3BO/I-

Hbix ). HesiBHBbIE ypaBHEHUs TPOCTBI U CAMMETPUYHBI. B OTCYTCTBUU TOBEPXHOCT-
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HOT'O HATAXKEHUA OHU COAECP2KAT TOJILKO KBa/JpPaTUYHYIO HeJIMHEHAHOCTD. YIBHBIC
YpaBHEHUA, XOTA U HE TaK IPOCTbl KaK HEABHbLIE, OAHAKO BECbMa yﬂO6HbI JJIA

YUCJICHHOI'O MHTEI'PUPOBAHMA.

Hawnbosiee nHTEpECHBIE HEpEIIeHHbIE TPOOJEMbI B THIPOJIUHAMUKE CO CBOOO/I-
HOI TMOBEPXHOCTHIO CBsI3aHBI ¢ 0Dpa30OBaHMEM O0COOEHHOCTEN (OMPOKWIHIBAHWE
BOJIH) U C CyIIECTBEHHBIMU U3MEHEHUSIMU T€OMETPUM TIOBEPXHOCTH — C MeHepalli-
eil BOJIH, cTpyii, Kanesb u 6pbi3r. B HekoTopbix caydasix [105] ypasaerust MmoryT
ObITh 3(DPEKTUBHO UCCEIOBAHBI C IIOMOIIBIO TPAJUITMOHHONR TEOPUU BO3MYIIE-
Huit Ha done miI0ckoi nosepxuocru. Kax 6buto nokazano B8 [105] st rirybokoit
BOJIbI B OTCYTCTBHMY BHEITHWX CHJI ¥ KAWJJISPHOTO HATSKEHWs] B IJIABHOM I10-
psijiKe ypaBHEHHE Jijisi IOTEHI[MAJIa OKA3bIBAETCSI ABTOHOMHbBIM — HECOIEPXKAIIUM
7 ¥ IPUA aHAJUTUIECKOM IMPOJIOJIKEHUH B HUXKHIOI ITTOJIYILIOCKOCTh CTAHOBUTCSI
quddepeHnraabHbIM ypaBHeHneM Tuia Xorda. VccemoBanne ero moka3bBaeT,
YTO JIJIsT TPAKTUIECKH JIFOOOT0 HAYAJBHOTO YCJIOBUS 33 KOHEYHOE BPeMsT BO3HM-
KalOT OCOOEHHOCTHU THUIIa ONPOKUAbIBaHUsI. C MaTeMaTHIeCKO TOUKM 3PEHUST ITO
COOTBETCTBYET JIBUXKEHUIO OCOOEHHOCTEH MOTeHIIna 8 — TOYeK BETBJIEHUS K Jeii-
CTBUTEJILHOM Ocr. AHAJINE BCEX BOZMOYKHBIX OCOOEHHOCTEH MOBEPXHOCTH TTOKA3HI-
BaeT, 9TO TOJIbKO CJIabble 0COOEHHOCTH KOPHEBOI'O THIIA, COIJIACYIOTCSI C IIPHUOJIN-
JKEHUEM MaJIbIX yTJIOB OTKJIOHEHHUs moBepxHocTH (mompobuee cm. [105]). Hanmoe
IpUOJIMXKEHUE HE CIPABEIJIMBO JJIsi CUHTYJISIPHOCTH THUIIA YTJIOB, KOI/a SKOOMaH
npeobpa3oBaHus yKe He OJin30K K equnnie. [IpumedaresibHo, 9TO J1JIst OOJIBITNX
3HAYEHUI TKOOMaHa B HEKOTOPO# 00J1aCTH ypaBHEHUSI TAKKE MOT'YT ObITh 3P eK-

TUBHO u3y4eHbl. [lepBbiil mar B 3ToM HampasseHun ObLI ciesan B pabore [182].
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HecmoTpst Ha TO, 4TO ypaBHEHUS N3HAYAIHHO HEJOKAJIHHBI, TIPOIEJLyPa PA3JIOXKe-
HUST 110 0OpaTHBIM cTereHsiM J TeM He MeHee MOXKeT ObITh pa3suTa. Ocobo mpocTo
MOYKeT OBbITH IOJIyYE€HO ypaBHEHUE B I€PBOM Mopsijke. MHTEpecHO, 94TO B 3TOM
cydae CUCTeMa ypaBHEHUH Ha (hOpMY ITOBEPXHOCTH W IOTEHIMAJ Ha HEll CBO-
JINTCS K OJJTHOMY YPaBHEHMUIO, COBIIAJAIONIEMY C XOPOIIO U3BECTHBIM YpPaBHEHUEM
maracoBekoro pocra (YJIP). 9to ypaBHeHHE HHTEIPUPYEMO B TOM CMbICIIE, UTO
OHO JIOIYCKaeT DECKOHEUHOE YKCJIO YACTHBIX PELIEHU, BbIPAXKEHHBIX B JJIEMEH-
tapHbIX dyHKIwuit. Cpeu HEX - PEIleHns, OMUChIBAOIIE 00PA30BAHUE CTPYKTYP
TUIIA [AJbIEB, BECbMa MMOXOXKKUX Ha PeIleHus TAKoro tuia, nojyderubie Cadd-
manoM u Teitsiopom [135]).

B nacroseii riraBe mpeICTaBIeHbI PE3YJILTAThI O0JIee JIETAJBHOTO aHAJIN3a, TaKO-
ro THIIA PEIeHW, AHOHCUPOBAHHBIX B KOPOTKOi ctarbe [182|. B nannoil riase
TaKXXe PacCCMaTPUBAETCS, KAKUM 00pPa3soM MOJUMUIMPYIOTCS TMOJyUYEHHBbIE pe-
3yJibTaThl st 1y6okoit Bojbl [181; 105] Ha cirydait »KuiKOCTH KOHEUHOU 1J1yOu-
HbI. B 9acTHOCTH MMOKa3aHO, YTO MCCJIEOBAHUE OCOOEHHOCTEN, BOSHUKAIOINX Ha,
MOBEPXHOCTH >KUJIKOCTA KOHEYHON TUIyOUHBI, JIJIsi MaJIOYTJIOBOI'O TTPUOJIUKEHUST
MyTeM aHAJUTUYIECKOTO MPOJIOJKEHUS B IMOJIOCY CBOIUTCA K JuddepeHInaib-
HOMY. JTa Ke MpPOoIeaypa JaeT BO3MOXKHOCTD 3alUCATh YPABHEHUS B SBHOM U

HCABHOM BHJAX B O6H_[eM IIOJIOKEHUU JJidAd Cily4dad KOHEYHOM FJIY6I/IHbI.
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1.2 JlarpaH>XuaH ansi naeasbHON >XNAKOCTU B

KOH(POPMHbIX NepemMeHHbIX

[TycTh HEC)KMMaeMast KUJKOCTh 3aHUMAET B TJIOCKOCTH (X, YY) 0BJACTb, OrpaHu-

YEHHYI0 CBOOOJIHOMN MOBEPXHOCTHIO
y =n(z,t), —00 < & < 00, (1.1)

u JHOM Yy = —h. ByieM cuntaTh TeYeHUE KUJIKOCTA NOTEHIUAJbHbIM V = V&
pill ya A I )

e ¢ nomunHsieTcss ypaBHenuio Jlamaca,
Ad = 0. (1.2)

DTO ypaBHEHUE JOJXKHO ObITh PACCMOTPEHO BMECTE CO CJEAYIONIUME IPAHTIHbI-

MU yCJIOBUAMU:

0w s
a5 G =0, (1.4
g_j T 0. (1.5)

g—i =0, |z| — oc. (1.6)

rie B (1.4) g — yckopenue mosist Tsikectu. Beegem Besnmunny ® — snauenue

MOTEHIMAJA Ha CBOOOIHOM MOBEPXHOCTH:
U(z,t) = (z,y,t)],, = P(z,n(z,1),1). (1.7)

Kaxk 6buto ycranosieno B (9], n(x,t) u V(x,t) ABASIOTCS KAHOHUYECKH COMPSi-

?KEHHbIMU BCJIMYNHaAMMU:

an OH

ot~ o’



1.2. JIATPAHXXWAH ON4 WOEANBHOW >KXNAKOCTU B

KOH®OPMHbIX MEPEMEHHbIX 30
ov 0H
B 1.8

a TaMUJIbTOHUAH H coBmajaeT ¢ MOJTHOM dHEPTrueil >KUJIKOCTH:

H=T+U,
o 1 n )

T =3 %mmpL$V@0dy, (1.9)
_ 9,2

U = Q/ndx. (1.10)

Ypasuenus (1.8) B 9TOM ciydae CIeAyOT U3 BAPHAIMOHHOIO MPUHIHIIA ['aMuiIh-

TOHa.:

08=0, S=[Ldt, (1.11)
on

L= (vl dz—H. 1.12

[ ¥5de (1.12)

CoBepinM KoH(MOPMHOE 0TOOpaXkeHne 00JIACTH, 3aHSITON »KUJIKOCTHIO, B ILJIOC-

KOCTHU 2 = T + 1Y,
—o0o <x <00, —h<y<n(xt), (1.13)
B 110JIOCY,
—o<u<oo, —h<v<0, (1.14)

B muiockoc™n w = u-+ivt. IlycTh 370 MpeobpazoBanie MepeBoIUT CBOOOIHYIO Ipa-
HUIy B npsmyto v = (0, Tak 4T0 (hOpMa MOBEPXHOCTH 3a,/1a€TCsl TaPAMETPUICCKH
B BUJIE

y=ylut), z=u+i(ut). (1.15)

QYHKIUN y ¥ T CBI3aHBI MEXKJIy CODOM COOTHOIIEHUEM

y = Ri . (1.16)

'Eciu 1 — 0 npu |z| — oo, T0 h = h. B nepuoaudeckom ciaydae h u h pazam4garorcs.
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3aech R — mHTErpaJbHbIA onepaTop BUIA:

Rf(u) = Lpy /°° Jr) du! (1.17)
2h Jecosinhw/2h(u —u) '
B ®ypbe-nipesicraBieHnn OH JIOKAJIEH
Y = kak, Rk = ¢ tanh kh . (1.18)

B npenenbHOM ciydae OeCKOHEUHO TJiyOOKoit Bojubl h — o0 R mepexoauT B

npeobpaszoBanue ['minbepra:

Jim R=H, (1.19)
. 1 oo f(u)du
Hf =—-PV. . 1.20

i=Ty, ¢ RT=TR=1, (1.21)
nMeeT BUI:
& 1 o0 f(u/> /
Tf=3PV. | —di. (1.22)
Ero dypne-obpas pasen:
T, = —icothkh.

Acumnroruaecku npu h — 00,

A

T——R, no T7'#+-R.

O6a oneparopa R u T aHTH3PMUTOBBL:

A~

Rft=—-R u TT=-T. (1.23)



1.2. JIATPAHXXWAH ON4 WOEANBHOW >KXNAKOCTU B
KOH®OPMHbLIX MEPEMEHHbIX 32

C nomompio oneparopa R jist 1000i HeACTBUTEIBHONE JOCTATOYHO IVIALKOR
dbyukiuu ¢(w), KoTOpas 3ajaHa Ha JERCTBUTEJLHON Oocu U 3aTyxaer Ha GeCKo-

HEYHOCTHU U — 0O, MOXKHO IIOCTPOUTH KOMILIEKCHYIO (DYHKIUIO 6:
0= ¢+iRg, (1.24)

KOTOpas aHaJuTh4IecKu npoposnkuMa, B mojocy 0 < v < —h. PeanbHasi dacth
9TOI (DYHKIINU, ABJISISICh FADMOHUYECKOH (DYHKIMER B II0JIOCEe, aBTOMATHIECKH

OyZeT yJI0BJIETBOPSATH MPAHUIHOMY YCJIOBUIO

0¢

)
ov v=—nh

Cogepinast kondopmuoe 1peobpasopanue, norenmuain ¢ = d(u,v) ocraercs

rapMOHUYECKO# (DyHKIME B 1oJI0Ce, T.€. YIOBJIETBOPsIET ypaBHeHuio Jlamaca:

2P 9*P
— 4+ —=0 1.25
ou? = Ov? ’ (1.25)
C FpaHI/IquIMI/I yCJIOBI/IﬂMI/I:
od
% e =0 u (I)|U:0 = \P(u, t) . (126)

[Tpumensisi nporeaypy (1.24) k dbynkuuu ¥, Mbl IPUXOIUM K KOMILJIEKCHOMY

MMOTEHIIUAJTY

0= +it,

e ® u pyHKIMS TOKa & rapMOHHYECKHe (DYHKIUU B II0JIOCE W YIOBJIETBOPSIOT
Ha JIHE COOTBETCTBYIOIIUM IPpaHUYHBIM ycjaoBusiM. Ha neiicTBurenbHoil ocn O =
U + RV u nmosTomy

001 __9py— _hw

3ol M ws (1.27)
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TaK 9TO KMHETHUYECKasl IHEPTUA UMEET BUJL:

1 oo _ 4
T=—3 /_OO VR, du. (1.28)
JHajiee umeem:
dr = x,du,
ntdm = (ytxu - xtyu>du; (129)

a JlaI'PaH2KHMaH BbIPpazKa€TCdA KaK

oo 1 ;o A g [ o 00 A
L= /_OO \Il(ytxu—xtyu)du+§ /_OO \IJR\IJudu—§/_OOy xudu—l—/_oo fly— Rzx)du .
(1.30)
Baech [ - muoxkurens Jlarpamka, Bapuanys Mo KOTOPOMY BBIJIAET COOTHOIICHUE

(1.21). Bapuaius S no ¥ gaer ciejyoniee ypaBHeHWe
Uiy — T1ly = — R, (1.31)

nJjim

A~

CpesHuil ypoBEeHb XKUJIKOCTH JIOJIPKCH ObITh ITOCTOAHEH, II09TOMY
o0
/_oo(ytxu — xpyy)du = 0. (1.32)
3 (1.31) MoxHO HaiiTH
U = T8, (g — xy0) + C(1) . (1.33)
[Toncrasasist (1.33) B (1.30) u ucnosnb3ysi paBercTso (1.32), nosydaem

L=T-U+ [ fly— R¥)du. (1.34)
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Ecim y = y(u,t) 3a7ana B KadecTBE KOOPAUHATHI TIOBEPXHOCTH, TO MOCJIEHUIT
aied B (1.34) MOXKHO OIYCTUTH M B PE3yJIbTATE Mbl MPUXOAUM K CTAHIAPTHOMY

BbIPaKEHUIO JJIs Jlal'DaH2XKHUaHa.:
L=T-U. (1.35)

PaccmoTpum Teneps jpyrue ypapaenus Jlarpanxka-ditiepa:

0S 0S
— =10 — =0.
oy "
Onu umeroT BUI;
\Ijtxu - \Ijuxt + gyx, = fa (136)
\Ijtyu - \I/uxt + gYYu = —[:ff, (137)

KOTOpBIe 9KBUBAJICHTHBI ypaBHeHmo
Uy — Voys + gyye + R(Vix, — Vo2, + gyz,) = 0. (1.38)

Ypasuenus (1.31) u (1.38) 0bpasyror mOIHYIO CHCTEMY yPaBHEHHUIl, ONMUCHIBA-
FOLIUX MOTEHIMAJBLHOE TEYEHUE KUJIKOCTH CO CBODOIHOMN IOBEPXHOCTHIO. BarkHo
OTMETHUTH, 9TO OHH COAEPKAT TOJHLKO KBAAPATHUHYIO HEJIMHEHHOCTD - 3TOT (hakT
Obl1 mostywen Brepseie B [181]. Vpasnenust (1.31) u (1.38) me paspertenst oT-
HOCHTEJIbHO BPEMEHHBIX IIPOM3BOAHDBIX — 3aaHbl B HESIBHOM BHJE. Kpome Toro,
ormeTnM, uto ypasHeHus (1.31) u (1.38) mouTn He MEHSIIOTCS MPU HEPEXoie K
CJIy4alo XKUJIKOCTH OecKoHeuHO# 1yryOunbl. Heobxoaumo Jiuiib 3aMEeHUTh Orepa-
Top R na H.

amerut, 410 ypasHenust (1.31) u (1.38) MoryT ObITh KCIIOJB30BAHbBI, 4TOOBI

OJIYYHUTh JlarpaHKeBo olMcaHue JUHAMHUKU CBOOOJIHOM 1moBepxHOCTHU. lelicTBu-
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TEJIbHO, U3 HUX JIETKO MOJIYYUTh:
U = —8_1T(ytxu — T4Yy) (1.39)

[Toncrasustsi (1.39 ) B Boipaxkenue(1.12), JlarpanKuan MOXKHO BbIPA3UTh TOJBKO
depe3 (hOpMYy I'DAHUIBL. DTOT PE3YJIbTAT ObLT MOJydYeH He3aBucuMmo B [54]| mis

cJIydasi XKUJKOCTU OECKOHEIHOW TJTyOuHBI.

1.2.1 VYpaBHeHua aBu>xeHusi B siBHow copme

Ceituac Mbl mokazkeM, 1to cucreMa (1.31), (1.36) u (1.37) moxeT ObITH pa3pernena
OTHOCHUTEJILHO BPEMEHHbIX MPOu3BOjHbIX 0T U 1 2, 3amanubix npu v = 0.

[TockosbKy z = = + iy, Mbl uMeeM & = 5(z 4+ 2*) u y = %(z — z*). Iosromy

DO

ypasrenue (1.34) Moxer ObITh 3aITMCAHO KAK

22y — 22y = — 2RV,
UIn
2t R\I/u
Im|—| = . 1.40

2t

Orciona dyHKIus L, SABJIASCH AHAJMTHIECKOR B IOJIOCE, MOXKET OBITH BOCCTa~
u

HOBJIEHA [IOJIHOCTBIO C 1nomolibio (1.24):

-~ . RY,
nJjin
. RU,
. RU
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Bbraurast (2.35), yMHOXKEHHOE Ha T, u3 (2.36), yMHOXKEHHOE Ha ¥y, ¥ UCHOJIb3Ys

(1.34), mpuxoguM K ypaBHEHHUIO
— U, RV, =y, f +x,Hf. (1.44)

Obe ygacTu 3TOI0 YpaBHEHNA MOI'YyT ObITH I[IpeacCTraBJICHbIbl KaK MHHUMbIC YaCTH

AHAJIUTUICCKUX (QYHKIUHA B OJIOCE:
1 o .
—EIm(\IJu +iRV,)* = Im[z,(f +iRf)].

Orcropa 6s1aroapst AaHAJIMTUIHOCTH Mbl 3aKJIIOYaEM, 9TO (DYHKIMN COBITAIAIOT

(W b RWL)? = (] 4 iR)

nin

R 1 .
f+¢Rf:—fg{@@+iR@@? (1.45)

u

Hajtee BoiuTeM ypaBhenue (2.35), yMHOXKeHHOe Ha Xy, u3 ypaBHeHus (2.36),

YMHOXKEHHOE Ha ¥;. B pe3yJibrare nuMeem:

(‘Ift + gy)(ytél?u - xtyu> =y f + $tf%f = Im[zt(f + Uf{f)] . (1-46)

Bpemenubie TpoOM3BOMHBIE Tt, Yy, 2; UCKIIOUaOTCA mpu momornu (1.34), (1.41).

OTCIO,ILa IIocCJie€ MpPOCThIX BBIYMCJICHU OKOHYATEJIHLHO IIoJIy4acM

(¥,)? — (R¥,)? . RO,

U+ gy = — (1.47)

e J = |2,|?. Ucnoansys ToxiecTBo
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KOTOpOE cjiejtyeT u3 aHajgurudsoctd pyuknuu (U, + iR\I'u)z, nocJjejiHee ypan-
HEHUE MOXKEeT OBbITh [IePENUCAHO B BUJIE:

T(¥,RY,) T RV,
J

U, + gy = — ). (1.48)

Takum 06pasom, mbl nmeem napy ypasuenuii (1.41) u (1.47) (v 1.48) st z
U, paspenieHHbIX OTHOCUTEJILHO BPEMEHHBIX TPOM3BOIHBIX. JIErKo mOKas3aTh, 94To
KUHEMATHIECKOoe ycsioBue (2.3) nocsie KoHGOPMHOIO Mpeodpa3oBaHUs IEPEXO AT
sravase B (1.3), a 3areM Moxer mpeobpazoBano B ypasuenue (3.2). Coorset-
CTBEHHO, JIMHAMU4YecKoe rpanudnoe ycjiosue (1.4) Ha CBOOOJHOI MOBEPXHOCTH
nepexouT ¢ nomoripio (1.41) B ypauenue (1.47) nin B sKBUBaJeHTHYIO hOpMy
(1.48).

B ciayuae ruy6okoii Bogpl (h — 00) ypasuenusi (1.41), (1.47) u (1.48) upuo6-

peTaioT BUI;

U,)2 — (HV,)? . HU,
\Ift+gy:—( ) 2} ) + U, H( ), (1.50)

Bamenanue. Ypasuenus (1.49) u (1.50) 6putrr mosmydenst B padore [181]. Ox-
HAKO, HEJIABHO Mbl OOHAPYKWJIM, UTO MOJO0OHBIE ypPaBHEHUs JJIsI Caydas OecKo-
HEeYHOI ryyOuHbI Oblu oy enbl emie B 1973 rogy OscsinaukoBbiM [37].

Craruonapubie BOJHBI onucanbl B [Ipumoxkernun . 1.
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1.3 HekoTopble 4acTHbie cny4au

1.3.1 Mpubnu>keHrne 6ONbLLLIOKA KPUBU3HDI

[Tycrb cunryssipaoctsb dbyHkiuuu 2 = z(w) pacnosioykKeHa Ha MHUMOM OCH BepXHeit
MOJIYTIJIOCKOCTH M JOCTATOYHO OJIM3Ka K HadaJy KoopamHat. Torma BOJW3M HyJIs
pesuanna J = J(u) siisiercst 60J1b110M BemuuHOM, TaK 4ro 1/J B 9100 0bsacru
SIBJISIETCST TUIa KON (DyHKIMEH, JJOKaJbHO Om3KOo# K HyJio. st Takoro ciydast
MOKeT OBITh IIPEJIJIOXKEHA, IPYTast NPUOJINKEHHAS TEOPUs. 31eCh Mbl PACCMOTPUM
TOJIBKO CJIydail GeckoHeuHoit rirybunbl. Byjem uckars perenne ypasaenus (3.10)

B BHU/JIE:

1
U= —§/A2dt Aty + T, (1.52)

rje

A=—g (1.53)

Tak, 9T0 A = A(t) = \g — gt sABysiercs TuHeHON (BYHKIMEH BpeMeHN.

Cmbicr orgesernst ¥ or U cOCTOUT B caemytoreM. Ilycts cuarynspruocts W Ha-
XOJIUTCST HA MAJIOM PACCTOSTHUEU § OT BerectBerHoit ocu. Torma dyuknuu V(u) u
y(u) CyIIeCTBEHHO MEHSTIOT CBOE 3HAYEHUE B 00JIACTH U = 0 U KJIIOUEBOE TIPEJINO-
JIOYKEHHUE COCTOUT B TOM, 4TO 1orenimad (1.52) U sipasiercs "ruaukoit" Gy HKimet,
CYIIIECTBEHHO HM3MEHsISICh TOJbKO Ha MaciiTabax ~ 1. UTobbl mpoBepUTH ITO
IIPEJITIOJIOKEHIE, Mbl JIOJKHBI PEIIUTh (MJIM OIEHUTD) PElleHre YPaBHEHUs JJIst
. JTj1st TOrO, 9TO6BI OJIYYUTh STO yPABHEHHE, MBI OYEM HCIOIB30BATH TOXK e~

CTBa:

(1 —iH)(Zy + iyy)? = 0, (1.54)
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1
(1+ZH)(—— 1) = 0. (1.55)
ZU
U3 mux caemyer, 94TO
. 1.
"
Yoy (e —1)=o. (1.57)
J J

[Tocse npocThix peodpa3oBaHuii Mbl IOJIydYaeM ypaBHeHue st W.

A A2
3 = 2y AT BAG- D)
1o/ oy =y HT,
+2J«HW@ @J%JDH'J (1.58)

Best undopmanust o hopme nosepxuocru "cupsitana's Gyukinuu 1/J, koropasi
COTJIACHO HAIEMY TPEIIIOJOXKEHHUIO ABJIsTeTCs TaaKoi. [ToaTomy Mbl MOXkeM 10O~
J1araTh, 4TO noTeHuuas W Takike sBJISeTCs MIaakoil (pyHKuueil Ha MaciTabax
~ J.

B nepBoM npuOJIMKEHUN MbI OJIOXKUAM
T =0. (1.59)

CooTBeTcTByOIIee ypaBHeHue JJist (POPMbI IIOBEPXHOCTH, 3AIIMCAHHOE B HESIBOM

BHJI€, BBITVIAUT YPE3BbIYAUHO ITPOCTO:
yt(l + ju) - jtyu — )\ju (160)

O6o3unauum yepe3 Z = I + iy . B repmunax Z ypasuenue (1.60) moxker ObiTh

3aIIMCAHO CJIEIYIOMUM 0Opa30M:

G- T 455 — 55, =iME + 5. (1.61)
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BgejienueM HOBOM (DyHKIUN
z=ZF+u—i[\dt
ypasrenue (1.61) npeobpasyercsi K BuLy
Im(z2) = —\. (1.62)

B upocreiimem ciydae A = const, 310 ypaBHEHUuE U3BECTHO B jurepaType ¢ 1945
r. [40, 3]. O6brano ero naspiBaior Laplacian Growth Equation (LGE) — ypasue-
HEE JIAILJIACOBCKOrO pocTa. OHO MIMPOKO UCIOJIb3YeTCst IIPU ONMCAHUY JTUHAMUKN
I'PAHUIBI JBYX YKUJIKOCTEH C CYIECTBEHHO PA3JUIHBIMU BA3KOCTSIMU, JBUKEHUS
TPaHUIBl pazjena aByX a3 (Hampumep, JbJa U BOJAbI) W POCTA JEHIPUTOB B

JaCTHOCTH.

1.3.2 “MNManbueobpasHbie’ pewieHus

Ypagsuenne (1.61) siBnsiercst unrerpupyemMbiM. OHO MMeeT NMMMPOKUH KJIACC CITe-

nuaJbHbIX perienuii (n-"nasubiesbie perenus):

Z = éi:l qnIn(u — ay(t)) . (1.63)

riae N - j060€e MOJOKUTENBHOE T1eJioe Iucyio (BrIodas N = 00), ¢, KOMILIEKC-
HbIE TOCTOsIHHBIE, & Ima, > 0. ljst Toro, 4To0bI BHIIOJHUTH ycjoBue Z — () mpu

|u| — oo, HEOOXOIUMO TTOTPEOOBATH

N
> 4. =0. (1.64)
n=1

Ounrako yeaosue (1.64) ¢ dusuyeckoit TOUKM 3peHUs HE CYIIIECTBEHHO, TOCKOJIbKY

JIJ1st IPOU3BOJIBHOTO BBIOODA ¢, €My MOXKHO YIOBJIETBOPUTH JobaByenneM K (1.63)
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ellle OJIHOI'O CJIAraeMoro:

N
- (Z Qn) In(u — any1(t)), Imayi; — +oo.

n=1
[Toncrasnss (1.63) B (1.61) u packiaabiBas CyMMy Ha IPOCTbIE JPOOH, MBI TIO-

JIy4aeM CHCTEMY OOBIKHOBEHHBIX JIu(DepeHIMabHbIX YPABHEHUN JIJIsI @y,

g S

. % an - am .
an + Z qm? = —Z)\(t) . (165)

n m
MHTerI/IpOBaHI/Ie IO BPpEMEHHU IIPpUBOJUT K CJIe,ZLyIOU_[ef/'I CuCreMe TpaHCHECHICHT-

HBIX YPaBHEHUIL:
an +> ¢ In(a, —a’)=— / A(t)dt + C,, (1.66)

rje C,, - IPOU3BOJIbHbBIE KOMILIEKCHBIE KOHCTAHTHI. [IpocTeiimumM perennem 5Toro

THUIIa SABJISAETCS " OJIHOMaJIbIeBoe :
zZ = —iIn(u —ib(t)), (1.67)
rjie JeACTBATE/IbHAS BeJUUUHA b OLPEIe/IsieTcs U3

b+Inb=— [Adt+Inr. (1.68)

31ech 1 — HEKOTOpasl JeACTBUTEIbHAsST KOHCTAHTA.

Acumnrornyueckoe nosejenre b npu [ A\dt — +00 UMeeT CaeyIONUil BUI:
b:rexp(—/)\dt) — 0, t— 0. (1.69)

B paccmarpuBaeMoM cirydae MbI HMEEM:

y = —Inyu?+b3(t),
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T arctan —
T = arctan —
b(t)
1 2+ b3(t
L _w+b) (1.70)
J (14 b(t))% + u?
[Iyctb [ Adt siBjisieTcst OOJIBIITUM TTOJIOXKUTEJIBHBIM dncJioM. Toria,
1 u?
- 1.71
J 1+ u? (171)

MaJIO TIPK ¥ ~ b U JEeHCTBUTENHHO siBjisieTcs ryiajkoil dbynknumeit. 13 (1.53)

CJIEJIYEeT, 4TO

1
[ Adt = —59t" + Ot (1.72)

st mostoxuTesibHbIX g (yCTOHIuBbIi cirydaii) [ Adt MOXKeT O6bITh OOIBIIUM TOJTb-
KO B TeYeHUr KOHeYHOro Bpemenu (ecim C' MOJOKUTENHHO U BeJKO). Just g <
0 (6e3pa3ﬂHqu YCTOMYUBBIA U HEYCTONIUBBIN Cﬂyqan) paccMaTpuBaeMoe HaMU

upubJivkenue yiydmaercs upu t — 0o. dust "opnonasibiesoro' perenust
y(0,) = —2Imb(t) ~ [ Adt mpm t — oo, (1.73)
B T0 e BpeMmsi KpuBU3HA MOBEPXHOCTH pU & = () CTPEMUTCST K KOHCTAHTE:
1/R = nyy — —const, mpu ¢t — 00. (1.74)

OpHomagibiieBoe pererue Takoro tuma owu10 Haligeno Caddmvanom u Taitopom
[135]. N-nanbuessie pemenusi LG E Obuin ucenegosanbl B crarbsix [119, 73]. O6-
mee perienue ypasuenust (1.61) moxer 6biTh nosydeno uz (1.63) upejesbHbim

nepexogoM N — 00. 37ech MbI He Oy/IeM paccMaTpUBaATh STOT BOIIPOC.
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1.3.3 ABTOomopgenbHbie ypaBHeHUA ansa rnybokoi Boabl

B sTom naparpade paccMoTpuM cirydait riryOboKo# BObl 6€3 1MOJIst TSKECTH, TOT/A

ypasrenus (1.31) u (1.38) umeror Bu:

A~

Yy — Ty = —HY, , (1.75)

~

Cucrema (1.75), (1.76) umeer cemMeHCTBO aBTOMOJEJBHBIX PEIIEHUH. 3aMeTHM,

YTO OHA WHBAPUAHTHA, OTHOCUTEJHHO ITPeobpa30BaHUs
U — —— (1.77)

rie a(t) - npousBoJbHas (DYHKIUS BPEMEHH. DTa MHBAPUAHTHOCTH UMEET MPO-
CTO¥ CMBICJI - OH& CJIEYeT U3 BO3MOXKHOCTH TTepeMacITabupoBaHust KOH(MOPMHOI
NepeMeHHO! U TTPOU3BOJILHBIM 00Pa30M B JII0OOH MOMEHT BPEMEHHU.

MoxkHo nckarhb perienus cucrembl (1.75)-(1.76) B cepyromemM Buje:

y = f(®)yo(u),
r = f(t)xo(u), (1.78)

U= g(t)¥o(u).

3 (1.75) snerko nosyaursb
gt) = ff", (1.79)

a u3 (1.76) mosydaeTcs ciemyomee COOTHONICHHE:

(ff) =af”  q- const. (1.80)
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Ypasuenue (1.80) umeer creneHHoOe perieHne

1

ft) =clto—1t)°, s= G-

ecau q # 2, (1.81)

1 9KCIIOHEHIINAJIbHOE

f(t) =ceM ecnmq=2. (1.82)

Yo, o 1 V() YIOBJIETBOPSIOT CJIEAYIOIIUM yPABHEHUSIM:

YoTo — ToYy = —]:[‘Pf), (1.83)

qWorl — 2%y = H(q¥hyo! — Viyo) -

B ecrecrBennbix nepemenubix (1.78) - 9T0 aBTOMOJIE/IBHOE PEIIIEHHE:

n = f(t)no(m,
_ ; vy

Ecnmm s > 0 (¢ < 2), 9to pemierne o6pa3oBaHne CHHIYJISPHOCTH HA TPAHUIE 34
KOHEUHOE BpeMsi. DTO CHHIYJISIPHOCTH THIIA YIOJI, MOJ0OHA TOH UTO HaiijeHa B
pabote [105]. Ha s nmerorcst orpaHudaeHust, HaKJIaIbIBAEMbIe 3aKOHOM COXPAHEHHUs
snepruu. Jeiicsurensro, u3 (1.84) MOXKHO 11Oy YUTh JIJIsi KHHETUIECKON SHEPIUM

T =1 [(Val&VE €= (G

ABToMmojiesibHOE perenne MoXKeT TepsiTh'sHepru, mim coxpansaTh eé. Ho snep-

).

I'md He MOXKET paCTH. A IIOCKOJIbKY
~ 4s—2
T~ (ty — 1)%2,

I/IOO>SZ%,Q,ZLOJI)KGH6bITbBHpeIL€JIaX2SQSO.FOI‘QZ2,S:OO,I/I

KOJIJIAIIC IIPOUCXOUT 33 OECKOHEUHOE BPEMSI.
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Coyuait ¢ = s = 1 - ocobbrii. 3uech pemenne cucrembt 1.75), (1.76) mMoxHO

NCKaTb B BUJE!:

r = ot +x1,
y = yot + 1, (1.85)
U = \Ifot—f-\Ifl

B (1.85) xg, yo 1 VU NpejcTaBsitor aBTOMO/IEIbHOE PEIIEHIe, YIIOBJIETBOPSIOIIee

ypaBHEHUSIM
YTy, — Toyy = —HYy, (1.86)
Yoz — oWy = H(Toyo! — Yoypo)
a B CBOIO o4uepesib T1, 1 1 Vi NOAUUHAIOTCS JIUHEHHBIM YPaBHEHUSIM
Yory — zoyy = —HV, (1.87)
Wory — oWy = H(Woyi! — Wiyp).
3uast apromosesibaoe perienue (1.85), MOXKHO 1ocTpouTh 00111ee peleHe CucTe-

Mol (1.75)-(1.76). Ero moxmno 3anucars B Bujie GECKOHETHOTO Psija:

X T
xr = $0t+$1+z—kk,
=1 1
o0
—k
y = yot+y1+2t—k, (1.88)
k=1

U = Yot + ¥y + io: —.

[Tepshbie jiBa usena pasioxenus (1.88) yuosiersopsitor ypaprenusim (1.86), (1.87)
v jlajee:

wor' , —y ,xo+ HY | = F,, (1.89)

\I’Oxl_n — \If_n/x() + f{(yoqf_n — ‘;[Joy,_n) = Gn ,
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rie F, u G, BhIpaxkeHusi, 3aBUCSIIE TOJBKO OT Tk, Y— 1 V_i (k < n). B

YJaCTHOCTH

/ /
Fy = yary —x .y,

G2 = \P_lel - x_qull - [:](\Ij_lyll — y_1\1111> .

I[Ipeamosozkum, uro pemenust ypasuenuii (1.86) u (1.87) naiigenst, u, 6osee Toro,
peIleHbl SIBHO JINHEWHbIe, He 3aBUCSIIHEe OT BPEMEHH HEOJHOPOHBIE YpPaBHEHHUST
(1.89) npm Jiobbix 3agauubix F,, G),. Torma MoxkHO HATH PEKYPPEHTHO BCe UJie-
bl B pazjoxenuu (1.88). B arom cmbicie cucrema (1.75)-(1.76) Touno periaema.

K macrosimemy momenty perenusi ypasuenuit (1.86) u (1.87), Tak ke Kak u
asiroput™ perniernst (1.89) nenspectrbl. I Mbl He 3HAEM CyIIECTBYET JiM PEIleHNe
ypasrenuii (1.83), u He 3HaeM 4TO onpejessieT BbIOOp 3HadeHust S. OJHAKO MbI

3HAEM, CJIydail S = 2 COOTBETCTBYET MAaJIOYIJIOBOMY HPUOJINKEHUIO OIUCAHHOMY

B [105].

1.4 Kybun4decku HenunHeliHble ypaBHeHUs

Ecnu y» Mbl mpuMenni KOH(MOPMHOE Tpeodpa3oBaHue U UCIIOJIb3YeM KOMILIEKC-
HbIH [OTEHIMAJ CKOPOCTH, TO HAM CJIEJlyeT BMECTO BEIIECTBEHHBIX yPaBHEHUI
(1.49) u (1.50) manucaTh KOMIUIEKCHBIE ypaBHEHUs st 2(w,t) ¥ KOMILJIEKCHOTO
norenimasa ckopocru P(w,t). DTu KOMIJIEKCHBIE YDABHEHUS] MOXKHO T1OJLY IUTh

MPpUMEHSS OTIEPATOP TMPOEKTUPOBAHUS P

A~

P(f) = S(1+iH)(f)



1.4. KYBUNYECKW HEJMHEWHBLIE YPABHEHUSA 47
K ypasuenusiM 1.49) u (1.50):

2z = 1Uz,,

. |®,)?
o, = z’U@u—P(l |’2)+Z’g(z—u). (1.90)

|Zu

3gech U - 3TO KOMIIEKCHAsT CKOPOCTh [1€PEHOCA!

Okasasiochb, uto ypasaenus (1.90) MOryT OBITH YIPOIEHBI TPOCTO 3aMEHOI T1e-
pementbix. [leiicrBuTesibHO, BMeCTO niepementbix z(w, t) u ®(w, t) BBeeM HOBbIE

dbyukimu R(w,t) u V(w,t) crepyomum crocoboM:

RZ_?

Zw

d, = —iVz,. (1.91)

(V - 910 ia—f, T.€. KOMIIJIEKCHAsI CKOPOCT ). 3aMeTHM, 4TO MOCKOJIbKY 2(w, t) siB-

JISIeTCsT KOH(OPMHBIM 1TPe0Opa30BaHUEM, €r0 MPOU3BOJIHAS CYIIECTBYET B HUXK-
Hell moJIyIIocKoCTH U He uMeer tam HyJeil. Takum obpasom dyukius R(w,t)
TaK2Ke ABJIFAeTC aHAJATUYCCKON B HUXKHEH [MOJIYIVIOCKOCTH, U UMeeT CJIeAYIONne

IPAHUYHbBIE YCIIOBHUSI:
R(w,t) — 1, |w| — o0, Im(w) <0.
OueBngHO, 9TO 1151 V' IpaHUYHbIE YCJIOBUST BBITJIAIST TaK:
V(w,t) — 0, |w|— oo, Im(w)<0.
Torga jyist 9Tux QyHKIUMI ypaBHEHUs] TPUOOPETAIOT BEChbMa UBSIIHYIO POpMY:

R, = i(UR —U'R),
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V, = i(UV —RP'(VV))+g(R—1). (1.92)

31ech

U=P(VR+VR).

[Tonyuyennbie ypaBHEeHUsI KyOMUECKN HEJIMHEHHDBI ¥ BJIIOYAIOT B CeOsl JTMHEHHDIH
UHTErpajibHbIi omeparop. OHU SBJSIIOTCS YPABHEHUSIMEU THUIAPOIAHAMUUECKOIO
THUIA, HO JEHCTBYIOT B KOMIIJIEKCHOU TJIOCKOCTH. BaskHyIo poJib B 3TUX ypaBHe-
HUAX UI'PAET KOMILIEKCHAsi CKopocTh nepenoca U. Ona nepenocut Hynmm QyHK-
. R(w,t), KoTopble SIBJISIOTCS OCOOBIMEU TOYKAMEU KOH(MOPMHOTO OTOOpaKe-
aust z(w, t). Pasuble TUIIbI HyJIel NPeJIIOJaraeTCs U3y YuTh B CJAEJYIONIEH CTaThe.
31ech XKe CIIeyeT JIMIIbL OTMETHTh, 9YTO B YUCJEHHOM MOJICJIMPOBAHUY HaOJII0qa-
FOTCs JIMIIL KOPHEBbBIE (1/W) TOUKU BETBJICHHUS.

B ypasuenusix (1.92) jierko ydecrb M MOBEPXHOCTHOE HATSKEHHUE, CJEJlyer

JIUIIIH 3aMEHUTH BTOpoe ypaBHeHI/Ie Ha
V, =i(UV' = RP'(VV) + g(R - 1)) — 20RP'(Q'Q — Q'Q),

e 0 - 970 K03(h UIMEHT TOBEPXHOCTHOrO HaTsKenust, a () = v/ R.

Caemyer oTMeTuThb, 9T0 ypasHenus (1.92) coxpausoT cBoo GhopMy u st Ipy-
IUX rpaHudHbIX ycsoBuil. Hanpumep, BmecTo rpannatbix yeiaosuit (1.6) MoxkHO
PACCMOTPETDH MMEPUOUIECKUE YCJIOBUS, & TaKXKe YKUJIKOCTh KOHEUYHON TJIyOUHBI.

OTmeTuM Tak»ke, 9TO HOBBIE yPaBHEHWST BKJIOYAIOT B ¢eOsT TOJHKO MTPOU3BOJI-
HbIe KOH(OPMHOIO OTOOpaXKeHUsI U KOMILJIEKCHOT'O TOTEHI[MAJa CKOPOCTH. UTO
KACaeTCsl MHTErPAJIOB JIBUXKEHUSI, TO OHU MMPUOOPETAIOT B HOBBIX ITEPEMEHHBIX

bosee cnoxuayo ¢opmy. OIHAKO, €ciii HHTEIPHPOBAHHEM BOCCTAHOBUTH KOM-
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[JIEKCHBIA TTOTEHIINAJI
v
b =— / —dw
R
TO TaMUWJIbBTOHAAH paBeH
o0 /
H=— [ Re(®)Im(®)
—0o0
a UMIIYJIbCHI

P, = /_°:O Re(@)Re(%)du, P, :/_O; Re(@)[m(%)du.

OcHoBHOE yTBEpXKIeHrEe 3TOTO maparpada 3aKII0IaeTCs B CAeAyomeM. X0po-
o u3sectubie ypasHenust (1.3) - (1.4), onuceiBaonye HOTEHIUMAIBHOE TEUCHUE
HECXKAMAEMOM >KUJIKOCTH CO CBOOOMHONM I'paHUIeil, SIBJSIOTCS S9KBHBAJEHTHBIMUI
KyOudeckum ypasrenusiv (1.92), KoTOpble HalMCAHbI JiJisi OOPATHON IPOU3BO/I-
HOU KOHpOpMHOTO oTobpaxkenust R(w,t) = 1/2/(w,t) u KOMILJIEKCHON CKOPOCTH
KugkocTr V (w,t). DTU ypaBHEHUsI SIBJISIOTCS YPABHEHUSIMU THIPOIAHAMUIE
CKOT'O THUIIA ¥ OMHUCHIBAIOT MTEPEHOC 0CODEHHOCTEH KOH(MOPMHOTO OTOOPaKeHUS B
BepxHeit oJtytiockocTu. JBukenue ocobeHHocTeit u ornpe;iesisier (hopmy CBOOO/I-

HO 1TOBEPXHOCTHU. Y DABHEHUS 110JIyYEHbI BIIEPBbHIE.

1.5 MopynsauynoHHasa HeycToW4nBOCTb BOJIHbI CTOKCa.
BonHbI-youniiybl.
1.5.1 BBepeHune

Bouiabl upe3Bbraaitno 60Jb110i aMILTUTY/ 1bl, TaK Ha3biBaeMmble freak waves, BoJ-

HaMu y61/11'71ua1v11/1 WJIM THT'aHTCKHUMHM BOJIHaAMU - XOPOIIO U3BECTHBLI MOPAKaM (CM.,
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nanpumep [141, 74, 108, 66]). V3-3a 9TUX BOJIH TEpSIIOTCS Cy/la U YEJIOBEYECKUE
ku3Hn. Her HUKaKMX COMHEHWIA, 9TO BOJIHBI-YOWMAIIBI SIBJISIOTCS HEJIUHEHHBIMI
obbekramu. OHM OdeHb KpyThbl. B mocjejneil crajuu X pasBUTHsA, KPyTU3HA
CTAHOBUTCsI OECKOHEUHOM, obpasdysa 'creny Boabl". A mepen 9THM MOMEHTOM,
KpyTHu3Ha OoJibliie deM y mnpejesabHoit Bostbl Crokca. Kpome Toro, TunudHast
BOJTHA-yOMiita - oTaeabaoe cobbitre (cM. |6]). [lepen ompokuapBanuem eé rpe-
OeHb B Tpu-vyeThipe (M jiaxe Oosibliie) pasa Bblllle YeM I'peOHE COCEHUX BOJIH.
Bomne-ybwuiine npesmecrByer riybokast BauHa, uin "orBepcrre B Mope'. Xa-
paKTepHOE BpeMsl CYyIIEeCTBOBAHUS BOJHBLI-YOUMIBI - HEBEJUKO, JECATOK IIEPUO-
JIOB BOJIHBI HJIM OKOJIO 3TOro. Ec/u mepuos BOJIHBI - HATHAIIATH CEKYH/I, 9TO -
TOJIbKO HECKOJIbKO MUHYT. BoJiHa-yOuiiia mosB/sieTcss MouTH 'MIHOBEHHO"B OT-
HOCUTEJIbHO CIIOKOWHOM Mope. HecomuenHo, 3tu crenuduyeckne 0COOEHHOCTH
BOJIH-YOUIiIl HEJIb3s1 OObSICHUTH JIMHEHHOI Teopueii. Jluneitnas (opkycupoBka
OKEaHCKMX BOJIH CO3JAET TOJIbKO IPEABAPUTEJIbHBIE YCJIOBUs JIjisi (POPMUPOBa-

HUS BOJIH-YOUHIl, a caMa BOJIHA SIBJIIETCS HEJIMHEHHBIM OObEKTOM.

EcrecTBEHHO CBSI3aTh MOSBJIEHUE BOJIH-yOUII] ¢ MOJYJISIIMOHHON HEYCTOWYN-
BOCTHIO BOJTHBI CTOKCA. DTy HEYCTONIMBOCTH OOBIYHO HA3BIBAIOT HEYCTOUUBO-
crbio Benpkamuna-®eiipa, ojgHako, oHa ObLia cHadaJa obHapy»kena JlafTxuii-
soMm B|112]. Teopus atoit HeycroiituBocTn Oplia pazpaborana He3aBUCHMO B [57]
u B [8]. Deiip (cm. [85]) ObuI EPBBIM, KTO HAOIIONAI ITY HEYCTONIMBOCTD IKCIIE-

puMeHTaJbHO B 1967 Tomy.

DBOJIIOIMsT MOJLYJIMPOBAHHON HeJMHEeiHO# BoJiHbI (CTOKCA, OIUCHIBAETCST HEJIH-

ueitnbim ypasuenuem lpemuarepa (NLSE), mosydensim B [9]. D10 ypaBHenue
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unTerpupyemo (cm. [18]), u siBiisieTcsi NepBbIfiM WIEHOM B HEepapXuM ypaBHe-
HUI OruOAOIINX, OTTMCHIBAIOIIUX MTAKEThI TPABUTAIIMOHHBIX TTIOBEPXHOCTHBIX BOJIH.
Bropoit wien B 910l mepapxuu ObuL1 BbrumcyeH Jlbicre B[82], caeytonuit ObLI
HaliJIeH HeCKOJIbKO JieT HazaJ B|147|. Ypasuenue JlpicTe nCCIEI0BATOCH YUCTCH-

1o AbsioBuiiem u cooasTopamu(cm. [47]).

Hauunast ¢ nepsoii paborsr [141], pasubie aBTOpbI MpobOBaU 0OBICHUTE HOP-
MupoBanue BoyiH-youiinn B pamkax NLSE u ero obobiennii, kak ypaBuenne JlpI-
cre. ObmupHas HayIHAS JINTEPATyPa MOCBsIIIeHa sTomy npeamery. Crincox, mpe-
CTaBJIGHHBIN HUXKe JUIMHEH, HO Henosion: (47, 67, 124, 125, 126, 128, 129, 130,
147, 149, 150, 151]. O630p pa3NIUIHBIX BO3SMOXKHbBIX MEXaHU3MOB (hOPMUPOBAHUST

BOSTH-yOmiin maercs B |94, 30].

Henb3st orpunaTh pe3ysibTaThbl, JOCTUTHYThHIE IPY TOMOIIY YPABHEHU JIJIT OT'H-
Harorux. Pe3ymbraTbl MHOTUX aBTOPOB CXOJISTCS B OJHOM BaKHOM ITYHKTE: HEJIU-
HEHOe Pa3BUTHE MOJYJISIMOTHHONW HEYCTONIUBOCTHU MPUBOINT K KOHIEHTPAIWN
9SHEPTUH BOJIHBI B MAJIEHbKOH MPOCTPAHCTBEHHOW 00JacT. D10 - "Hamek'"o BO3-
MOKHOM (POPMUPOBaHUU BOJHBI-yOuiitbl. C JPyroit CTOPOHBI, SICHO, YTO SIBJICHUE
BOJIHBI-YOUIIIBI HEJIb3sl OObSICHUTh B TepMHUHAX ypaBHeHuit orumdbaromux. leii-
creutesibHo, NLSE n ero ob0bmieHust mosiydeHbl pasiokKeHueM M0 HapaMeTpy
A ~ (Lk)™%, rne k - Bosmosoe uucio, L - piuna Momy/simud. Jjis peaibHo
BOJTHBI-yOUUTIBI 3TO YCJIOBHE HapYIIAETCs, TaKxKe KaK W MpUOJIMKeHue oruda-
forrx. Onnrako, anagns ypasuenmit Tuna NLSE naer nennyio muadopmannio o

dopMHUpOBaHUK BOJIH-YOMIALL.

MoysisgnuonHast HEyCTORINBOCTD IIPUBOIUT K Pa30OMEHHUIO IePBOHAYAIBLHO OJ1-
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HOPOJHBIX BoJiH CTOKCA B CHCTEMY KBa3uCOJMTOHOB orubaomux [14, 163]. Dro
COCTOSTHME MOXKHO Ha3BaTh 'KBA3UCOJMTOHHOM TypOysenTHOCTHIO". B 3T0i MO-
JleJI1 COJIMTOHBL MOL'YT CJIMBAThCs, yBEJINYUBAs [IPOCTPAHCTBEHHYIO lIepeMerKae-
MoCTb (intermittency) u IpuBOAUTH K yCTAHOBICHUIO XAOTUIECKUX HHTEHCUBHBIX
MoyJsnuit miorHocTy 3Heprun. OJHAKO, IOKA 3Ta MOJIE/Ib He MOXKET OObsACHUTD

dopMupoBaHue BOJH-yOuiin ¢ A ~ 1.

dABnenne odbpa3oBaHUs BOJHbBI-YOUAIIEI MOXKHO ObLIO Obl OObSICHUTD, €CJIH Obl
peleHus: JJjis YpaBHEHUs OruOaIoNuX ¢ aMILIUY 10i, O60JIbleli HEKOTOPOil Kpu-
TUYECKO#, ObLJIM Obl HEYCTONYUBBI U KOJIJIAIICUPOBaJIM. B TO BpeMsi Kak B paM-
Kax ojHOMepHOro ypapHeHust NLSE COUTOHBI yCTONYIUBDI, YIyUIIeHHAS MOJIEh
JIOJDKHA, UMETh HEKOTOPbIH IOPOI' 110 aMILJIUTYJIE JIJIsi YCTORYUMBOCTH COJIMTOHA.
HeycroitauBocTb cOJIMTOHA, OOJIBIION AMILIUTYAbI U €r0 JAJbHEHRIINNA KOJIJIAIIC
MOIJIE ObI OBbITH HAJJIEXKAIUM TEOPETHYECKUM OODbSICHEHHEM IIPOUCXOXKICHHUSI

BOJTH-yOWMIATL.

DTOT clieHapuit HAOJIONAJICA B YKMCJIEHHOM 3JKCIEPUMEHTE B IBPUCTUUECKON
ojromepoii Mozesin Maida-McLaughlin-Tabak (MMT-mozens) (em. [117]) st
OJIHOMEPHOI BOJIHOBO# TypOysenTHoctu [163]. B skcnepumenTax, onucaHHbIX B
9TOM paboTe HEYCTONINBOCTH MOHOXPOMATHUIECKON BOJIHBI YMEPEHHOH aMILIUTY-
JIbI BEJICT CHAYAJIA, K CO3JIAHMUIO IEMOUKH COJTMTOHOB, KOTOPbIE CIMBAIOTCS (M3-32
HEyIpPyroro B3aHMOﬂeﬁCTBHﬂ) B OJIIH COJIMTOH OOJIBIIONR AMIJIATYIbl. DTOT COJIU-
TOH TTOTJIONMIAET IHEPIHUIO OT COCEJHUX BOJIH, CTAHOBUTCS HEYCTONYIMUBBIM U 3aTEM
KOJLJIATICUPYET JI0 A ~ 1. DT0 MOXkKeT ObITh MHTEPIIPETUPOBAHO KaK 00pa30BaHue

BOJTHBI-yOUUTIDI.
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B mamux skcnepumMeHTax HaOJIIOMAJICA JPYToil ciieHapuii. A WMEHHO, BOJIHA-
yOuiilia mosiBJIsSIeTCsT B MOLY/IMPOBaHHOM ItyTe BoJiH. Obpa3oBaHme BOJTHBI-yOUMAIIHI
[I0X0Ka HA PA3BUTHE HEKOTOPOI'O JieheKTa Ha EPUOJIUIECKON CeTKE, SIBJISIONIECs

nepuorndeckoit BosHoit CTokca.

Campbrit mpsiMoit ¢rrocob J0Ka3aTh CIIPABEIJINBOCTD BhITEN3I0KEHHBIX CIIEHAPH-
eB (pOpMUPOBaHUsT BOJIHBI-YOUHAIBI - [IPSIMOE YMCJIEHHOE MO/IEJIMPOBaHNE ypaBHE-
HUsi Diijiepa, OIMKUChIBAIOIIEro MOTEHIMAJbHbIE TeYeHHUsI WJIeaJIbHONR KUJIKOCTU CO
CBODOJTHOM ITOBEPXHOCTBIO B I10JIE TSITOTEHUsI. DTO MOJETUPOBAHIE MOXKET OBIThH
BBIIIOJIHEHO METOJIOM, OMyOJIMKOBAHHBIM B HECKOJbKUX craThsx [181, 183, 188,
160]. Dror meros mpumenum B 1 + 1 reomeTpun; ol BKIHOYAET KOHPOPMHOE MTPe-
0o0pa3oBaHue XKUIKOCTH, OI'PDAHMYEHHON MOBEPXHOCTHIO B HUXKHIOI ITOJIYILIOC-
KOCTH BMecTe ¢ "onTumMasbHbIM ' BEIOOPOM TEpEeMEHHBIX, KOTOPBI rapaHTHpyeT

KOPPEKTHOCTD JIMCKPETHBIX ypaBHenuii [81].

[asee mpecTaBIeHbl PE3YJIbTATHI YUCIEHHBIX SKCIEPUMEHTOB JIJIsT BOJTH, C Ha-
gaJibHON KpyTu3HOit or i =~ 0.1 1o p ~ 0.3. DTU IKCHEPUMEHTHI MOXKHO pac-
CMOTPUBATh KaK MOJEJUPOBAHNE PEAJUCTUYUECKON cuTyaruu. Ecam TunuaHas
KpyTu3Ha mMopckoro BosiHeHus - 4 =~ 0.06 - 0.07, B HEKOTOPBIX 00JIACTSAX KPY-
TH3HA OBIBAET B JIBA-TPU pasa OoJibiie. B sKcrepruMeHTax Mbl HAUMHAEM C BOJIHBI
Crokca, ¢ JJIMHHOBOJIHOBON MOIYJISIIIAE, aMIUIUTYy1a KOTOPO# B JBaJIaTh pa3
MEHBITIE YeM aMIITY/Ia caMoi BOJIHBI. B Hammx skcrepruMeHTax HaOJIIOIaeTCs
pPa3BUTUE MOLYJISIIIUOHHON HEYCTONIMBOCTH, U B KOHIIE B3PbIBHOE (DOPMUPOBAHUE

BOJIHBI-YOUIIIBI, KOTOpasi 110/100Ha BOJIHAM, HaOJIIOaeMbIM B IIPUPO/IE.



1.5. MOAVIALUNOHHAA HEYCTONYMBOCTb BOJIHbI
CTOKCA. BOJIHbI-YBUNLbI. 54

1.5.2 YucneHHbIi 3kCNepnMeHT

MHOro 4ncjaeHHBIX cXeM ObLIH Pa3pabOTaHbI JJIs PellleHrsl yPaBHEHUs Jijepa,
OIKCBHIBAIOIIETO MOTEHI[UAJHHOE TEIEHUE XKIUJIKOCTH CO CBOOOHON TOBEPXHOCTHO-
CTHIO B IPABUTAIIMOHHOM I10JI€. BOJIBITMHCTBO U3 HUX UCIOJIb3YyeT HHTErpabHbIe
yPaBHEHWsI, KOTOPbIE JIAIOT pelleHne KpaeBoi 3ajadu JJjis ypasaenus Jlamraca
[77, 78, 76]. O630p 3TMX METO0B MOXKeT jaH B [152].

B sTom maparpade Mbl m3ydaem MOJIYJISIIUHOHHYIO HEYCTOWYWBOCTH BOJIHBI
Crokca. B kayecTBe HaUaJIbHOTO YCJIOBUS YCJIOBUS MBI UCIIOJb3YEM CTAIMOHAP-
Hy[O HeJimHeitHyio BoyiHy CTOKCa C JUIMHHOBOJIHOBO#M MOJYJISIIIEH. DTOT BOJIHA,
HEYCTOWYINBA OTHOCUTEJIbHO POCTA MOIYJISIWUNA JUIMHHOTO MaciiTaba. DTOT 3a-
MeuaresbHblil (akT Obul cHaYasa ycraHojeH B [112], koropblit BbluucauI UH-
KPEMEHT HEYCTOWYMBOCTH B IIpejesie JJTUHHOBOJHOBOW Momyssanuu. [Tockoabky
uHkpeMeHT JlaiiTuiia ObUT IPONOPIIMOHAJIEH BOJTHOBOMY YUCJIY MOJIYJISIIUY, Pe-
3yJbTAT ObLT B IPUHIUIE HEMOJIOH: B KOPOTKUX MACIITadax HEYCTOWIMBOCTH
JIOJIKHA OTCY TCTBOBaTH. TOUHbI MHKpeMeHT ObL1 HaiiieH He3aBucumo B (8, 9, 57].

Uit 9uc/IeHHOro MOJIESTMPOBAHUsT Mbl, B IPUHIIMAIE, UMeeM TP (DOPMbBI ypaB-

HEHUI.
1. Do ypasuenns (1.31) u (1.38),

YTy — Ty = —H,,

\Ijtyu — \Puyt + 9YYu + ﬁ(@txu - \Iluxt + gyxu) = 07

HE€ pa3pe€lleHHble OTHOCUTEJ/IbHO IIPOU3BOAHBIX 110 BPEMEHHU, U I[IO9TOMY Ma-

JIOHpI/ICHOCO6JIeHHbI JJIA 9UCJIEHHOI'O PEelIcHUAd.
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2. Ypasuenus (1.90),

2z = 11Uz,

. - |q)u’2 .
d = UP, — P(—5) +ig(z —u).

|ZU|
3aIMCAHHbBIE 1T AHAJATUIECKUX B HUXKHEH MOJIYIIJIOCKOCTH (DYHKIINA KOM-

ILJIEKCHOT'O IIOTEeHIaJa CKOpocTr P u cobCTBEHHO KOH(MOPMHOIO 0TOOparKe-

Hus /.
3. Ypasuenus (1.92),

R, = i(UR —U'R),
V; = i(UV' = RP'(VV)) +g(R—1).

Yro kacaercs ypasuenuit (1.90), To BKOpe mocjie Toro, Kak OHU ObLIH MEPeoT-
KpbIThl B 1994 rojy (HamomuuM, uro BrepBbie ux Hamucas OBcsHaukoB B 1973
rojy, B |37]), ABe rpynmbl uccsreoBaTENCH TPUHSINCH Pa3pabaThIBATL THUCIICH-
HbIe KOJIbI JIJIs uX pemrenns. Paborer Hasukopa u Ileitnnna ObLIM CyMMUDPOBaHBI
B ux ctatbe 1998 roma [65] (cM. Takske [64]). [lepBble pe3ysbTaThl, MOTyYEHHDBIE
B HaImei rpymre, o omybsukoBaubl B 1996 romy B [181]. Oxnako, HaunHas ¢
2001 roza, (¢ paborbl [186]) Mbl HEpeNIM K YUCIEHHOMY DEIIEHHUIO yPaBHEHUH
(1.92). I nust sToro umerorcs Beckue Mpudauibl. OCTAHOBUMCS Ha 9TOM BOIIPOCE
nojipobree. Koneuno, Bce Tpu (popMbl ypaBHEHUI SIBJISIIOTCS SKBUBAJEHTHBIMU
KakK ¢ (PU3WIECKO, TaK M MaTEMATUIECKO# Touek 3penns. Opnako, Beuio ycra-
HOBJICHO, CHAYAJIA IMIIMPUYECKH, & 3aTeM U JaHO oObsicHenue (B [81]), uro quc-

JeHHOe perenne ypaprenuii (1.92) mis nepemennbix R u V' sBisiercs nanbosee
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yCTORUMBBIM. UUCJIEHHBIN KO/, JIJIsI PEIIEHKsT 9THX yPaBHEHUI ObLI pa3paboTaH B
[188].

Mpbl ucnosb3yeM CIeKTpaJibHBI METOJ JIJIsi YUCJIEHHOTO PEIIeHUsT YpaBHEHUM
(1.92). Caemnyer oTMeTHTD, ITO KOHGOPMHOE TTPeoOpa30BaHUE - OOBIUHBIH MO/
XOJI, HEOJIHOKPATHO MPUMEHSIBINMAKACS JIjIsd n3yderust BoJHbl CToKca. YpaBHEHMUsT
Juisi €€ koabdunmentoB Dypbe-passiokeHusi ObLIN PEIIEHbl 9UCJAEHHO MHOTUMUI
aBTopamu (cM., nanpumep [171]). Wnes ocymmectBienns kKondOpMHOTO mpeobpa-
30BaHUs MIPU YUCJIEHHOM MOJICJIMPOBAHUU JIMHAMUKYU BOJIHBI TIOSIBUJIACH B HAYAJIE
BocbMuiecstThix (cM. [118]). Ho mockosibky ypasuenust (1.92) B To Bpewmsi He Obliin
U3BECTHDI, ABTOPHI UCTTOJb30BAJIM KBA3UJIATPAHKEBDIH MOJIXO, B THIPOJIMHAMUKE.
[Tocsie HEKOTOPBIX YKCIIEPUMEHTOB 1 OOCYKJICHUS UX PE3YJIHbTATOB, WJIes UCIIOJIh-
30BaHUsI KOH(MOPMHOTO TPeobpa30BaHus IepecTasa Ka3aThbCs IPUBJIEKATETbHON
0 CJIeyomeil mpuarHe: KOHMPOPMHOE Mpeodpa3soBaHKe HE OYEHB XOPOIIO JIJIst
ONUCaHUsT OCOOEHHOCTE! C YIJIOM Ha, TTOBEPXHOCTH, €CTECTBEHHO IMOSBJISIOIIEr0Cs
Ha CBOOOJIHOM 1MOBEPXHOCTHU KMJIKOCTU. DTa, IPUIMHA CEPhE3HA, €CJIA ITPOCTPAH-
CTBEHHasi PA3HOCTHasI ceTKa pejka. OHaKO, COBpEMEHHbIE KOMIIBIOTEPHI JIeJIa-
IOT BO3MOXKHBIM UCIIOJIb30BATH OYEHb TOUYHbIE PA3HOCTHBIE CETKHU , COCTOSIITIE U3
O0JIbIIIe YeM MUJIJIMOHA Y3JI0B WJIU CIEKTPAJbHBIX MOJ. Takum 00pasom, 3TOT
apryMeHT TepecTas ObITh aKTYaJbHbIM.

CuteJtlyeT OTMETUTD, YTO 9TU YPABHEHUS HE SABJISTIOTCS OOBIYHBIMYU YPABHEHUSIMU
B YaCTHBIX MPOU3BOAHBIX. x Moxk#uO HazBaTh "I'mibbepr-auddepennnabHbl-
mu'"ypaBHEHUSIME, KOTOPbIe HApsLy ¢ OOBIYHBIM juddepeHInpoBaHueM 110 U

—>af

" (1.93)
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BKJIIOYAIOT B ce0si MHTErpaJibHoe mpeodpasopanue ['uanbepra
f—Hf (1.94)

C TOUKM aHAJHUTUIECKON TOUKU 3PEHHUs JBE ITU OlePAIll COBEPIIEHHO Pa3JInud-
Hbl. Ho ¢ TOYKuM 3peHust 4uCIeHHOTO PEIIeHs] — OUYeHb [TOXKO0XKHU. [[eificTBUTE/IbHO,

miist Oypoe-rapmonuk onepanus (1.93) oznagaer
fr — ik fy

a npeobpazosanne (1.94) corsercrByer

fr — isign(k) fi

C BBIYMCIUTEBHON TOYKW 3PEHUST JBE ITU ONEPAINN - OJUHAKOBOTO YPOBHS

TPY/HOCTHU.

MNepBas cepus

B mepBoit cepuu YUCITEHHBIX SKCIIEPUMEHTOB UCCJIEOBAIACH JIOKAJTU3AIUS JHED-
I'MM B TIEPBOHAYAJIBLHO MOUTH OfHOpOoaHOM Ityre BojiH Crokca. MojenupoBanue
ITPOBOJIUJIOCH B EPUOINIECKON 0OJIACTHU 277, TAK YTO BOJIHOBBIE YHCJIA - ITO [EJIbIe
gucha. ['papuranumonnasi nocrosiiias ¢ = 10. Bosmma Crokca xapakrepusyercst
KpyTu3HO# (steepness) u = aky, (ko — BOJHOBOE UHCIIO, @ — AMILIATY A BOJIHDI).
Ecan p < 1, Boaa CToKca SIBJISIETCS TIOYTH MOHOXPOMATHIECKO. B 91oit cepun
skcrrepuMenToB (1 = (0.1. CTosib Majast KpyTU3HA MO3BOJISIET B3SITh B KAYECTBE
HAYAJIbHBIX JIAHHBIX CYHEPIO3UIUI0 MOHOXPOMATHYECKOH BOJHbL (¢ kg = 50) u

Bosmytenust (layccos mym B @ypoe-ciekrpe). Kosmaecrso @ypre-rapMoHUK,
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3aJIeHCTBOBAHHBIX B BBIYMCJICHHUSIX ObLIO CPaBHUTEILHO HeboJbimM, 12288 (910
4096x3).

NukpemMeHT MOYJISIIIUOHHON HEYCTONYNBOCTH

= ((R) wor-3(5)) 59
31ech Wy - 4aCTOTa BOJHBI
wo = \/970,
a 0k - orpejiesisieT HEYCTONIUBbIE TAPDMOHUKY, TAKUE ITO
k1 = ko + 0k,
ky = ko — ok,
ks = dk.

MakcnMasibHOE 3HaYEeHNE WHKDpEMEHTa

1

Vmaz = Wo * 5 (ak0)2, (1.96)

JOCTUTAETCA JIJIs BO3BMYIIEHUSI C BOJTHOBBIM YUCJIOM P,
p = V2(aky) - ko. (1.97)

HuceHHbI 9KCTIEPUMEHT TTPOBOIUIICS CO CJIEIYIONTUMU TTapaMeTPaMHU:

1= aky~0.1 wp = Vv H00 ~ 24,
Ymaz =012 4l ~8  p~T (1.98)

Hauasbubie yesoBust it R u V', Takum 0b6pa3om, Jat0Tcest CaeyonmMu (popmy-

JIaMU:

R(u,t =0) = 0.1exp(—ikou) + Bo3MyIIIEHHE,
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V(u,t=0) = —z'O.lkg exp(—ikou) + BO3MyIIIEHME (1.99)
0

Havasbubiii cekrp juisi R(k) nokazan na Pucynke 1.1(npu ¢t = 0), a gacrsb

1le-08

le-10

le-12

1 10 100 1000 10000
k

Puc. 1.1: Pazsurue momynsinmonnoit veycroitunsocru: Oypoe-ciekrp R(k) B pasauusbie Mo-

MEHTbI BpEMEHHU

1oBepxHOCTH XKugkoctu y(x) nokazana Ha Pucynke 1.2. B 91om unciennom sKc-

t=0
0.006 |
0.004 |
y(x

0.002 |

O L
-0.002

0 0.5 1 15 2

Puc. 1.2: [loBepXHOCTH KUJIKOCTU B HAYAJbHBIII MOMEHT BpeMeHU
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INEPUMEHTE HET HU HaKa49KW, HU 3aTyXaHW A, U IIOJIHAA dHEPIUud COXPaHACTCHA.

Bpemennas 9BoJIONNS CIIEKTPa, Mokas3aHa Ha Pucynke 1.1. Ha ném BugHO, Kak
VIIUPSIETCST CIIEKTP U3 MEPBOHAYAJBHO MOYTH MOXPOMATHYECKON BOJIHBI W IIIy-
Ma. CrekTpaJibHble "XBOCTHI" paCIpOCTPAHSIIOTCST B 001aCTh OOJIBITNX BOJTHOBBIX

quCeJI.

DTOT TPOIECC MOXKHO WHTEPIPETHPOBATH KaK (DOPMUPOBAHUE OCOOEHHOCTEIH
Ha TPEOHSIX OTJ/IEJbHBIX BOJIH, WJIH, JIDYTUMHU CJIOBAMH, KAK HAYAJIO OIPOKHU/IbI-
BaHUS BOJIHBI. ITOOBI MIPOJIOIKATD BBIYUCJIEHUS MTOcje MoMeHTa ¢ = 80, Hy>KHO

BKJIIOYUTH B BbIYUCJICHUEC KaKOﬁ—ﬂH6O MEXaHU3M OUCCHUIIAIINN.

Hrak, Bech mporiecc 3aHUMAaeT MPUOJU3UTEIBHO JIeCITh OOPATHBIX HWHKDPEMEH-
TOB MOLYJIAIIMOHHON HEYCTONIMBOCTH. B Tederue 00JibIeil 9acTt 3TOr0 BpeMeHn
HAOJTIOTAETCS SKCIIOHEHIIMAIbHBIN POCT HAYaJILHOTO Bo3MyeHus. Ha mocieneit
CTaJIMU TIPOIECCA, MOXKHO BUJIeTh ObICTPOE (POPMUPOBAHKE BOJIH-YOUNIL C aMILIU-
TYJIOl, KOTOpasi OOJIbIIIe YeM B TPH Pa3a MPEBBINIAET YPOBEHb HAYAJbHOT'O BOJI-
HeHus. Paccrosinve MexK1y BOJHAMUYOUUIAME - O-7 [MEPUOJIOB HAYAJBHON BOJI-
ubl. CpaBuuBas ¢ (1.98), MOXKHO 3aKJIIOUUTD, YTO PACCTOSIHUE MEXKJLy BOJIHAMU-

yOuiiiaMu COOTBETCTBYET JJIUHE CaMOii OBICTPOPACTYINEll rapMOHUKE, a UMEHHO

ks.

[1aBHBIM PE3yJbTaTOM 3TOTO YHUCJEHHOTO SKCIEPUMEHTa SIBJIAETCA ObICTpOe
¢dopMupoOBaHKe BOJHBI-YOUNIIHI Ha HEJIMHEHHOM CTaIuK MOLYJISIIIMOHHON HEYCTOM-
yuocT. Ha pucynke 1.2 nokazaHa HadaJbHasi MOBEPXHOCTH >KUJIKOCTU. Buji-
HO, YTO Ha4YaJIbHOE BO3MYIIEHNE MOHOXPOMATUYECKOU (I/IJII/I [IpaBuJibHee CKa3aTh

Bostabl CTokca) Majio. Ha Pucynke 1.3 nmokasan npoduib MOBEPXHOCTH B KOH-
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e Boraucienuit, npu ¢t = 80. IIpesbiinenne cpejiHero ypoBHst B Tpu pasa (4To

t =280
0.006 + :
0.004 + 1
y(x

0.002 + 1

0 L i

-0.002 + ]

0 0.5 1 1.5 2

Puc. 1.3: [TopepxHocTh KujkocTu B MOMEHT Bpemenu ¢ = 80.

HAOJITOAETCs B JIAHHOM JKCIIEPUMEHTE) U SIBJISETCS XaPAKTEPHbIM IIPU3HAKOM
BOJTHBI-yOuinibl. OOBIYHO [TaXke JTOCTATOYHO IMPEBBIMIEeHUs] B 2-2,2 pas3a, ITOOLI
MOXKHO OBLIO MOBOPUTH O BOJiHE-ybwuiiiie. BoJjiee 11ojpobHO onpejiesieHne Takux
BOJIH JiaHo B [30].

Pucynku 1.4, 1.5, 1.6 moKa3bIBalOT IMPOCTPAHCTBEHHOE paCIpejieieHne KUHe-
TUYECKOH, MOTeHIINaIbHON U moHON 3uepruu npu ¢ = 80. IlmoTHOCTL dHEPTUN
B BOJIHE-yOWiille MOYTH Ha JBa TOPSIAKA TPEBBINAET MJIOTHOCTH IHEPIUU B CO-
ceqarXx BosiHaX. KOHEYHO, Takasi KOHIIEHTPAIMsi SHEPIUU MaJIOM ITPOCTPAHCTBE

ABJIAETCA OMACHOU JJId MOPCKUX CYJIOB.

Bropas cepus

CpaBuuTtesibHO HEOOJIbIIOE KOJLUIMYeCTBO Dyphe-rapMOHUK HE TIO3BOJISIET IPO-

CJIEJIUTH BECh IIPOIECC IBOJIIOIUN BOJIHBI-YOUNIIBbI, KOTOPasi MOXKET 3aBEPIIUTHCS
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0.0012 va(m), = %0
0.001 - .
0.0008 r 1

wr(x)

0.0006 r 1
0.0004 + 1
0.0002 r i

0 N\ DN ANNANNAN, L
0 0.5 1 1.5 2

x

Puc. 1.4: [IpocTpaHcTBeHHAsd MJIOTHOCTh KMHETUYECKOW SHEPTUHA B MOMEHT BpeMeHU ¢ = 80).

0.0012 . ;vU(x), P
0.001 - 1
0.0008 + 1

wy ()
0.0006 J
0.0004 ]
0.0002 ]
S . N N
0 0.5 1 1.5 2
xr

Puc. 1.5: [IpocTrpancrBenHast MJI0THOCTH MMOTEHIMAIBHON SHEPrUU B MOMeHT BpeMenu ¢t = 80.

OIPOKHUJIIBAHMEM BOJIHBI. [I09TOMY B Clle/lyIONEeM SKCIEPUMEHTE IPEJICTaBIIe-

HbI PE3YJIbTAThI YUCJEHHOI'O MOJIEJIMPOBAaHUsT 0OPA30BAHUS BOJIHBI-YOUUIIHI U €€
2.10° @ - K

OIIPOKHUJIbIBAHUSA C ypbe-rapMOHUMK. KaK v paHee 4UCJIIEHHO pellaJiiuCh

ypaBaenus (1.92) B mepuogmaeckoit 06acT pasMepom 27, HO 3/1€Ch IPABUTAIIH-



1.5. MOAVIALUNOHHAA HEYCTONYMBOCTb BOJIHbI
CTOKCA. BOJIHbI-YBUNLbI. 63

0.0012

'w(z), t =80

0.001 -
0.0008
0.0006 r

0.0004 -

= A A

0 0.5 1 15 2
xr

Puc. 1.6: IIpocTpancTBeHHas NJIOTHOCTD TOJTHON HEPTUN B MOMeHT BpeMeHHu t = 80.

OHHAsl MMOCTOsiHHAsA g = 1.

HavaJsibable 1aHHbIe BRIOpaHbI KakK KOMOUHaIUs ToUHOU BOJIHBI CTOKCaA ¢ BOJI-
HOBBIM gucyioM k = 10, u kpytusnoit ag = p = 0.15 u gIuHHONK MOHOXPOMATHYE-
CKOIf BOJIHBI C BOJIHOBBIM umcyioM k = 1 u magioit ammanTyoit 5- 1072, Jlns Toro,
qT00BI 337aTh BOJIHY CTOKCA, HEOOXOAMMO ObLIO PEIIUTh CTAIMOHAPHOE ypaB-
werne (.49) u3 Ilpumoxenus .1, KoTopoe JJIs CIyvas >KUIKOCTH OECKOHETHOM

rJIyOUMHBI TEPEXOIUT B
—Cyu + gyyu + gH (y(1 + 7)) = 0. (1.100)

st ero perenust Obl1 pa3paboTaH crermuaJbHblil ajgropuTM. IlosyduB dnciieH-

roe perienne(1.100) sekro nosydnTh HadaIbHBIE yeaoBus i R u V.

7' = (1+2,) =1y, wus3 (1.100),

1

?7

V = ic(R—1). (1.101)

R =
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OTHOCHTENILHO BBICOKII ypOBeHb BO3MYyIeHns 5 - 1072 BeIOpaH mpeaHaMepeH-
HO, YTOOBI CJIEJIATh KOPOYEe BPEMsi IKCIOHEHIMAJILHOrO (JIMHEHHOr0) pocra, He

[IPEJICTABJIAIONEro 0coboro narepeca. [Ipn Takux yciioBusix, MaKCUMaJIbHbIH HH-

KPEMEHT
V10
Yz == 0.15% ~ 0.035
a
-1
Vonaz == 28.6
[Tepuon BostHBl CTOKCA
2
Ty = =

v

MopenupoBanue 1npojiokaioch jio 1’ ~ 458.842 t.e. npumepro 16 obpaTHbIxX
MHKPEMEHTOB. BbIYUC/IeHnsl MPOBOJMIUCH C JBOWHON TOYHOCTHIO, C YBEJUUEHU-
eM uncya Oypbe-rapMOHHUK, 110 Mepe HaJJ0OHOCTH, YTOObI 0OECIEeYNTh TOUYHOCTD
Bbruncienuii. Makcumasibaoe gnciio Oypbe-rapMoHUK - JiBa MUJIJINOHA.

HabJtioadicss KopoTKuii Iepro;| SKCIIOHEHIINATLHOTO POCTa BO3MYIIEHHUS, 3aT€M
HEOOJTBITION TTPOMEXKYTOUHBIH pPEXKUMa, WHTEHCUBHOW MOJYJISIMHA, KOTOpas 3a-
KAHIUBAETCS B3PBIBHBIM (POPMUPOBAHUEM OJTHOM €TMHCTBEHHOMN BOJIHDBI-YOUMIITHI.
Dopma MOBEPXHOCTH >KUJIKOCTHU TIEPE/] OLPOKU IbIBaHUeM BO Bpemena 1’ = 442 u
T = 458.56 npencrasiensl Ha Pucynke 1.7 u Pucynke 1.8.

Bpemennoit unrepsas ot 1T = 442 u jo T" = 458,56 cONep:KUT TOJHKO CEMb
MEPUOJIOB HAYAJbHOM BOJIHBI. B 3TOM MHTEpBaJe MOXKHO BUIETH OBICTPOE, HEMO-
HOTOHHOE (DOPMUPOBAHWME BOJHBI-yYOHiIbl. B 5TOT MOMeHT BojiHA OoJiee KpyTa,

1

gem BoJiHa CTOKCa MpeJIe/IbHON aMILIMTY/IbI, JIJisi KOTOPOR Gy = it = 7

AMriuTy bl BostH, GEryIux Brepe i BOJHbI-yOUAIIbI - OTHOCUTEJILHO MAaJIbl (B
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Puc. 1.7: ®opMma moBepxXHOCTU KHUAKOCTH Tipu [’ = 422

TpU pas3a MeHlee). MoxxHO BUieTh TyIyOOKYIO BIIQJIMHY [1€pEeJi BOJHOR-YOURIIei.
D10 - Tak HazbiBaeMas "bipa B Boje nim "hole in the water" (mopckoit dbosbk-
JIOp), KOTOpasi LpejiiecTByer BosHe-youiine. Pucynok 1.9 pemoncrpupyer mo-
JIDOOHYIO CTPYKTYPY (POPMBI IIOBEPXHOCTH >KUJIKOCTUA BOJIM3K IPEOHS BOJIHBI.

Borauciienust 1po0J/RKaJIuCTh BIUIOTh JI0 MOMeHTa BpeMmeHu 1 = 458.842, ko-
IJIa BOJIHA y2Ke HadaJia OIPOKUJIbIBATLCS. Y BEJUUEHHOE N300pakeHue (POPMbI
[IOBEPXHOCTH >KMJIKOCTHA BOJIM3KM I'peOHSI BOJIHBI B 9TOT MOMEHT IIPEMEHHU IIpe/I-
crapyiero Ha Pucynke 1.10. 3amerum, 910 KOH(MOPMHBIE IEPEMEHHBIE TO3BOJISTIOT
MOJIEJINPOBATH CUTYAIIMIO C HEOIHO3HAYHON MMOBEPXHOCTHIO (KaK (DYHKIUIO IOpH-
30HTAJILHON KOODIMHATHI).

MoxHO BHIETh, 9TO OKOJIO TPebHsT epeaHuit (DPOHT BOJHBI OYEHB KPYT. DTO

- jeiictBuTesibHO "cTena Bojbl!. B HEKOTOPO#t 0bsiacTi KPyTU3HA JIaXKe OTPHUILA-
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0.05 ‘
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-0.01
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Puc. 1.8: ®opma noBepxHOoCTH KUAKOCTH Tipu 1’ = 458.56
0.05
0.04 i

0.03

0.02

0.01

-0.01

-0.02 ! L L L L L L I \
6.1 6.15 6.2 6.25 6.3 6.35 6.4 6.45 6.5 6.55 6.6

Puc. 1.9: ®opMma MOBEPXHOCTH *KMIAKOCTH BOJIM3M rpeOHs BOHBI pu 1 = 458,61
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0.05 T T T T T T T T

0.045

0.04

0.035

0.03

0.025

0.02

0.015

0.01

0.005 I I I I I I I I
3 3.02 3.04 3.06 3.08 3.1 3.12 3.14 3.16 3.18

Puc. 1.10: VYBenuuenHOe n300parkenue (GOpPMbI TIOBEPXHOCTH KUJIKOCTH BOJIM3H T'PeOHs BOJTHBI

npu T = 458.842

TeJbHA (Iyle OBEPXHOCTh HeOMHO3HAYHA ). KpuBu3HA 1OBEpXHOCTH M300paXKeHa,

Ha Pucynke 1.11.

DTO B caMOM JieJie OIIPOKHIbIBAOIIascs BoJiHa. CleyeT OTMEeTUTDb, UTO B 9THUX
9KCIIEPUMEHTAaX B MOMEHT Ha4daJa ONPOKUJIbIBAHUS OTHOIIEHUE BbICOTHI BOJIHBI-
youiitpl (0T BIauHbL 0 IPeOHsT) K eé JYIMHe MTPAKTUIECKH BCETJIa OJIHO U TOXKE,

1 OJIM3KO K TaKOMY OTHOIIEHHUIO JJIsi 1IpeiesibHoi BostHbl Crokca, 0,141.

OrmernM, 9T0 MaKCHUMAaJIbHAsI BbICOTA BOJIHBI-YOUIILIbI B TPKU Pa3a BBIIIE YeM
BBICOTa HAYAJHLHOI'O BOJIHEHHSI. POCT BBICOTBI BOJIHBI JIO 9TOI'O YPOBHSI OT3aHUMA-
€T MEHbIIIE YeM JIECATh IIEePUOJ0B BOJIHBI. JTO - JAEHCTBUTEJHLHO OBICTPBII IIPO-

IIeCC; 9TO B TPH pa3a ObICTpee YeM Pa3BUTHE MOJYJISIUOHHONE HEYCTONIUBOCTH.

Pucynok 1.12 nmokasbiBaeT JUHAMUKY MPOCTPAHCTBEHHON IJIOTHOCTU KUHETH-
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800

600 - T

400 -

200 +

-200

-400 - -

-600 - B

-800 | | | | | | |
3.03 3.035 3.04 3.045 3.05 3.055 3.06 3.065 3.07

Puc. 1.11: Kpuusna nopepxuoctu npu 1’ = 458.842

qeckoii snepruu B obsactu |5.5-9.5], rjie mpoucxouT ONpOKUIbIBAHAE BOJIHBI.

MoxkHO BUJIeTH, YTO AUHAMUKA 00PA30BaHUs BOJHBI-YOUMIIBI HE SIBJISETCSA MO-
HOTOHHOU. ILOTHOCTH 3HEPrUM KoJedJIeTcss BO BPEMEHHM M, HAKOHEI KOHJIEH-
CUpyeTcsi B OJHOM OdYeHb y3KoM rpebHe. Boobime, Bech mporecc (hopMupoBa-
HUsl BOJIHBI-YOUMIIBI sIBJISIETCSI HEMOHOTOHHBIM. MBI MOXKE€M CKa3aTh, 9YTO BOJIHA-
youiina "mpoberaer'no rpebHSIM BOJIHBI 10 T€X IMOP, IOKa OJHUH U3 HUX JOCTHU-
raeT Ipe3BbIYAiiHO BBICOKOW AMILIATY/bl. DTO IOBEJIEHUE MOXKHO JIEI'KO O0ObsC-
HUTH Pa3J/IMdueM I'PYIIIOBOI 1 (ha30BOI CKOPOCTEH: SHEPIUs PACIPOCTPAHSIETCS
C IPYIIIOBO# CKOPOCTHIO, KOTOPas IPUOJIU3UTE]HHO BJIBOE MEHbIIIE YeM (Da30Bast

CKOPOCTh.

Pucynok 1.13 jiemoncTpupyer paciipejiejiene rOpu30HTaJIbHOIO UMITYJIbCa, JI0

U 1ocje onpokubiBanus, B 1T = 455 u T" = 456. MoxXHO BUJETH, UTO MIPOIECC
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0.08 . ] - - T T

0.07 |- .
0.06 |- |
0.05 |- 1
0.04 |- .
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0.01

6.5 7 7.5 8 8.5 9 9.5

Puc. 1.12: TL1oTHOCTH KMHETHYECKOH €Heprum Iepes onpokuabiBanueM npu T = 456 (myHk-

TUPHAasl JIMHWs), ¥ B MOMEHT OUpOKuabiBanus npu 1 = 458.5 (crutontnast jiunus)

KOHIIEHTPAIIMU UMIIYJIbCA B JBUXKYIIEHCS, HO OrPaHMIEHHONE O0JIACTU ABJISIETCSI
MOHOTOHHBIM. QIIPEIEJIEHHO, 9TO MOBEAEHHE MOXKHO OObACHUTH (DAKTOM, 9TO M-

IyJIbC - COXPAHSIONIAsC BeJuIrHa (a KUHETHYECKas: SHEPIUsl - HET).

1.6 3aknrw4yeHune

HO,ILBG,ZLGM HUTOI'M YUCJICHHBIX 9KCIIEPpUMEHTOB. KOHG‘{HO, OHH BOCIIPpOU3BOIAT Ca-

MbI€ OYEBHUIHBIE OCOOEHHOCTU BOJIH-YOUMII:

® OTIEJIbHBLIC Fpe6HI/I BOJIHBI OY€Hb BBICOKOI AMIVIMTY/JIbI, IIPEBbLIIIaA BBICOTY

3HAYUTEJILHON BOJIHBI OOJIbIIIE YeM TPU pa3a

® I[0SIBJIFETCS U3 "HHOTKYHA''W JTOCTUIET MOJHON BBICOTHI B OYEHL KOPOTKOE
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Puc. 1.13: mpocTpancTBeHHas MJIOTHOCTb TOPU30HTAJIBHOTO UMITYJIBCA TIEpe]] OITPOKYIbIBAHN-
eM npu T = 456 (myHKTUpHAs JIMHWS ), © B MOMEHT ONPOKUbIBaHust npu T = 458.5

(crutomHast JuHUS)
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BPEMsi, MEHbIIIE YeM JIeCSTh 1eprojioB OKpyKenusi BosiH. (" dessiroiii Ban"?)
e BoJiHe-yOwmiine npeamecTByeT 00J1aCcTh BOJIH C MAJIOH aMILIKTY 10
® B KOHIIE BOJIHA-YOUHIIa ONPOKUIHIBACTCS

OTHOIIEHWE BBICOTHI BOJIHBI-YOUHIBI K €€ JUIMHE BOJIHBI - MPAKTHYECKH BCETJIA,
OJTHO ¥ TOXe, W OJIM3KO K TaKOMY OTHOIIEHUIO JIJIsI TIpeJiebHOM BosHBl CTOKCA,
0.141. Bosna-ybuiinia JBUXKETCsI CO TPYIIIOBOM CKOPOCTBIO.

B mammx skcrepuMeHTax BOJIHA-yOWiilla TOSIBISIETCS B PE3YALTATE PA3BUTHSI
MOJIYJISIIMOHHOM HEeYCTOHYMBOCTH (€CJIM MOPOr HEYCTOHYMBOCTH HE TIPEBBIIIEH,
HUKAKUE BOJIHBI-yOuifipl He mnosiBisitorcst Boobie). Tpebyercst MHOrO BpemeHu
1oCJIe HavaJia MOJYJISITMOHHON HEyCTOWYUBOCTH MTEPE]] TeM, KaK TOSBUTCS BOJTHA-
ybuiiia. 910 BpeMst MHOTO OOJIbITE, YeM JIMHEHHBI 00paTHBI! MHKPEMEHT, BOJIHA-
yOuniilia MmosiBJISI€TCsT TOJBKO TOCJIE MSITHAAIATHIX OOPATHBIX MHKPEMEHTOB. UTO
K€ TIPOUCXOJIAT TIOC/IE HAYAJIa, PA3BUTHUST HEYCTONIMBOCTH, HO 11epe]i 00pa30BaHM-
€M BOJIHBI-YOHHIBI? DTy CTa U0 MOXKHO ObLIO ObI pacCMaTPUBATh KaK Pa3BUTUE
HEKOTOPOTO JiepekTa HA MEPUOJUIECKON CeTKe. DTa CeTKA - MEPUONICCKUN Iy T
ot Crokca. [lonobnast kapTuna nabmomantack B pabdote [142], rne uzydamocn

OILIPOKKUIbIBaAHWE B I'DYIIIIE BOJIH.



2 VIHTerpupyema nun rugpoanHamMmnka
naeasibHOM >XNOKOCTU CO CBODOAHOM

NOBEepPXHOCTbIO ?

B aroit riaBe npejcTaBiiensbl pesysbTaThl, OnyognKoBanHbe ¢ paborax [177, 178,
179]. B 1994 roy aBropom ObLiIa HAIIMCAHA IPOrPAMMA, JIJIsl YUCJEHHOIO PEIIeHMUST
ypaBHEHUU T'MJIPOJUHAMUKY WJIeaJbHONR HECXKUMAEMOM »KUJKOCTU CO CBOOOJIHOI
rpanutieit. 1, kak oObiaHO ObIBaET, BO3HUK BOIIPOC O €€ oTJiajike. B KadecTBe Te-
croroii 3amaun B.E. BaxapoB npeiokni mpoBepuTh HHKPEMEHT 4-X BOJIHOBOTO
PE30HAHCHOI'O B3aWMOJECHCTBUsI I'PABUTAIMOHHBIX BOJIH. JIJisi BBIYUCIIEHUST 9TOTO
MHKPEMEHTa HEOOXOJIMMO OBbIJIO BBIYUCIUTH MATPUYHBIA 3JIEMEHT 4-X BOJHOBO-
0 B3aMMOJICHCTBYST HA PE3OHAHCHON MOBEPXHOCTH. K OOJIBINIOMY y/IMBJICHUIO OH

OKa3aJiCA PaBHBIM HYJIIO.

DTa rJIaBa MOCTPOEHa cjeayommuM obpasom. B pasiese 2.1 mepednciieHbl HEKO-
TOPbIE YaCTHBIC UHMEPUPYeMble CUCTEMBI, MMOJIYyYaIONecsd U3 TOYHBIX ypaBHe-
HUM [IOTEHIIMAJHHOIO TeYeHHsI UIeAJIbHON HECXKUMAEMO IIyOOKOM »KMJIKOCTH CO

cBoboHOM rpanuIeil. B pazjene 2.2 noaydeH 3pdeKTUBHBIH 4eThIPEXBOJIHOBOM
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lamusibrornan (MCKIIIOYEHBI HEPE3OHAHCHBIE TPEXBOJHOBBIE B3aMMOJECHCTBUS).
[TokazaHo, 4TO MATPUUHBIN JIEMEHT B3aUMOJIEHCTBUsI HA, PE30HAHCHON MMOBEpPX-
HOCTHU TOXJIECTBEHHO paBeH HyJ10. [lokazaHno, Tak»ke, 4TO KUHETUIECKUE YPaB-
HeHWsl XacceJbMaHHa W 3axapoBa 9KBUBAJEHTHBI KaK O OJHOMEDHOM, TaK U B
JIByMEPHOM CJIyYasiX.

B paszene 2.3 000cHOBbIBaETCSI HEOOXOIUMOCTH PACCMOTPEHUST O-TU BOJHOBOI'O
KUHETHIECKOTO ypaBHEHUs. BBOASTCS KoHpopmHble KanoHUuYecKUue TTEpEMEHHDIE,
U C IIOMOIIBIO HUX CTPOUTCS d(PPHEKTUBHBIN YETHIPEXBOJHOBOM ['aMuIbTOHUAH U
5-TU BOJIHOBO# MaTpUYHBIN 3jieMeHT. Kpome Toro, B 3TOM e pazjiesie BbIUnC/Is-
eTcsl H-TU BOJIHOBOI MATPUYHBIN JJIEMEHT HA PE30OHAHCHOI TTOBEPXHOCTH.

B pazjiesie 2.4 BIBOJUTCS H-TU BOJIHOBOE KMHETHYECKOE YPABHEHUE, W MOJIY de-

HBI €70 CTallMOHAPHBIE perennsi, KoJIMOropoBCKue CrieKTpPhI.

2.1 YHacTHble nHTerpupyemsbie caydau

X0opoIIo U3BECTHO, YTO yPABHEHMUsI OIMUCHIBAIOIINE HIEATHHYIO XKUJKOCTh CO CBO-
OOJIHOM TIOBEPXHOCTBIO B TI0JI€ CUJIBI TSIXKECTH BIIOJIHE HHTEIPUPYEMbI B HECKOJIh-
KUX BAXKHBIX Cilydasix. VIHTErpupyeMocTb UMeeT MEeCTO Jiisl JJIMHHBIX BOJIH B Ha,
mesikoit Bosie (KdV|[86], mra ypasuenus KP|[19], nus npubnmxenus Byccunecka|161],
Kayna|93], Xoama-Kamaccs|89]), n st crieKTpaiabHO y3KOH BOJHBI B 2KUJIKO-
CTH TPOU3BOJILHON ruiyOuubl (Hesuueiinoe ypasuenue [peaunrepall8]). Cnabo
HEJINHEHHOE JIBUKEHIE YKUJIKOCTH B OTCYTCTBUU TOJIS CUJTBI TSIZKECTH TaK¥Ke WH-
terpupyemo [104].

Ouenb ecTecTBEHHO C(HOPMYIUPOBATD THIIOTE3Y, UTO IMPOU3BOJHLHOE OIHOMEP-
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HOE JIBVXKEHUE HJIEAJHHON >KUJIKOCTH B I'PABUTAIMOHHOM IIOJI€ WHTEIPUPYEMO.
Jajee paccMOTpeHbl apryMeHThl B TOIAEPXKKY 9TOH rumoresbl. Mbl paccMoT-
puM cj1abo HeJIMHEHHbIE BOJIHBI HA, IIOBEPXHOCTH YKUJIKOCTH OECKOHEYHOH riyOu-
HbI U UCCJIEJyeM UX CaMble IIPOCTbIe pe30HAHCHBIe B3auMojeiicTBus. [lokaxkem,
YTO aAMILIMTYHA ITOIO IPOIECCa - PaBHa HYJIIO. B MaremaTuydeckoit ¢pu3uku HET
9P PEKTUBHBIX METOJIOB YTOOBI MMPOBEPUTH WHTEI'PUPYEMOCTD JIJIsi HEJIMHEHHBIX
raMUJIBTOHOBBIX BOJIHOBBIX CHCTEM B 00IeM ciiydae. /loka3aTeshCcTBO HEWHTE-
rpupyeMocTu - jierkasi mpobsiema. Crenyst [lyankape, MOXKHO caesaTh 3TO, aHa-
JIM3UPYST Psijl BO3MYIIEHU 110 crenensiM HemmueitnocTu [169]. Yiennt aroro psija,
Ha PE3OHAHCHBIX MOBEPXHOCTSIX SIBJISTIOTCS ''aMILINTYIaMU HEJTUMHEHHBIX B3aMMO-

JeiicTBuil"'B BOJIHOBOIL cucTeMe.

Heunrerpupyemocts - BecbMa o4deBu iHbIN (hakT. HT0OBI J0KA3aTh HEMHTEI'PH-
PYEMOCTDb, JIOCTATOYHO JIOKA3aTh, YTO MO KpaiHeld Mepe OJiHa U3 ITUX aMILJIU-
TyJl SBJSIETCS OTJIMYHON OT Hysist. Kak CJI0XKHOCTH BBIYMCJICHUN 3HAYUTETHHO
YBEJIMUUBAETCS C TOPSIJIKOM HEJMHEHHOCTU, MHOTO WHMOPMAIUU MOXKET ObITh
M3BJIEYEHO U3 PACCMOTPEHUSI MMEPBOI0 HETPUBUAJHLHOIO HEJMHEWHOIO TPOoIiecca.
Hanpumep, HeuHTerpupyeMocTb HeJinHeiHoro ypasuenus [lpegunrepa s d >
2 - TPUBHAJBHBIN (DAKT M3-3a OTJUIHON OT HYJIsI AMILJIUTY/IbI JJIsI IPOIIECca Pac-
cestHusT 2 — 2. DTO paCCesTHUEHWE TPUBUAJIBHO JJISI WHTEIPUPYEMOTO CJIydast
d = 1. MoxXHO mpoBepuTH (XOTst U ¢ BOJIBIIUM TPYJOM ), 4TO AMILJIUTY/IA [IEPBOIO
HETPUBUAJILHOI'O PACCEUBAHUNA 3 — 3 SIBJISIETCS TOXKJIECTBEHHBIM HYJIEM B 3TOM

cydJae.
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2.2 VYpaBHEHUA 1 4-X BOJITHOBO MAaTPUYHbIA 3/1€MeHT

OpmHOMEpHOE MOTEHINAIbHOE IBUXKEHNE UIeaJbHON HEC2KIMAEMOR YKUJIKOCTH CO
CBODOTHOM IOBEPXHOCTHIO B I0JIE THAXKECTH OIUCHLIBAETCS CJIEIYIOMKUM HabOPOM

YpPaBHEHU:

Gpz + @ = 0 (¢Z—>O,z—>—oo),
nt+nx¢x = Cbz

bt ()t om = 0

2=

- (2.1)

snech n(x,t) - dopma noBepxuoCTH, O(X,2,t) - TOTEHIHAT CKOPOCTH MOTOKA,
¥ ¢ - 'paBUTAIMOHHAs 1OCTOsiHHAs. Kak nokasano B[9|, nepementbie 7(x,t) u

Y(x,t) = gb(x,z,t)‘ , SIBJISIIOTCSI KAHOHMYECKH COIPSIKEHHBIMEU, 1 uX Pypbe
z=1)

1IpeodPa30BaHMsI, YAOBJIETBOPSIOT YPABHEHUSIM

awk . 0H 87}]€ - oH

ot o ot U

Snecb H = K + U - nojHas SHEPrusi »KUJKOCTU ¢ COOTBETCTBYIOIIUMU KUHETHU-

YEeCKON U IMOTEHINAJBLHON SHEPIUsIM:

1 U g
K:—/dx/ vz U:—/n2d:€
2 —00 2
laMusibTOHNAH MOXKET OBITh PA3JIOYKeH B OECKOHEUHBIH Psijl 10 CTEITEHSIM XapaK-

TepHOI KPyTU3HBI BOTHBI k1 << 1 (cm.|9, 71])

Y1100HO BBECTH HOPMAJBHYIO KOMILIEKCHYIO TIEPEMEHHYIO
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Wr X |29 ‘
M = @(ak +aly) e = —i w—k(ak —a’y) (2.3)

3J1eCh W = \/gk - 3aKOH JIHUCIEPCUN JJIsI TPABUTAIMOHHBIX BOJIH. HopmaabHas

NepeMeHHast aj YJOBJIETBOPAET YPaBHEHUIO:

Gak (SH
W‘*‘Zéaz —O, (24)

rje

HO — /wkakade,
H = /kale{a}Zaklakz+akazla22}5k—k1—k2dkdk1dk2

1
+ 3 [ Uk {anar, ax, + aiag, ay, Yor o, s wsdkdkdhy (2.5)

1

gt (( F ) (l@)i (/a)i
/A Lo —(22\' . — (2
S ((mz fk =\ Tk B\ Tk fiks
) e 2 e (2
o Lo + (—2) Lo + (1) L 2.6
kk1ko 87T\/§ <<k1k2 k1ko k ) kk1 kkg kko ( )

Lis, = (FF2) + [kl (2.7)

Cpenu pasHbIX KOMIOHEHT Hy TOJIHKO OJHA SIBJISIETCSI BasKHOIA:

1 * %
H2 = 5 /Wk/ﬂﬂﬂzk:}akaklakQak35k+kl_k2_k3dkdk1dk2dk3 (28)

1
6472

Wk1k2k3/€4 = {M—kl—k2k3/€3 + M/f3/€4—/€1—k2 - M—k1/€3—k2k4
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~M kg koks — M poby—kiky — M ks —kiks } (2.9)

feakes\ 3
Aﬁﬁwwqh@(%éﬂm+huwmwm+mﬁwdﬂb+Mthkz@u

[lepemenHasi aj He SIBJISIETCS MOJIXOJIAIIEH JIJIsi TPABUTAIIMOHHBIX BOJIH U3-38 TOTO,
qT0 ['aMUIBTOHUAH COJIEPXKUT KYOUUIecKne 4JIeHbI, B TO BPEMsi KaK TPEXBOJHOBBIX

pesonancos wer. Cieyioree kanonnueckoe (j10 O(a®)) upeobpazosauue o aj, 10

b (cm. |9, 24))

ar = by, + / T} by Dkt Dy Oty — 2 / T}t Ui Dy Oyt
[ Tk BE B, Ok ks ks + [ Brtakoks b, brsbi Ok ks,

1 1 1 1
BkklkaS = F](ﬁ)k}gkl—kgrl(%)k'kg—k + F/({Jl)k'gkl—k'grl(@)k'kg—k_

1 1 1 1
_F/(Ck)gk—kg]‘—‘](%)klkg,—kl - F/(ﬂl)k;;kl —ks3 F/(Cg)klkg—kl -

1 | 9 9
_Fl(c—&)—hkklrl(fz:—kgkgkg + F(—I)f—klkklr(—l)fg—kgbkg (2.10)
r® o Ve
Wik WE — Wy, — Wk,
2 Uk
Fl(sk)lkg = - —

Wi + Wk, + Wk,

npeobpasyer ['aMuIbTOHMAH K BUY, HE COIEPXKAIEMY KyOMUIeCKHe dJIeHbI:

* 1 k7 %k
H = /wkbkb/ﬂk + 5/Tkkl,kgkgbkbklb/cgbk35k+k1—k2—k3dkd/€1d/€2d/€3 +.. (2.11)
371€Cb Tk, kyks YAOBIETBODSIET YCIOBUAM CHMMETDHH:

Tty keoks = Thykdeoks = Lhky kaky = Lhokakley
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n uMeeT BUJL:

Tk ks = Wik koks —

) , , ]
—Viekok—ly Viesky ks —k + —
2T R2 31 3R]
|Why T Whky — Wk Why T Why—ky — Wy |
1 1
— Vi koky— ks Viskks—k + —
1h2/~] 2 3 3
| Why T Wiy —ky — Why Wk Wik — Wi |
1 1
—Viksk—ks Vieoky ko—k + —
3 3 2] 2 1
Wiy + Wh—ky — Wk Wiy T+ Wiy by — Wy |
1 1
—Vieyksley — ks Viokko—Ek + —
1~3~1 —HR3 2 2
:wk3 + Wy —ky — Wk Wg + Who—k — wk2=
1 1
_‘/;ﬂ-i-klkkl ‘/]€2+k3k2/€3 + —
| Whk+ky — Wk — Wk Whytky — Whky — Wy |
1 1
—U—k—kytohey Uy — kg + (2.12)

Wity T Wk T Why  Whytky T Why T Wiy
2.2.1 Pe3oHaHCcHoe MHOroobpasve B ogHOMepumu

[IepBblit HETPUBHAJIBHBIH IIPOIIECC - YETHIPEXBOJHOBOE PACCENBAHIE, KOTOPOE YI0-

BJIETBODSIET CJICYIOMUM PE30HAHCHBIM ycIoBusM (k; - OHOMEDHBDI)

k—f‘kl — k2+k3,

Wi+ W, = Wy T Wy, (2.13)

¥ BCE YaCTOThI Wy, 3/1€Ch nojoxkuTesibbl. Cucrema (2.13) onpejessier jaByMepHOe
MHOroobpasue B derTbipexMepHoM npocrpanctse (k, ki, ko, k3). D10 MHOr0ooOpa-

3U€ NMEECT TPUBUAJIbHYIO KOMIIOHEHTY
/{2 = kl, kg = ]C, or kz = ]C, kg = kl, (214)

HO MMeeT TaKxKe M HeTPUBHUAJIbHYIO JacThb. Ilyctb k, ki, k3 > 0,ky < 0. Tenepn
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(2.13) onumcbiBaeT panmoHaAIbHOE MHOIOOOpaA3Ue, KOTOPOe MOXKHO ITapaMeTpU30-

BaTh CJIEIYIOIMIUM 00pa30M:

ko= a(l+()

ko= a(1+ ()¢

ky = —a(?,

ks = a(l+ ¢+ %)% (2.15)

snech 0 < ¢ < 1w a > 0. Jlerko Bujgerh, 410 911 JBa MHOrooOpasus, (2.14) u
(2.15), npejcrapisiioT obIIee pereHne Jijisi Pe30HAHCHOTO B3anMoJIeiicTBrst (Kpo-

M€ TpHBHUAJIbHbIX HGpGCTaHOBOK).

2.2.2 Thp ok, = 0

['1aBHBIN PE3yIbTAT COCTOUT B CJIEAYIONIEM: AMIIUTYAA 1), iyk; TOXKIECTBEH-
HO paBHA HYJIO HA PE30HAHCHO# mMoBepxHOCTH (2.15). Dror dakT Moxer
OBITH MPOBEPEH TPSIMBIM BBIUUCICHUEM Tk, koks, UCTIONB3YS BbIpaxkeHue (2.12)
(aro cmemano ¢ momorpio "Mathematica’ [156]). Cokparenne MHOXKeCTBa {e-
HOB B T}k, kyk, MOXKET OBITH HE CJIydaiiHBIM; COKDAIEHUE UMeJIO Obl MECTO ecTe-
CTBEHHO, ecim Obl cucrema (2.1) OblIa WHTErpUpyeMa, WJIM MMeja 1o KpaiiHeit
Mepe JIONOJIHUTEJIbHBIN uHTerpas japuxenus [169]. Koneuno, 310 He jokazaresib-
CTBO HHTEIPUPYEMOCTH (MBI HE HMEEM HHKAKOTO CIOCO0a MCCIeI0BaTh Bee bosee
BBICOKME aMIUINTY/Ibl PE3OHAHCHBIX B3auMogeiicruii B (2.11)), HO ecTb Jpyrue
CBUIETEJIHLCTBA, YIIOMSHYTHIE BbIIIE, B I0JIb3Y TUIIOTE3bl HHTErpruyeMocTu. VHTe-
I'PUPYEMOCTDb yPABHEHUH I'PABUTALMOHHBIX BOJIH B XKUJAKOCTA KOHEYHOMN 11y OUHbI

MOXKeT OBITb IPOBEPEHa BBIYUCICHUEM COOTBETCTBYIOMIETO 1 )y, kyks- KPOME TOTO,
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B pabore [137] uucienHnoe MojesupoBanue IBOJIONUKE HAOOPA BOJIH OKA3AJIO,
YTO YaCTOTHBIE CIIEKTPHI BOJIH CKOHIIEHTPUPOBAHBI B IUCKPETHBIN TOYKAX OKO-
JIO KpUBbIX Wi, = Vnk, n=1,2.3, .... Kpome TOro, JJuCKpeTHbI#l CIEKTP - [PIMOE

CJIEJICTBYE HHTEIPUPYEMOCTH cucTeMbl (2.1).

IlosmyanTs cTporoe J10Ka3aTeabCTBO WHTEIPUPYEMOCTH MOXKHO, O BHJIUMOMY,
JIMIB PEJJIOKUB HOBBIN MeTox uHTerpupoanus. Obuynenne Tk, ,k, Ha pe3o-
HAHCHOM 1IOBEPXHOCTU OCTABJIACT B JICHCTBUTEJIbHOCTU TOJILKO TPUBUAJILHOE B3a-
uMozieiicTsue (2.14), KOTOpOE COOTBETCTBYET HEJIUHEHHOMY M3MEHEHHIO TaCTOTHI

OTJIEJIbHBIX MOJI:

Wk = wk + /Tkk1|bk1|2dkla

rje

—

Thr, = (E min(|k|, k1),

1
472
¥ TaMUJIGTOHMAH MOXKET ObITh 3anmcaH (MCIOJIb3ysi HOBbIE KAHOHUYIECKUE epe-

MEHHbIE Cj;) KaK
1
H = /wckck*dk + §/Tkk1|6k’2lckl|2dkdk1 + O(C/f)).

[TosroMy, MHTErpUPYEMOCTb, KMEET MECTO 110 KpaiiHeil Mepe 0 IsiTOrO HOPsiIKa,

¢ (mwmu kpyrusuel kny). Kpome Toro, mobas dopma Buia

Iy = [ f(k)|cil*dk

- TaK2Ke€ HHTEerpaJi IBUXKEHHA C TOYHOCTBIO JO IIATOI'O IMOPsAOdKa.



2.2. YPABHEHUNA N 4-X BOJIHOBOW MATPUYHbIA S/IEMEST
2.2.3 KuHeTndeckmne paBHeHus 3axapoBa u XaccesibMaHHa

B 1962, K. Xaccesbman[88] npeioxkui ypasaerue BosibliMaHOBCKOrO THIIA J1JIst
OIMCAHUA JUHAMHKHU "dmciia BOJH'"9HEPreTHdecKoro crnekrpa ng (ngdp ¢ =<
Mt > /(awy))

on;
o =« J Tirlng, ng, (ng + ) = ngng (ng, + ng )}

X 5f<+121 —ko—ks 5wl;+wl;l —wg, —le3dk1 dkodks (2.16)

¥ BBIYUCJINJI BbIPpaKCHUEC JIJIA TI?I - aMIIJIUTY/bI LIeTpréXBOJIHOBOFO BBaI/IMOﬂeﬁ—

CTBUA (30ECHh Wy, — k| a o - mpousBoJIbHAas KOHCTAHTA).
k

B 1968, B.3axapos|9] nokazaJ, uro nepementnie n(x, y,t) u (z, y,t) = ¢(x,y, 2, t)
z=1

SIBJISTIOTCSI KAHOHUYECKHU CONpsiKeHHbIMU, 1 nX Dyphe-1rpeodpaszoBaHusi yi0BIIe-
TBOPSIOT CJIEJYIONIUM YPaBHEHUSAM

dy  OH o,  H

ot on: ot oy

3necb H = K + U - noJiHast SHEPIUsl XKUJIKOCTH, C KHHETUIECKON 1 IIOTEHIHAJ b

HOI SHEPrusiMu:

1 U g
K:—/dx/ vz U:—/n2d:€
2 —00 2
[Tocse BBeieHMsT HOPMAJILHON KAHOHUYECKON MEPEMEHHOR ay:

Wi * . *
M = 2—;(% taly) =i w_k(af{ —aly) (2.17)

OH TaK2Ke I10JIy4uJI YpaBHEHUE BOJIbL[MaHOBCKOFO TUIIAQ OJIA Ha,pHOﬁ KOoppeéJdnu-

OHHOI PyHKIMU Npdp ¢ =< apay, >
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ony,
8—tk — Ar /Tg{%nkg(nk + ng, ) = ngng, (ng, +ng )} x

X Oy e Do, e, o IR 1 kol (2.18)

v BBIYMC/IUI MaTpuuHbli sjement 17[9]. ru jnsa Boipaxenusi, Ty u Ty Bbirs-
JISIT OY€HDb 110 Pa3HOMY, HO 00a OHU OMpPEJEJIeHbl ¢ TOYHOCTBIO JIO MTPOW3BOJILHON

¢yHKIMK, PABHON HYJII0 HA PE30HAHCHOW MOBEPXHOCTH

k + Rl = RQ + Rg,
Wi + Wi, = Wi, + Wi, (2.19)

B 1980, B pabore Crawford,D.E., Yuen ,H.G. u Saffman,P.G.[71]| 6bu1 cdop-
MYJIIPOBAH BOIIPOC 00 MJIEHTUIHOCTH PE3YJIbTATOB XaccCeJbMaHHa U 3axapoBa,
OJHAKO OTBETa Ha HEro He OBLIO.

B sToMm maparpade MbI IpoBepsieM 00a MaTpUIHBIX djiemeHTa 1y u 1 Ha pe3o-
HaHCHO# moBepxHocTH (2.19). CHavasa 062 MATPUIHBIX HJIEMEHTA OYIyT MPOBe-
PEHbI B OJJHOMEPHOM CJIydae, e MMEeTCs KOMIIAKTHOE aHAJIUTHYECKOE BhIPayke-
HKE JIJIsI PE3OHAHCHON HOBEPXHOCTU. B 3TOM cilyyae pe3oHaHCHAsi IOBEPXHOCTh
VIMEEeT JIBa PA3JINYHBIX pelnenusi, TpuBuagbioe (2.14), u Herpusnasgbroe (2.15)
(em. [177])

Ha pesonancuoit nosepxuocru (2.14) Ty u Ty pasivdarorcst TOJBKO 3HAKOM,
tak uro Ty = —Ty = 1/4n?(kki)min(|k|, |ki|) (3ameuanue: 3nak zuech He
BaskeH, TaK KakK TOJIbKO 1% n T2 MPUCYTCTBYIOT B KHHETHHECKUX YPaBHEHUSX.

Kocranta o B (2.16) pasna 1/472.
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Ha pesonanchoii nosepxuocru (2.15) 0ba MATPUUYHBIX SJIEMEHTa PABHBI HYJIIO.
st mosTHOTO JIByMEpHOTO CjIydast TakyKe HaiijieHa o0Inast mapaMeTpu3alius

pesoHaHCHOi noBepxuocTy (2.19)

. cos 0
k = ((—a) :
sin 0
) ) cos 01
ki, = ((+2x) ;
sin 64
. cos 6
ko = ((—vy)° ;
sin 6,
. , | cos 03
ks = (C+vy) 0<(<1 (2.20)
sin 03
3]1eCh
cosf = (14 [k|* - |ki|?)/2|Kk],
cosfy = (1— k> + [ki|*)/2[ki],
cosfy = (1+|ko|® — |ks)?)/2]ks,
cosfy = (1— |R2!2 + |1A<3|2)/2|1A<3’7

1 YUCJCHHO nocuuTanbl 17 u Ty mis HecKoabKux 3Hadenuii ¢, x u y. Ouu cobma-
JIAI0T ¢ TOYHOCTBIO JI0 omubOK OkpyrieHust. B pabore [113] nepekaduka snepruu
110 CIIEKTPY MCCJIEI0BAJIACh YUCIEHHO B paMKaM ypaBHenuii Xacceabmana (2.16)
u 3axaposa (2.18). CpaBHeHue pe3ysibTaToOB 0KA3JI0 COOTBETCTBUE MEXK/LY ITH-

mu mMogzensamu. Hebosbinoe paziuine o0ObACHAETCA YUCAEHHBIMY OIIMOKAMU IIPH
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Bhruucjennu 1y u 17 Ha pe3oHaHCHO# moBepxHOCTH, T.K. Ty u 17 coBmamaloT

JINTITh Ha PE30HAHCHOI MOBEPXHOCTH, HO HE B €€ OKPECTHOCTH.

2.3 5-Tn BoNHOBOE B3ammoaencreue

2.3.1 BBepeHue

B sTom maparpade ucciaeayercs B3auMOAEHCTBHE IPABUTAIMOHHLIX BOJIH, Pac-
IPOCTPAHSIIONINXCS B OJHOM, BBIIEJEHHOM HAIIPABJICHHN Ha IIOBEPXHOCTH HJIE-
aJIbHOM XKMJIKOCTA OECKOHEUHOM TUIyOHHBI. DTa IpobyieMa uMeeT OOJIBIIYIO Teope-
TUYECKOE U MMPAKTUYIECKOE SHAYECHUE. I/IS IKCIIEpUMEHTa M3BECTHO, YTO CI)YHKU‘I/IH
pacrpejieJieHusd SHePruy BOJIH JlaKe B aKTUBHOI 30HE IITOPMA [OYTHU OJHOMEp-
Ha B sHeprocogepxKaireil oosacru. Hdaxke 6osbire TOro, 3To CrpaBeiuBo ''Mop-
ckoit 3p10u" majieko oT akTUBHOM 30HBI. OOIIETPUHSATO, 9TO TVIABHBIH MEXaHU3M
B3aMMOJIEHCTBHsT BOJIH SIBJISIETCSI PACCEMBAHMEM YETHIPEXBOJHOBOE PACCESTHUE |

YJI0BJIETBOPSIOINIEE CJIEIYIONINM PE30HAHCHBIM yCJIOBUSAM

Wi+ Wk, = Wk, T+ Wiy

E + El = EQ + Eg (2.21)

—

371eCh k; BOJIHOBBIE BEKTOPA YETHIPEX B3AMMOJIEHCTBYIONIUX BOJIH, & Wi = v/ gk -
3akoH jucnepcuu BosiH. CooTBeTcTBytonuit apderTuBHblil [aMuibTOHNaH TMEeT

BUJI:

H = /wwmidk%—
1
+ Z /T,f;%BaZaZlakzak35k+k1_k2_k3dkdkldedkg + ... (222)
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(ag SABJISIIOTCS HOPMAJIbHBIMU KOMIUIEKCHBIMU aMimTyaamu BostH [9],[71],[159]).
CooTBeTcTByIOIee K€ KUHEeTHYECKOe yPaBHEHMe JJls HapHOH KOPPeJIsIIHOHHON

dyHKIMH

ng =< agpap > Op—k

XOpOIIIO U3BEeCTHO (cM., Harpumep, [167, 174|, a rakxke naparpad 4.3 jpuccepra-
AW ):

O
ot

_ kki 12
- W/lTk2k3‘ 5k+k1_k2_k35wk+wkl_Wkg_wkg,><

X {nkznkg (nk + nkl) — NENg, (nankB)}dkldedk;}, (2.23)

Kak nokazano B maparpade 2.2.3, 370 KHUHETUIECKOe YPaBHEHHE SKBUBAJEHTHO
(em. [178]) kuHeTHUECKOMY ypaBHEHHIO XaCCeJbMaHHA, [OJyYEHHOMY BIIEDBbIE
B 1962rony B [88]. D10 ypaBuenue, (2.23), BIOJHE MpeMyIeMO B CUTYaIllUH, €C-
JII BOJIHOBBIE BEKTOPA k; smastiores JIBYMEPHBIMU. HO B OJHOMEPHON CUTYAIWH,
KO/

Tty ks = 0

OHO TepdAeT CMBbICJI.

Pezonanchble ycioBust (2.21) UMEIOT B OJJHOMEPHOM CJIyYae J[Ba TUIIA PENeHuii:
1. TpuBnajbHOe pelleHue:

ky = ki, ky=k,
win  ky = ki, ka=k. (2.24)

Brﬂ;er k n kl MOI'YyT UMETb KaK OJUHAKOBbLIC, TaK W IIPOTHUBOIIOJIO2KHbLIC 3Ha~

KH.
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2. Herpusuasnbhoe perenne: (ko # k, k1). Takoe perienue cyrecTByer TOJIbKO
B TOM cJiy4ae, Korja mnpousBejienue kky u koks UMEIOT TTPOTUBOIOJIOXKHBIE

3HAKHU.

DT0 HeTpUBHAJbHOE pelieHne onucano B maparpade 2.2.2 [lycrs k > 0, ky > 0,

ko < 0, kg > (. Torna

k= a(l+0)? Kk =a(l+¢)*C,
ky = —al?, ks = a(1+ ¢+ )2 (2.25)

Tenepb paccMOTPUM CTOJTKHOBUTEIbHBIN UJI€H KHHETHIECKOI'O YpaBHEHUs Ha 00e-
VX PE30HAHCAX, TPUBUAJIBHOM, U HeTpuBHaJbHOM. Ecim oo u3 yenosuii (2.24)

BBITIOJIHEHO, TOT'Ia CTOJIKHOBUTEJIbHBIA 4JIeH

My ey (M1 + Mey) — Mg, (M, k)

TOXKJICCTBEHHO PaBeH HyJI10. TaK, 4T0 MpueuasvHvlli pe3onanc He JaéT HUKAKOTO

BKJIJIa B KMHETUYCCKOe ypaBHEeHue. Eciu XKe Mbl pACCMOTPUM HEMPUSUAALH BT

pesonanc (2.25), TO CTOJIKHOBUTEJBHBIN WICH TaKXKe PABEH HYIIO, MOCKOJBKY,
kky

KaK ToKazaHo B maparpade 2.2.2 (cm. [177]), koadpdumment T} ;! TOXKAECTBEHHO

paBeH HYJIIO.
kkh _—
Tk2 kg f—

Ha PE3OHAHCHOM MHOTrooOpasun (2.25).
DTO 3aMedaTeNIbHOE TOXKIECTBO O3HAYAET, 4TO cucreMa (2.22) siisiercs "mo-
gru" unrerpupyemoii. Bosiee Toro, IlTsicHbr B pad 61 -
y : : paborax [I0KA3aJI, YTO U HEKO

TOpbIE D-TU BOJTHOBBIE AMILJIUTY/IbI PABHbI HYJIIO HA PE30AHCHOU IOBEPXHOCTH.
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OsHako, KaK OyeT MOKa3aHO HUXKE, 3TO CIPABEJJIUBO HE JIJIsi BCEX H-TH BOJIHO-
BBIX PE30OHAHCOB, U KWHETUYECKOE YPABHEHUE UMEET CMbBICJ TOJIBKO B CJIEIYIOIEM

nopsijike (IsITMBOJHOBOE B3aUMO/IEiicTBIE)

0
g st(n,n,n,n).

ot

3uech st(n,n,n,n) CrOJKHOBUTEJIbHBIN YJIeH, COOTBETCTBYIOMIMI [5ITUBOJHOBO-
My B3aHUMOJIEHiCTBUIO, KOTOPDOMY COOTBETCTBYIOT CJIEJLYION[ME PE3OHAHCHBIE YCJIO-

BUA:

Wi+ Wk, +We, = Wiy + Wy,

k+ki+ky = ks+ky (2.26)
CootBercTByfoIuil ['aMUJIbTOHNAH UMEET BU]I;

= /wkaka}de—%

12 153’214162 Zazlazzak?)a;ﬂ + C.C.}5k+kl+k2_k3_k4dkdl€1dkgdkgdk4 + ...

BoipakeHwue Jijist CTOJIKHOBUTEIBHOTO WieHa st(n, n, 1, n) UMeeT CJIe Iy OIuil BII:

st(n.n,n,n) = 3 / TERE 2 o o, Aoy dbeodkedles —

o TE 2 bt bbb,

f/f1/€2k3k4/€5 = 5k1+k2+k3—k4_k55wk1+wk2+wk3—wk4_wk5 X

X {nklnk2nk3 (nk4 + nk5) — Ny Ny (nklnkz + np, Ny + nankB)} (2.27)

CronkunoBuTenbHbIi wieH (2.27) Buepsbie Obut mosmyden Kpacurngum [101]. On
TAKXKe HaIlnes, "B NpUHIKIE'BhIparkeHue st Tkkll€2 Ho ero okonuarenbHas
dbopMysa Ype3BBIYAHO TPOMO3IKA, U HE MOXKET OBITh MPAKTHYECKU HCIIOJIB30-
Bana. OH MCHOJIB30BAI TEXHUKY KAHOHMYECKMX IPEOOpa30BaHUil, KOTOpast 1103-

BOJIZIET HCKJIIOYAaThb HEPE3OHaHCHBIC HeJIMHEHHbIe WIeHbl 13 ['aMuIbTOHnaHA.



2.3. 5-TW BOJIHOBOE B3AMOAENCTBUE 88

Tkk1 ko

31ech B uccepTalMoOnHo# pabore, u B cTaThbe |179] Marpudmnbiit snement T ;!

BBIYMCJISIETCS] HA PE30HAHCHO noBepxuocTH (2.26). OkoHuaTe bHAST BOpPMYJIa, -
YpPE3BBIYAMHO TPOCTa, U Oyner nosydena B naparpade 2.3.4. 31eCh MbI TOJIBKO

MIPUBEJIEM PE3YIbTAT BHIYUCJIEHUIA:

kikokskyks
wi,wi,  max(ky, ko, ks)

wklwkzka

T/ﬁ/fzkg _ 2
kaks G273/

DTO emeé OJINH YAUBUTENbHBIH (PaKT B TEOPUU MOBEPXHOCTHBIX I'PABUTAIIMOH-
HBIX BOJIH.
Tak:xe HaiijleHbl KOJIMONOpOBCKHE PEIIeHUs] CTAIIMOHAPHOTO O-TH BOJIHOBOTO

KMHETUYCCKOI'O YPABHEHUS
st(n,n,n,n) =0

[Tpu ero BbIBOJIE IPUMEHSIIIACH TEXHUKA, OTJIMYHas oT obienpunsToi, [9],[71],[159],[88].

2.3.2 KoHdopMHblie KAHOHNYECKUE NepPeMEHHbIe

B srom naparpade Mbl OJIyduM KoHPOPMHBIE KAHOHUYECKUE NEPEMEHHBLE, KOTO-
pble moHaK00sTCs (B coteyomux naparpadax 9Toil [JIaBbl) JIJIs MOy IEeHHs KO-
3¢ durmenToB passoxenus [aMUIbTOHUAHA JO IISATOTO MOPSIKA BKIOUYATETHHO.
Haurém omsiTh ¢ MCXOMHBIX JUHAMUYECKUX YPABHEHUI JJIsI JIBYyMEPHOTO TEYECHMSI

WJICATTHHON HECXKUMAEMOI KUJKOCTH Ha OeckoHewHOit rrybune (2.1),

¢xx+¢zz = 0 (¢Z—>O,z—>—oo),
N+ NaPe = ¢

¢t+%(¢§+¢§)+gn =0




2.3. 5-TW BOJIHOBOE B3AMOAENCTBUE 89

3nech n(x,t) - npoduiab rpanunsl, ¢(z, z,t) - TOTEHIUA] CKOPOCTH TEYCHUS W
f[L Y ) Y )
¢ - TPaBUTAIMOHHAST MOCTOsTHHAs. Kak OBuTO mokasano B pabore 3axapora [9),

I[IOTEHIIMAJI Ha I'PaHULE

'@b(x?t) :gb(fL‘,Z,t) u 77(%75)

z=n(z,t)

SIBJISTIOTCSI KAHOHUYECKHU CONpsiKeHHbIMU, U nX Dypbe-1rpeodpaszoBaHusi yji0BIIe-

TBOPAIOT CJICAYIONMM YPaBHCHUAAM

oy~ OH O, 0H

at o ot oy’

3necb H = K + U - noJiHast 9HEPTUs CUCTEMBI, COCTOSIIAs U3 KHHETUIECKOH, K,

1 MOTeHIUaJbHO’, U, gacTeii:
K:}/dx/?7 vz U:g/nzdx
2 —00 2

Fa.MI/IJH:)TOHI/IaH MOXKEeT 6I)ITB pa3JiozKEeH B 6eCKOHequlﬁ pda 110 CTEIleHAM Xa-
PAKTEPUCTUIECKON KPYTU3HBI moBepxHocTH k1), << 1 (cm. [9, 71]) ¢ momomibio
UTEPAIMOHHON TTPOIEypbhl. Bce WleHbl JIO MSITOrO MOPSiJIKa BKJIIOUYUTEIBHO JIAI0T
BKJIaJ[ B TIATUBOJHOBOE B3aUMO/ICiCTBUE.

3/1eCh Mbl IPUMEHUM JIPYTO#t crioco0. A MMEHHO, CHAYaJIa, CJIeJ1aeM KAHOHUIe-
CKOe Ipeobpa30BaHme OT MEPEMEHHBIX 1), 1) K HOBBIM KAaHOHUIECKUM K€ [IePeMeH-
HBIM. DTO Npeodpa3oBaHme OyJeT CBSI3aHO C KOH(MOPMHAsT 3aMEHOW KOOPIUHAT.
Paccmorpum a1y 3ameny mogpobuo. Creyst pabore [181], crenaem kordopmHOe

mpeodpasoBaHre 00IaCTH, 3AHSITON YKIJTKOCTHIO
z <n(z,1),
Ha, HUXKHIOI TOJIYTIJIOCKOCTh KOMIIJIEKCHOM TTepeMeHHOi

w = u—+ 10, —00 < U < 00, —oo < v < 0.
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Dopwma rpaHUIlbl TAPAMETPUIYETCS JABYMsS (PYHKIUSIMU
2(u,t),  w(u, 1)

KOTODbIe CBsi3aHbl peobpasoBanueM ['mibbepra (Kak MHMMAasi U BeleCTBEHHAS

YACTU AHAJIMTUICCKON B HUXKHEH MOJIyIJIOCKOCTH (DYHKIWN):

z(u,t) = u— H(z(u,t))
() = Lpy LU0

U —Uu

Heobxoumo TakKe BBECTH KOMIJIEKCHBIN OTEHITAI CKOPOCTH (BMECTO ).
O(w,t) = V(u,v,t) +iO(u,v,t)

Ha rpanwuiie xujkocru, (v = 0), CpaBeJUIinBO CJEYIONee COOTHOIIICHHUE:

A~

O(u,0,t) = H(¥Y(u,0,1)),

Hosrle kanonmueckue I[epeMeHuble MOIr'yT OBITH IIOJIYYCHbI U3 BapPHUaIlMOHHOI'O

NPUHIUANA JJI JelCTBUS.

S = [dt{ [ v(x,tym(x, t)dx — H}.

[Tocie kordopmuoro npeobpasosanus [181] aiist meficTrust u Jlarpamxkuana uMe-

€M BbIpaKE€HHE!

S::/Lﬁ,
g

1 N
L = /{\I/(ztxu — 12y) + §\I/H\Ifu — 522:Uu}du.

Jlarpamxkuan L MoxeT ObITh Iepernucal B TEpPMUHAX HOBBIX ITEPEMEHHbIX KakK

~ |
L = /{Zt(\lfl'u — H(Vz,)) + E\I’H\Pu — gyzxu}du.
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W HOBBIMH KaHOHUYECKHUMU ITEPEMEHHBIMUA TEIIEPDL ABJIAIOTCHA

z(u, t)

A~

Pu,t) = W, — H(Vz,).

U MOXKHO JIEFKO OOPaTUTh

_ Px,+ H(Pz,)
a2

7/ (2.28)

¥, OKOHYATeJIbHO, [AMUJIBTOHUAH CHCTEMbI TIPUHUMAET CJIELYIONHI BY I
1 2 o
H= 3 /{gz x, — VHY, }du

e W BBIPAXKaeTCs 4epe3 HOBYIO KAHOHHUYECKYIO MMEPEMEHHYI0 P ¢ IOMOIIbIO
cootHotennst (2.28). YpaBHEHUsT JBUKEHHUST MOTYT OBITH HAIIMCAHBI B SIBHOM Tra-
MUJIBTOHOBO# (hOpMe, KOTOpasi BKJIIOYaeT B cebsi nHTerpaJibHbli oneparop I'niib-
bepTa.:

oP  oH 0z O0H

o bz ot P

2.3.3 5-ii nopsapok B pasnoxeHuu NamMunbToHMaHa

B srom maparpadge Mbl COOCTBEHHO TOJyYUM pasjiokeHue ['aMUJIbTOHUAHA, JO
MSTOTO TOPSJIKA BKJIIOUYUTEHHO 110 CTENeHAM 2 1 P. yjobHO BBECTH HOBYIO Tie-

PEMEHHYIO T CJIeLYIONUM 00pa30M.

~

r=u+2x, z,=1+2z2, T=-—-Hz

Torma

P+ Pi,+ H(Pz,)

Y
(1+2,)%+ 22
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Tenepb Mbl pazsiokuM W 110 CTENEHSAM T, U 2,

U o= v g® L g® g@
v = p

v = A(z,P) - &,P

O = Pz - 22) - 2i,H(2,P)

~

v = Pz,(322 — 72) + (332 — 22)H(2,P)

u u

FaMI/IJIbTOHI/IaH CHUCTEMBI OIIPpEAEJIACTCA CHACAYIOINM BbIPpaK€HUEM:
1 i .
H=_ /{gz2(1 +2,) — VAU, }du

Teneps pazsnoxenue amuiabronnana H MoXxKeT ObITH 3alMCAHO CJIELYIONIUM 00-

pa3om
H=Ho+Hz+Hy+Hs+... (2.29)
3J1eCh
Hy = % (922 — VW T ay
Hs = % (9228, — 20D AU dy
Hy = —% U vl + v Fv?)dy
Hs = — [(WOHUD + 0O 0 du

Beejem npeobpasoBanne Qypbe ciieyonmM 00pa3oM:

f/f - \/%/f(u)e—ikud% f(U) = \/%_ﬂ_/fkezkudk

[Tocsie HECJIOXKHBIX, HO JIOBOJIBHO I'POMO3/IKAX BBICUCJIEHUH MOYKHO TTOJIYYUTh CJIe-

JIYIOIIM€ BbIPpaXKeHusl st H -

1
Hy = 5 [(glael* + [K[Pil)dk,
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1
H3 - 2\/_ / Zkl{Sk1k2k3Zk2Zk3 o F]lekgplﬁpk:s}5/€1+k2+k3dk1dk2dk37
Hy = 47‘(’ /Mk3k4 Z/ﬁZkQPk3Pk45k1+k2+k3+k4dk1dk2dk3dk4,

Hs = 27r N o 2, 21 P P Ok e g+ 1 doa oz dloa s

3aech Sk kokss Fk2k37 M,’f;,fz Nk1k2k3 PYHKIMNA, CHUMMETPUYHBIE OTAEJIbBHO IO

BEPXHUM, U OTACJIbHO 110 HU>KHUM MHJIECKCAM. A NMECHHO

St = (1l + [kl + [ks])
Lk, = kika + |kiksl
Fkag - L—k1k2 + L—k1k3 - ‘kll(‘kl‘ + |k2| + ‘ki’)‘) (230)

Beipaxkenue gya M ,f;,fj u N, ,fi,fjh npusesensl B [Ipunoxennn 2.

3/1eCh OMSITH yI00HO BBECTH HOPMAJILYIO KOMILIEKCHYIO IIEPEMEHHYIO () CJIEIY-

IOIUM 00pa3soM

2
Yp = ;u;(ak +a*,) Pr=—i w_i(ak —a’y) (2.31)

DTa TIepeMeHHasl yI0BJIETBOPSIET CJIEAYIONEMY YPABHEHIO JBUKEHUS:

Gak (SH
2 . 2.32
raie wr — \/g‘k| - 3aKOH AJMCIIEpCHUU JJIsd I'PaBUTAIIUMOHHDBIX BOJIH Ha FJIy6OKOI71

BOJIE.
B HOBBIX KaHOHHYCCKHNX IIEPEMEHHDbIX df KBa,ILpa,TI/IquII'/JI YJICH B FaMI/IJII)TOHI/I—

aHe IPUHUMAET BU/I:
Hy = /wkaka}de
Kybuueckuit ajien B ['aMuIbTOHNAHE PaBEH:

2 / k2k3{azlak2ak3 + ak1a22az3}5k1—k2—k3dkldk2dk3+
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1 x k%
G / Ukykeyks { by ey Oy + @, @y, @ YOk, kb1 dkodks

k
A st Vi, 1 Ug gk, uMeeM:

uslb—‘

vk | + [ko| + |E
ok N—(!1I+Iz!+!3!)

ky \ ko \1 kg \ 4
k1koks|? ki| —(——) |ko| — |—| |k
o (g5 ) = () = () )

Uk1k2/€3 - 2\/_(‘]€1| + |k2‘ + ‘k?)‘)

ki \ 1 ko ks
kerkoks|T k k k
(' dakalt + () i+ <k1k> '2'+<k1k> 3)

Yien YETBEPTOI'O IOPsAJJKa B ['aMusIbTOHHMAHE COCTOUT U3 TpéX CJIarr'a€MbIX:

»M»—-

H4 H4<:>0 + H3<:>1 + H2<:>2

COOTBETCTBYIOIIUX Pa3JIMIYHBIM THIIaM BOJIHOBbLIX B3&I/IMO,HGIZCTBI/II7I. CﬂaraeMoe,

cooTBeTcTByIOMEe 4 < 0 B3aUMOAEHCTBUIO UMEET BUJI;

40 _
"™ =4 / Ry kohskey (O, iy ey 0k, + ay, ag, 0, ay, ) X

5](51 +/€2+k3+/€4dk1 de dk?) dk4

rie Ry, koksk, PABHO:

kst k1/€3 k1/€4
Ritarats = 57 (70 i M+ Mgk + m M+
hokiz |1 koks Raky | koks kgt ksks

Ciraraemoe, cooTBeTCTBYyIOIIEE 3 <> 1 B3aNMOIEHCTBUIO UMEET TAKOW B

3ol
H / Gk2k3k4 (akl akQ akB ak4 + akl akQ akg ak4) X

Sy —tes s o1 dleo ksl
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k .
rjie Gi.p.,r, PABHO:

L kkslf Py krks | ko Ak ek

Gk2k3k4 4—; (|5 k3k4 Mg, * + k2k4 M, + k2k3 Mg
Koks|*  kok Koka|*  kok kska|* | kak

~ ks M=, — Terks M=, — Tk M™5:5%,)

Cnaraemoe, COOTBETCTBYIOIIEE B3aUMOJEHCTBUIO 2 <> 2 BBIPAXKAETCA CJIEIYIO-

M 0O6pa3oM:

2<:>2 kk *
= / WERaE @b ayap, 0, hy— by kydkrdkadksdky

rIe V[/,f3 1,54 2

L |kiks [T krks | e
Wkle — _1 M —ko . M kiks . M k1k4_
k3ky A ( kg ]€4 k3 k2 k4 —koky ]€2 ]€3 k3—ko
CReks|T e [Roka T i [Rska|T )
kiky —k1ky kyks —k1ks ki ks kg —ko

Cpeu pasjndHbIX YJIEHOB IMATOTO MOPSJIKA 3/1€Ch Mbl PACCMOTPUM TOJBKO

OJIMH, & WMEHHO TOT, KOTOPBI# COOTBETCTBYET mporieccy 2 < 3, (2.26):
Hy == [ Qlbofar ot o 0 keydkydksdkydk
5= 15 ) @hike {0k, Gy Oy O Oy +C-C} Ok kg~ kel dRad ks dbads

3/1€Ch

-3
Qi = 71 x A
1R2R3[\1 Ky ko, —k 12Ky ket ,— ko k
1 1,—F2,—K3 N 1, R2,R4
’k4k5| ) k4,]€5 ( ’k3k5’ ) k‘g k5
B |k1k2k5’)i oy —haks (|k1k3k4|)i —k1ka,—ks
| |3k ’ Famhs | Kook | ks
Fiksks| 1ok ks —ks kokska| 1\ ki —ky—ks
- ( ‘k2k4| ) Nk4 —kg - ( ‘klkf)‘ ) N kl,k5 -
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|\k1kaks] | 1

\koksks| 1 ke gy e ke

4N 57_ 29 3 N_ 17_47 5+
(lkk}{k]il ) ka,—kq (k ‘11521153|‘ ) ko,—k3
245 ky, k k 3hv4vh k —k
N 2 5 4 5,— K3

2.3.4 DddekTnBHbLINA 4-X BOJIHOBOW raMmuibTOHUAH

Famuibronnan H, 3alucaHHbIl B HOPMAJILHBIX TIEPEMEHHBIX @) CJUIIKOM T'DO-

MO3/10K. B 3TOoM maparpade Mbl yIIPOCTUM €ro, MPUBE/Isi K CJIeAYIOIEeMy BUILY:

H / wibpbidk + = / TFE2b% b7 Dy Oty Ot ks iy Ao dheg ey +
,541,552k3{bk1bk2bk3bk4bk5 4. Y0k gty — s kK1 ko dkesdhgdles (2.33)

st Toro, 9To0bI 9TO CeIaTh MPOU3BEAEM KAHOHMYECKOE MPpeodpa30BaHue K HO-

BBIM IepEMeHHbBIM by, B Jyxe padbor |11, 24|

ar = by + / Dy Db Dy Oy, — 2 / T3, B, by Oy 1o+
+ /Fkklbbzlbzg(sk-kh-kkz + /Blljgkli;;bzlbkzbk35/€+k1—/€2—k3 + .. (234)

k
1 ‘/k'lk'z B 1 Ukky ks
Tk = =5 ik, = —5
ka — Wk, — Wk, 2wy + wg, + Wi,
k‘k‘l _ k2
Bkgkg — Fkal kQFkkg k + Fkgkl Fka—k_

3 1 )
Fkgk kQFk1k3_k1 - Fkgkl—kgrklkg—kl_

k+kipko+ks
Di T2+ T i D hoks + Bl

Rkki - 9 9 .
3iech By . siBIsieTcs IPOM3BOJILHON (DYHKIMEH, yIORJIETBOPSIONIEH yCIOBUAM:
I kkl k‘k‘l I k‘gk‘g %
Bk2k3 Bkgkg Bkg,kg (Bkkl )
[TpeobpaszoBanue (2.34) siBjisieTcst KAHOHUYECKUM C TOYHOCTHIO BILIOTH JI0 YJICHOB

nopsyika |bg|*. Ono uckmouaer s aMuabTOHRAHA KyGHUecKre dIeHbl, KOTOphIe
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HE ABJIAIOTCA PEe3O0HAHCHBIMHU. BI/I,H MAaTPHUYIHOI'O SJIEMEHTa Tk]% 3aBHUCUT OT BbI-

bopa dbyHKINUI Bl,:f,ég IIycTs

Hkk1
Bk2k3 -

. . Mk
Bbrauc/ieHnplil Ipu TaKOM yCJIOBUM MATPUYHbIN 3jemMenT Ty ), 0003HaIMM Kak

" IJid HETrO IIOJyda€TCA CJICAYIOIICEC BbIPa2KEHHE!

kky
Tk2 ks —

rkky
koks

ek
Tkzkg Wk2k3 i -
_lvk Vs ! !
k‘gk—kz k1k3
_wkg T Wk—ky — Wk Wk T Wk — Wiy |
1 1
Vkal—kQkag k
|Why + Why—ky — Wy Wk T+ Wik — Wiy |
lv’f 1% ! !
kesk—ks ¥k ko—ky
|Why T Wby — Wk Wiy + Wiy —ky — Wy |
1 1
ngkl—kgvka k
| Why + Why—ky — Wy Wk T+ Wik — Why |
_Vk+k1 Vk2+k3 1 1
o Vkky Vkaks
_wk+k1 — W — wk'l wk2+k3 - wk‘g - wk‘g_
1 1 1
— U bbbk U—ky—kskok (2.35)
1 1 2 3h2/h3 *
2 Witk + Wk + Why Whytks T Wy T Wiy

D10 BbIpaxkenue, (2.35), HECMOTPsI HA CBOIO CJIOKHOCTH MMEET BECbMA BAXKHBIE
cBoiicTBa. PaccMOTpuM Bce HEeTpWBHAJbHBIE PEIIEHUs] PE30HAHCHBIX YpaBHEHUH
(2.21). Onu cocrosit u3 muoroobpasusiT (2.25) u cemu jpyrux MHOroOOpasuii,

KOTODbIe moustydatorcst u3 (2.25) mepecTaHOBKaME HHJIEKCOB.

ke ki, kyo ks, (k ki) (ko k3)

HernocpeicTBerHble aHAJIMTHIECKIE BHIYUCICHUsT TOKA3bIBAIOT (CM. pasjes 2.2 u
[177]), qaro

Pk
Ty, =0
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H& BCEX 9THX MHOroobpasusax. OTMETUM 3/1eCh, 9TO ITOT PE3yIbTAT ObLI MPOBE-

pet B pabore [69] HesaBucuMbIME BhIYUCIeHUIMEA. [IpyTast 3aMedaTesibHast 0CO-

BEHHOCTD MATPUIHOIO 3yieMenTa 15 - ero mpoCTas IHANOHAIbHAS YACTh. O60-
koks

SHAYUM
mkk
Tkkl — Tkkll'

I[Tpocreie, HO MOBOMIBbHO jutuHEbIe Bhrducsaenus ([177], [31]) nokaseiBatot, 1To

1

Loty = 42

kkvmin{ |k, ki|}.

. kk
OxkasblBaeTCst, U3 HEr0 MOYKHO CKOHCTPYMPOBATh BECh MaTPUUHbIN semenT Ty ;" .

Je#icTBUTE/IBHO, PACCMOTPUM (DYHKITUIO

~ 1
o = [i(Tk’” A Tiky + Thiky + Thiks)—
1
— Z(Tkk + Tklkl + Tk2k2 + TkBkB)]Q(kklkgkg)
1, ifx>0;
0(x) =
0, if z <O0.

OueBniHO, 9TO
rkky _ mkkr
T, = Ty = Thy

Bribepem Terneps apyroe B,@f,%, HE paBHOE HYJIIO, &

. ki _ ok
Bkkl _ kzkg k2k3

koks —
23 Wi + Wk, — Wy, — Wk

Herpyuato ybeaurbest, 94T0 Takoe mpeodpas3oBaHue Ipeodpasyer k]; ]213 B T,f2 ]213. Taxk,

4TO jaJiee OyaeM moraraTb, UITO

kki __ kky
Tkgkg - Tkgkg
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B ciiyuae nepuojimyecKux rpaHuuHbIX YCJIOBUM C NEPUOJIOM

2T

L =2
ko’

b = Y. bnOp—kon

n=—00
BBons obosnauenus
Wkon — Wn
k'()nk'()’fll _ nny
Tkonz kong T Tn2n3

JIETKO TMOJIYIUTDH, YTO TEIEPHb YPaBHEHUE NABUXKEHUA ITPDUHUMACT BUJL:

by | OH _
- 2 —
ot obx
a ['amuibroHMan CoOOTBETCTBEHHO
0 9 1 0
— nny .k 1x
H - Z wn’bnl + Z Z Tn2n3bnbn1bn2bn35n+n1,n2+n3
n=—oo n,miy,ng,N3=—00

B kanoHmUeckoM ke mpeobpazoBanuu (2.34) Bce MHTErPAJIbI JOJKHBI OBITH 3a-

MEHEHBbI Ha CYMMDbI. B 9aCTHOCTH, BMECTO

Hkkl
Bk2k3
OymeM nMeTh
Nrml _ ~/€0nk0n1
Bn2n3 - konokons

nni

Bribepem B kauectse B

T — Tnnl(snanQCSnlanB - Tnnl(sn,ngénl,ng

Bnnl __ T nang
nonsg -

(2.36)
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OTO BBIpAXKEHHE HE MMEET CHHIYJISAPHOCTEH Ha AMATOHAJSAX Mg = N,N3 = N
u ng = ny,n3 = n. Kanonnueckoe npeobpasosanue (2.34) ¢ (2.36) npusoguT

['amuibroHnan K HOpMaJibHO# hopme Bupkrodda

e 5, 1 & o 2, 1 & 4
H = Z Wn’bn| +§ Z Tnm’bn| |bn1’ +Z Z Tnn|bn’ . (2-37)
n=—oo n;«énl n=—oo
A 510 'aMUIbTOHNAH HHTErPUPYEMOR CUCTEMBL. Y POBEHDb HEJTUHEHHOCTH XKe, IPH

KOTOPOM €IIé CIIPaBeInBO Takoe npubitmkenue (2.37) (6e3 yuera 5-TH BOJHOBBIX

B3aI/IM0/161>’ICTBI/H>’I) ele caelyeT U3yuuTh OTJEIbHO.

2.3.5 5-Tn BoNIHOBOE B3ammopaeiicTBMe Ha Pe30HaHCHOI NMOBEPXHOCTU

Tenepb MbI TI€PEXOJNM K BbIYMCJIEHHIO O9-TU BOJIHOBOTO MAaTPHUYIHOI'O 2JIEMEHTa.

Tlfglzlfg HEOOXO/IMMO YYECTh UJIEHBI TTOPSIIKA, b® n b* B xanoHN-

YT100bI BHIYNCIATD
deckoM IpeobpazoBanuu (2.34). Dra BecbMa IpOMO3JiKasi IPOIELypa Oblia mpo-
nenana Kpacurkum B [101]. K coxasenuto, nmosydensasi B pesysibrare hOpMyia
YPE3BBIYANHO I'POMO3/IKA, U HE MOXKET ObITh UCIIOJIb30BaHa MTPAKTUIECKU. B 3TOM
naparpade mpejjaraeTcs HAMHOTO DoJiee TTPOCTON U SICHBIN CITOCOD BHIYUCJICHUST
T,f;zlfz UCIIOJIL3YIONINNA JAArPAMMHYIO TEXHUKY JJIsi MATPUILL PACCESTHUSI.

Haia npomexxyrounasi dhopmyJsia Tak»Ke 04eHb I'pOMO3jiKa (13-3a 6OJIBIIOro
KOJUTHIECTBA JHarpaMM ), OJHAKO BCsI IPOIElypa HAMHOTO GoJiee sicHast. A OKOH-

YaTE€JIbHOE BbIPDA2KEHUE - 3aME€Y9aTEJIbHO IIPOCTOE.

CrepBa MbI BBOJUM (DOPMAJIbHYIO KJIACCUYECKYIO MATpHIly paccesanus. IlycTsb

H

H = Hy + Hjpy
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970 ['aMUJIbTOHNAH HEKOTOPOW HEJIMHEHHON CHCTEMbl B OJHOPOJIHOM IPOCTPAH-
crBe. 3aech Hy = [wyagajdk, a H;y B 0bmieM cirydae 970 GECKOHEUHBIN PsiJL 110

CTELeHAM Ay, Oy,
Hipy = Hy+ Hy + . ..

YpaBHeHne IBUXKEHNST KaK OOBIYHO €CTh

%Jr'dH
ot

= 0. 2.
daj, (2.38)

3amenuM H Ha BcrmoMorarTeabHbI [ aMUJIbTOHUAH
H=Hy+ e “"H,, (2.39)

Torpa ypasuenue jpuxenusi (2.38) craHoBUTCs JIMHEHHBIM pu T — £00, U

ap(t) — cre ™

t — 4o

AcuMnTornyecKue CoCTOSIHUS Ck:l: HE€ HE3aBHCHUMbI, a CBA3aHbl COOTHOILICHUEM

cf = S.[cx].

31mecs S, |c;. | - HeMHeHbIi onepaTop, KOTOPLI MOXKET OBITHL IPEICTABJICH B BUIE
k )
— %k
psijia 1o CTeneHsiM ¢, ¢ . BymeMm cuntaTh 370T psif (popMaabHbIM, U HE Oyaem
3a00TUTHCSE O ero cxoAuMOocT. DOPMAJILHBINA >Ke Psijl, TOJIYYAIONUIACS [1PEIe/Ib-

HBIM II€PEXOJOM
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1 ecTh (popMaJibHAsT KJIacCHIecKasi MaTpuia paccesinusi. OHa nMeeT CJre Iy omuii

BU/T,
At _ 2m1
Slerl = = X i [ Sk Bt ks 1) X
ntm>3 (n — 1)lm!
X 5k+k1+...+k'n_1—k'n—...—k’n+m_15wk+wk1+...+wkn_l Wk T T Wy
%k —k — —
X C kl ...C knflckn e Ckner,ldkl . e dkn+m_1 (240)

OyuIuu S,y - SJIEMEHTHI MATPUIIBI paccesaust. OHU onpesieieHbl Ha Pe30HAHC-

HBIX MHOT000Pa3nsix

ktki+. okt = kbt ke

W +Wg, +..F Wk, = Wk, + . Wk - (2.41)
Jlajee HaMm OynyT Ba>kKHBI JIBA CBOMCTBA MATPHUIIHI PACCESTHUSI.

1. Bnadenue MAaTPUIHOTO JIE€MEHTa Sy, Ha PE30HACHOM MHOTOOpasmn (2.41)

MHBAPUAHTHO 110 OTHOIIEHHUIO K KAHOHMYECKOMY TpeobpasoBanuio (2.34).

2. Nmeetcst mpoCTOit aJirOPUTM BBIYUCICHUSI MATPUIHBIX JJIEMEHTOB. DJIEMEHT
Spm ABIIAETCS KOHEUHONH CYMMO# €WJIEHOB, KOTOPBbIE MOTYT OBITH BBIparKe-
HbI Yepe3 Koaddunmentol lamunbronnana H;, 1 < n + m. Kaxblit Takoit
YJIeH COOTBeTCTByeT omnpesenentoit quarpamme Deitnmana. [Ipapusia coot-

BeTcTBUS onucanbl B [Ipusioxkennu .3.

kkik
Crnocob Burancienuss Ty '™ renepb cocTouT B ciejytomeM. Mbl Bbraucisiem

IEPBbII HEHYJIEBOH JIEMEHT MaTpHIbl paccesiiust jiuist [amuiabronuana (2.29) u
st Tamusibronnana and (2.33). Tlockosbky oba 91u [amusibronnana cBsi3aHbl

KAHOHUIECKUM TpeobpazoBanueM (2.34), pe3ysnbTaThl JIOJKHBI COBIAIATH. s
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IMOBEPXHOCTHBLIX TI'DaBUTAIlMOHHbLIX BOJIH IIE€EPBBIM HETPHUBUAJIBHBIM MaTPHUYHbBIM

JIEMEHTOM sIBJIsIeTCst Soo. B Tepmunax Famusbronuana (2.33) on pasen
kk
Saa(k, ki, ko, k3) = Ty,

Borancsiennsiit xe jyist Famvnoibronnana (2.29), DTOT 9j1eMEHT COCTOUT WX ITie-
cru wieHoB. OHU HpeJCTaBJIeHbl (BMECTE ¢ COOTBETCTBYIOIMME JUATDAMMAMHE)
B IIpunoxkennu .3. Herpyano BuieThb, 4TO pe3yJbTaT COBIAJAET C BbIpaXKeHUEM
(2.35) Ha pesonancHOM MHOroobOpasuu (2.21).

B oxnomepHOM cityuae mepBbiit unterpas B (2.40) Gepercsi, Tak 4To nepBbie

aBa diena B (2.40) npuobperaior Buj

oo Tkk,

o =c(1—mi | e |2dky). (2.42)

—o0 |wp — W |
Ota, dpopMmyiia emé pa3 nmojuepKuBaeT ToT (haKT, YTO YEPHIPEXBOJHOBBIE TTPOIEC-
ChbI B OJJHOMEPHUH TIPUBOIAT TOJBKO K TPUBUAJBHOMY PACCESHUIO, U HE IMPOU3BO-
a1 "HOBBIX BOJIHOBBIX BeKTOpOB'. UHTerpas B (2.42) norapudmMudeckn pacxo-
jqutcs. IMEHHO MO3TOMY MaTpUIla paccesiHust siBjIsieTcst popMmaJsibHoOl. B omHO-
MEpPHO# cuTyaluu, AeiiCTBUTEIbHO, BOJHBI HE CTAHOBSITCS JIMHEHHBIMK 1pU T —
00. Onn umerot jorapudmudeckn pactyugyio dady (cm. [15]).

[lepBbiit HETPUBUAJIBHBIH SJIEMEHT MATPUIIBI PACCESTHNST B OJHOMEPHOM CJIy4ae,

3TO
Saa(k, ki, ko, kg, ka) = Tk

BrranciieHnbiit B repMuHax nepoHadasibHoro Lamuiabsronuana (2.29) on cocTouT
u3 81 wiena (jquarpammbl). VIX BbIpaXkeHusi, BMECTE C JiMArpaMMaMu, [IPEJCTaB-

Jenbl B [Ipunoxenun 4.
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HecmoTpsa Ha CIOXKHOCTD OOIIEro BBIPAKEHUA JIJIS TFkk2 g besoHaHnCcHOM
i1} pas kaky o

MHOI'000pa3uu OHO CYIECBEHHBIM 00pa30M yIIPOIIAeTCsI. 3/1eCh Mbl PACCMOTPUM

TOJIKO CJIy4ail, KOIJla BCe BOJIHOBbIE BEKTOPA k; NPU PE30OHAHCHBIX yCJIOBUSX

k+ki+ky = ks+ky

Wi+ Wk, +We, = Wiy + Wy, (243)

MMEIOT OJMHAKOBBI 3HaK. Pesonancubie ycioBus (2.43) MoryT ObITH mapamer-

PUB0BAHBI CJIEIYIOMNUM 00pa30oM

k= a(p®— ¢ +1-2p),

ki = a(p’ — ¢+ 1+2p)°,

ko = 16a,

ks = a(p®— ¢ +3—2q)7,

ky = a(p* —¢*+3+29)% (2.44)

snech 0 < |p|, lq| < 1,|p +q| < 1,a > 0. Herpyauo Bugets, 910 k; yIOBIETBO-

PSIIOT CJIEYIONIUM HEPABEHCTBAM:

]{,]{1 < kg,k4 < ks

Tkk1 ko

[Toxcrasiisist napamerpusanuio (2.44) B BbIpaXkeHue, 0JLy YeHHOE JIJIs] ksky 110~

JydgaeM CyMMy u3 OoJiee 4eM ThicTda 4jieHOB. Vcrmomb3yst Jjid aHAJUTHIeCKUX
BbIUnCIeHui mporpammy ‘Mathematica’ ata cymma cyiecTBeHHO yrpoIaeTcs, u

MIPUBOJUTCS K BUJY

2 WE, WE, Wk k1k2k3k4k5
ity _ Wy Whs 2.45
kaks g1/273/2 Wmax(/ﬁ, k2, k3) (28
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D1a hopMyJIa sIBJISETCs TUIABHBIM pe3y/abTaToM 9Toro naparpada. Tor dakr, aTo
e 4o
Ha PE30HAHCHOI MOBEPXHOCTU O3HAYAET, YTO CUCTEMA, OJJHOMEPHBIX MOBEPXHOCT-
HBIX I'PDABUTAIMOHHBIX BOJIH Ha IV1yOOKO# Bojie siBjisieTcst underlinenennrerpupy-
€MO¥1.
CuieslyeT OTMETHTD, YTO MATPUIHBIE SJIEMEHTHI JIJIsT BCEX OCTAJbHBIX KOMOUHA-

1Al BOJHOBBIX BEKTOPOB C PE30HAHCHBIMHU YCJIOBHsMHU (2.43), ObLIM 3aTe€M BbI-

aucsienbl B pabore [116]. HacTh u3 HUX OKa3aMCh PABHBI HYJIIO, YACTh - HET.

2.4 KnHeTn4yeckoe ypaBHeHune

Marpuunslit snemeTHBI 1 152]213 k, AWIst ponecca 3 < 2 u T, k% JIaI0T BO3MOXKHOCTD

HaIMCATh KUHETUYECKOE ypaBHEHWE, BKJIIOYAIONIEE YETHIPEX W ITSTHUBOJHOBBIE
B3aUMOJIECHCTBUMA.

Huuamuteckoe ypasuenne s by (¢ lamunbronunanom (2.33)) umeer Bu:

db . 1
a—tk + ZCUkbk + [P /T]f;?ﬂl;;b;;lbk?bk35k+k1_k2—k3dkldk2dk3+
154%5]63 oo Ol O O Ot eyt ks — kg — ks Ao d ks d oy d ks +

1 z— Tt 550, b, brey b Ok ey gy @K1 dadhizdls = 0. (2.46)
Breném crangapTHYIO MApHYIO KOPPEISIINOHHYIO (DYHKIIUIO Ny,
< bbby, >= npok_r,
v noJtyanm u3 (2.46) juist ng ypaBHeHUe:

0
ﬂ = lfjcl < bpby, brybry > Ok —ky— ko dbrdkodks+
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1
S / Tk < bibr b bryDiy > Oty gy —ks Ao dhizdkadlis —

1
N _I / klk2k3 z1 ks kgbkbl% > 5k1+k2—|—k‘3—k—k5dkldedk3dkdk5

OueBuIHO, YTO Tk]€1 JA6T BKJIAJT TOJHKO B KOPPEJISITUOHHYIO (PYHKITUIO YeTBEp-
TOTO TIOPsIJIKa, a Ty k1k2k3 JIaET BKJIAJ TOJILKO B ypaBHEHUE JJIs JIJIST KOPPEJIATOPa,
ISITOrO TIOPsijika (K3-3a TOrO, YTO KOPPEJSIUOHHAs (DYHKIUS CEbMOIO HOPSsi/I-

Ka rnosiaraerTcs paBHoil Hys0). Koppessinnonnas QyHKIuMst nsiToro nopsijika <

£ Lk Ik .
5y Uk, Ok, Ok bks > MOKET OBITH BbIpaKeHa uepe3 KOPPEJIATOP BOCbMOTO MOPSJIKA:

a * * *
(& - Z(wkl Tt Why + Why — Why — Wk5)) < bklbkg kgbk4bk5 >=
= i / ThPeps < b b2 b% D Dy bisbpuDps > Ottt ps—pa—ps AD2AD3APadps +

+ iy [T < by by b5 b D, b, b, by > Oty s @papadpadps+

+ / T]ff]f;pg < bkl bk2 bp4 bps, bk4 bks bp2 bpa > 5k3 +p2+p3—ps—ps dpadpadpadps—

p p2p
N Z_/ k41]952 < bkl ko k3 psb’f5bp1bp2bp3 > 5p1+p2+p3 k4 p5dp1dp2dp3dp5—

o 6 12951113952]93 < bkl ko k3 p5bk4bp1bp2bp3 > 5p1+p2+p3 ks p5dp1dp2dp3dp5

[Tonarast cupaBeiuBbIM IPUOJIMXKEHHE CJIydYaiiHbIX (Da3 JjIs KOppeJasaTopa 8-ro
nopsifika (ITOOBI PACIIENUTh €ro Ha MPOU3BEJCHNE MAPHBIX KOPPEJSAIMOHHBIX
dbyHKImiT), ¥ noJaras MeJJIEHHOEe U3MEHEHUEe CO BPEMEHEM KOPPEJISITOpa. IIsiTOr0

MOPSAJIKa, MOXKHO TIOJTyIHTh CJIe/lylolee Bbipaykenue jausa < by by by by, br, >
Im < b} bl b} by, by, >= wTr2ksg X
M < Ok, Oy Oy Oa Oks == Tlkykes Oy iy +wig —wiey —wig
X by Ty Mgy (Mg + M) — Ty Mg (T, Moy, Mgy Moy + My mgy) b (2:47)

B Boipaxkenuu (2.47) omyienbl Hepe3oHaHCHbIE diieHbl. st KOPPEJsiMOHHO!

DYHKIMU 9eTBEPTOrO MOPSIJIKA UMEETCsI XOPOIIIO U3BECTHOE Bbipakerue B [167):

* 7% - kkq
Im < bkbklbk2bk3 >— 7TTk2]€35wk+wkl _Wkg_wkg) X
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X Ang e, (Mg 4 k) — Ny (Mg, + 1) } (2.48)

[Toxcrasisisi (2.48) u (2.47) B ypaBHEHUE Jijist T, MbI [IPUXO/MM K 5-TH BOJHOBOMY
KMHETHICCKOMY YPABHEHUIO:

0
AL st(n,n,n) + st(n,n,n,n)
ot

st(n,n,n) = m [T 2L dkadksdks
stn,n,non) = o [ ITHEP 1k dkodkadks -

3
-5 [ ITER P 0 diodhsdiadis,

kki
fk2k3 — 5k+k1—k2—k35wk+wkl —Wky —Wkg X

X Ang e (e + Mky) — gy (N, + 1) }

kikoks
fk4k5 - 5/€1+k2+k3—k4—k5 5Wk1 Wy Wiy —Why —Wig

X {nklnk2nk3 (nk4 + n/%) — My Mk (nklnkz + Ny Mgy + nkznk3)}
Kak y»xe 6b1j10 TTOKa3aHo B naparpade 2.3.1, B 0JJHOMEPHOM CJIydae
st(n,n,n) =0

W MbI IIPUXOJNM OKOHYATEJIbHO K O-THU BOJIHOBOMY KHMHETHUYECKOMY YPaBHEHMIO:

8nk

— = 2.4
v st(n,n,n,n) (2.49)

YpaBHeHue (2.49) dopmMaJIbHO COXpaHSIET JBA WHTErPAJIA, JBUKEHUST, SHEPTUIO
e}
E :/0 wknkdk,
U UMILYJIbC

j = /0oo knydk.
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(Mbr paccmarpuBaem ciydait, korja Bee k; nosoxuresbibl). CrannoHapHoe xe

ypaBHEHHE
st(n,n,n,n) =0 (2.50)

nMeeT TepMOJNHAMHUYICCKOE pelIcHue

T

ng = —-.
wi + ak

Kaxk u jiutst 9eThIpEXBOJTHOBOI'O H30TPOITHOIO KHHETUYECKOTO YPABHEHUS, ypaBHE-

rue (2.49) emé onuceiBaeT npsiMoii 1 00paTHbIi Kackabl. OBpaTHbIil KACKaJL, 3TO

KaCKaJl SHEPIUU, KOTPas IepeHOCTUTCs B Oosibiine MaciiTadbl. OH OMUCHIBAETCS

caegyromum Kosmoroposckum periiennem ypasuenusi (2.50)
ng;l) _ a(1)€1/4|k|—25/8_

Bnech € - motok sueprun, oY) - Kosmoroposckast KoHCTAHTA.

CoOTBETCTBYOIIHI SHEPIeTUIECKUN CIIEKTP UMEET BHU/I:

Eolw = wynidk

£, = aM/i, 17/

[Ipsimoit ke KacKaJ, MepeHOCUT UMIIYJIbC B MaJible MaciiTabbl. OH OIMUCHIBAETCS

KosMoropoBckuM pelieHuemM

nl(f) _ oz(z)ul/4|k|_13/4.

Baech 11 - 10ToK nMiyibca, al?) - KoaMoroposckast KOHCTAHTA.

Temnepnb

£, = a9



3 BonHoBasi TypbOyneHTHOCTb B
HEeJIMHEWMHOM YypaBHEHUU

LLlpeanHrepa

B 910it ryiaBe npejicTaBieHbl pe3ysibraThl, OybimKoBaHHbie ¢ paborax [172, 173,

174, 176, 180, 184, 187].

3.1 Cnabas BosiHOBas TypOy/ileHTHOCTb B OJHOMEPHOM

HeNnnHelHoM ypaBHeHun LLlpeannHrepa

3.1.1 Bsepgenue

[Tpobsrema KosiMOrOpoOBCKUX CIIEKTPOB - SIBJISIETCSI KJIIOUEBOW B TEOPUU CJIa0Oi
BOJIHOBO# TypOYJI€HTHOCTH. DTHU CIEKTPbI SABJSIOTCS TOUYHBIMU PEIIeHUSIMHU CTa-
[MOHAPHOI'O KHHETHIECKOI'O YPABHEHUSI JIJIST CPEHEKBAIPATHIHBIX AMILIATYI BOJIH
[167, 174]. Hecomuenno, ato ciaborypoOysienTHbie KoMOropoBekue CriekTphl J0J1K-
Hbl TEOPETHYECKH OObSICHSITH CTEIIEHHbIE CIIEKTPAJIbHbIE PACIIPEIeIeHUs] JHED-

I'dd B aHCAMOJISIX CTOXaCTUUIECKUX HEJMHEWHO B3aUMOJIEHCTBYIONIUX BOJIH JIFOOOi



3.1. C/Z1IABAA BOJIHOBAS TYPBVYJIEHTHOCTb B
OoOAHOMEPHOM HE/IMHENHOM YPABHEHUN LLUPEOVHIEPALQ

npupojibl. CHEKTPhI TAKOro Tuiia HabJoaores cucremarudecku. Cambiit sspkuit
TPIMEpP TaKOTO CTIEKTPa - CTIeKTP €, ~ gv/w’, KOTOpHhI# 0OBIMHO HAbBIIOMACTCA B
cucTeMax BO30YKJIAEMbIX BETPOM I'DABUTAIMOHHBIX BOJIH B MOpE.

Opnako, 9Ta TOYKa 3pEHUs pasjesisieTcd He BceMu. Kpome Toro, camasi mpu-
MEHUMOCTh KWHETHIECKOTO yPABHEHUS JJIsi BOJH K PEAJHHOW CHUTYyaIlMU TaK¥XKe
nuckyrupyercsi. (Cum., nanpumep [117].) BoiBos kKuHeTHueckoro ypaBHeHust u3
UCXOIHBIX JUHAMUIECKAX YPABHEHU TTPEITOIAaraeT 3aKOHHOCTD TTPEITIIOIOKEHUST
0 XaOTUIHOCTH (Pa3, KOTOPas MOXKET ObITh HapyIIeHa (DOPMUPOBAHKUEM HEKOTO-
PBIX KOTE€PEHTHBIX CTPYKTYP, TAKHX KaK BOJHOBBIE KOJLIAICHI WJIH COJUTOHBI.
QakTUIECKHU, 9Ta KPUTHKA, UMEET CePhe3HbIe OCHOBAHUS. B peajibHbIX CUTyaIUsIX
KOT'€PEeHTHBIE CTPYKTYPbI BCTPEYAIOTCS YaCTO, HO B TO K€ BpEMs HET MPUYIUH JIJIs
[IOJIHOI'O OTKAa3a OT TeOpHUH CJaboil TypOyJsieHTHOCTH. JleiicTBUTEIbHOCTH MHOI'O-
obpas3Ha, ¥ BO MHOIMX KOHKDETHBIX CUTYAIUSX KOI€PEHTHBIE CTPYKTYPBI COCY-
IIIECTBYIOT CO CJIa0OTYpPOYIEHTHOW KOMIIOHEHTOM, y9acTBYsI B IIPOIIECCHI TEPEHOCA,
U JINCCUTIAIINY SHEPIUU U JIPYTUX UHTEIPAJIOB JIBUXKEHUSI.

CutetoBaTeIbHO, €CTH CUJIBHOE MOTUBAIS, YTOOBI TTPOJIOJIXKUATH UCCJICIOBAHIE
Teopuu €00 TypOyJI€HTHOCTH, MCCJIEe/Lysl TOT CJIydail, I'jle KOrepeTHble CTPYK-

TYPbI BaxKHbI, U CJIy4all, rJie TaKhue CTPYKTYPbl HE BasKHBI.

3.1.2 MMT-mopens.

OmmH U3 caMbIX HAJIEXKHBIX TOAXOIOB JJIST WCCIEJOBAHUST TEOPUU CJIAaDOH Typ-
OyJIEHTHOCTH - IIPSIMO€ YKMCJIEHHOE MO/IEJMPOBAHUE HEJMHEHHBIX JUHAMUIECKUX

ypaBHeHI/Iﬁ, OIIKMCBIBAOIMUX CHUCTEMY BOJIH. Bo muorux Clly4dadx 9TU ypaBHEHHSA
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MOTYT OBITh 3(PHEKTUBHO PEIIEHbI IPYU MOMOIIK CIEKTPAJIbHOIO MeToja. Koneu-
HO, YMCJIEGHHOE MOJIeJIMPOBaHNE ypaBHEHU, HanboJiee OJIM3KOTO K peasibHOi (u-
3UYECKON CUTYAIMU SBJISIETCS CAMbIM IpeAnodTuTebHbIM. OIHAKO, MHOI'O HHTE-
pecHot nHMOPMAIUU MOXKET ObITh U3BJIEUEHO U U3 PEIleHus YIIPOIEeHHbIX, DoJiee
UJIM MEHee UCKYCCTBEHHBIX MOJIEJIeH, KOTOPhIE HACJIELy 0T OCHOBHBIE OCOOEHHOCTH
peaibHbIX (hU3NYecKnx ypaBHeHuit. [[poBepuTh, HACKOJIBKO Teopus cj1aboit Typ-
OyJIGHTHOCTH SIBJIsi€TCsI ODIIEll, a Tak»Ke MPOBEPHUTDH €€ IJIaBHbIE YTBEPXKICHUSI,

TaK#ue Kak
® - IPUMEHUMOCTh KHHETUYECKOTO YPABHEHUS
® - CYIIIECTBOBaHME CIEKTPOB KOJMOTOPOBCKOTO THUIIA
® - U3YUYUTh CTPYKTYPHI CTAPIINX KOPPEJIAIUOHHBIX (PYHKIIHIH

U T.JI., - MOXKHO JIOJKHBIM 00pa3oM Ha, 6oJjiee TPOCTHIX MojiesistX. VI koMmbioTep-
HOE MOJIEJTUPOBAHUE TAKUX MOJIEIEH MOXKET ObITH CAEIAHO JOCTATOYHO JIEI'KO, BO
BCSIKOM CJIydae Jierde ¥ MOHsITHee, deM Jjisd Oojiee (DU3MIECKUX CUTYAIIHA.
OiHOMEpHBIE MOJENH SIBJSIOTCS CAMbIMU MPUBJIEKATEIbHBIMU C 3TONH TOYKU
3penus. JlaXke CKpOMHBI COBPEMEHHBIN KOMITHIOTED HAET BO3MOXKHOCTH TPOBE-
CTHU IUCJIEHHOE MOJICJINPOBAHIE CUCTEMbI HEJIMHEHHBIX BOJIH, COCTOSIIIEH U3 ThICS T
BOJIHOBBIX MOJI, 1 OoJiee Tpex Jieka | MaciiTaboB. McTopudyecku mepBoe Takoe Mo-
nesmpoanue 6610 npogesano A.Maida, D.McLaughlin u E.Tabak B 1997 [117].
OHU UCTTOIB30BAJIM MOJIENIh, KOTOPYIO HA3BIBAIOT TEMEPh, MOCJE OMyOJIMKOBAHWS
910t crarbu, KaK MMT-moness. MMT-Mozenn - 06001eHHOE HEeJIMHEHOe ypaB-

nenne [Ipenunarepa, coxpaHsiolee He TOJBKO SHEPIUsl U UMIIYJIbC, HO TaKXKe U
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BOJIHOBOE JIeiicTBrE (YMCIIO YaCTHIL).

Hanbueiimee Mmogenuposanue B paMkax MMT-mozmenu ObLIO ciesiaHO TeMU Ke
cambiMu aBTopamu B corpyanudectse ¢ D.Cai [63]. [osxe uucientbie sKce-
pumenThl ¢ MMT-mogesbio Gbuin BoinosHerbl B pabore  [165, 87]. Pesynbra-
ThI MOJIEJIMPOBAHMsI, ITPOBEJEHHOIO O0DEMMK I'PyIIIaMi B OCHOBHOM COBIIAIAIOT.
MMT-mo/eb 1IeMOHCTPUPYET CJIOXKHOE MHOI'O-BapHAaHTHOE IIOBEJIEHNE, KOTOPOe
HEJIb3sT PACCMATPUBATHL KaK IPOCTOE MOATBEPKICHUE CJIa0OTYPOYJIEHTHON Teo-
pun Teopuu. OTCYTCTBHE MPOCTOrO, SBHOTO MOJATBEPXKJICHUS TTPOUCXOJIUT U3-33,
HAJIUUIUST KOTEPEHTHBIX CTPYKTYP, KOTOPhIE MOCTOSTHHO MPUCYTCTBYIOT BO BCEX
Bepcusix MMT-mozeiu.

B caenyromux naparpadax npuBOJUTCS ITOCTAHOBKA 3a/Ia9M U PE3YJIbTATa, YUC-
JIEGHHOT'O MOjiesinpoBanust Mmojudunuposannoit MM T-mojenu, koropast BKJIO4a-
eT B ce0sI He TOJIBKO CTaHJapTHBIE IIPOIECChl paccesnns "npa B aBa', HO U mpo-
reccel pacmnaaa "ogud B Tpu', KOTOpbhIEe HE COXpAHSIIOT BOJIHOBOE AeiicTeue. Oka-
3BIBAETCSI, YTO TaKasl MOJIEJb, IPYU HaJIJIEXKAIEeM BEIOOPe IIapaMeTpPOB, BeJIeT ceds
B COOTBETCTBUU CO CJIaDOTYpOyJIeHTHO Teopueii. B yacTHOCTH, OHA JIEMOHCTPU-
pyeT cyiecTBoBanue crerneHHoro perenusi (KoJmMoropoBckoro crnekTpa) B -

POKOM HMHEPIIMOHHOM WHTEPBaJIC (6OJIbH_[e JIByX ,zLeKazL).

3.1.3 YucneHHbIVi 3KCNEPUMEHT

uccjenyercs ciaeayroiiasd MOJJEJb:

(%2 ) =

(3.1)
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K+ af [ (ol ool ls)™ 5, r, o, Okttt der b g +

g / (&1 x| ls )™ (W, Py Yty Oty —a—ty + 3 Wty Uy Wy Obyhy )bt s dk3}

B cuyuae, korzma g = 0, 31a Mozenb siBjiasiercs: crangapraoir MM T-mopenbio.
DTa MOJIEJIb OIKMChIBAeT HEKOTOPYIO ['aMUJIbTOHOBY CHCTEMY, U IIO9TOMY MOXKET

OBITH 3allMCaHa, B CJIEAYIOIIEM BHJIE:

0 0H
Z<3—7f + Vi wk) = 5—"¢Z’ (3.2)

rjie
H = Ho+ Hiu
Hy = [ [k|" vy o dk
Hip = a{% /(lﬁlﬁkzkg)ﬂ/4 Ve Vi, Vry Vs Oktky—ky—ks T
g [ (kekaks) ™[ 0, 03, W, + i, o, 0| X
Sty sty Al oo dkg} (3.3)

laMuibToHHaH H OIHUCHIBAET CJEIYIONUE YeThIPEX-BOJHOBBIE MIPOIECCHI:
1. Paccesinue, co ciieiyionuMu pe30HAHCHBIMU YCJIOBUSIMU
Wi+ Wk, = Wk, + Wk,

k+ ki = ko+ ks (34)

2. Pacmay "ogun B Tpu''u oOpaTHBINA POIECC CIAUSTHUS 'TpU B OfWH", MO 4IHU-

HAIMueCA CJICAYIOIUM PE3OHaHCHBIM YCJIOBUAM

W = Wi + W, + Wiy

k = ki + ko—+ ks (35)
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Buech wy = | k|
Hajiee ucciepyercsi TOJIbKO OJuH ciydait a > 1. B 9roit cuTyamuu pe3oHaHc-
Hble ycaoBus (3.4), COOTBETCTBYIONAE PACCESTHAIO UMEIOT TOJBKO TPUBHAJILHOE

pereHue

kQ = k, ]€3 = ]€1 or kQ = kl, kg = k, (36)

a Pe30HAHCHBIE ycJoBHs (3.5), COOTBETCTBYIONME PACHALY U CIUSHUIO OIUCHI-
BAIOT JByMepHOe MHOroobpaswe B mpoctpanctse (k, ki, ko, k3). Ilpu a > 0 u
JI0CTATOYHO MaJjioM ¢, LaMusibronnan (3.3) sSBJISETCS TOJOKUTEIHHO OIPEJIesIeH-
HbIM.

Hasinuue B Famusibronusine "pacnajgroro' wiena obecrednBaer OTCYyTCTBUE JIO-
KAJU30BAHHBIX CTPYKTYP, U CO3AET YCI0BUs [Jist ' HabJoeHns " ciaboTypOyIeHTHOTO
pexunma.

[Ipu 91ux npenosokenusix cucremMa (3.1) ONUCHIBACTCS KHHETUIECKUM yPaB-

HECHHUEM

on

BT + 29 ng + st(n,n,n), (3.7)

rje

st(n,n,n) = 4%@292{ /(kklek:),)ﬁ/Q X

(Mky Moy Moy — Tk Moy Moy — T Ty My — Mo My M, ) X

Ok — k1 — ko — k3) 6(wy, — wi, — wi, — Wi, )dky dko dks +

+3 /(kklekg)ﬁ/Q(nklnkgnkB + NN Ny + MM, Moy, — MMy ey ) X

Sk — Ky + ko + k3) 6wy, — wi, + wi, + wi,) dier dks dkg} (3.8)
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[To omnpejiesienuio
< @bk ’Qb;:,/ >= N Op_p. (39)

A cranpoHapHoOe ypaBHEHHE

st(n,n,n) =0 (3.10)

HIMEET, [IPU OIIPEIesIeHHBIX 3HAUEHUSIX IapaMeTpPoB v U (3, CTEIEHHbIe PeIleHusI

(em. [167])
/
ne = 0‘53 (3.11)
y = §B+1. (3.12)

910 ectb KoJIMOropoBCKuil CIEKTP, KOTOPBIA 00eCIIeYnBAET MOCTOSHHBINA TOTOK
sHepruu P B obsiacTh Masibix MaciiTaboB (6osbimx BOJHOBbIX dnces k). A « -
be3pasmepHast KoaMoroposckast KOHCTAHTA.

4. BbLIO BBITIOJIHEHO YHMCJEHHOE MOJIEJMPOBaHUE ypaBHEHTHd 3.1 ¢ UCIOIb30-

BaHUEM CTaHrZLapTHOI‘O CHeKTpaJIbHOFO MeToaa. BbIJII/I BbI6paHbI CJIG,ILyIOHH/Ie
a=3/2 6=9/4,a=1.

A koadpdunmer wiena B ['amMuiibToHHAHE, COOTBETCTBYIOIIETO IPOIECCY "omuH B

Tpu" BapbUPOBAJICS, X IPUHUMAJ B PA3HBIX BAPUHTAX CUETa TAKHE SHATCHUS:
g=20, 0.05 0.1, 0.15, 0.2

Boranciienust NpoBOAUJINCH HA PA3HOCTHON paBHOMEPHOH ceTke ¢ 2048 y3yamu B
[IEPUOIUIECKOI 00J1aCTU 27T, 9TO COOTBETCTBYET B CIIEKTPAJHLHOM KOJI€ BOJTHOBBIM

qyucgaMm —1024 < k < 1023. CucreMma HaKadnBaJach B 00JaCTH MAJIbIX BOJHOBBIX
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quceJl, THKPEMEHT HaKa4YKW BbLIIJVIAAWT TaK:
e =—0,005 5<|k| <10

Huccunarnust ke 3Hepruu B 00JIaCTU OOJIBITTMX BOJTHOBBIX YUCEN OOECTIEUMBAJIACH
CJIEIYIONINAM JIEKPEMEHTOM:
400(k/512)?  |k| > 512;
Ve =
0 |k| < 512.
Bo Bcex BapuaHTax MOJEIUPOBAHUS HAOJIOMAJCS POCT, & 3aTEM CTAOUIUBAIHSI
[IOJTHO# 9HEPIUU BOJIHOBOM cucteMbl H. YpPOBEHDb ke SHEPIuu, Ha, KOTOPOM ITPO-

HCXOJIUT CTAOUIU3AINS, CYIIECTBEHHO 3aBUCUT OT IIapaMeTpa g.

2.6 e
2.4 |
2.2
o L
1.8
1.6
1.4
1.2
1
0.8 T
0.6

o4
0 20 40 60 80 100 120 140 160 180 200

Puc. 3.1: [losinas sueprusi cucrembl Kak (DyHKIMsI BpEMEHU JIjis PA3/IMYHBbIX 3HAYEHUH KO3D-

dunmenta g ("omun B Tpu'mponecc)

U3 Pucynka 3.1 xoportiio BuiHO, 4TO 1poriecc 1 <> 3 urpaer CymnecTBeHHYIO

POJIb B YCTaHOBJICHUM DPAaBHOBECHUA HAKAYKKU U JUCCUIIALIMH.
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Ha Pucynke 3.2 u306pask€H TUIUYHBIN CTAIlMOHAPHBIN, YCPEJIHEHHBIN 110 Bpe-

MEeHU, CIeKTp JJisd BapuanTa ¢ g = 0.15.

0.01 ;
0.001 }
0.0001 }
1e-05 |
1e-06 |
1e-07 |
1e-08 |
1e-09 |

lelo L— o e
1 10 100 1000

Puc. 3.2: |¢|?, ycpenuénuniii npountepsany spemenu 100. VI306pazkeHbl OT/J€JIbHO CHEKTPBI
AJId TIOJIO2KUTEJIBHBIX U OTPpUIATEJIbHBIX k HpHMaﬂ JINHUA COOTBETCTBYET CTEIIEHHO-

My crektpy 0.15k| 2

N3 Pucynka 3.2 xopoiio BujiHO, 4TO B MHEPHUOHHOM uHTepBasie 30 < k <

300 3TOT CIEKTp allpPOKCUMHUPYETCs CTeleHHbIM KOJMOIOPOBCKMM CIEKTPOM C

ITOKa3aTeJieM
5
A= —.
2
TI/IHI/I‘{Haﬂ BeJIMYMHA HEJIMHENHOCTHU
L Hz'nt
— 7 ,

cocrapysier € >~ (.15. Takum 06pa3oM, MOXKHO TOBOPUTDH, YTO B ITUX IUCJIEHHBIX

9KCIIEPUMEHTaX Mbl HAXOJAUMCS B CJIaDOTYpPOYJIEHTHOM DPEXKHME.
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B 3akJioueHue cjejyer OTMETHTb, UTO IPEJCTaBJIEHHbIE B 3TOM mHaparpade
Pe3yJIbTaThl SIBJISTIOTCS TIEPBBIME, MMOATBEPXKJIAIONIMMEU CIIPABEJINBOCTh TEOPUU
caboit TypOyJIeHTHOCTH UMEHHO B OJTHOMEPHOM ciiydae. Jljist JByMepHOro ciiy-
Yyasl aHAJIOUYUUHbIE PE3YJIbTAThI, IIOATBEPXKIAOIINE CYIECTBOBaHKIE CJIab0TypOy-
JIEHTHBIX KOJMOrOpOBCKUX CIEKTPOB ObLin 1oJy4eHbl B pabore [132], mist ypa-
HEHU KalM/UISIPHBIX BOJIH HA TOBEPXHOCTH HJEAJbHON KujkocTu. OJHAKO B
OJTHOMEPHOM CJIydae WHEPIIMOHHBIH WHTEPBaJ, B KOTOPOM HabJIIOIaeTCs CTEIeH-
HOM CITEKTP 3a9NTEJHHO OOJIbITE, YTO JIEJAaeT BCIO CJIADOTYyPOYJIEHTHYIO KapTUHY

boJiee yoeuTeIbHOI.

3.2 ConuToHHasi TYpOyEeHTHOCTb

3.2.1 CnaboHenuHeiiHas BosiIHOBas TypOyneHTHOCTb 1 “‘ras”

CoJInTOHOB

TypOy/IeHTHOCTb B HEJIMHEHHBIX CIJIOIIHBIX CPEJlaX, KaK IIPaBUJIO, COITPOBOXK Ta-
eTCcsT BOSHUKHOBEHUEM JIOKAJU30BAHHBIX CYIECTBEHHO HEJMHEHHBIX CTPYKTYp. B
TeX CIydasix, KOT/a yPaBHEHWsI, OMTUCHIBAIONINE CPEY, UMEIOT YCTOWIMBbIE COJIU-
TOHHbBIE PENIECHUsI, ECTECTBEHHBIMU KAH/IMIATAMU HA POJIb TAKUX CTPYKTY]P SIBJISI-
IOTCSI COJTUTOHBI. TypOYyJIEHTHOCTH B 3TOM CJIydae MOXKET ObITh Ha3BaHAa COJUTOH-
Hoii. BriepBbie cosmuTorHasi TypOyJIEeHTHOCTh PacCMaTPUBAJIACh, MO-BUIUMOMY, B
1973 r. B pabore [95]. Ilesp 9T0# 4yacTu TyIABBI JATh KAYECTBEHHYIO KAPTUHY
COJINTOHHOW TypOyJIEHTHOCTH B PaMKaX HEMHTEIPUPYEMOIO HEJMHEHHOI'O ypaB-

nenusi [HIpenuHrepa B yC/JOBHUSAX OTCYTCTBHUsI BOJIHOBBIX KoJijialicoB. Huke 1o-
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Ka3aHO - Ha OCHOBE IPOCTHIX OIEHOK, MOATBEPXKIECHHBIX YUCJEHHBIM 3KCIEPHU-
merToMm (cMm. Takxke [16, 173]), uro ¢ TeyeHreM BpEMEHH CTAHOBUTCS BO3MOXK-
HBIM BbIJJINTH J[BE KOMIIOHEHTbHI TypPOYyJIEHTHOCTH: CJIaOOHEIMHEHHYIO BOJTHOBYIO
TypOYJIEHTHOCTh ¥ Pa3pexKEHHbIN a3 coJuTOHOB. [Ipu OOJIbIINX BpeMeHax cre-
[I€Hb PA3PEKEHHOCTH COJMTOHHOIO ra3a (OTHOIIEHUE XAPAKTEPHOTO PACCTOSTHUS
MEXKJIy COJUTOHAMHU K UX PA3Mepy) aCHMITOTHIECKU yBEJIUIUBACTCS, TIPH ITOM
MOYTH BCE 3HaUYeHWe WHTerpasia "umcia kBaswdacTuil" (bU3NIECKH UTPATOIIEro

POJIb SHepFI/II/I) OKa3bIBa€TCA COCPEAOTOYECHHBIM B COJIMTOHHOM KOMITOHEHTE.

[Tojo6HOE yTBEPXKIEHUE YIKE BBICKA3BIBAJIOCH B paborax [25, 38|, rue st ero
0DOCHOBAHKSI UCIOJIB30BAJICA TEPMOJANHAMUIECKHH mo1xo1. Takoe obocHOBaHuE,
OJIHAKO, HEJIOCTATOYHO, TAK KaK Ha CaMOM JieJie Ty POYJIeHTHOCTD JaJIeKa OT COCTO-
SIHUST TEPMOJIMHAMUIECKOTO paBHOBecusi. [loaromy B pabdore [41] BBIBOI 06 0CO0OI
POJIM COJIMTOHOB B TypPOYJIEHTHOCTH, CBOOOIHON OT KOJLIAIICOB, ObLI TTOABEPTHYT
coMHeHuIO. B 3Toil yacTy ryaBbl 1aéres 0O0CHOBAHUE YTBEPKICHK O IIEHTPAJIb-
HOI POJIK COJUTOHOB B ACUMITOTHYECKOM COCTOSIHUM TYPOYJEHTHOCTH JIAHHOTO
THIIA U TOKA3bIBAETCS, TEM CAMbIM, YTO COJIMTOHHBII a3 siBJISETCA CBOeOOpa3HbIM
CTATUCTUYECKMM aTTPAKTOPOM yMEHBIIAIOIIEHCs CO BPEMEHEM pPa3MePHOCTH B
HEMHTErPUPYEMOil raMUJIBTOHOBCKOH cUCTEME ¢ OECKOHEYHBIM YUCJIOM CTEleHei

¢cBODOO/IDI.
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3.2.2 DnemMeHTapHbIe NPOLECCbl CTOJIKHOBEHWI

HocTaTouno yHUBEPCAJTHHON MOJIETHIO BOJTHOBOH TYPOYJIEHTHOCTH SIBJISIETCS HEJIV-

nefinoe ypasuenue [lpegunrepa (cm., nanpumep, |16, 38, 133|)

W + AP+ f([Y*)e =0, (3.13)

UMEIOIIEE PENMIEHUE B BUJIE IBU2KYIIETOCA COJIMTOHA.!

2

9, 1) = g\ &) exp | o) i = Tt

E=r—vt, Ag+ f(g)g—Ng=0, Vgleeo=0, g—0,&—o0c0 (3.14)

Mpu f(u) > 0 u f(u) > Cu> /4 (d - pasmepnocTh HPOCTPAHCTBA) COJIUTOH
(3.14) meycroituuB u B TPYOYJIEHTHBIX Mpoleccax He peasusyercs. Hamporus,
[IPM YCJIOBUM YCTORYMBOCTH COJUTOHA (MMEIOIIEM JJIsi BaXKHOIO YAaCTHOIO CJLy-
qast CTeleHHOH Hesnueinocta f = u®/? Bug sd < 4), TypOyJIEHTHOCTD SBJISIETCS
cosuToHHOM. DyHIaMEHTAJbHBINA 00IedU3NIECKUil MHTEPEC TIPEJICTABIISIET BO-
POC O XapaKTepe IBOJIONUK 3TOH TypOysienTHOCTH. YpasHenue (3.13) mmeer

CJIEAYIONINE WHTETPAJIBI IBUKEHWST:
N = [ldr, P =i [[pVe* -y Vyldr,
H = [V = ®(jo)]dr, (3.15)
®'(u) = f(u).
B npenebpexxennn KBaAHTOBbIMU 3D PEKTaMy TEHJICHIIUS K PABHOPACITPEIEJIEHUTO

QHEPI'UU 110 CTEIICHAM CBO60,ZLbI IIpUBOJUT K TOMY, 4YTO 3HAYCHUEC I'aMUJIbTOHHAHA

H onpenensiercs B OCHOBHOM 00JIaCThIO KOPOTKMX BOJIH. IIpu sTOM B cucreme
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MOr' ObI ¢POPMUPOBATHCS KOHJIEHCAT - OJHOPOLHOE I0JIe, COIPOBOXKIAIONIEECS
mesikomacirababivu (urykryaiusiva. Ho npu f/(u) > 0 KonjeHcar HeycToiuun
1 B OTCYTCTBHUE KOJIJIAIICA PACIIAaeTCsi Ha COJUTOHBI. B clernuajbHOM HHTErpu-
pyemom ciydae f(u) = Cu, C' > 0, d = 1 COMUTOHBI PACCEUBAIOTCS JAPYT HA
Jipyre yrupyro, u MxX 4YHCJIO COXpaHsieTcsi. B 0b0ieM HEeMHTErpupyeMoM CJIydae
Ka4eCTBEHHOE TEPMOJIMHAMUYECKOE PACCMOTPEHUE B3aUMOJIEHCTBUSI COJUTOHOB
co cBOOOMHBIMU BoJiHAMHU [25, 38| MOKa3bIBAET, UTO MOBEJEHHE CHCTEMBI OIpe-
JIeJIsieTCsl HaKoTIJIeHUueM cj1abbiX 3(p(HeKTOB, KOTOPhIe 00YCJIOBJIEHBI HECKOMITEH-
CUPOBAHHOCTHIO TTPOIIECCOB, TTPOTEKAIONINX B MMPOTUBOIOJIOXHBIX HATIPABICHUSIX.
[Tpu B3ammoI€fiCTBIM COJUTOHOB CO CJ1aOOTYPOYJIEHTHBIM CIIEKTPOM TE€PMO/IAHA~
MUYECKH BBITOJHBIMY SIBJISTIOTCS TTPOIECCHI, TPUBOJIAIINE K YBEJTUICHUIO aMILIU-
TYJi COJTMTOHOB TIPU yMEHBITEHUN UX IUCIa. [Ipn CIMsiHuM COTMTOHOB HECKOJIHKO
YMEHBITAETCs 3HaUYeHne nHTerpaJa H, n pa3Hui@a yHOCHTCS CBODOIHBIMY BOJIHA-
MU; HHTEIPAJL YUCJIa KBA3UIACTHI] (BOJHOBASI SHEPIUsl B OCHOBHOM OIIDE/IE/IseTCs]
COJIUTOHOM. Pa3zmep coiMToHa MpPU 3TOM YMEHbIIIAETCs.

PaccmoTrpum 6osiee 101poOHO 31eMEHTAPHBIE [TPOILECCHI B3AUMOIEHCTBUS COJIM-
TOHOB JIPYT C JIPYTOM U CO CJTaDOHETMHEHHBIMU CBOOOTHBIMY BOJIHAME C yIETOM
MHTErpasos Japukenus (3.15). OrpanuauMcs JJ1st TIPOCTOTHI CTEIIEHHON HEJTMHEH-
nocrsio f(u) = u*/?. Torma COMMTOH MPOU3BOILHOIO pasMepa A~ BhIpaskaercs

gepe3 yHUBepcasbHyo Mory R(n):
g\ &) = A R(NE), AR—R+ R =0

(R(n) = [(1 + 5/2)"2/ch(sn/2)]** upu d = 1), 4r0 1MO3BOJSET, B YACTHOCTH,

IOJIYIUTH TOJE3HBIE COOTHOIIEHHST MeXK Ty nHTerpagamu (3.15) Ha cOMUTOHHOM
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peleHnu:
v? R it 2/q
P:N'U, H:NZ_]_*—}—QN , N =\ Nkpa (316)
riue
N, = [ R%d _ % 0 k=N
kp_/ 7, Q—m> s K= Ny,

C yuerom (3.16) HETPYIHO MOy UUTH, YTO [IPU PACCESTHUN CTADOHEJMHEHHOM BOJI-
ubl Bugta expli(kr — k?t)] ¢ uuciom ksantos d N, ummyiabcom 6P = 2kdeltaN u

ramusibronranoM 0 H = k6N na comurone (N, v) BBITOJHEHO COOTHONICHHE:
SNo(|ko — v/2* + kN9 = 6N (|k1 — v/2|* + kNY), (3.17)

rae uagekcesl "0"u "1"oTrHOCSATCS K MCXOIHOW M paccesTHHOW BOJHAM COOTBET-
CTBEHHO.

N3 (3.17) coemyer, 94T0 mpH mepeKadKe SHEPIUU U3 BOJHBI B cOMUTOH (0N <
dNy) IPOUCXOUT TOPMOMKEHWE COJUTOHA U yBEJIUIECHUE BOJHOBOIO BEKTOPA BOJI-
Hbl. KadyecTBEHHO TOHSITHO, YTO B CPEJHEM ITOT MpOoIecc Hojiee BEPOSITEH, YeM
OOpaTHBIi: TP HAKOILJIEHUHU BOJIH B 00JacTH 00bmuX k nX (pa30Bblil 00beM BO3-
pacTaeT, COOTBETCTBEHHO PACTET SHTPOIHSI CUCTEMBbI (TaK KaK YHUCJIO COJIMTOHHBIX
crerneHeit ¢cBoOOIbI MHOI'O MEHBIIE, YeM CJIab0TypPOyJIEHTHBIX TPAKTUIECKN MOXK-
HO CYMTATh, 9TO 3HAYEHWME DHTPOIUN OIPEIEJISIeTCS BKJIAJIOM CJIabOTypOy/IeHT-
HOT'O CITEKTDA).

BoJjiee ciioXkeH KMHEMATUYECKWI pacyeT B3aUMOJIEHCTBUS COJIMTOHOB C ydUa-
cruem cBobojiHbIX BOJIH. Vcnoub3yst (3.16), MOXKHO 1OKa3arh, 4T0 1pu JeiicTBIn

nByx cosnuTOHOB (N7, v1) u (N, v2) clipaBeUIUBbI (B CHCTEME OTCYETa, B KOTOPOI
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ITOJIHBIH UMITYJILC BOJIH PABEH HYJII0) COOTHOIIEHUS

/ﬁqu + ?)2/4)5N + OH + Nl(vl — UQ)AUl/Q
AN, = 2 ° 72 1
! (N7 — NO) — [or — 0a]2/4 (3.18)

/ﬁjN{] + U%/4)W+m+ NQ(Ul — UQ)AUQ/Q

ANy =
? K(NY — Ng) — |v1 — vo|?/4

rjie ON u 0H yuocsirest ¢cBoGojbIMuU Bosinamu. U3 (3.18) BujHO, 4T0 1pU MaJIbix
CKOPOCTSIX IIPOUCXOUT yCUJIeHHe DoJiee MHTEHCUBHOTO ¥ OcjiabieHre MeHee WH-
TEHCHBHOT'O COJIMTOHA. DTOT MPOIECC COOTBETCTBYET MapHOMY " CTOJIKHOBEHHIO ' U
SIBJISIETCS, OYEBHIHO, 6OJIee BEPOSITHBIM, YeM obpaTHbiil (TpoiiHoe "crosikHOBe-
rne"). [IpuBeeHble pAacCyK/ICHNS TOATBEPXKIAIOT KATECTBEHHBIE BBHIBOJIBI TEp-
MOJIMHAMUYECKOTO PACCMOTPEHUsI: B PE3YJIbTaTe IBOJIONUN 33JaHHOTO HAYAJh-
HOT'O PACIIPEIEJICHIS COJTUTOH OKA3bIBAETCS CTATUCTUICCKUM aTTPAKTOPOM - CO-
CTOsIHUE ACUMIITOTHIECKH, 110 BDEMEHHU PACIIAIAeTCsT Ha, COJIUTOH U COBOKYITHOCTD

ca1a00OHEIMHENHBIX BOJIH.

3.2.3 YHucneHHbIi 3KCNEPUMEHT

C 1eJIbI0 PSIMOT'O JIOKA3aTEIHCTBA ITOIO YTBEPXKIEHUST Mbl IIPOBOJMIIN YHCJIIEH-
HOE MHTETPUPOBAHIE OJJHO- U BYMEPHOro ypaBHeHus (3.13) Ha Oosbimmx BpeMe-
HaX 9BOJIIONUY TIPU PA3IMIHbIX HeJuHedHocTax f(u). 3amada pemanach B HUK-
cupoBanHoil obsactu 0 < r < L ¢ mepnouiecKNMy I'PAHUYHBIME U BO3MYTIIEH-

HbIMU OJHOPOJHBIMU HaYaJIbHBIMU YCJIOBUAMU

(1, 0) = o[l + ¢(r)], (3.19)

riae ¢(r) << 1 — majoe BO3MyIIeHHE.
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B pamkax (3.13) UHKpeMEeHT MOJLYJISIIIMOHHON HEYCTORYUBOCTH KOHJICHCATA,

vo explif (|vol)1]

olpeneJideTCda BbIpazKCHUeM

1(k) = k(24 — k)2

of
A = (u%)luzwjop. (320)
OH MaKCHUMaJIEH IIPpU k = A1/2 U PpaBEH Ymaxr — - COOTBeTCTByIOHLaﬂ MO/ YJIA-

[IMOHHAS JUIMHA Ajod = 27T/A1/ 2 onpegessier qucsio ¢hOPMUPOBABIINXCS [P
t > L comurono n & (L/\;0q). [lapaMeTpsl Mojiein BbIOMPATUCH TAKAM
00pa3oM, 9T0Obl KOHKYPHUPYIOIIHE MEXK 1y coDoil TpeboBaHust yOeuTeIbHONR CTa-
TUCTUKHU COJTUTOHOB 1. >> 1 M JIOCTATOYHOTO pPa3peIeHus aCUMIITOTUYECKOTO
comaton (AA)Y << 1 (A — nuHeiinblit pazMep A9eiiku, A\ — oOpaTHBIH Xapak-
TEpHBI Pa3Mep COTUTOHA; AJist crerenHoii nesmueiinoctn A N/ (4759 g pacuerax
BCEIJIa, BBIIOJIHAJINCH. PacdeTsl MpOBOIMIIMCH HA, MHOTOIIPOIIECCOPHOM KOMILJIEKCE
EC-1037-EC-2706 K1 AH CCCP. Unrerpuposanue ypastenust (3.13) ocyrie-
CTBJIATIOCH C UCTIOJb30BaHueM anroputrMos BII® o mMeroauke, anasorudnoit [2].
JLjist KOHTPOJIsI MCTIOJIb30BAJUCH MHTErpaJibl jpuxkenust (3.15). ITomumo cremnen-

HOW HEJIMHEWHOCTHU, PACCMATPUBAJIUCH CUCTEMBI C HACHIIIIEHUEM TUIIA
fu) =u(l—au), f(u)=u(l+byu)/(1 + byu).

PesynbraThl pacdyeToB MPOJEMOHCTPUPOBAJIA TOJHOE COOTBETCTBUE HAOJIIO/IA-
€MO# TPOCTPAHCTBEHHO-BPEMEHHOM JUHAMUKHU CUCTEMbI MPEJCKa3aHHON Kade-
CTBEHHOI KapTuHE COJUTOHHOI TypOysenTHOCTH. Ha Pucynke 3.3 npejcrapieHbl

pe3yJIbTaThl MHTErPUPOBAHUS OJIHOMEPHOTO ypaBHeHus ¢ f(u) = ul/?.
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g 15 Ja Y5 6l s

"‘“‘ﬂ"FA“"{r’L" . e .

g s g 45 0%

Puc. 3.3: ®parMenTsl 3BOJIIONUK DellleHust ypaBHeHUs iy + Uy, + |[|tv = 0 ¢ mapamerpamu

1o =1, L = 60; Bpems ¢ pasuo 17,4 (a), 365,4 (6) u 730,8 (B)
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B pesysibrare pasBuTHs MOAYJISIMOHHOW HEYCTOWIMBOCTH (DOPMUPYETCS pe-
I1eTKa COJIMTOHOB C MEPUOJIOM TIOPsijiKa Ajoq (Prcynok 3.3, a). B nporecce nadb-
HeffIell BOJIIONKUK CUCTEMA BCE OOJiee pas3jiesisieTCst Ha COJUTOHBI U CJIaDOHe-
JInHEeliHbIe CBOOOJIHBbIE BOJIHBI. B3anMojieiicTBue COJIMTOHOB JIPYT C JIPYIOM U CO
¢BOOOJIHBIMY BOJTHAMY TTPUBOJIMAT K TOCTEIEHHOM TTePEKadKe IUCIIa, BOJH U3 COJIU-
TOHOB B 60JIee MHTEHCUBHBIE, aMILJIUTY/IbI COJIUTOHOB PACTYT C YMEHBIIIEHUEM UX
aucia (Pucynok 3.3, 6). Ha Gosbliux BpemeHnax cucrema MpuxojuT K €JIMHCTBEH-
HOMY COJIUTOHY MAaJioro pa3mepa u bosbioi aMmmmTy sl (Pucyrok 3.3, B). U3me-
PEHHasi CKOPOCTDb COJIUTOHA U MHOTO MEHbINEe IPyInoBoi ckopocTu (Ow/0k)g=x,
9YTO BIIOJIHE €CTECTBEHHO: HEIO/IBUXKHBIN COJIMTOH PEAJIU3YeT MUHUMYM SHEPTHH.
dopma aCUMIITOTHIECKOT'O COJIUTOHA aJIEKBATHO OIUCHIBAETCS TOUHBIM PeIeHH-
eM ypaBHenusi (3.14), B KOTOPOM BEJIMYMHA BBIYMCIICHA A BBIYUCJECHA U3 M3Me-
pernoit aMmmuTyael. Ha cBobo/HbIe; BOJHBI NpuxoauTcs 0kojo 15-20% snavenust

UCXOJIHOTO uHTerpaJia V.

AnajforuvHbIe PE3YJIBTATHI IOy ICHDI U DU IPYTUX Buaax Heiuueiinoctn (Pu-
cynok 3.4 coorBerctByer Hesmmuefinoctn f(u) = wu[(l 4+ 0,1u)/(1 4 0,5u)]), a
TakXKe MpU peleHun JByMepHoi 3ajgaun. OJHAKO B JIByMepHOM ciydae (pe-
3y/ibTaTh HHTErpHpoBanus ypasuenus (3.13) ¢ f(u) = u!'/? upepcrasnens na
(Pucynke 3.5) BpeMst 9BOJIIOIMA HACTOJIBKO BO3PACTACT (C YMEHDBIICHUEM THCIIA
COJIUTOHOB TIAJIA€T BEPOSITHOCTh WX B3aUMOJIEHCTBUsT MexK Ly coboit), 4To 3a1a4a
JIOCTHKEHUsI €JIMHCTBEHHOTO COJIMTOHA CTAHOBUTCSI BEChMa, CJIOXKHOM JIJIst IHCIIeH-
HOI'O MOJIeJIMpOBaHus. KadecrBeHHas K€ KAPTUHA JBOJIONUY TYPOYJIEHTHOCTH

KaK MBI BIIUM, COBIIAIaeT ¢ ONUCAHHOMI Bhimre. CleayeT OTMETUTD, YTO IPHU PAC-
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CMOTPEHHUY IBOJIIOIUU TYPOYJIEHTHOCTH MbI HE OOHAPYKUJU HU OJHOTO CJIydast
YBEJIMYEHUST YUCJIa COJTUTOHOB M3-3a JPOOJIEHUsT COJIUTOHA, MOJ JIEHCTBUEM CJIa-
OOHEJIMHEHBIX BOJIH, YTO TOBOPUT O CTATHCTUIECKOH HEOOPATUMOCTH IIPOIECCA.
Takoe moBejieHue coryacyercst ¢ pacderamu [5|, B KOTOPBIX OBLIO OOHAPYKEHO,
9TO JIJIst JIPOOJIEHUs COJIUTOHA, 3BYKOBOW BOJIHOM MPUXOJUTCS OPaTh CHEIUAJTIBHO

10/TOOPaHHBII 3BYKOBO# MMaKeT OOJIBIIOH aMILJIUTY IbI.

3.2.4 3aknw4deHue

Wrak, B mporecce 9BOJIOIUN JIOJT0XKUABYIIEH COJMTOHHON TypOyJI€eHTHOCTH HEUH-
TerpupyemMasi CUCTeMa, MPUOJIMKAETCS K COCTOSIHUIO COJTUTOHHOTO T'a3a, UTO I103-
BOJISIET CYUTATH ITO COCTOSIHAE CTATUCTUYECKUM aTTPAKTOPOM. IDTOT PE3Yilb-
TAT MOJIydeH TPEeMsI CIocoDaMu: aHAJUTHIECKU BOJIN3U PABHOBECHOTO COCTOSTHUST
|25, 38] u Buasu or pasHoBecust (B pabore [172]), a Takke MPSIMbIM YUCIICHHBIM
mojiesimpoBanueM (B pabote [172]). Pesysmbrar He 3aBUCHT OT pasMepHOCTH MpPO-
CTPAHCTBA ¥ OT JieTasteil B3auMoieiicTBust (€Ciu, pasyMeeTcs, COJIMTOHbI YCTOI-
IUBHI).

JLJ1s1 OJTHOMEPHOTO Ccjiydasi ¥ CTEIIeHHOW HeJIMHEHHOCTH BhIJIEJIEHHOCTh COJTUTOH-
HOI'O COCTOsIHUsI IIOJTBEPKIeHA B 110pOOHOI crarbe [109], B KOTOPO# B OTyim4me
OT IIPSIMOT'O MOJIEJINPOBAHUS CHAYAJIA JIEJIAI0TCS AHAJUTHIECKUE TIPEII0I0KEHIST
O CBOMCTBAaX TEPMOJMHAMUIECKH PABHOBECHOI'O COCTOSIHHS, 8 3aT€M 3TO COCTOSI-

HHE HCCIIEAYETCA YUCJICHHO.

Anasiuruueckas pabora [41] ocHOBaHa HA METO/IE JIAHKEBEHOBCKOM CUJIbl; B HEl

BBEJIEHO (PEHOMEHOJIOTMIECKOe ypaBHEHUE JIJIs OIIMCAHUS COJIUTOHA, [T000paHHOe
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TaK, 9TOOBI J1aTh BEPHBIA OTBET JJIsl JIMHEHHBIX BOJH. DTO (PEHOMEHOJOITIECKOE
ypaBHeHue, OTJINYAIOIeecd OT aHAJIUTUYCCKH TOJYYCHHOI'O B [45], HE YYUTHIBACT
IPAMBIX B3aMMOJEUCTBUN COJIUTOH - COJIMTOH, & IIOJIy4E€HHBIN pe3yJibTaT - OT-
CYTCTBUE€ UHTEHCUBHBIX COJIMTOHOB B aCUMIITOTUKE - IIPOTUBOPEYUT pe3yJibTaTaM

YUCJIEHHOI'O JKCIIEPUMEHTa, HACTOsIIEeH paboThl.

Ormernm, 9T0 Jijisi OECKOHEIHOMEPHBIX CUCTEM I'aMUJIBTOHOBBIA XapaKTep CH-
CTEMBI He ABJIAeTCA NPEeNaTCTBUEM JIJId CYIIIECTBOBAHUSA CTATUCTUIECKUX aTTPaK-
TOPOB THIIa, COJMUTOHOB. COOCTBEHHO TOBOPSI, W JMCCHIIAINS, ODECIeUInBAIOIIAS
BO3MOXKHOCTB CYIIECTBOBAHUS UCTUHHBIX aTTPAKTOPOB, MOABJIAETCA KaK pPE3Yb-
TAT yCPEJHEeHHUsI 110 MHOIMM CTEIIeHsIM CBOOOJIbI MCXOAHO IaMUJBTOHOBOI CUCTE-

MBI.

3aMeTuM TaK»Ke, 9TO B PEAJbHBIX (DU3UIECKUX CHCTEMaX BCErjia MMeeTCs 3a-
TyXaHW€e BOJIH ¢ OOJIBIITUME BOJTHOBBIMHU UHCJAMHU, & TaK>Ke Pa3IudIHble HeJTUHel-
Hble MEXaHW3Mbl 3arTyxaHus. ITH 3PPEKThl HPUBEIYT K TOMY, YTO COJUTOHBI
JIOCTATOYHO MAaJioro pa3mMepa u OOJIbIION MHTEHCUBHOCTHA OYIyT OBICTPO JIMCCHU-
nupoBaTh. TemM caMbiM KOHIEHTPAIMs SHEPIMKM B COJUTOHAX MaJIbIX Pa3MepOB
OKa3bIBAETCSI CUJILHO HEJIMHEHHBIM MEXaHU3MOM IOTJIOIIEHUsT SHEPTUN, KOTOPDIH
MOYKHO CPaBHUTH C "KOJIJIATICHBIM ' MEXaAHU3MOM JUCCUTIAIMHU 33 CIET KaTaCTPO-
uueckoro pasBuTusi 0COOEHHOCTEH BOJTHOBOTO moJisi. Tak, OKa3biBaeTCst, UTO
"conmronubiit"u "KosuancHblit' BaApraHThI BOJIHOBO# TypOYJIEHTHOCTH KA4€CTBEH-

HO OTJIMYalOTCA APYI OT ApPYyra HE CJAHUIIKOM CHJIbHO.
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3.3 TypOyneTHOCTb KOHAeHCaTa B ABYMEPHOM

ypaBHeHuun LLlpeanHrepa c oTtankmBaHmnem

3.3.1 BeepeHue

Ecaun 6e3uccunaTuBHas CUCTEMa, COXpaHsieT OOJIbIle YeM OJUH WHTErpaJ JIBU-
JKEHUST, TOIJ/Ia HAKAYKa, JIEHCTBYIOMAs B HEKOTOPOM MACIHITa0e, B ODIIEM CJIydae
IIPOU3BOJUT JIBa KacKaja B k-mpocTpaHCTBe. B TO BpeMms Kak NIpsiMOil KacKaJ
U [IEPEMEXKAEMOCTh 3TO TO, YTO ECTECTBEHHO OXKWJIAETCS OT TypPOYJIeHTHOCTH,
oOpaTHBIN KacKaJl - CBOEr0 pojia camoopranmsalus. JIpyroe BaxkHOe pas3jndue
MEXKJIy KACKaJlaMU COCTOUT B MX IPEJHA3HAYEHUU. DOJIBIIMHCTBO CUCTEM IIPE/I-
MOJIAraeT HAJIMYUe HEKOTOPOi juccunanuu (Kak BS3KOCTh) JJIsi €CTECTBEHHOTO
cTOKa 1pu npsiMoM Kackaje. C pyroit CTOPOHBI, BO MHOTMX CHCTEMAaX, KPYITHO-
MACIITAOHbIE MOJIbl HE UMEIOT 3aTyXaHusl, © OOPATHBIH KACKAJ MOXKET [TPUBECTH
K HAKOILJIEHUIO JJTAHHOBOJIHOBOW MOJIbI, aHAJOrHIHOMY Doze-KoHeHCcaIun.
ObGpaTHbIil KACKa)| UMEET MECTO B JIBYMEPHOI HeCKuMaeMoii xxujkocTu [98, 90,

140]. Tak>ke, B Ji060# cucreme ¢ Lamuinbronuanom H = Hy + Hy

Hy =) wibphr, Hi= D Mekokska Uk, Vr, ks Uk
p

k1koksky

MMEET MECTO ODPATHBIN KACKa/l, TAK KaK TaKasl CUCTEMa, COXPAHSET MOJIHOE YnC-
70 Bos N = Yy, [ |2. Takas cucreMa COCTOUT U3 BOJIH C 9aCTOTHBIM CIIEKTPOM
Wk, 1 B KOTOPO# NMeETCsT 9eThIPEXBOJTHOBOE B3aMMO,IEHCTBUE C OUEBBIJIHBIM CBOM-
CTBOM Ajg, kokaky = Nhokikaky = Nkskaki k- AWJIS MAJIOTO YPOBHSA HesJmMHEHHOCTH ) <
Hj, umeercsi xopoiiio pazpaborattas Teopusi cjiaboit Typbysenrnocru [167]. Ha-

JIMIUE JIBYX MHTEI'PAJIOB ABH2KEHHN A, KBAJPAaTUIHbIX IIO0 BOJIHOBLIM aMILIMTYdaM
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( B mpenebpexenun BkiagoM Hy B TaMuibroHuaH), MPUBOIUT K CYIIIECTBOBA-
HUIO JIBYX KAaCKaJOB, MPSMOr0 KacKaja HEPruu, U 0OPATHOrO KaCKaa UUCIIa,
BostH. MOXKHO JIOKA3aTh MPOCTYIO YTBEPK/IEHUE: HEOOXO/MMbI JiBe 00JIACTH 110-
TJIONIEeHNsI, OHA B OOJIbINNX MaciiTabax, JApyras B MaJjbix (10 CDABHEHHUIO C Xa-
PAKTEPHBIM MACIITAOOM HAKAYKH ), 4TOOBI MOIVIOMATH [IOTOKH 0DOMX HHTErPAJIOB
u obecreunTh cTanuonapHoe cocrosaue [167]. Ecau xe ypoBenb HesmHeitHOCTH
HE SIBJISIETCS MaJIbIM, TOTJIa CBSI3b MEXKJy WHTErpaJlaMU U UX IMOTOKAMHU yKe He
Oy/1eT CTOJIb MPOCTO. DTOMY BOIPOCY ¥ TMOCBSAIIEH JAHHBIH pa3iel.
PaccMarpuBaeTcs caydail wy, = k? n Ny koksk, = CONSE, cOOTBETCTBYIONHMIT XO-

POIIIO U3BECTHOMY HejimHeiinomy ypaBuenuto [Ipepunrepa:
iy + A+ Aap[Pp =0, (3.21)

KOTOpOE OIMCHIBAET KaK PacIpOCTpaHeHHe CBeTa B cpejax ¢ KeppoBckoil nesm-
HEHHOCTHIO, Tak U TypOyJeHTHOCTH Oorubaroiux [48]. Ciabas TypOyJeHTHOCTD
nuist ypasaenns (3.21) omucana B [167, 84, 174]. [l1s1 miymMepHOro citydasi OCHOB-
HOE yTBEPXKJEHUE TEOPUU COCTOUT B TOM, UTO TapHas KOPPEJSIUOHHas (ByHK-
masa (Yph) = nplwe pasua: n, = f(k)T/k? tne 6espasmepHas byHKIUA
f(k) (ompenensitomas oTKJIOHEHHe OT TepMouHAMEYecKor pasHosecust T /k?, n
obecIiednBaloNasi MOTOKH I/IHTeI‘pa,JIOB) SIBJISIETCSI MEJIJIEHHO# JIoTapudMuIecKoi
dbyukuueit B obsacTu npsiMoro Kackaja [174|, u siBjsiercst MOYTH KOHCTAHTOM
B obsiactu obparHoro Kackaja [174]. BespasmepHbiii mapamerep HeJMHEHHOCTH
Nag|?k? Jwr = N ag|? ysenmuusaercs ¢ AJMHOM BOJIHBI, TaK 9TO TyPOYJIEHTHOCTD
HEU30EKHO CTAHOBUTCS CUJILHON npu masibix k. B ormmuume ot ciaboit TypOy-

JIEHTHOCTH, KOTOpPasi SBJSIETCS HEUYYBCTBUTEJbHON K 3HAKY A, CHJIbHas TypOy-
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JIEHTHOCTH MMeeT Ka4eCTBEHHO pa3JjiMYHble CBOficTBa Jyist pokycupytomei (A >

0) u gedokycupyiomieit (A < 0) cpepr.

KauecTBennoe obbsicHenne TypOyJIeHTHOCTH Uit (DOKYCHPYIOIIEro CJydast Jia-
HO B [174]: oOpaTHbIil KacKa) IPUBOJAUT K OOPA3OBAHUIO KPYITHO-MACIITAOHBIX
KaBEPH, KOTOPBIE SIBJIAIOTCSH MOJIYJISAIMOHHO HEYCTONIMBBIME, U KOJUIAIICHPYIOT
3a KoHeuHoe BpeMsi. Kosutanc ((mim camodokycupoBka) obecrednBaioT CUbHO-
HEJIMHEHHBII [PSMOii KacKaJ{ Ync/a BOJH (KBAHTOB) B 00JIACTH KOPOTKOBOJIHO-
BOrO 3aryxauusi. Ul B pe3ysnbrare yCTaHABIMBAETCS CTAIIMOHAPHOE COCTOsHIE 63
KaKOM-Jinb0 juccunaiuy B 00JIACTU KPYIIHBIX MACIITabOB: BCE CPEJIHUE BEJIUYNU-
HbBI - SHEPTHUs, ITOJIHOE YHUCJIO BOJIH U T.J. - HE PACTyT co BpeMeneM. [Ipu sTom
CUJIbHASI KPYITHOMACHITaOHAs TypPOyJIEHTHOCTD COCYIIECTBYET C MEJKOMACIITab-

HO¥ cJj1aboit TypOyIeHTHOCTHIO.

3Jiech, jajee, paccMarpuBaercs jedoKycupyonmit cayvaii. Ypasuenue (3.21)
¢ A < 0, mnmu ypaBuenue ['pocca-IInTaeBcKOro uCIob3yeTcs JJisi ONUCAHUS CJia-
60 B3ammogeiicTytomero Bose-raza u Bose-kongencara [4]. Bosbimoe xosuiu-
YECTBO JIUTEPATYPHI MOCBAIEHO CBOWCTBAM YaCTHBLIX PEIIeHUd M pPaBHOBECHOM
cratucTuke (u (as3oBbIM TEpexogam) B 9To# Mojeau (cM. Hampumep, [79, 34]).
HepaBroBecHast kuneruka boze-kKoHeHCAIIMU MOYXKET ObITh IPUMEHEHA, B CBSI3U C
9KCIIEPUMEHTAMHU C aHCAMOJISIMU ATOMOB ITPU CBEPXHU3KUX TemiepaTypax [139).
B cuibHO# TypOysieHTHOCTH B paMKax ypasHeHust (3.21) MOryT OJ[HOBPEMEHHO
MPUCYTCTBOBATH M KOHJEHCAT, U (DOHOHBI, U yJapPHbIE BOJIHBI, ¥ TEMHBIE COJIU-
TOHbI ¥ KBAHTOBbIE BUXPU. TaKas CJIO0XKHOCTH, TEM HE MEHee, He 110/[pa3yMeBaeT

HEBOSMOXKHBIM CYIIECTBOBAHNE YHHBEPCAJIbHOI'O CKIUJIMHTS, JJI KOPPEeJIAInOH-
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HBbIX (DYHKIMI, 8 JINIIb 3aTPYAHSIET YCTAHOBUTH e€ro. Pazymeercs, 37ech HE WIET
pedb O TIOJHOM aHAJUTUIECKOM OMUCAHUN TAKOW TYpOYJIEHTHOCTH.

Tpéxmepnast Kunernka 6buia paccmorpena Kpaitananom (ring-model approxi-
mation) B [99]. 3zech ke paccmaTpuBaeTcst JByMepHast TypOyJI€HTHOCTh, BO30Y-
)KJlaeMasi ICTOYHUKOM B OOJIACTH MPOMEXKYTOYHBIX MACIITA0OB, U C 3aTyXaHUEM
¢ obJlacTu MaJIbIX MaciTaboB. 3aTyXaHus B KPYITHBIX MachiTabax uet. [lo cyTu,

paccMaTpHUBAIOTCA JIBa BOIPOCA:

e Bo3MOXXHO Ji TTOJIyYUTh CTAIMOHAPHOE COCTOSIHME K OOJIACTH KOHEYHBIX K

6e3 nuccumamnyy B 00JIACTH KPYITHBIX MACIITabOB?

e Kak obOpasyercst KoHjieHCAT?

Bymer mokazaHo, ITO 9TH J[Ba BOIPOCA TECHO CBSI3aHBI: (DJYKTyanuu npu k #
0 MOTYT OBITH CTAIIMOHAPHBIMU, TOJHKO B MPUCYTCTBUU PACTYINEro KOHJIECHCATA

pu k = 0.

3.3.2 YucneHHblVi 3KCNEPUMEHT

Jyist aucieHHOro WHTErpupoBaHus ypasHenus (3.21) ¢ A = —1, ObuT mpuMe-
HEH MeroJ|, onucaHHbl B [174]. Bee BapuaHThl MOJeaMpOBaHUsT OBLIH BbIMOJ-
HeHbI B oOjtacT 27 X 27w. B kKadecTBe HavaJbHBIX JaHHBIX ObLI BhIOpaH "KBa-

3u'' paBHOBECHBIH CIEKTP

ny, = T/(k* + p)
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¢T =0.01 u p=1/12. Hauaubhbie dba3bl BosiH Obuin ciydaitibr. ITo0bI m0ITY-

YUTh TYPOYJEHTHBIN PEXWUM, B ypaBHeHUEe ObLIN JI0OABJIEHBI HAKAYKA,

wk) = a /(2 — kD)2 — k) at k <k<k

= (0 otherwise .

1 3aTyXaHHe B MaJbIX k

va(k) = 0.5k°h(k/ka) ,

1 —2
h(z) = @exp[E)(l—x )], =<1,

h(z) = 1-— %exp[l/Q(l —zY], =z>1.
Boibop 4 ObLT cjiesiaH OXOXKKUM Ha 3aTyxaHue JIauaay B 1j1a3me; XOTst KOHKPeT-
ublii Buj h(x) He BaxkeH, juiib Ob1 h(x) — 0 npu GoIbIIHX .

Ha Pucynkax 3.6 u 3.7 npejicraBiieHbl pe3y/ibTaThl JijIs BapUAHTa HA CETKE
128 x128 c aw = 0.05, ky = 28, k, = 32 (ymepennas nakauka). 113 Pucynka 3.6 (d)
BHUJIHO, UTO KOHJIEHCAT TMOABJsAeTCd mocye t ~ 10 u B KOHIle KOHIIOB MOYJIN BCE
BOJIHBI (KBAHTBI, YaCTUIIbI) OKA3bIBAIOTCS B KOHJeHcaTe. 3jech Ny BHIUUCIIATICS
yCpeiHeHueM ) 1o Bceit 00J1aCTH, T.€. 3Ta BEJMINHA, [IPEJICTABJISIET KOI€PEHTHDIH
KoHjleHcaT. KopHeBoii pexkuM, Ny o< v/t HaunMHAeTCH, KOIJIA YMCJIO KBAHTOB B
KOHJICHCATE [IOYTH CDABHUBAETCSI C TIOJHBIM YUCJIOM KBaHTOB. (1ipu t &= 70) korja

/2

o -1
KOPpEeJIAInOHHbIN MacIrrabd T X~ NO CpaBHUBaAECTCA C JUCCUITAIIMOHHDBIM. ,ZLJIH

XapaKTePUCTUKU BHE-KOHJIEHCATHBIX (DIYKTyaIlit CTPOMJINCH KOPPEJISIIIHOHHBIE
dyHKIMH

Si(r) = ([w(x+r) — p(x)[).

YcpeiHeHne TPOU3BOMIIOCH IO X U BPEMEHH (10 HECKOJIbKUM 0Oe3pa3MepHbIM
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equauiiam ). Herpyuno Bujgers uz Pucynka 3.6 (a), 4To napHasi KOppesisiiiuoHHast
dbyHKIUST nMeeT JorapudpMUUECKyI0 aCUMITOTUKY Ha OOJILIIMX MacIITabax, Ha
BPEMEHAX, KO JIOCTUIAETCs CTAIMOHAPHBIA pexkuM (nocsie spemenu ¢t ~ 100

M3MEHeHUs S5; yxKe He BUIHbI Ha PucyHke 3.6). DTO COOTBETCTBYET CIEKTPY Ny, X

k2.

[lj1st TOro, 9TOOBI ONPEIeJINTh HACKOJIBKO BHE-KOHJIEHCATHBIE (DJIYKTYyaI[Uu OT-
KJIOHSIOTCsT OT ['ayCCOBOiM CTATUCTUKM MbI BBIYHC/ISLIA HOPMUPOBAHHBIE KOPPE-
nsanponnble bynkiuu 4-ro ("flatness")S, /S5 (nomKHa 6bITh paBHa 2 st Layc-
coBoii crarucruku) u 6-ro Sg/S3 (o/kna 6bTH pasHa 8 st Layccosoit craTu-
cruku) nopsako. "Flatness"pacrer no Bpemenu ¢ &~ 55 (korja OTHOCHTEIH-
HBIIl POCT KOHJEHCaTa Hachimaercs), a 3areMm "flatness"ymennmaercs. "Flat-
ness''mouTu onMHAKOBA Ha BCeX MacIiTabax mpw r > T, TAe KOPPEJSIHOHHAS

/2

~1
JuiiHa, 79 =~ Ny '~ YMEHBITIAeTCsT CO BpEMEHEM.

CralmoHapHbI# CIEKTp - CYIIECTBEHHO aHU30TPOIIEH, HECMOTPS Ha TO, YTO Ha-
KadKa M30TPOMHA. AHU30TPONHUS PACTET ¢ yMeHbieHneM k — cMm. Pucynok 3.7(a).
OTMmeTuM, 4TO B paMKax Teopuu cyaboit TypOyJeHTHOCTH KPYIMHOMACIITAOHBIM
PABHOBECHBI CIIEKTD YCTONYMB MO OTHOINEHHUIO K yTJIOBBIM BO3MYyIeHusM [167].
Hapyienue cummeTpun ke B pacCMaTPUBAEMOM CJIydae MOXKeT ObITh 00yCJIOB-
JIEHO HesMMHEeHHbIME 3¢ dekTamu (TakuMu Kak 00pa30BaHue KAHKOB) — CM. TaK-
ke Pucynok 3.8. Pucynku 3.7 u 3.8 JIeMOHCTPUPYIOT, YTO UMEETCS JiBA B3AaUMHO
IepIeHIMKYIISIPHBIX HalpaByierust, (oaHo npu ~ 30°) ¢ HanbOJIBIIUM U HAMMEHb-
UM ypoBHsiMEu (uiykTyanuii. [1lo mepBoMy HanpaBeHUIO CIEKTP MPAKTUIECKU

IJIOCKUH B MaJibIX k, a 3aTeM ChajaeT IPUOIM3UTENBHO KaK k3, 9To MOXKeT
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COOTBETCTBOBATH CIIEKTPY YJAapPHBIX BOJIH. Bojiee ciiabbie (pJIyKTyaIuu B reprieH-

JUKYJISPHOM HAIPABJICHAY CIAJAIOT Kak k2.

CyMMuDysi BBIIIEU3JIOXKEHHOE, MOXKHO IIPEJIITOJIOXKUTD, 9TO CUJIbHAs TypOy-
JIEHTHOCTDb BHEKOHIEHCATHBIX (DJIYKTYyaIil COCTOUT U3 KBA3U-OJITHOMEPHBIX CTPYK-

TYyp HAJOXKEHHBIX DOJIee-MeHee W30TPOITHBIE BOJTHBI.

Mt Toro, 4ToOBI HCCJIEI0BATh ACUMITOTHYECKUN DEXKUM (JH/IHeI'?IHbH'/’I pocT
YDOBHsI KOHJIEHCATA M CTAIIMOHAPHBIN yPOBeHb (hJIyKTyaluii) Ha GOJbIITUX BpeMe-
HaX OBLT IIPOBEJIEH YHCJIEHHBIN 9KCIePUMEHT Ha HeOOJIbIIOoli ceTke, 32 X 32 ¢ o =
0.05,k; = 6, k., = 10 — cm. Pucynok 3.9. OTmeTnMm, 410 mapaMeTp HEJUHEHHOCTH
H,/Hy 661 Hamuoro 6odibiiie 1 korya (uryKTyanuu ObLIM CTAIMOHAPHBI, B TO
Bpemst Kak ornotenue N2 /2SH (S = 47 wouaap obactu ) 0cTaBajoch 1o-
psjika 1, Tak 9TO KOHJIEHCAT JAET IVIABHBIM BKJIaJ KaK B 9HEPrUiO, TaK U B YUCJIO
kBanToB. Ha Pucynke 3.9 (c) mpencrasiena rucrorpamma (bJIyKTyanui qucia
KBaHTOB BHE KOHJeHCaTa. CTaTuCTUKa BHEKOHIEHCATHBIX (DJIYKTYyaInit mpuMep-
1o [ayccosa Ha GosibInx BpeMeHax, Kak 31o Bu(Ho u3 Pucynkos 3.6(b) u 3.6(c),

XOTsI PEXKUM - CHJIBHOTYPOYJIEHTHBIIA.

Bt mocanTan emé ogne BapuaHT (3/1€Ch He TPEJICTABJIEH ), B KOTOPOM aMILIH-
TyJ/la HAKAIKHU ObLIa B JecATh pa3 Oouibiie. [Ipu Takumx ke BpeMeHax MOJIETHPO-
BaHus, ¢t ~ 400, MbI He OOHAPYKUJIN HUKAKUX IIPU3HAKOB PACTYIIEr0 KOHIEHCATa
U CTAIMOHAPHBIX (DIYKTyaKUil IPU KOHEYHBIX k. 3/1€Ch MOYKHO MPEJIITOJIOKHUTD,
YTO HAKAYKA, CHAYAJIA PUBOJIUT K CJIAOOTYypPOYJIEHTHOMY PEXKUMY, 3aT€M KOH,IeH-
caT WMeeT BpeMsi, YTOObl PA3BUTHCs, & 3aTE€M PACTYINUN KOHJIEHCAT BBIITOJIHSIET

poJib "croka'tpu k £ 0. A cauIIKOM CUJThbHAsT HAKAYKA [MPUBOJIUT K HECTAOMIIH-
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3UpyeMoii TypOYJIEHTHOCTH B MaJIbIM YPOBHEM KOHJIEHCATA.

Cutetytonuii BapuaHT, KA9eCTBEHHO OTINYAIOMMNACS OT TPEJICTABJICHHOTO HA
Pucynkax 3.6, 3.7 u 3.8, B KOTOpOM HaKadKa, HAXOIMWJACh JAJbIIe OT 00JacTh
nakauku. Ha Pucynkax 3.10 u 3.11 npejicraBiienbl jaHHble MOJEJUPOBAHUS C
a = 0.068,k; = 13, k. = 17. I'maBHasg pas3uuia B MOJOXKEHUN HAKAUKH, KOTO-
pas Teneph HaxoanTcs npu k, = 15. HauaapHbie ycaoBud n 3aTyxaHue - TaKue
ke, Kak Ha Pucynke 3.6. Takyke Kak u B CIydae CHJIBHONW HAKAYKU, CTAIMOHAP-
HOE COCTOSIHWE B KOHEUHBIX Kk He HabiromaeTcs (pacdersl Besuch Jo t =~ 70).
[TostHOE 9MCJIO KBAHTOB pacTeT SKCIIOHEHIMAJBHO O ¢ & 2, 3aTeM HACTyIaeT
npoMeskyTouHast cragus pocta N ~ t2. U naxoner npu ¢ ~ 50, poct N (1) BbIxO-
JIAT Ha JIMHEHHbIA 110 BpeMmenn N ~ t. Hucja 3amosHeHust ng pacryT B 00J1aCTh
MaJIbIX k U CTAOUIM3UPYIOTCA B 0OJIACTH HAKAYKHU, CIEKTD CIajaeT ObICTpee C
1oKazaTejieM cTereHu rnpumepHo 4.5 Ha Bpemenax t = 44. B Tedenue 310it 1mpo-
MEXKYTOYHOf cTajun KOHJeHcaT MaJ, cMm. Pucynok 3.10(a). U Tosmbko mocie ¢ >
50, KoHjieHcaT HaunHaeT pactu, otHomenune No/N diykryupyer okosio 1/3. 91o
3HAYAT, ITO Cpe/IHee 3HaUeHne ) MaJo, I B TOXKe BpeMsa Besuanna [(r)|? noun
nocrosinaa B mpocrpanctse, cM. Pucynkn 3.10 (b) m 3.11. Ho ecth Heckosbko
riry6okux munumyMoB y [¢]?(r) (kak Bugno uz Pucynka 3.10 (b) npu z ~ 2.1).
DTOT MEHEMYM, COOTBETCTBYT TEMHOMY COJIUTOHY, HJIX BEXPIO. ¢ B GOJIbIINHCTBE
IOCYUTAHHBIX BAPUAHTOB IOXOXKH Ha TO, 410 Ha Pucynke 3.11 (cpasuure ¢ Pu-
CYHKOM 3.8 Jijisi yMEPEHHOH HaKa4dKu ). XOPOIO BbIJHbI CTPYKTYPbI THUIIA KMHKOB
na npoduiisix Re W u Im 1) B 10 Bpemst kak || - nouru koucranra. Tor dakr, 410

baykryaruu |1 (r)|? B mpocTpancTBe MaJIbl, OTPAXKAeTCs TaKKe U Ha [OBeJIeHIN
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ornomtenuss N2 /2SH. Ono npubmmkaerca K 1, TakyKe Kak ¥ Jyls BApHAHTA Ha

Pucynke 3.9 (b).

3.3.3 3aknwyeHune

B zaksouenune oTMETUM, HAOTIONATIOCH JIBE KAUeCTBEHHO PA3TUIHBIX KOMITOHEH-
THI B TypOYJIEHTHOCTH HepaBHOBeCHOTO Boze-koHjeHcaTa. YMepeHHas HaKavKa,

MIPUBOJIUT
® K cja00TYypPOYJIEHTHOMY PEXKUMY B 00JIACTH HAKAYKH,

e 00paTHBIN KACKaI TPOU3BOIUT JIUHEHHO PACTYIIUI KOHJIEHCAT, KOTOPHIH cTa-
OusM3upyeT BHE-KOHJIEHCATHBIE (DJIYKTyaIluu, T.€. CJIy?KUT CTOKOM B TypOy-

JIEHTHOCTH, KOTOpasl CTalMOHApHA 1pu Beex k #£ 0.

Jpyrue pexXumbl, [IpU CUJIbHON HaKadke, IJie HapsiJly ¢ POCTOM KOHJIEHCATa

pactyT u Bce octasibHbie Pyphe-rapMOHUKK TPEOyeT JAJIHHEHIIIEro n3y YeHMs.

3.4 HeycTtoiiunBoctb n camogokycupoBka COJINTOHOB B

cCABUITOBOM I0TOKe

B pamkax 000011ieHHOTO AByMepHOro ypaBhuenus benpkamuna-OHO aHAJIATHUIE-
CKH ¥ YUCJIEHHO MMOKA3aHO, UYTO B IIPEJIEJIe MAJIOH BSI3KOCTH HEYCTORIMBOCTH OJI-
HOMEPHBIX JIJIMHHOBOJIHOBBIX COJIMTOHOB B MOI'PAHMYHOM CJIOE€ MPUBOIUT K HX
camMoOKyCHUpPOBKe ¥ KoJLIalcy. Halijiena TOYHAs BEPXHSSA IPAHUIA JIJIS [TOJIHOM

SHEPI'UU BO3MYIIEHHH, KOIJIa KOJIJIAIC BCe ellle HEeBO3MOXKEH M KOTJia, JiFoboe BO3-
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MyHmeHne aCUMIITOTUYECKHN NCYE3a€T C TECHEHNEM BPEMECHU. TeopeTquCKHe apea-

CKa3aHMsI HAXOJSATCS B KAYECTBEHHOM COIVIACHM C dKCIepuMeHTamu [22].

3.4.1 lNpepbicTopus

B HesmmHeHON aKyCTUKE UMEETCsT aHAJIOT CAMO(OKYCUPOBKH CBETA,. DTO KOJIJIATIC
AKYCTUYECKUX BOJIH C TOJIOXKUTETHHOU jucnepcuein [27] koropwiit MOXHO pac-
CMATPUBAThH KaK HeJIMHEHHAs cTaius HeycToanBocTu Kaomrena-IlerBuammpuiu
(KIT) ogromeproro comutona [20]. B otimtune ot camodokycnpoBKu cBeTa, MeXa-
au3M Kll-weycroitauBocTu u, cjie[oBaTeIbHO, KOJJIANCA AKYCTUIECKUX BOJTH CBSI-
3aH C YMEHBIIIEHNEM CKOPOCTH COJIMTOHA ¥ yBEJUYUHEHneM aMIinTyabl. Hecmor-
pst Ha (DUBUIECKOE PABJIMINE MEXK,1y CAMOCHOKYCUPOBKO# CBETA U aKyCTUIECKUM
KOJIJTAIICOM, 00a sIBJIEHUSI MOT'YT ObITh OIMHUCAHBI M, COOTBETCTBEHHO, O0bsICHEHBI
Ha OCHOBE ODIIEro raMmjibTOHOBOTO onucanus. C 9Toi TOUYKM 3peHusi, MPUINHA,
00pa30BaHusi 0OCOOEHHOCTH 33 KOHEUHOE BPEMSI - Ta, 2Ke caMas JJIs1 00EUX CUCTEM, a,
VMEHHO, OHA CBSI3aHA C HEOTPAHMIEHHOCTHIO ['aMuIbTORNA CHU3Y (KOTIa pyTrHe
MHBAPUAHTH 3aUKCUPOBAHDI, KOHCTAHTBI) U3-33 HEJMHEHHBIX 4jeHOB. B Heko-
TOPOM CMBICJIE KOJIJIAIIC MOYKHO PACCMAaTPUBATH KaK MaJIEHUE YACTUIBI B HEOTDa-
HUYEHHOM, CAMOCOTJIACOBaHHOM roTeHInasie. Ecin xxe ['aMusibToHnan orpaHndeH
CHU3Y, TOTJIa 9T HWKHSASA TPAHUIA COOTBETCTBYET CTAIIOMHAPHOMY PEIIEHUIO CO-
JIMTOHHOT'O THUIIa, HA& KOTOPM HEJIMHEHHOCTH W JMCIEPCHsT TOYHO KOMIIEHCHPYIOT
apyr jiyra. Corsacuo teopeme JIsiiyHOBa, Takue COJUTOHBI yeroiumBb [103].
BouiHOBbIE KOJLIAIICHI, KAK [IPABUJIO IIPUCYII MHOIOMEPHBIM CUCTEMaM (CM., Ha-

npumep, [12], [13]), a ycronuusbie coMUTOHHBIE pEIleHUsT OOBIYHO BCTPEUAIOTCS
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B OAHOMEPHOM CJIy4dae. STO CBsA3aHO C YBEJIMYEHHUEM BJIMAHUWSA HEJIMHEUHOCTHU C

POCTOM pa3MEpPHOCTH MPOCTPAHCTBA d.

B sTom pasjiesie MbI TOKaXkKeM KaKiuM 00Pa30oM 3TH OOIIHe apTyMeHThI JIeHCTRY-
IOT B KOHKPETHOM CJIydae MPHU ONMUCAHUYM HEJWHEHHON JUHAMWUKN JJIMHHOBOJIHO-
BBIX OCIUJIJISIIIMI B IOIPAHUYHOM CJIOE, B IIpe/Iesie MaJio Bs3kocTu. B maparpade
3.4.2 mpejcTaBeHa MOJENb - JIByMepHOe 0000IeHne ypaBHeHus beHpKaMuHa-
Ono, Buepsbie nojydenuoro B pabore [46]. B maparpade 3.4.3 obcyxpatorcst
o0IIe CBOWCTBA OJHO- W JBYMEPHBIX COJIMTOHOB, KOTOPHIE PACITPOCTPAHSIIOTCS B
[IOIPAHUYHOM CJIOE, U IPEJCTABJIAI0T coboii "3amemienusi" Ha cpegaem npodusie
ckopoctu. B cienyromem naparpade, 3.4.4 MbI IOKa3bIBa€M, ITO OJITHOMEDPHBIE CO-
JINTOHBI SIBJISIOTCSI YCTOMYMBBIMUA OTHOCHTEJIBHO OJHOMEDPHBIX K€ BO3MYIIEHUI,
HO HEYCTOWYIMBBI OTHOCUTEIHHO U3TMOHBIX BO3MYIICHHUIT (AHAJIOTHIHO aKyCTHYIe-
CKMM COJIUTOHAM). DTa HEYCTOUINBOCTD - (POKYCHPYIOIIETro THUIA, TPHBOISIIIAS
HA HEeJIMHEHHO# cTauu K pa30ueHnI0 COJIMTOHA Ha OTAE/IbHbIE KJIaCTePhl U J1aJIb-
Heiiieil camooKycupoBKe Kaxkjioro kjacrepa 3.4.5. B maparpade 3.4.6 Haii-
JIEHA TOYHAsSI BEPXHsIS T'PAHUIA JIJI SHEPIUU BO3MYIIEHUH, KOIJia KOJIJIAIC eré
HEBO3MOXKEH, U aCUMIITOTUIECKOE COCTOSTHUE Ha, OOJIBINUX BPEMEHAX JIUIIh YIITU-
psiercst u3-3a gucrnepcenn. [laparpad 3.4.7 MOCBSIIEH YUCIEHHOMY IKCIIEPUMEHTY.
U, nakowrer, B nocjemgreM maparpade TeOpeTudecKne U IMCJIEHHBIE Pe3yJIhTaThl
CPABHUBAIOTCS C AKCIIEPUMEHTAJbHBIMK JIAHHBIMUA O KOI'€PEHTHBIX CTPYKTYypax B

MOTPAHUIHOM CJioe [22].
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3.4.2 Mopenb

PaccMoTpuM ¢IBUTOBBIN MOTOK, MapaJlIeIbHBIN JIOCKUM CTEHKAM, C IIOCTOSTHHOM
(o Bpemenu) ckopocrbio U, 3aBucsiiieii 0T HOPMaJbHON KOOpAMHATHI z. Mbl

IIPEJIIIoJIaraeM, 9To
o dyukius U(z) He umeer Tovyek neperuda,
e U crpemutcs K HEKOTOpoii KoHcTaHTe Uy pu 2 — 00 U
e niepsast npoussojHas U’ B Touke z = 0 nosioxuresnnbua, U'(0) > 0.

Taxkoit mpoduib ckopoctu U(z) crarpuoHapeH JIUIID JJis UAeATbHOM KUTKOCTH,
T. B paMKax ypaBHeHust Jdisiepa. Jlaxke jurst MaJIOil BSI3KOCTH OH y»Ke HE CTalld-
OHAPEH: MOTPAHUYHBINA CJIOH CTAHOBUTCSI TYPOYJIEHTHBIM, HO CpeJHee 3HAYCHUE
ckopocru U (z) Bejer cebs Takxe.

PaccMorpuM HE3KOYACTOTHBIE KOJICOaHUsT (C JUIMHOM BOJIHBL A > h ), cunTas
1X HEB3aUMO/IEHCTBYOIIMME C BLICOKOYACTOTHBIMK (DIIyKTyarusiMu. B aTom ciry-
yae JJIsi HU3KOYACTOTBIX JBMXKEHHH MOXKHO KCIIOJIH30BATh ypaBHEHHE Jdilyepa.
Bausinne Bss3kocTu OyeT MaJjibIM, Re!ls CpaBHEHWU C JIUCIIEPCUEN OCIIAJIISIIII
B MOIPAHUYHOM cJjoe. B ciaboHenHeiiHOM HNpUOJIMKEHUN ypaBHEHUE IS aM-

ity el A(z,y, 1) HE3KOIACTOTHBIX KOJeOaHU MOXKET ObLIO MoJydeHo B [46]

13 ypaBHEeHusT Jitaepa:

0A 0 -

— + U'(0)AA, + Uyh—kA =0 3.22

gr U0 AA A+ Uohg (3.22)
rie h = Uy/U'(0). @ypbe-nipeobpasoBatue MHTEIPAJILHONO OlepaTOpa k a0

k| = (k2 + k;)l/ 2, WI3-3a 9TOrO OHEpATOpa yPABHEHHE CTAHOBUTCS JBYMEPHBIM.
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B ojiHOMEpHOM e cjlydae 3TOT OIepaTop BbIpaXkaeTcs 4depe3 Mnpeodbpa3oBaHue

['mibbepTa H ,
ﬁw)_—PV/ KGO

o gl —x
CJIe Y IOIIUM 00Pa30M

A~

k=0,H.

3aBUCUMOCTb OT TPEThbell KOOPJMHATHI 2 B 9TOM YPaBHEHUU OTCYTCTBYET, IIO-
CKOJIBKY B TJIABHOM TOPsiJIKe (DIyKTYaIMH CKOPOCTH BJIOJb MOTOKa (TapaiiesTh-

HOTO ) BBIPAXKAIOTCS Yepe3 aMIUUTyLy A ciemyionmmM o6pa3om
vy & Az, y, H)U'(2). (3.23)

JIBe apyrue KOMIOHEHTBI - MaJIbl 110 CPABHEHUIO C HEil.

Ypasuenue (3.22) 6bu10 nostyueno [pupoii B [46]. OHo siBisieTcst By MEpHBIM
0bobiennem usBecTHOro ypasuenusi Benpxkamuna-Ono (BO), ommcbiBaiomiero
JUINHHBIE BOJIHBI B CTpaTH(UIUPOBAHHON Kuakoctu. Cleayer OTMETHTb, 9TO
OI00HOE yPaBHEHNE, YIUTHIBAIONIEE MAJYIO BAZKOCTH, OBLIO TOJYyYeHO B PaboTe
[7].

Vpagrnenue (3.22) zamucano ¢ rounoctsio (kh)3. B cieytomem nopsijike y qa-
crorbl w = Uphk,|k| nosisnsiercs manmast wacts ~ (kh)?3, koropast obecrieunsaer
muccnnanyio. [1osromy, 06 3THX OCHMIIANUAX MOXKHO TOBOPUTH KAK O KBA3H-
MOJIax, He TpoTUBOpedalnux obieil reopeme Pasiesi cm., manpumep, [32], [33]).
CoryiacHO 3TOi Teopeme, CABUTOBOE TeueHne ¢ npoduaeM CKOpocTh 6e3 mepery-
6a, MHelinast ClieKTpaJibHas MpobJieMa He MMEET CBSI3aHHBIX COCTOSTHU, & TOJIbKO

HEeIPEePLIBHBIN CIEKTP.
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ObcyxkmaeMbie 37€Ch KBA3U-MObI JeACTBUTEIHLHO SIBJISIIOTCS JIJIMHHOBOJIHOBBI-
MU TaKeTaM¥ COOCTBEHHBIX MOJ[ U3 HENPEPBIBHOIO CIEKTpa (CM. TojipobHee B
[46]). D1u KBa3U-MOBI BejyT cebsi KAK BOJHBI C JIUCHEPCHEH U CIabbiM 3aTy-
xaHueM. [loaTomy Hesubelinble 3¢ DeKThl, 00CyK1aeMble HIXKE, aHAJOIUYHBI,
HAIIPUMEDP, aKyCTHYECKUM BOJHAM CO CJaaboit jaucrepcueit. Tak>ke BaXXHO, 4TO
ypasuenue (3.22) He moApasyMmMeBaeT MaJOCTH OTHOUIeHus ky,/k,, 110, HaobO-
pot, umeer mecto Jiisi ypapaenusi Kajgoumresa-Ilersuamsuiu [20]. Dro cBsi3ano
CO CTPYKTYPOil HU3KOYACTOTHBIX KBa3nu-Moj. [lomepednast KoMmoHeHTa DJIyKTY-
aruii CKOPOCTH JIJIst ITUX MO/ MAJIBI 110 CPABHEHUIO C TIPOJIOJIbHBIMY, [46]. Anasio-
IUYHAST CUTYaldsl KMEET MECTO JIJIi MOHHO-aKyCTUIECKUX BOJIH B 3aMarHUIEHOM
IJ1a3Me, IJIe MOHbI JBUTAOTCSI B OCHOBHOM BJIOJIb BHEIIHEIO MAarHUTHOIO IIOJIS,
[166], a Tak>ke Jyisi TPABUTAIMOHHBIX BOJIH HA MEJIKOH BOJIE, KOTJIA IPOJOJIbHAS
KOMIIOHEHTa, CKOPOCTH MHOTO 00JIbIle, YeM BepTuKajbHas. OIHOMEPHOCTD HEJIN-
Hefinoro wiena ~ AA, B ypasuenuu (3.22) u 00bsICHSETCS TaKOH CTPYKTYDPOi

MO/I.

3.4.3 ConntoHblI N NX CBOMCTBA

OO6bIYHBIM MacIITaOHBIM IIPeobpPa30BAHIEM
¥ — —rh, t—t/U(0), A— —6hu (3.24)

ypaBHen#ue (3.22) MoxeT ObITh MEPENncano B CTaHIapTHOM (JJisi ypaBHeHust BeHpraMuHa-

Ono) Buje:
d » 0 0H
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rae ['amuiabToHnan ecThb

1
H=-I—I.
gi1 — 42

31ech
I = /u/%udf, I, = /ugdﬁ
Kpowme l'amunbronnana H, ypasraenue (3.25) coxpaHseT IpyTrue HHTEIPATIBL: HM-

mysse P ¢ KOMIOHeHTaMH
P, =1/2 / wdr, P, =1/2 / ud,dr,  ¢p = u,
"maccy'"na quHUEM y = const,

M(y) = /udx,

u nearp "macc",

/Fud?— 6 P,nt = const,

rjie 7 e JMHUYHBIA BeKTOP BJIOJIb OCH X. B 4acTHOCTH, U3 MOCJIEeIHEr0 HHTErpaJIa,
caenyer, 9To IMeHTp 'Macc'IBUXKeTcsT BIOJL OCH T ¢ MOCTOSIHHONW CKOPOCTBLIO.
[TosTOMY €CTeCTBEHHO MCKATh COJIMTOHHOE pEIleHHe, IBUXKYLIEECs BIOJb OCH X
B BUJIE

u=us(x—Vt,y). (3.26)
Dopma COIUTOHA OLUPEJEIISETCs yPABHEHHEM
—Vu, — ku, 4 3u? = 0. (3.27)

st ojiHOMEpHOTO cotydast perienue ypaBHenusi (3.27) U3BECTHO, €ro sIBHBIN BUJL

2V
3(22V2+1)

(V > 0). (3.28)

Us =
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B aBymepHOoM ciydae ypastenue (3.27) umeer 6osiee MUPOKUIT KJIACC PEIICHUI.
31ech HAC MHTEPECYET TOJHKO COJUTOH OCHOBHOTO COCTOSIHWSI, aKCHAJhHO CHUM-
MeTpUYHOE periierue ypasrenus (3.27) 6e3 nyseii. Takoe perenue 66110 HafieHO
ancieHno B pabore [1].

3/1ech BaXXHO OTMETHTDb, YTO CKOPOCTDH JBYMEPHOI'O COJUTOHA, TaK K€ KaK 1
ero aMILIUTY/Ia - [OJOXKUTEIbHbIE BEIMYUHbLIL. B GU3HUeCKUX NEepEeMEHHBIX, U
OJTHOMEDHBIK ¥ JIByMEDHbIE COJIMTOHBI, KaK 9TO CJIeayeT u3 3aMmeHsl (3.24), nBu-
rafoTCsl MPOTHUB TEYEHUsI ¥ WMEIOT OTPULATEIbHYI0 aMIIATYILY. JTO O3HAYAET,
YTO B PeaJibHOM TEUYEHWH COJUTOHBI BBITVISAAT Kak " nbipku' Ha npoduse cKopo-
ctu. VIMEHHO 1109TOMY OHM OHU JIBHXKYTCSI M€JIJIEHHEee OCHOBHOI'O 1oTOKa. Korja

aAMILTUTY 18 COJIUTOHA PACTET, €0 CKOPOCTD I1a/1aeT, 1 HaoOOpOT.

[TostyunM HEKOTOpPBIE MHTErPAJIbHbIE COOTHOMIEHUS JIJIsI COJTUTOHHBIX PeIleHuit
ypaBrenusi (3.26), HeOOXOMMBbIX Jilst JaJjibHeliero paceMorpenus. [Ipejicraum

(3.27) B BapuanOHHOM BH/IE

)
_.H Px — .
5u( +VP)=0

Cosurown (3.27) sBastercst cranuonapHoit Toukoit [amunbronnana H tpu dbukcu-
poBannoMm P, = P. FEciu cosmron peasusyer MunuMmyMm H, Torja oH ycToid4uB

110 JIstiyHOBY.

Paccmorpum macitabnoe mpeobpasoBanne, coxpansioriee P,

us(F) — #us(f/a). (3.29)

[Ipu sToMm npeobpasoBanun ['amunbronnan H craHoBuTCA (DyHKIHEHR MacCIITaO-
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HOTI'O IlapaMeTpa a,
[15 [25

3/iech U jajiee WHIEKC S O3HAYAET BEJMUWHY WHTETPAJIOB HA COJMTOHHOM pe-
menun. HerpyHo Bujerb, 4ro B ojHOMEpHOM ciydae H(a) umeer munumym,

COOTBETCTBYIOIIHUI COJUTOHHOMY perenuto (3.28),

1
H,in = —5113- (3.31)

Kpome 1010, u3 04€BUIHOIO PaBEHCTBA,

OH

=)

da a=1
MO2KHO HOﬂquTb

I, = dls;. (3.32)

Yumuoxast 3arem (3.27) Ha Ug U UHTErPUPYIO 1O T, MOXKHO HOJIyYUTh €IE OJHO

cooTHoIIeHne Mexxay I u log:
—2VP,s — s+ 315 = 0. (3.33)
CaenoBarennro, st d = 1 umeem
Iis = Ips = V Py

nJjim

1
Hy = —5V Py, (3.34)

st nByMepHOTO »Ke ciaydasi, [aMuIbTOHNaH Ha COJUTOHHOM PEIeHuN TOXK e~
CTBEHHO DaBeH HyJIi0 B cuity coorHomenust (3.32). Eciu B HaYaJIbHBIX yCJIOBHSIX

I, > I, rorma (mpu d = 2), B coorBerctBuu ¢ (3.30), oH Oymer HeorpaHwdeH
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cumsy npu a — 0. B nporuBonosoxuom ciaydae, [; > Io, l'amuabronnan Oymer
OrpaHUYeH CHU3Y.

Hasiee moKakeM, 4TO Ha COJIMTOHHOM pertennu (3.28) jocTUraeTcss TOYHBII
mMuHEMyM H B Kjacce OJHOMEPHBIX (DYHKIMI MPUHAIIEXKAIINX IPOCTPAHCTBY

W21/2 ¢ HOpMO¥i
||| = (/u2dx + /ul%udx)l/z.

st sTOrO0 HCnosb3yeM HepaBeHCTBO [121], ciefyroree U3 TEOPEMbl BIIOKEHUS

JUISL TIPOCTPAHCTB W21 2y Ls:
[utar<c(f u/%udf)d/ i (/ uzdf)%d (3.35)
IJIe HauiIydias KoncTanTa C' olpeiesisieTcst KaK BEPXHAsS I'PAHUNA (DYHKIMOHAJIA
F = /u?’df (/ u/%udf) i (/ U2d77)% : (3.36)

OTmernM, 4TO, BO-IEPBBIX, sup [’ gocTuraercs Ha aKCHAJIHLHO CHUMMETPUIHOM
permenun 6e3 HyJsiei, u, BO-BTOPbIX, F', coryiacHo onpejesennio (3.36), siBisiercs
MHBAPUAHTHBIM 110 OTHOIICHWIO K MACIITaOMPOBAHUIO KOOPAMHAT U u. B wgact-
HOCTH 3TO 3HAYUT, YTO ypaBHEHUE JJIsI CTallMHAPHON Touku F', T.e., ypaBHEHUE

Jlarpan>xa
or

o 0
ou ’

BCErJa MOXKeT ObITh IIPEJCTABIECHO B CJIEIYIOIMIEM BHU/IE
—Vu—ku+3u®>=0.

D10 ypaBHeHHUE COBIAIACT ¢ ypaBuenueM (3.27) st cosmronHoro pemienust. Cie-

JIOBATENIbHO, yIUThIBas (3.34), HepaBeHCTBO (3.35) /I OHOMEPHOTO CIIydast Ja-
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eT:

Py
I, < I*1))? 5 (3.37)

TS

[loncraBnsasa sty onenky B H u momaras P, = P, TpUXoauM K CJeIYIOINEMY

HepaBEeHCTRY s H,

H > H,+1/2(1}* = I, (3.38)

SIBJISTIOIIEMY Csl TOUHBIM JIJIsi OJHOMEPHOT'O COJIUTOHA. TaKuM 00pa3oM, B OJTHOMEp-
HOM CJiydae MUHUMYM H JOCTUTaeTCs Ha COJIMTOHHOM PEIIEHUU, U T€M CAMbIM
JIOKa3aHa €ro yCTOMYUBOCTh O OTHOIIEHUIO K MaJIbIM OJJTHOMEPHBIM BO3MYIIIEHU-
sIM. 37IeCh CJIeJIyeT OTMETUTh, YTO 3Ta, YCTONINBOCTD ObLIa, HE3aBUCUMO JOKA3aHa,

panee B pabore [154].

3.4.4 HeycTtoi4yuBOCTb OAHOMEPHOIO COJINTOHA

PaccmoTpum 3a/1adqy 0 HEYCTONYUBOCTH OJTHOMEPHOI'O COJTUTOHA MO OTHOIIEHUIO
K JIByMEPHBIM BO3MyIeHusiM. Byiem uckarh perenne ypapaenus (3.25) B Buje
u = ug(z') +u(2,y,t) (2 = x — Vi), nonaras Bo3mymienne v MaJbIM 110
CPaBHEHUIO C U,. llocje Juanepusanuu MOJydaeM CIEKTPAJbHYIO 3aJa9y st

aMILJIUTY/IbI ),

0

ok —ko)y = 0. (3.39)

, 0
—iw + Lo —
ox
rie u' v 1) CBsI3aHbI CJeJLYIOIUM 00Pa3oM

/

u' = (x') exp(—iwt + ik,y)
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3/1eCh BBEJIEHDBI CJIEIYIONHE 0003HATEHUST

A~

Ly=-V —ko+6us k*=k2+ks, ko=—0,H.

JeficTBysl aHAJOTUIHO pabore 29|, GyjeM HCKAThH pelleHue CIeKTPAIbHO 3a-
Aaqu B JMHHOBOIHOBOM mpegee (e = k,V < 1). Paznoxum ¢ u w B psajg 1o

CTeTeHsIM MaJIoro TapaMeTpa €, ToJarasi:
¢:¢0+6w1—|—62¢2+..., w:ew1+e2w2—|—....
B ryiaBHOM HOpsijiKe 1IOJIydaeM
8a:LowO = 0.

OJ1HO M3 pellleHuit 3TOro ypaBHEHUS yKe U3BECTHO. DTO HeHTpaJbHasI MOJIA 1y =
Ous/Ox, COOTBETCTBYIOIAS CIABUIY COJUTOHA.

Cremyroluii OpsiJIOK 110 € JIaeT

0
_iwaxus + —L0¢1 =0,
Ox

njin

—iwug + Loy = 0. (340)

Huddepenrupys ypasaenue (3.27) mo V,

Ous
—Us—f-Lo% =0,

¥ CPaBHUBAs TOJyIeHHBIH pe3ybraT ¢ (3.40), mosydaem

. Oug
Y = —iw Ve

(3.41)
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B ciuenyromem nopsiyike 1o € u3 (3.39) ciueyer
k2 .
_Z‘W@/)l — %H?ﬂo = —(93;L0¢2. (342)

YcoBue pa3permuMOCTH JJIst 3TOTO YPABHEHUS OIPEJIeIsieT COOTHOIIEHUE MEXK Ty
w ¥ ky. IT00OBI €ro moJy4YuTh, HEOOXOANMO YMHOKNUTL CKaJISIPHO CJleBa Ha cob-
cTBeHHyI0 (ByHKImIO P oneparopa, conpsizkeHHoro K 0, L, ¢ HyJieBbIM COOCTBEH-
HBIM 9IHCJIOM (JIErKO MoKa3aTh, 9To Py = uy). [locsie HECTOKHBIX BBIYUCIIEHUI,
yanTbiBas (3.32) u (3.34), mosydaeMm HEyCTORYHUBOCTH OJIHOMEPHOIO COJUTOHA, 110
OTHOIIIEHUIO K U3rMOHBIM BO3MYIIEHUSM €ro (PpOHTA:

5 _k§V2

W= = <0, (3.43)

CMBICTI 3TOi HEYCTOWIMBOCTH - TAKOM 2Ke KaK U JIij1s1 HeycToitunBocT KaomiieBa-
[TeTBuanBuIn JJist aKyCTUIECKOTO COJTUTOHA B CPEJIE C MOJIOXKUTEJILHON JUCTIEp-
cueit [20]. Kak Oyer nokasano B naparpade 3.4.3, CKOPOCTb COJUTOHA yMEHbIIIA-
€TCsI ¢ POCTOM ero aMILIATY/bl. [IoaToMy 0bstacTi, B KOTOPBIX IOMEpPEeUHas MOJLY-
JIIS TIPUBOJNAT K YMEHBIIEHUIO aMILIUTYIbI, JIBUXKYTCS ObICTpee, 1eM 00J1acTh

¢ BOJIBINTOH aAMIIUTYION. DTO HEYCTONIUBOCTH CAMO(OKYCHPOBOIHOTO THIIA.

3.4.5 Konnanc

Pazsurue neycroiuupocru (3.43) J0JDKHO MPUBOAUTL PA3OUEHUIO COJIMTOHA HA
OT/leJIbHBIE KJIacTepbl. JI0BOJILHO OYEBUJIHO, UTO JIJIsI BOJHOBBLIX 4uces k, 60Jb-
KX, YeM ODpaTHBIi XapaKTepHbIil pasMep COJUTOHa V| HeyCTOMYMBOCTD JOJI¥K-
Ha OTCYTCTBOBaThH. Makcumym ke mnkpementa (3.43) maxogurest mpu ky, o< V.
U ciejoBare/bHO pasMep KJacTepa JIOJIZKEeH ObITh 10psijIKa pa3Mepa CaMoro o/l

HOMEPHOTO cojiuToHa. [locse pas3buenus Ha OT/EJbHBIE KJIACTEPbl, HEJUHERHAS
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JMHAMUAKa CACTEMBbI OyJIeT ONpEeIeSIAThCS y>Ke MOBeJeHueM KJacTepoB. Kakosa
Ke JaJibHedrmas cyanba KiacTepoB? 37ech UMEeTCsT HECKOJhKO BO3MOXKHOCTEIA.
ITepBasi, 310 oOpasoBanue cojiuTona. Ho 3T0 nmpoTuBOpednT COXpaHEHHUIO SHEP-
run. s qBymepHOro cojuToHa ['aMuabTOHMAH paBeH HYJIIO, a JJisd OJHOMEPHO-
ro - OH orpuiarTeseH. Takum obpaszoMm, (POPMUPOBAHKUE COJUTOHA B PE3YJIHTATE
9BOJIIOIMH KJIACTEPA BBITVIAIAT MasoBeposTHbIM. [1o Toil »ke camoit mpuaunse (co-
XPAHEHUE JHEPIUU) KJACTED HE MOXKET MCYE3HYTb, TAK KAK TEYEHHE C MAJIbIMU

AMIVINTYJJaMW UMEECT [OJIOXKUTEJIbHBIN ['aMuiIbTOHnaH.

C apyroit cTOpOHBI, KaK ObLIO MOKa3aHo B naparpade 3.4.3, B IByMEPHOM CJIy-
YJae C OTPUIATEIbHBIM ['aMUJIBTOHUAHOM, TAKOE COCTOSTHME HEOTPDAHWYEHO CHUBY
Ipu MaciTabHOM Ipeodpa3oBanuu, Korja mnapamerp ¢ — (. 9To 3HAYUT, YTO
KOJLJIATIC KJytacTepa Oosiee BepositeH. C TOUKM 3peHMsT 3aKOHA COXPAHEHUS dHEp-
WU, 3TOT MPOIECC BO3MOXKeH. KOHETHO, BaXKHO TaK»Ke YIUTHIBATH U W3JIyIeHNE

BOJIH MaJIO# aMIUIUTY/Ibl U3 KJIACTEPA.

[TocmoTpuM Ha CBOMCTBA MACIITAOHOTO TPe0dPa30BaHus CHCTEMBI (3.25) ¢ Apy-
roit cropoubl. B nmBymeprom ciydae amuiabronnan ypasaenus (3.25) mpu Mac-
mmrabroM mpeobpasoBanun (3.29) Besger cebsi TakkKe, KaK B JBYMEDHOM ypaB-
wennu lpepuurepa (HYI), B dokycupyromem ciaydae. [yiaBaast ocobeHHOCH
HVIII, uro 3T0 ypaBHEHUE ONMKUCHIBACT KpUTHIeCKuil Kostamc. st 6osee ciaaboii
HEJIMHEHHOCTH, UM MEHBINEH pa3MepHOCTH MPOCTPAHCTBA, KOJIJIAIC CTAHOBUTCS
HEBO3MOXKHBIM. OH CTAHOBUTCSI BO3MOXKHBIM HaumHasi ¢ d = 2. B maparpade
3.4.3 ObLI0 noKazaHo, 4ro ['amuibronuad npu d = 1 orpaHuyYeH CHU3Y, U KOJI-

JIAIIC 1IO3TOMY HeBo3MOxKeH. st caydas ke d = 3, 4jaen ['amuibToHMaHA, OT-
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BevaoIuil 3a HeJMHeRHOCTh, (H;y = —I3), obecnieunBaer neorpanudeHoctb H
cumsy npu a — 0, Kak 910 BuHO n3 (3.30) ecam Tonbko [ > 0. B a10M cMmbIcie
JaBymepHoe ypapaenune benpkamuaa-OHO TaK>Ke SBJISIETCs TOIPAHUIHBIM, KaK 1
jaymepubiit HYII. M MoxKHO ero Tak»ke CUUTATh KPUTUIECKONR MOJIENBIO. 3/1eCh
caejlyer BCOMHUTH, 410 B Kpurudeckom HVYIIL (cm., wanpumep, [174]) dopma
KOJJIAIICUPYIONIE CTPYKTYPhI IPAKTUIECKU COBIBIAET ¢ (POPMOi JIBYyMEPHOI'O
cosurona. [Toaromy u juisi jgBymeproro ypashenust Benjpkamuna-Ouno (1o aHa-
gorur ¢ HYIID) mMoxkHO OXKumaTh TaKOro ke moBejeHus. JIerko BUJETH, 9TO
ypaBrenue (3.25) J0IycKaeT aBTOMOJEIbHOE KOJUIAICHPYIOIiee pernenne (Tod-

Hee 10JICTAHOBKY ) BUJIA

1 < o T
A )
rje [ onpejnessiercss ypaBHEHUEM
~ 0 -
—1/2f+ €N + 5 O e+ 6f 2 ol =0

Ha sTom periernn P, uMerominii CMbICJI SHEPIUK BO3MYyIeHui, KoneueH. O HAKO,
3jiech aHaJiorus ¢ asymepubiM HVYII 3akanumBaercs. B yacrtoctu, He ymaércs

[OJIyYUTh aHAJIOI TEOPEMbI BUpHaJIa, Kak 910 umeer mecto st HYIIT [153].

3.4.6 O nopore konnanca

Tem He Menee, Jyisi HEKOJIANICUPYIOIIEro cekropa (Tak »xke Kak u jyisi HYIII
[174, 153]) MoxkHO HATH KPUTHYECKYIO 9HEPTUIO P .., HUXKE KOTOPOH KOJIATIC
HeBO3MOXKeH. Kak Oyzer 1moka3aHo Jjasee, BeludnHa P, ., olpeaesseTcs OCHOB-

HBIM COJIMTOHHBIM COCTOsiHMeM. BakHo, 4To 9Ta sHeprus He 3aBucut ot V. Jleii-
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CTBUTEJILHO, coryiacHo (3.27),

us(r) = Vyg(&), &=7/V

rjie g MHOoJ4YUHACTCHA YPaBHEHUIO
—g—keg +3g>=0. (3.44)

[TosTomy
]. 2 -
Px,cr = i/g <£)d£

[Tokaxxem, ato npu P, < P, .., FaMuibTonNaH OrpanudeH CHU3Y W €r0 HUKHASA

I'PAHUIA, PABHA HYJIIO, U JIOCTUIAETCsI HA PacipejeeHur, B KoropoM [ ukudr —
0.

Hcnosbayem HepaeHcTBO (3.37) U onpejiesum Hawsy iy Koucranty C' st
d = 2. Yuurbias coorromenue (3.44) Bmecro (3.36), nosydaem juist JiByMEPHOIO

ciiydad

/u?’dr < % (/ ung’)_l/Q (/ u2dr>l/2/ul%udr.

[ToncTaBass 310 HEpaBeHCTBO B H ,

P\ 2 )
1_(Rw) ]/ummr (3.45)

nosryvaeM, 9To I'amunbronnan npu dukcupoaniom P, < P, . OrpaHuydeH CHU-

H>!
-2

3y, ¥ €r0 HUXKHsisl TPAHMUIIA JIOCTUTAETCs Ha perernsx co cpegaanm (k) — 0. Do
¥ O3HA4aeT, YTO JIf HadasbHbIX ycjosuil ¢ P, < P, . pacupejesnenue Oyjer

PacCIlJIbIBATbCA U3-3a JUCIIEPCHUU U aCHUMIITOTUYECKH MCYE3aTh.
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3.4.7 HYuncneHHbIVi 3KCNEPUMEHT

OcHoBHasT TPYJHOCTh YMCJIEHHOTO MOJEJMPOBaHus ypaBHeHust (3.25) cBsizaHa ¢
TE€M, 9TO KaK COJIMTOHBI, TAK U KOJIJIAICHPYIOIIUE KJIACTEPHI UMEIOT MEIJICHHO
CIAJIAONINE XBOCTBI. DTO TPeOyeT JOCTATOYHO OOJIBIIYIO 0BJIACTD (MU MEJTKYIO
Pa3HOCTHYIO CETKY ), 4T0ObI 0becrednTh yObIBAHUE XBOCTOB K TPAHUIIE MOJEJIHPO-
BaHus. B pacuerax ucnosbzoBasiack Jlopennesa u ['ayccoBa dpopma i HaYAb-
HON aMILTATYIBI CKOpOCTH u(r,t) ¢ XapaKTepHbIM Oe3pa3MepHbIM pasMepom(?)
nopsiyika 1, a pasmep obsactu MojenupoBanust L obut 327mx327. Ha macitabax
mopsijika 1, HeoOXOIMMO XOpOoIee pas3pereHne COJUTOTa, TaK ITO UUCTIO Y3JIOB
ceTku ObLTO BeIOpano H12x512. Vcnonb30Bainch J1Ba, THITA, TPAHUIHBIX YCIOBUIA.
[TepBoiit - meprogudeckue MO 060UM TepeMeHHbIM. Bropoit - (/7151 Toro 4TobbI
obecriednTh uzsydeHue u3 obaactu) "morsomaonye"” , Ipu KOTOPBIX YKe He CO-
xpanstercst uu H wu P,. (Brepsbie Takasi ujesi npuMesijiach B YMCJIEHHOM MO-
JIEJIMPOBAHMY KOJLJIAIICA JJIsi TPEXMEPHOI'o KOJLIalca B ypaBHeHun Kajomiesa-
[Tersuamsuiu |27, 26]). I'panudtbie yciaoBust ObLIH BHIOPAHBI IEPUOAUIECKUMU

o Yy u
U|z—o = ku|y—o = kul,—p = 0.
Huist ynobersa ypasHenue (3.25) peniajoch B JBUXKYIIEHCsS cUCTEMe 0TCUeTa, TJIe

KOJLJIAIICUPYIOMIKH KJIACTEP HEIOIBUXKEH, WK JBUTAETCS MejieHHO. T.e. haKkTu-

YECKMN YHCJIEHHO PEIIaJiOCh YpaBHEHUE

0 -
u — Vu, = %ku — but, (3.46)
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Bnech V(t) BoiOupassach YMCIEHHO HA KaXKJIOM IMATE 10 BPEMEHH, ITOObI MOJI-
JIepXKUBATH MUK KOJLJIAICA B IIEHTPE 00JIACTH MOJCIUPOBAHUS.
[Ipumensinace crangapraas cxema Jlakca-Benjpoda, juist ypasuenus (3.46) 3a-

IIMCaHHOI'O B JUBEPI'€HTHOM BHJIE:
u + F, = 0. (3.47)

Buech norok F = —Vu — ku+ 3u?, ¥ MHTErpaJbHBIi OIMepPaToOp ku BBrOECIISIICS
CTIEKTPAJIHHBIM METOJIOM.
UcciepoBaucs jaBe npobdJieMbi:
I) ITopor meycroiitmBocTn Jyist HAYAJBHBIX yeaoBuit BOm3u H = 0.
JList 3TUX BapuMaHTOB KCIOJIb30BaJach JIopeniiesa opMa, jisi HadaJbHbBIX YCJIO-

BUU
_ 2/3|V
" S T W+ V)

N3menenuem V' MOXKHO I[IOJIYYUTDb KaK IIOJIOXKHUTEJIbHOE, TaK U OTPpUIATECJIbHOE

sHauenue H. Jlna Bcex HadaJbHBIX ycqosuit ¢ P, > P, u H < 0 mabmogascs
koJsutanc. Kak Bugno u3 Pucynka 3.12, aMIiuTyna MuKa, KOTOPBI JBUXKETCS C
YCKOPEHHEM, yBEINIBACTCSA. 3aBUCHMOCTh OT BPEMEHM CKOPOCTH MHKa (IEHTpa
KoJutanca, cM. 3.46), nokasanubie Ha Pucynke 3.13 u Pucynke 3.12, moxoxu,
YTO CBUJIETEJIbCTBYET B I10JIb3Y aBTOMO/IEJILHOIO pexKuMa. VIMysbc BoJib OCH T,
BBIUKCJIEHHBIH 110 9eTBEPTHU 00JIACTU BOKPYT KOJLIAIICA, OCTAETCS IIOYTH ITOCTOSIH-
HBIM BO BCEX BapHaHTax ¢ orpunarejbubiM H. B To ke camoe Bpewmsi, ['aMuibTo-
HUAH TaK»Ke BhIYUCJIEHHBI [0 YeTBepTH 00sacT, ymeHbiaercs. (Pucynok 3.16),
9TO TOBOPHUT 00 M3JIydYeHUN dHEPruu, oTMedeHHOM B naparpade 3.4.5. C npubiiu-

JKeHWeM K IEHTPY KOJIJallca, aHU30TPOINS UCHE3AEeT, U paclpeesieHue BOIPyT
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[IEHTPA CTAHOBUTCS MoYTH cumMerpudnbiM (Pucynkn 3.14,3.15).

It wagasnbhbix yeaosuit ¢ P, < P, (H > 0) nabmoganach MeJieHHast
IBOJIIOIKST: PACIPEeICHNE U B IEHTPE MEJJIEHHO I1a/aeT. DBOJIIONUAS CIEKTPA,
ansa P, < P, . yKasblBaeT Ha lepepaclpejleleHue SHeprud B JJIMHHOBOJHOBBIE
MacIITabbl, YTO HAXOJUTCS B COMIACUH C OIEHKO# (3.45).

IT) HeycroiiauBoCcTh OAHOMEPHOIO COJIUTOHA.
B kadecTBe HAYAJbHBIX YCJIOBUN WCIOJb30BAJACH MEPUOAMIECKas HeJTUHeRHas

BOJIHA

ko sinh(k/V)

= — —1 3.48
() 3cosh(k/V) — cos(kx) (3.48)
BO3MYIIEHHAsI B [OIIEPEIHOM HAIIPABJICHUMN:
2
Uini(T,y) = up(T) [1 + 0.1cos (%)} : (3.49)
y

[Tepuoguueckast BosHa (3.48) ecrb TOYHOE pElIeHUE OJIHOMEPHOIO yPaBHEHWUsI
Bemmkamnua-Ono (3.25). Dra Bosma nepexogut B conuton (3.28) mpu k — 0.
B unciennom skcnepumente k = 0.0625, V' = 0.4 u pazmep 001aCTH MOJIEJIAPO-
BaHUSI, €CTECTBEHHO COBIIJAJI C TIEPUOJOM BOJIHBI. ['amMuibronunan H ¢ Takumu
napamerpamu ObL1 paBen —(0.668. Ha Pucynke 3.15 n3obpazkeH mpoduib CKO-
poctu ipu y = 0 u Bpemenu 1 = 45. BpeMeHHas 3BOJIONUS JUHUN YPOBHSI
u(x,y) nokazana Ha Pucynke 3.17. Jlerko BujieTh, Kak MOSIBJSTIOTCS KJIACTEPHI.

Crabuyimzanusi pocTa KJIaCTEPOB HE HADJIIOIAJIACD.

3.4.8 Pemapku

3/1€Cb Mbl XOTHM ODDPATUTHCS K IKCIEPUMEHTAJIbHOU pabore [22], B koTOPOIL

CYMMHUPOBaHbI MHOI'OJIETHUE PE3YJIbTAThI HCCJIE€N0BaHKA 'EHEPALIM KOI'€PEHTHDBIX
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CTPYKTYD B IIOIPAHUYHOM CJIoe BUOpupYytoIeil rmiacturoit (cm. takxke [60], [21]).
CorsacHO 9THM JAHHBIM, Ha HAYAJHHOW CTAIUU TEHEPSITCS OJHOMEPHBIE COJTUTO-
Hbl, 3aTeM (Ha DOJIBIIUX PACCTOSHUSIX OT Kpasi MJIACTHHbBI) OJIHOMEPHbBIE COJIUTO-
HBI JEMOHCTPUPYIOT HEYCTORAINBOCTD, ¥ PACIAIAIOTCS Ha NI, T.€. JIOKAJIU-
30BaHHBIE TPEXMEPHBIE KOPePEHTHBIE CTPYKTYPbl. Ha erié 00IbInx paccTosiHusIX
OT TJTACTUHBI HAOJIOaeTcsd caMOMOKYCUPOBKa 3TUX CTPYKTYp. U 3aTem mpouc-
XOJUT 00pa30BaHuE BUXPEH U UX Pa3jie/IeHuE.

Teopust 1 YUCTEHHDBIN SKCIEPUMEHT, [IPEICTABICHHLIE B 9TOM pazjese 3.4, 00b-
SICHSIFOT 9TH SKIEPUMEThI BILIOTH J0 OOpas3sOBaHMsSI BUXPEi, KOIVa ypaBHEHHE
(3.25) cranoBuTCst HEpUMEHUMbBIM. JI0 9TOro OBLIO HESICHO, IPUMEHUMO JI OHO
JUUTST KOJIMIECTBEHHOT'O OIUCAHUSI SKCIEPUMEHTA, XOTsI CPABHEHNE TEOPETUICCKUX
PEe3yJIbTATOB OCHOBAHHBIX Ha aHaJM3e OJHOMEPHON Mojesu (3.25), ciesaHHoe B
pabote [7], nmokazaJjo xoporiee COOTBETCTBUE ¢ IKCIEPUMEHTOM.

3/1eCh K€ TOKA3aHO, 9TO UMEETCSI COIJIACUEe MEXK/Ly IKCIEPUMEHTOM U TEOpuei
1 YKMCJIEHHBIM 9KCIIEPUMEHTOM IIPECTABJIEHHBIMI B 9TOM pPaselie.

U makorer, XOTeJI0Ch ObI OTBETUTH Ha, BOIIPOC, IIOYEMY BO BMOTHX JPYIHX IKC-
IEPUMEHTaX B IOI'PAHUYHOM CJIO€ CaMOMOKYCHPOBKa, COJUTOHOB He HaDJIIOa-
JIaCh, WJIM HE pa3JjinvaJjach Ha (poHe TypOyJeHTHOTo myMa. [lo-Bugumomy, 3T0
O0'bSICHSIETCS TEM, YTO KOJUIAIC B IOIPAHUIHOM CJIOE€ BO3MOXKEH TOJILKO HAUMHASI
C HEKOTOPOI'O YPOBHS SHEPIHH UMITYJIbCA. A €Ciu ypOBeHb HEBBICOK, TO KOJLIAIC

OTCYTCTBY€T.
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15

17 1-

ﬂ/\/l\_—n&'}-rj M
R B 20 30 40 =

Puc. 3.4: @parMenTsl 3BOJIONMU pelieHus ypaBHenus it + ., + |[Y]*[(1 + 0.1|¢]?) /(1 +
0.51¢)] = 0 ¢ napamerpamu 1)y = 1, L = 40; spems t pasno 52,2 (a), 765,4

(0)
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Puc. 3.5: ®parMenTsl 5BOJIIOLUN PeNeHnsl YPABHEHUST 1)y + Uy + Uy + |w\%w = 0 ¢ mapamer-
pamu g = 1, L =37,7; a -t = 13, |¥mae|? = 33,2; 6 - t = 277, |Ymas|* = 63,9; B -
t = 2681, |Ymas|? = 137, 3
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r r
c) . d)
70T ‘ ‘ 1.2x107F
E E|
60F | 1.0x10%F .
E \ E|
N 1 L 8.0x10°} 1
N 40F \ E Z r
Lo » | 5 6.0x10°F ]
E . \ E
o 30 B E 3
- : E 4.0x107F ]
2.0x10° 1
o) ‘ ‘ ‘ 0 w 1
0 1 2 3 4 0 50 100 150
r t
Puc. 3.6: a,b,c) Koppensinmonubie dbyHKIMYM B pajndHubie BpemeHa: —- — t = 32, — — — t = 55,

-t =92, coromnag t = 127; d) nosHoe uncao BoaH N U YMCJIO BOJIH B KOHJIEHCATE

Np.
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60

-60

Puc. 3.7: a) Jlunuu yposus cunekrpa n(k,, k,) ycpeauéunoro mo spemenu t = (119 + 127), b)
"Cpe3ssi'"cexkTpa 1Mo pa3HbIM HAIPBIEHHIM B k-IPOCTpaHcTBe: — - — ky = 0, — — —

ky=0, - ky = —k,, cniomnaga k, = k,.
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Pu

o

. 3.8: [Ipodbunu |V| (crromuasi), Re U (nyukrupnast) Im ¥ (roueunast), B3siThle BJOJIb

JMAroHaJd U BAOJb TpaHUI 00JacTH MoaeaupoBanus, t = 135.7
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Puc. 3.9: OBouonus Ha GosbIIMe BpeMeHA IMPHW yMEPeHHOI HaKadKe: a) MOJTHOE YUCIO0 KBAH-
toB N ¥ 4uCI0 KBAHTOB B KOHjieHcaTe Ny, b) oTHOIIEHHe KBajpaTa 4hCIa KBAHTOB
k lamuiabronmany, ¢) rucrorpaMma BHEKOHJEHCATHBIX durykryanuii, d) mapamerp

neuneitnocrn Hy/Hy = [ || dedy/2 [|V|* dxdy.

: %)
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2.0x10%F 1
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o MWW |
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t X

Puc. 3.10: a) HauasjbHast cTaus SBOJIONUY TIPU OOJIBINON HAKAUKe: IOJHOE YUCI0 YacTul] N

W YUCJI0 KBAHTOB B KoHJeHcare Ny, b) mpocrpaHcTBenHas 3aBucuMocTh |¢(z, m)|?

npu t = 42.4.
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Puc. 3.11: IIpodunn |¥| (cunommuast), Re U (mynkrupnast) u Im U (toveunast) Bgosb auaro-

HAJIU U BJIOJIb TpaHUI] obyactu, t = 45.4
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1.4

1.3

1.2

1.1

Umax(t)

5 10 15 20 25 30 35 40 45 50 55 60 65 70 75

Puc. 3.12: 3aBucuMocTh MakCcHMyMa aMILTUTYAbI OT BpEMEHHU B pexkuMe Kojaarnca, H < 0.
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Puc. 3.13: 3aBucumocTh MaKCHMyMa CKOPOCTH OT BPEMEHU B PEKUME KOJLIATCA
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Puc. 3.14: Jlunuu yposus u(x,y) upu t = 45 B pexkume Kosiamnca. 1306paXKeHbl KOHTYPbI OT

-10,0 xo 0,8. Uurepnaa - 0,9.



3.4. HEYCTONYMBOCTb 1 CAMO®OKYCUPOBKA

COJINTOHOB B CABUTOBOM MNMOTOKE 167
1.6 T T T T T
14 - -
1.2 B 7
1.0 B -
IR I .
=}
6 B -
2 I 1
0 1 1 1 1
0 5 10 15 20 25 30

Puc. 3.15: 3aBucumocts u(x,0) npu t = 45.
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H(t)

-010

-015

-.020

-.025

-035

-045

-050

75

168

Puc. 3.16: 9BO.HIOILI/IH l'amuabTOHNAHA B pexKnuMe KoJJIallCa. lamuapTOHMAH YMEHbIIAETCA U3-

34 U3JIy4YeHUs] BOJIH.
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t=20
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169

Puc. 3.17: OBomonus u(z,y) (JMHAK YPOBHS) € HAYATBHBIMA YCIOBUIMHU B BUJIE BO3MYIIEHHO

nepuoauyeckoit Boubl (3.49). Bumno pasBuTne HEyCTORYHBOCTH.



4 Cnabasi BosiHOBast TypOy/l1eHTHOCTb

BOJIH HA NOBEPXHOCTUN XKNAOKOCTHU

B sroii riaBe mpeicTaBieHbl pe3ybTaTh, OMyOJNKOBaHHbE ¢ pabortax [174, 190,
191, 192]

OpHuM U3 KpaeyroJibHbIX KaMHE# B Teopwuw CJaaboit TypOYJEHTHOCTH SIBJISI-
eTcsi pe3oHaHCHOe B3ammojeiictie BostH. Kak Oblo mokazano B pabore [92] u
pa3suTo B [68], yciioBusi pe3oHaHCa Ha XapAKTEPHOUN JJisl YUCJEHHDBIX IKCIEPU-
METOB JINCKPETHO CeTKe He MOT'YT OBbITh BBITOJIHEHBI TOUHO. O 1HAKO, KaK OBIIO
OTMEYEHO BbIIlIe, B HACTOAIIANA MOMEHT IIPSIMO€ YKMCJIEHHOE MOJIEJIMPOBAHUE JIU-
HAMHUYECKUX YPABHEHUI sIBJISIETCS BaXKHOM 3a1a9eil. DTO OJUH U3 OCHOBHBIX MH-
CTPYMEHTOB IIPOBEPKHU IPABUJILHOCTU IIPEJIIOJNOKEHNN U JIOIMYINEeHNH, B paMKax
KOTOPBIX ObLIa IMOJIydeHa Teopusi cjadoit TypOysieaTHocTr. [loaTomy nepes Hamu

C O9Y€BUIHOCTBIO BCTAIOT CJICAYIOIIKUE BOIIPOCHI:

o Kak AUCKPETHAasA CETKa BOJITHOBBIX YHUCEJI B HUCJIIEHHOM MOAEJIMPOBAaHWN BJIN-

sieT Ha PE30HAHCHOEe B3aumMojeiicTBre?

o Moxker jin HeJIMHEHHBIN CJIBUI' YACTOTHI YIIUPUTHh PE3OHAHCHOE MHOXKECTBO

TaKuM 00pa3oM, 9TOOBI JIUCKPETHOCTD MEPECcTalia ObITh BarXKHOM?
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B ,[LaHHOﬁ TJIaBE€ N3y9al0OTCsA 9TU BOIIPOCHI IJISAA KAIIUJIJIAPHBIX U I'PaBUTAIIMOHHBIX

BOJIH Ha MOBEPXHOCTU HECXKUMAEMON YKUJIKOCTU DECKOHETHO TTyOuHBI.

DTa rjiaBa MOCTPOEHa, CeaylonuM obpasom. B pasgesne 4.1 Mbl 3amuiiemM Jiu-
HAMUYECKNE YPABHEHUS B BUJIE Psijia 110 CTENEHSIM KPYTU3HbI BOJIH. B pazjene
4.2 BbIIUCAHBI YpaBHEHUsI HA JUCKpeTHOU ceTke. Ciydail KalnjuIssPHLIX BOJH Ha
IIOBEPXHOCTH TJIyOOKO# BOJIbI paccMOTpeH B pasjesie 4.2.1. [IpousBeseHo unciieH-
HOE MOJIEJIMPOBAHUE PE30OHAHCHOI'O PACIIa/ia MOHOXPOMATUYIECKOW BOJIHBI. [loJiy-
YeHa KapTHHA BTOPUYHBIX PAclajioB, hopMupyionux KoJMoropoBckuit Kacka.
B paznene 4.2.2 mpuBeieHbl pe3yIbTaThl MOJEINPOBAHUS PACIa a MOHOXPOMATH-
YeCKOU IpaBUTAIMOHHON BOJIHBI Ha ITOBEPXHOCTH OECKOHEYHO IJyOOKOM uIeaih-
HO¥ »xujikocTh. B naparpade 4.3 npuBOAsATCS pe3ysIbTaThl YUCJTEHHOTO MO/IEJIN-
poBaHusi CJaA0OTYpPOYJIEHTHOW CHCTEMbI I'PDABUTAIMOHHBIX BOJIH, BO30YKIaeMOif
CTOXaCTUYIECKOU BHemlIHel cujoii. B 3akmiouenun 4.3.3 npuBeseH aHaJIA3 IOJIY-
YEHHBIX PE3YJbTATOB U BBIBOJbI, MOJE3HbIE JIJI TTOCTPOEHUST YUCJIEHHON MOIEN

cJ1a00# TypOYJIEHTHOCTU T'PABUTAITMOHHBIX MOBEPXHOCTHBLIX BOJIH.

4.1 BBepeHue

PaccmoTpum 6e3BUXpeBOE TOTEHIINATIHLHOE TeUECHUE UIeATHHON HECXKUMAEMON YK JT-
KOCTH OECKOHEYHOM ryiyOuHbl. Jljist IpoCTOThI Oy/IeM CYUTATH IIJIOTHOCTD KU KO-
cru p = 1. [loTenmmas CKOPOCTH ¢ MPU ITUX YCJOBUSAX YAOBJETBOPSET ypaBHE-

muto Jlamaca:

A =0, (4.1)
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B 00JIACTHU CO CJIEAYIOIIUMK IPAHUIIAMHU:
—o0 < z<n(r), T=(x,y). (4.2)

FpaHI/ILIHI)Ie YCJIOBI/IH Ha IIOTEeHIINaJI TaKOBBI
n+0¢3n+8¢&7 d9
815 drdxr  Oydy 0Oz —
0
(504 5(v6P)| +ot/T+ (w2 -1) =0,

2=

(4.3)

Ipu 2 =1,

sz’z:—oo - 07 (44)

pu z — —0o0. 3yech ) = 1(x, y, t) CMeNeHre MOBEPXHOCTU OT COCTOSIHUST [IOKOSI.

DHEprusi CUCTEMbI OITUCHIBAETCS CJIe Iy IoNIei byHKIei:

H=T+U,
2/# /’v¢%m (4.5)

U= 0/(\/1 + (V)2 — D)d*r + %g/?fdzr, (4.6)

rje 0 — KO3(MPUIMEHT TOBEPXHOCTHOIO HATIXKEHUs, § — yCKOpeHue CBOOOIHO-
ro majenus. B [9] ObLIO MOKa3aHO, YTO 9Ta CUCTEMA SIBJISIETCS] TaMUJIBTOHO-
BOii. ['aMUJILTOHOBBI MEPEMEHHBbIE B 9TOM CJIydyae — 9TO CMeIleHHe TTOBEPXHO-
cru n(x,y,t) U HOTEHIMAJ CKOCPOTH HA IOBEPXHOCTH Kujkoctu (x,y;t) =

o(x,y,n(x,y;t);t). YpaBuenus ['aMuIbTOHA UMEIOT CJIEIYIONIUN BUI:

on O6H O o0H
= = 4.
ot 0y’ 0ot on (4.7)
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[IpumeHsist pa3JioXKeHWe SHEPIUU 110 KPYTU3HE, MOYXKHO MOJIYYUTh CJIEJYIOIIEe BbI-

paxkenue st ['aMuIbTOHMaHa:

H = %/ (o Vnf + gn* + whe) d*r + %/n V[ = (k)] dr+

1 o , (4.8)
5 [ (k) k(n(ke)) +noso| dr.

3/1echb BBeJIeH JIMHEHHBII orepaTop l%, CYTb JIEHCTBHS KOTOPOro Ha (DYHKITUIO CBO-
JIATCSI K CJEYIONMIEMY: HaJIO B3ITh (PypPhe-KOMIIOHEHThI (DYHKIINK, YMHOXKHUTD UX
Ha MOMYJIb k 1 BBIOJHUATH oOpaTHOe npeodbpasopanue Pypoe. st npaBuaIbHO-
Io OIKCAHUSI HEJMHEAHOIO B3AMMOJEHCTBUsI IPABUTAIMOHHBIX BOJIH HEOOXO/IH-
MO KCIIOJIB30BaTh pasJjoxkeHue ['aMUJIbTOHMAHA JI0 YJIEHOB YeTBEPTOrO IIOPsJIKa,

BKJIFOYHUTEJILHO. Y paBHeHust ['amuiibrona (4.7) IpUHUMAIOT BUJIL:

o= ki — (V(nVe)) — kinky] + k(nk[nky])+
T3 AkY] + sk Ay, (4.9)
b= oA —gn— 5 |[(Ve)? = (kv)?] — [(kelklnk] — nky] Ay,

V100HO 3amnucaTh raMUJIbTOHUAH B (DYyPhe-TapMOHUKAX:
1 ikr 12 1 ikr 12 41
%;;—% re T, 77/;—% n€ r. ( . O)
YteHbl TaMUJIHTOHWAHA TPUMYT CJIELYFOIIWH BUI:

H=Hy+ Hy+ Hy + ...,
1 —
Hy = 5/(|M|¢E|2 + o |k Inz)* + g|ng|*)dk,
1 — — — — — —
H, = _E/L/;l/gzwﬁ?’b@nggd(kl + ko + k3)dk1dk2dk37

1 e - g — — — — —
Hy = | My e Vi, g O Ry + oy + s + Ky dFydFsdRady,

(4.11)
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B,HGCB BBE€IECHbI MaTPHUYHbIE 3JICMEHTDI

Lz, = (kika) + [kaf[kal,
— — ]_ — = N =
M ik, = Rallkal | (1R + ol + Ry + Kal+ (4.12)

By + Fol + [Jis + Fal) — o] — [l

BcesteicrBue BerectBeHHOCTH (DYHKIMN 1) 1 ) uX Qypbe-00pas3bl 00J1a1a10T CUM-

MeTpueit 7y = 1" 7 [TosTomy ymobHee BBeCTH KaHOHMYECKHUE ITepeMeHHBIE:

Wk . k
= | —— 4.1
ag 2k77k+2 2%%7 (4.13)

3J1€Ch W} — 9TO 3aKOH JIMCIIEPCUM BOJIH:

wi = \Jok3 + gk. (4.14)

Yiennl Famunbronnana (4.11) npuHuMaroT BuI;

Hy = /wk|alg\2dl;,
11 e
Hy =~ [ EF. (a a,ap, + af aF ar )0(ky + ky + Fo)dkydkadko+
11 L
too— [ O (ag ag,ar + ar a2 ag )3(ky + ks — Fo)dkydkadko,

- 1(QT)z/W’_“'l’_52’33’_*54(a’_ﬂlai_c'zal_c'sak +a, af, af ap )X

Xé(lgl + ko + k3 + E4)dE1dE2dE3dE4+

]- ]- * * *
+Z(277T)2/Fk1k2k3/€4( klakzak3ak4 + ak ak ak ak )X
X(S(El — EQ — Eg — E4)dE1dE2dE3dE4+
+1 1
4 (2m)?

(4.15)

/DE1E2E3E4(ak1a/€ ag ap 5(7*?1 + Ky — kg — ky)dkydkydksdy.
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3/1eCh BBEJIEHBI TAKUE 0DO3HAUYECHNSI MATPUIHBIX JIEMEHTOB:

Eb. = v vl vl

k1k2 k kokz kok ?
Fo _ vk ke
kika k1 k2 —koks —koky’

ko -

k1ka SkleWkO Fiks?
Flg’lEQEg@ - WEl,—Eg,—Eg,—E4 o Wikz,El,—Eg,—E4 + W—ESa—EZaEh_EAl_ (4 16)
W

:k47_lg27_];37]€1 ’
Dr s = Wi kit T Wi iR

- (Wm—k—k Wkt T Wi T Wkk—k—ﬁ :
klwkzkgwm

We oo = .
k1koksky 16wk1k2wk3k4 kikoksky

Hecmorpst Ha KaxKyInytocsi IPOMO3JIKOCTD IIpeJiCTaBjeHus [aMuIbTOHNAHA B Ta-
KUX TEPEMHHBIX, CMbICJ KaXKJIOr0 djieHa B BbipaxkeHun ( 4.15) siceH U MOHSITEH.
Ynen Hy oTBedaeT JUHEHHON 9BOJIIOIMN HAYAJHHBIX yCjoBuUit. Beipaxkenue ¢ Hy
OTBEYAET TPEXBOJHOBbIM B3aMMOACHCTBUSIM, B TOM YKCJIE: UJIEH C El%} p, Jlaer re-

HEPAIWIO BTOPO TAPMOHUKH, & UJIEH C CE 7 OTBEYAET TPEXBOIHOBBIM IIPOIECCAM
1/h2

paciajia u ciausinusi. Boipaxkenue ¢ Hy 11pejicTaBiIsieT 4eThIPEeXBOJIHOBbBIE TTPOIEC-

ChbI, & UMEHHO: YJIEH C Wl%} Foiak, AQ€T TEHEPAIAIO TPETheH TAPMOHUKH, E P

paciajg 1n CJInAgHNuEe O,Z[HOI/I BOJIHBI B TpH, Dk1k2k3/€ paccednue IByX BOJIH B JIB€
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BOJIHBI. ypaBHeHI/Iﬂ FaMI/IJIbTOHa B 9TUX IIEPEMEHHBIX IIPUHUMAIOT BU:

O0H

= —lwgap—

/ o’fo az a; 5(k + ky — ko) dkodky—
———/E’f 2z ax §(ky + ky + k) dkydiy—

; (4.17)
— oy | Wiin, g, ap 0(ky + ks + ks + k)dkydkydks -

4 )2 /Fl%’l%’gl%'glaa@a/;’ga;;ﬁ(k — ko — k3 — ky)dkodksdky—

2
4
13 - S R,
4 )2 /Fllengc'gEaklakza 5(l€ — ko — k3 — k)dkidkodks—
i
2

) )2 /Dl%'llé’g/%gk'aklak ar 5(]f1 +ky — kg — k)dkydkodks.

V30xeHHbIE PE3YJIBTATHI MOXKHO HAUTH BO MHOXKECTBE MCTOYHUKOB (HAIIPU-
mep, [164, 167]), B ToM uncse u jyist 6ojiee 00IIEro ciryyast XKUJKOCTH KOHEYHOM

ruryounb [162].

4.2 Pe30oHaHCHble B3auMOAEeNCTBNS BOJIH Ha OUCKPETHOIA

ceTkKe

Paccmorpum jmnamudeckue ypashenust (4.17) B nepuojguyaeckoii obaactu ¢ Jiv-
HeifnbiMu pazmepamn L, u L,. Ecan Mbl naxojumca Ha JMCKPETHOH ceTke C
KOJINYECTBOM TO4YeK 110 Hampasienusm N, u N, COOTBETCTBEHHO, TO BOJIHOBO
BEKTOP U KOOPJUMHATHBINA PaUyC BEKTOP MOI'YT OLITh IPEICTABJICHBI KaK:

L (or 2 L, L
k= (%,—”@), P = (—Tx,—yry>, (4.18)

L, "L, N, "N,
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rie k; npoberaer juckperHbiii psij 3uadenuit or —N; /2 no N; /2, a r; — or 0 1o
N;. CooTBETCTBEHHO, BCE 3HAKW MHTEIPUPOBAHNS 3aMEHSITCS Ha 3HAKW CyMMUPO-
BaHust, a O-pyHkius upaka — Ha ee jquCKpeTHbIN aHaJsor, cuMBoJ KpoHekepa,
A. Jlas cokpallleHusI 3alIucu OyJIeM IIHCATh IPOCTO 3HAK CYMMBI Y., IOAPa3y-
MeBast, YTO CyMMUPOBAHKUE IIPOU3BOJAUTCS 110 BCEM MOBTOPSAIOIIMMCI CUMBOJIAM.

Torma moxkeM mepenucarh ypasuenus (4.17) B caeyrommem Buje:

aE = —zwkak—
1
_§L L Z k kg AE1+E2,E_

127 P
L L ZC/{J:J ak2aEOAE+EQ,EQ_
1
_§L L ZE'klk2 A/€1—|—/€2—H€0
i(2m)* A (4.19)
mz ’51’52’53’561 a a ky+ko+ks+k0
i (2m)
TALLL)P > F i O O, O, D o s ™
i 3(2m)!
_ZWZFE@ZEBECLMQ ay Akl,k2+k3+k
i (2m)* A
(Ll = DRRRE R SR

Y100HO n30aBUTHCA OT JIMHEHHOTO UJICHA IIOJICTAHOBKOI:

ap = Aze™. (4.20)
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B s1ux [NEPpEMEHHBIX YPaBHEHWA ITPUHUMAIOT BH/JIL:

7

Ag = _§ﬁ B AR L g e T
_L. L, kkgA* S RAVI 4 el ko)l
;L L, S IAVE N | g€/ Tt
(L(QZ)) 2 W bk kA A AL CR ot Ryt B0 ity iy ~Whg ~wky )t (4.21)
: 4
—- (< )yzl > F i A A A Dk, +k4€'(_wk+wk2+wk3+wk4)t—
- 3(27T -2 i A* Ar Akl,kg—l—k e Wy —wiy =Wk —Wieg )T _

4(L, L) L)’

i (2m)’ :
2(LL>32 Dy 1 1i A Ap AL g

- e(wk1+wk2 wk3 Wk4)t
k1+k2,]€3+k

Eciv nponHTerpupoBaTh JIEBYIO ¥ IPABYIO YaCTH yPABHEHUS 110 BDEMEHY 38, HEKO-
TOPbIil (PUKCUPOBAHHbBINA ITPOMEXKYTOK, TO CTAHOBUTCSH OYEBUJHO, 9TO HAMOOJIb-
MW BKJIAJI B aMILIATY/y BOJIHBI JaJyT T€ WJIeHbl YpaBHEHUs, KOTOPbIE OyIyT
UMETh HAMMEHBIIUH [MOKa3aTe/ib B 9KCIOHEHTe. B HempephiBHOR cpeje Mbl MO-
’KeM BBIOpaTh BOJIHBI TakK, YTOOBI 3aHYJIUTH 9TH MoKasaTesau To4uHo. OHAKO Ha
JIMCKPETHO# CeTKe BOJIHOBBIX BEKTOPOB CJIEJIATh 3TO B CIydae MPOM3BOJLHOTO 3a-
KOHA, JIMCIIEPCUH, BOODIIE TOBOPsi, HEJIb3s. 3aMETUM, 9TO YJIE€HBI, OTBEYAOIIUE 32,
I'eHEPAINIO0 KPATHBIX TADMOHUK, B OOJIBITUHCTBE CJIYIaeB 3aKOHOB JIUCIIEPCUN [
10T [TOKa3aTe I, CYIECTBEHHO OTJIMYaiomuecs or Hyss. [losromy B najibHeiinem
MBI UX PAcCMaTpUBaTh HE OyeM.

Tako>ke 3aMeTUM, 9TO TOJIyYeHHbIE YPaBHEHUsI yI00HO periaTh B 00JIACTHU C JIK-
HeitnbiMu pasmepamu L, = L, = 27. B arom cityuae Bce (hOpMyJIbI CyIIeCTBEHHO
YIPOIIAIOTCSI, & LPOEKIMK BOJIHOBOrO BekTopa k, u ky, coorsercrsento (4.18),

IIPUHUMAaIOT TOJIbKO IEJIOYUCJICHHbIC SHAYCHUA. H€O6XO,ILI/IMO 3aME€TUTb, 9YTO BbI-
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60p JIMHENHBIX Pa3MEPOB HUCKOJBHKO HE BJIUSET HA YHUBEPCAJHHOCTH MOJIYY€EH-
HBIX PE3yJIbTATOB, TAK KaK OH IPUBEJUT JIMIIH K IEPEHOPMUPOBKE BPEMEHU, TIPU

(bI/IKCI/IpOBaHHbIX OCTaJIbHBIX KOHCTaHTAaX.

4.2.1 KanunnsipHbie BOJIHbI

B cayyae KanuJUISIPHBIX BOJIH Ha, TOBEPXHOCTU HECKOHETHO TUIyOOKO# »KWIKOCTH

3aKOH OJMCIIEPCUU MMEET BU:

W = 0'1€3, (4.22)

3J1eChb 0 — KO3(DPUIMEHT TOBEPXHOCTHOIO HATSI>KEHUsI YKUJIKOCTH.

PaccmoTprum TpexBOJIHOBOI IIPOIECC, OTBEYAIOIIUN PACHALY U CJAUSIHUIO BOJIH.

YesoBust pesonanca, caeyomue u3 (4.21); BbipaxarTcs Tak:
Wk, T WEy = Wy, ]Zl + EQ = /;0. (4.23)

B panHoM citydae, st OlpejieJIeHHOCTH, OyeM MOBOPUTH O PACIaJe BOJIHbI AEO

B JIBE BOJIHDI AlZl u A/Zg' Pesonancuoe muoroobpasue (4.23) s pacnaja:

o 0
kO - )
ko
(4.24)
B} ke ) k,
kl - ) kQ -
kO - ky k() + ]Cy

npuBeseHo Ha Pucynke 4.1.

Ypasuenue (4.21) cBogurcst K cucremMe OOBIKHOBEHHBIX judbepeHna bHbIX
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Puc. 4.1: Pesonancuoe MHOXKeCTBO Ajs ky = 68.

YPaBHEHUIA:
P 0 i !
Ay, = _§L I, TR A A
A * t
AlZl = L L kleA Ar € Uk, , (4.25)
A = Az Ap e it

ko o L L kle ’

31ech BBeJIEHA, PACCTPORKA QI,E?,Q = Wy, + Wk, — Wk,- LlycTh AlZl’ A/Zg MaJIbl 110

CPaBHEHMIO C PACIIAIAIOIIENHCsT BOJIHOM ‘AEO

(|47 |, [Af |) B nasambhbit
momenT Bpemenn ¢ = 0. Torna Ha HA9aJILHOM 3Tale pocTa TAPMOHUK YPABHCHUS
(4.25) mMOXHO JimHeapu30BaTh. [Ipejmosnaras (Al%}) ~ const), UMeeM pacTyIiee

(p¥ BBITIOJIHEHUHM HEKOTOPBIX YCJIOBHiT) pereHue:

AEm(t) AEM(O)GM, (426)
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3/1€Ch:
2
2T i 2
)\ = __lekg EC]ﬁ]@Aﬁ - < Q]ﬁkg) . (427)
Orcroma BuIHO, 9TO BOIM3Y OT PE30OHAHCHOW KPWBOM, PW BHIMIOJHEHUN YCJIOBHIA:
L L kleA_) > ’ lekg ; (428)

MBI TIOJIyYa€eM POCT TapMOHUK. BhIOpaB J0CTATOYHO OOJIBIYIO0 HAYAJIHHYIO aM-
[JTATYY Mbl MOXKEM YITUPUThH PE3OHAHCHYIO KPUBYIO TaK, 4TOOBI B ITOJIYYUBIITY-
10CsT 0DJIACTD TOTAJIO0 HACTOJBKO OOJIBINOE YKMCJIO MAPMOHUK, 9TO JIMCKPETHOCTD
CeTK¥ BOJTHOBBIX BEKTOPOB I€PECTaeT ObITh BaKHOI.

[utst onmcanust B3anMOIefCTBYST BOJIH HA CTAJIMU, KOTJIA AMIIUTY bl PACTYIIIUX
BOJTH y>Ke HeJIb3sl CANTATh MAJIbIMU 110 CPABHEHUIO C aMIJITYIOW PaCIIa,IaiomnX-
Cs1 BOJIH, HAJI0 MEPEXOIUTh K PEIIEHUIO [OJHbIX JUHAMUYECKUX ypaBHenuii (4.9)
win (4.17). Hucnennas cxema mogpobno onucana B [Ipumoxkenun 5.

Cucrema (4.9) pemanacs B obiactu ¢ uHeiinbiMu pasmepamu L, = L, = 2.
Kosdduruent nmosepxuoctaoro narsxkenus o = 1. Hucno Touek 512 x 512. B
Ka4yecTBe HAYAJbHBIX YCJIOBUI ObLa B3siTa MOHOXPOMATHUYIECKAs BOJIHA C BOJTHO-
BBIM BeKTOpoM kg = (0;68) n ammiuTyoii jag, | = 4 % 1073, Bce ocrambHble
rapMOHMKM MMes Majylo ammntyny |ap| ~ 107 u caywaitnyio dasy. Kak
ObLJIO OTMEYEHO BbIIIe, PE30HAHCHAsT KPUBasl IPAKTHIECKU HUKOIIA HE TPOXOIMT
TOYHO 4Yepe3 TOUYKHU ceTKU. [Ipu BbIOpaHHBIX JIMHEHHBIX pa3Mepax 00JIaCTU BCe
BOJIHOBBIE UUCJIA SIBJIAIOTCA IeabiMu. JleTajbHast KapTUHA PE30HAHCHON KPHUBOI
Ha CETKE BOJIHOBBIX BEKTOPOB B 00JIACTH, T/Ie PSIJIOM C PE30HAHCHON KPUBO# TOU-
KU JiexKaT HauboJiee IJIOTHO, moKa3aHa Ha Pucynke 4.2. BujgHo, 970 HEKOTOpbIE

TOYKH JIexKaT OJIMXKEe K PE30HAHCHON KPUBOM, UeM JIpyrue.
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27 T T T T T T T T T

25 i i i i i i i i i

26 27 28 29 30 31 32 33 34 3 36

Puc. 4.2: ®parmMenT pe30HAHCHOW KpHBOI. XOpOIIO BUIHA pa3Has PACCTPOWKA IS PA3HBIX

y37I0B CETKHU.

1e-02 I I | — :
)= (00,68) —— |

k=(26,34) ———-
le-04 |- k=1(26,29) ------ —

k= (26,28) -
[ k= (26,20) ——— y
1e-06 ///,/_
U ///:__,_— - .
i le-08 | i |
le-10 /iff’/'/’//" ___________________________________________ -
Vo1 bt .

Time

Puc. 4.3: DBomonus pa3IudHbIX TAPMOHUK TPH PACIaIAoNmeiics BOTHE /Zo = (00, 68).
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Kak u 0xXmgajaoch, B HadaJe Mbl HaOJIOAAIM SKCIIOHEHIINAJILHBIA POCT psijia
rapMoHuK coriacHo (4.26) u (4.27). Dra crajgus nokasana Ha Puc.4.3 u Puc.4.4.
BuyiHo, 4TO OJIHM IaPMOHUKM HAXOJATCsl B PE3OHAHCe, a Jipyrue HeT. Yepes Heko-
TOpOE BpeMs NPAKTUICCKN BCE FAPDMOHUKHY, OJIM3KHUE K PE3OHAHCHOMY MHOXKECTBY,

OKa3bIBalOTCA BOBJIEYEHBI B IIPOLOECC pacClialda HayaJIbHOM BOJIHBI, KaK ITOKa3aHO

na Puc.4.5.

Puc. 4.4: PezonancHble TapMOHUKY HAaYUHAIOT pacTu. MomenT Bpemenu t=1.4.
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Puc. 4.5: Haunnatorcs BropudHbIe mporecchl pacmnajga. MoMmeHT Bpemenn t=11.
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T T T T T
o = .,<>:<>°‘> = oaq, oo@;::s%)% e
u %ﬁi"g/;)} °"oo. M% Tl
— - oo oo L T TReoe dos
oo S e e e T =
i i i i i
100 -50 0 50 100

-100

-50

50

100

185

Puc. 4.6: Jlunuu yposust nosepxuoctu |ax|?. Xopouo Bujubl Bropuunbie pacnajisl. Momenrt

BpeMenu t—=14.
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[Tozxe rapMoOHUKHY, SIBJISIIONAECS HanOoJiee OJIM3KUMU K PE3OHAHCHON KPUBOIt
(cpauuTe ¢ Puc. 4.2) n Haxomsiuecst B TO# ee 4acTH, re MATPUYHbIHA JI€MEHT
OoJIbIIe, JOCTUTAIOT YPOBHSI, KOIJIa, OHU CAMHU MOT'YT CJIY>KHTh MCTOYHUKOM TaK

Ha3bIBa€MbIX «BTOPUYHDLIX PacCIlaJOB».

AMILTATYIBI BOJIH CTAHOBSATCS CYIIECTBEHHO pa3iudHbIMU. Hambosbimux am-
IUIMTYJ, JIOCTUTAIOT BOJIHBI, JiJIsi KOTOPbIX MHKpemeHT (4.27) makcumasen. Ha

Puc. 4.6 BusiHa peryjsipHast CTPyKTypa, MOPOXKJIeHHasi HaYaJbHON BOJIHOM ag -

Hekoropoe Bpewmst CirycTst BCsi k-TLJIIOCKOCTD 3aIIOJTHEHA, PACIAJIAIOITMMUCS BOJI-

HaMHI, KaK IoKa3aHo Ha Puc.4.7.

|y
\\V ‘n\\}«,ﬂ’ ,4,,"(\“\?’
| \\\\\}\\\Q \§\\\&\ il @" \ 4.”*\%\\\!'}?‘ -
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Puc. 4.7: [losepxuocTh |ay|? B MOMeHT Bpemenu t=>57.
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4.2.2 paBUTaAUUOHHbIE BOJIHbI

B ciiyuae rpaBATAIMOHHBIX BOJIH HA, MOBEPXHOCTU OECKOHEYHO IIyOOKOW XKWJIKO-

CTHU 3aKOH JMCIIEPpCUU IIPUHHUMACT BHJIL:

wr = \/gk, (4.29)

3JIECh § — YCKOPEHWEe CBODOIHOTO MaJIeHNs. 37eCh U Jajee JJjs ya00CTBa T0JI0-
x)uMm g = 1. B arom ciyvae ycsiousi (4.23 He MOryT ObITh BBIIIOJIHEHbI, TaK KaK
JIAHHAS CHCTEMa, He HMeeT JeiCTBUTEIbHBIX HETPUBUAJIbHBIX pemnieruii. CremoBa-
TEJIbHO, MOYKHO 110100paTh MpeodpasoBaHue, KOTOPOE NCKJIIOYUT 9JIEHBI TPETHETO
MOPsJIKa, OTBEYAIONe 3TOMY pacnafy. [loaTomy, ecim B crydae KanmuasgpHBIX
BOJIH HAM MOKHO ObLJIO OI'PAHUYIUTHCS YJIEHAMU TPETHEIro MOpsijKa B ['aMuiibTo-
HUAHEe, TO B CJy4ae I'PABUTAIMOHHBIX ITOTO HE JOCTATOYHO. V 3TO MMEHHO Ta,
IPUYMHA, 110 KOTOPON MbI BCIOJly pacCMarTpuBaju ['aMUJILTOHUAH C TOYHOCTbHIO
JIO YJIEHOB Ye€TBEPTOI'O MOPSAIKA.

Yoren, oTBevaloNuii reHepaIuu TpeThell TapMOHUKY, CHOBA HE SBJISIETCS PE30-
HAHCHBIM. FiCjin Mbl pACCMOTPUM Ha4YaJIbHbBIE YCJIOBUS, AHAJIOI'MIHbIE CJIy4ai0 Ka-
MUWILJIPHBIX BOJIH, TO €CTh OJTHA MOHOXPOMATUYECKAs BOJHA U CIyYalHBIN ITyM
MaJIOf aMILIATY/bI, TO OYEBHUIHO, YTO TJIABHBIMHU OyJ/IyT IPOIECCHI, B KOTOPHIE
AMILIUTY/Ia HaYaJbHON BOJIHBI BXOJUT HauOOJbINEe KOJU4IecTBO pas. IIporecch
paciiajia OJIHON BOJIHBI B TpU U OOpPATHBIN €My, IPU yCJOBUU UTO HaYAJbHAS
BOJIHA BCTPEYAETCs B YPABHEHUSIX J[Ba, pa3a, He SIBJISIOTCS pe30HaHCHBIMU. [lo-
9TOMY IJIABHBIM Oy 1€T MPOIECC, KOTOPDIH 10Ipa3yMeBaeT PACCesiHUE JBYX BOJIH C

OJJMHAaKOBBIMU BOJIHOBBIMU BEKTOPaMHM B JIBE JAPYI'M€ BOJIHDI. YcaoBust pe3oHaHCa
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TAKOro mporecca, cieyorue u3 (4.21), BoIpaskaloTcs Tak:
ki + Ky = 2k, (4.30)

Ha Pwuc.4.8. Dra kpuBasi

-15 i i i i i i i
-10 0 10 20 30 40 50 60 70

Puc. 4.8: Pesonancuasi Kpusasi 1ast ko = (0; 30).

MHOTA Ha3biBaeTcs Kpupoit Puiwica, Mo MMEHU ee nepBooTKpbiBarens. Cu-
crema (4.9) pemanach B objacTu C JuHEAHbIME pasmepamu L, = L, = 2m.
Yckopenue cBobojHoro majenns g = 1. Huciao Touek 512 x 512. B kauecTBe Ha-
YaJIbHBIX YCJIOBUIA ObLIA B3sITa MOHOXPOMATHYECKAsT BOJIHA C BOJHOBBLIM BEKTOPOM
ko = (0; 30) u ammnTy0i lag, | = 2.5x 10~ Bee ocrambHble rapMOHUKH WMEJTH
Mautyto ammurysy |ag| ~ 1079 u cayuaiinyo dasy. B nauasne npouecca cury-
alls Pa3BUBAETCSA CXOXKHUM CO CJIydaeM KallWJISPHBIX BOJH obpasom. Habiio-
JAETCS SKCIIOHEHIMAJBHBIA POCT HECKOJBKUX TaPMOHUMK, HAXOAAINIMXCS BOJIM3U
oT pesonancHoi kpusoii (Puc. 4.9). lanuast curyanus nokasana ua Puc. 4.10.
MaTpu4HbIi 3716MEHT IIPOLECCa UMEET HAMOOJIbIIME 3HAUYCHNs B OKPECTHOCTH Ha-

YaJbHBIX BOJIH. DTUM O6YCJIaBJII/IBaeTCH KapThHHa Ha4aJIbHOI'O PpOCTa I'apMOHHUK:
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=~
X

' ' ' '

A WO N P O P N W b

Puc. 4.9: ®parmenT pe3oHaHCHO# KPUBOii. XOPOIIO 3aMeTHA Pa3Hasi pacCTPOiiKa JJisi PA3HBIX

y3JI0B CEeTKHU.

101 ¢ . . . . ;

3 k=(0;33) ——

[ k=(1;33)
k=(2;33)
k=(3:33) -

1070 £ T
N} 1017 i

\\\\\\

10-19 1 1 1 1 1
0 500 1000 1500 2000 2500 3000
Time
Puc. 4.10: Poct rapmonuk kak yHKIus BpemMeHu. BuaHo, 4T0 ecTh PE30HAHCHBIE U HE Pe30-

HaHCHbBI€ TapDMOHHKH.
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POCT HADJIIOAETCST TOJBKO OKOJIO «[IEPEKPECThsI» PE30HAHCHOTO MHOXKecTBa, (Pu-

4.2. PESBOHAHCHBbIE BSBAMMOAENCTBUA BOJIH HA

-

AONCKPETHOWN CETKE
cynok 4.11). Hawubosiee y00HBIM jiJist aHAJIN3a KAPTHHBI POCTAa TAPMOHUK SIBJIsI-
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PE30HAHCHOM KPUBOIL $IBJISIETCsI OKPY2KHOCTD C IIEHTPOM B HyJie U pajuycom ko).

0

k

(0; 30).
na

Fo

—

Puc. 4.11: Hagajio pocra rapmonuk 1pu kg
bosee onsitHoM Buze (Pucy-

Pucynok 4.15 u Puc. 4.16).

(

E‘Q B BHUJIE JIUHUI ypoBHs. Takum oOpa3oM,
Heckonibko MeHee MHTEPECHbIM, HO HEe MEHee MOYUYUTEIbHBIM, SBJISIETCS CJIy-

la

, KOTla Mbl U3HaYaJIbHO NMEE JIBE OOJIbIIINE BOJIHBI G

.

HasnbHeiimmasi 9BoJoryst cBopuTcst K pocry rapmonuk (Puc. 4.13 u Pucyn-
qaii

ke 4.14) u Havasy BTOPUYHBIX PACIAJOB, BHIPAXKAIOIIEMCS B «3aIJIbIBAHUM»
[Ipruem, HETPY/IHO 3aMETHUTH, YTO TaKas »Ke KapTuHa OyJIeT HaOJIOJAThCs U B

Pucynok 4.11 MoxkeT ObITH IpEJICTaBJIeH B MHOM,
HAYAJbHBIX TAPMOHUK OKPYXKAIONUMU

€TCsA IIpeaCTaBJICHUE ITIOBEPXHOCTHU

HOK 4.12).
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15

15 20 25 30 35 40 45 50
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L2 —18
Hauaso pocra rapmonuk. JIuaum yposnsa |az|* = 1.5 x 107'°.

Puc. 4.12
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Puc. 4.15: HayaabpHasa BoJsiHA OKPY2K€Ha IIOPOKAECHHBIMU BTOPUYHLBIMU DacCllaJaMHX BOJIH Tap-
MOHHUKaMHU.
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15 T T T T T T T T

-15 i i i i i i i i

Puc. 4.16: Haganbaasg BoJIHA OKpY2KeHa TMOPOXKJIEHHBIMU BTOPUYHBIMU PACHaJaMU TapMOHU-
kamu. JIunun yposus |az|? = 1.5 x 10715

caydae KaluJUISIPHBIX BOJTH. Pe3yIbTaThl MOIETMPOBAHNS TAKOTO MTPOIECCa MPE/I-

craByieHHbl Ha Pucynke 4.17. HagasbHble yCIOBUS OBLIM TAKUMHU:

7 0 -3. 7 1 -9
ko = ; |CL]ZO‘ = ‘CL_IZO‘ =10 ,k ?é k(), |CL]Z| =10"".
30

OueBuHO, UTO IPU MOJIEJIMPOBAHUN ITPOIECCOB PACIAJLA U PACCESTHUST CKOPOCTh
pocTa rapMOHUK HAIIPAMYIO CBA3aHa C aMIJIMTY0 HAYaJbHOU rapMOHUKA (HO
KpailHeilt Mepe Ha Ha4YaJIbHON CTaJIuu Hpouecca). KazaJioch Obl, JIOTUYHO B3SITh
9Ty aMILIMTYdy KaK MOXXHO 6OJIBH_Ie. O,ZLH&KO B 9TOM IMPEAIIOJIOKEHNN KPOETCA
cepbe3Hasi onmobKa. B3siB CIMIITKOM OOJIBITYIO aMIJIUTYLy HAYaJbHON BOJIHBI, MbI
MOXKEM «OTKPbITh» HEPE30OHAHCHBIH 1poiecc. B camom jiejie, ypaBHeHue Q’,ﬁsz =

Wiy + Wk, — Wg, B CJIy49a€ I'PaBUTAIMOHHBIX BOJIH HE MMECT HETPUBHUAJBbHbBIX DE-
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Puc. 4.17: Poct rapMOHEK B cjIydae HadaJbHBIX YCIOBUI B BUJE JBYX BOJH C IPOTUBOIIOJIOXK-

HBIMH BOJITHOBBIMH BEKTOPaMHU.

MIeHUH [IpH Q],zgkz = 0, HO ecsiu TOJIOXKUTD Q],zgkz > (), TO pemieHus MOABJIAIOT-
cs1. OcTaercst TOIBLKO JTOCTATOUYHO OOJIBIION aMILIUTY/IO0M AEO cJiesiaTh IOJKOPEH-
HOE BhIpaskeHne B (4.27) MOJIOKUTEbHBIM, W MbI TTOJIYIUM «KBa3U-PE30HAHCHOES
TPEXBOJIHOBOE B3ammoieiictere. Hato nonnmarh, 910 Takasi BO3MOXKHOCTD IIOSIB-
JISIETCS TOJIbKO Ha, JINCKPETHOM CeTKe W B CJydae HENPEPBbIBHOW CpeJibl TaKue
MIPOIECCHI TTPOUTPHIBAIOT JIEHCTBUTENHHO PE30OHAHCHBIM. TakuMm 00pas3oM, ecin
BBIOPATH CJIMIITKOM OOJIBIIYIO aMIIUTYLY, TO B MOJEJUPYEeMbIil mporecc Oymer
BHECEH apTedaKT, MCKAXKAIOINNA UCTUHHYTO dpusndeckyio kapTurny. Ha Puc. 4.18

IIpuUBEACHA <«KBa3HU-PE3OHaHCHaA» KPpHUBad AJIAA TPEXBOJIHOBOI'O BSaI/IMOﬂeﬁCTBI/IH
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pu Qllz‘l),@ = 2.3 ¥ BOJIHOBBIX BEKTODAaX.

5 0
kO = )
30
(4.31)
- —k, - k.,
kl - ) kQ -
30 — k, 30 + &,

-:10 -5 0 5 10 15 20 25 30 35 40

Puc. 4.18: «KBaBI/I—pe3OHaHCHaH>> KpuBad AJid TPEXBOJIHOBOT'O B3aHMOﬂeﬁCTBHH I'paBUTallUOH-

HBIX BOJIH. ko = (0; 30).

4.3 KosimoropoBckue crnekTpbl B TypOy/IeHTHOCTW!

rPaBUTAUNOHHDBIX BOJIH

Teopust cinaboit TypOyJI€HTHOCTH MHOIOKPATHO IIPOBEPSLIACH B YMCJIEHHBIX IKC-
nepumenTax [174, 127, 75, 50, 187]. OqHako e JMHCTBEHHBIM YCIENTHBIM SKCIEPH-
MEHTOM 10 YKCJIEHHOMY MOJEIUPOBAHUIO TYPOYJEHTHOCTH BOJIH Ha IOBEPXHOCTH
TPEXMEPHOU XKUJKOCTU cjejpyer npusHath [132], rae mogenupoBasach TypOy-
JIEHTHOCTDb KAIMJUIAPHBIX BOJIH. HecMOTpsi HA 3HAYUTE/IbHBIE 33TPAYEHHBIE YCH-

JIdsl, B CJydae I'PaBUTAIMOHHBIX BOJIH Ha ITOBEPXHOCTH JIOOMTHCs IIPOrpecca He
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yJaBaJoch. [1o HallleMy MHEHUIO, TPUUKUHA, HTOTO 3aKJII0YAJIACH B TPY/IHOCTH TTPa-
BUJILHOT'O BBIOOpA TTAPAMETPOB YMCJIEHHOW CXEMBbI.

DTa IJI1aBa [IOCTPOEHA CJIeLyIomuM o0pa3om: B pasjese 4.3.1 BBOAUTCS CTaTH-
CTHYIECKOE OIMCAHKME BOJHOBOTO IIOJIsI HA IIOBEPXHOCTH YKHUJIKOCTU JJIsT CJIydast
I'PABUTAIMOHHBIX BOJH Ha IJ1yOOKO# Bome; B pazjesie 4.3.2 IpuBEIEHbI Hapa-
METPBI YACJIEHHO! CXEeMBI U PE3YJbTAThl PACYETOB; B 3aKJIIOUEHUN 00CYKIAI0TCS

IIOJIy YCHHBIC PE3yJIbTATHI.

4.3.1 BBepeHue. PeweHns KMHETUYECKOro ypaBHEHUS.

Kaxk 6bL10 oTMedeHo B naparpade 4.2.2, TUCIepPCUOHHbBIN 3aKOH JIJIs I'PABUTAIU-
OHHBIX BOJIH Ha, TIOBEPXHOCTH IJIyOOKOI XKUIKOCTH OTHOCUTCS K TaK HA3bIBAEMOMY

«HEPACTaJHOMY » CJIydal0. Y paBHEHUS:

—

Wk, = Wky + Wy, El = EQ + k3 (4.32)

HE MMEIOT HETPUBUAJIBHBIX BEIIECTBEHHBIX PEMIEHUA. DTO O3HAUAET, 9TO KyOu-
YEeCKHUe€ YJICHbI B FaMI/IJIbTOHI/Ia,He MOryT 6BITB HNCKJIIOYEHbI COOTBETCTBYIOIIUM
KAHOHWIECKHM mpeobpasosanueM a(k, t) — b(lg, t) [167]. ®opmyna sTOTO Tpe-
0Opa30BaHust JIOBOJHHO TPOMO3JIKA U XOpoIno usBecTHa [167, 162], mosTomy He
OyyjieM 3J1eCh BJIABATHCS B JIETAJIH.
JLj1st CTaTUCTUYIECKOrO OIMCAHUST BOJTHOBOI'O II0JIS UCIIOJIb3YETCs KOPPEJISIUOH-
Hast PYHKITUS:
< agpaz, >= nro(k — k). (4.33)
Bejimuuna nj HENOCPEJCTBEHHO CBA3aHA C HADJIOJAEMbIMU KOPPEJIAIMOHHbIMHU

(l)yHKLH/IHMI/I U MOXKET ObITb I[IOJIY4€Ha M3 IKCIIEPUMEHTAJIbHbIX JaHHBIX. H&HpI/I—
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Mep, u3 (4.13) MOXKHO MOJIyYUTh:

lw
I =< |2 >= §§k<n’“ +n_p). (4.34)

B ciiyuae rpaBuTAIMOHHBIX BOJIH y100HEE MOJIH30BATHCS JIPYTOH KOPPEJISIIHOH-
HOU (pyHKITHEI:

—

< bpbt, >= Nipo(k — k). (4.35)

Oyukius N, He MOXKeT ObITh U3MEpPEHa, HANPsIMYT0. B obirem citydae cBs3b MEX-

1y ng 1 N 1oBoJIbHO cytoxHa [162], HO B cirydae riybOKO# BOJIbI BCE CTAHOBUTCS

MIPOTIIE:

~ N
ek, (4.36)
ng

snech 1 = (ka)?, rme a — xapakTepHoe OTKJIOHEHHe TMOBEPXHOCTH. B ciywdae
caaboit TypoysnenTHocTr (1 << 1. Koppessimmonnasi pyuknust Nj 1M0{dnHAETCS

KHHETHIeCKOMY ypaBHenuio |17]:

ON
8—tk — st(N, N, N) + f,(k) — fa(k), (4.37)
31ech:
St(N,N,N) = 47T/'TEE1 Ky ks X
X(Nklngng + Nka2Nk3 — Nkalng— (438)

— NN, Ni, )3 (k + &y — Ky — k) dke1dkades.
[Toppobuasi popMa MATPUIHOTO IJIEMEHTA TE,El,Ez,Eg MOXKeT OBbITh HafiJleHa BO
MHOXKeCTBe HCTOIHUKOB [17, 164, 162|. Oynkmus f,(k) B (4.37) coorBercTByer
HAKa4Ke BOJIH, HanpumMep, BerpoM. OObIYHO HAKAYKA, COCPEIOTOYEHA HA OOJIBIITNX

maciirabax. @ynkuus fy(k) npegcrapisier coboit 3aryxaHue BOJH OJarogaps
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BSI3KOCTH M OOPYIIEHUIO BOJIH. DTU (DYHKINU M3BECTHDLI JIANIL MPUOIA3UTE/Ib-
Ho. OHAaKO CyIIECTBYeT MHTEpPBAJ MEXIy MacimTabamMu, B KOTOPOM JeficTBue
HAKAYKK M 3aTyXaHUsl MOXKHO CUUTATH CJAObIM M B KOTOpPOM u Habsogaor Kos-
MOTOPOBCKHE CIEKTPBI B 9KCIIEPUMEHTE.

Paccmorpum cranmonaproe perienue ypasHenust (4.37), npejosarast, 9To Bbl-

IIOJIHEHDBI CJCAYIOIINE YTBECP2KICHWA:

e Cpejia M30TPOITHA IO OTHOIIEHUIO K [TOBOPOTAM;
e JlucrnepcnoHHOE COOTHOIIIEHUE SIBJISIETCS CTeneHHol yHKImei w = ak®;

o T

Fy o iy OAHOPOJHASA dbynkiust: T

e e o — Bl L
ek.ek,eko,eks € Tk,kl,k%kB'
B srux npejnonoxenusix Moxkuo Haiitn Kosmoroposckue perenusi [167):

n,(cl) = C1P1/3k_2?_d
(4.39)
n? = CQPkF

3yiech d — 9T0 YKCI0 u3MepeHuii poctpaHcTBa (d = 2 B cilydae rpaBUTAIMOH-
HbIX IIOBEPXHOCTHBIX BOJIH). [lepBoe Bhipaxkenue npejcrasJsier coboit Kosmoro-
POBCKWUI CIIEKTP, COOTBETCTBYIOINIHI MOCTOSHHOMY TTOTOKY SHepruu P B 00JacTh
MaJIbIX MAacIITaboB (MpsiMoil Kacka,| sHepruu). Bropoe Boipaxkenne — 1o Koii-
MOTOPOBCKHUIA CIIEKTP, OMUCHIBAIONINN KacKaJl BOJHOBOI'O JEHCTBUsI Ha, OOJIbIIIIE
MAacIITadbl, U () — 3T0 MOTOK jelicTBus. B oboux ciaydasx C7 u Cy — 310 6€3-
pasMepHbie «KoJIMOropoBCcKrne KOHCTaHTHI».

B ciydae rpaBuTannOHHBIX BOJIH Ha IJIyOOKO# Bojie w = +/gk, a 0 = 3. U3

pabotTbl [17] cTato u3BecTHO, 4To:

n) = ¢, PV3E, (4.40)



4.3. KOJIMOIOPOBCKWMWE CMNEKTPbl B TYPBYJIEHTHOCTN
rPABUTALLIMOHHBLIX BOJIH 199

HeiicrBysi Takum ke obpazom [170], mosyuaem BTOpOit criekTp:
n\? = CLQ3k/0. (4.41)

DTa rJjiaBa MMOCBAILIIEHA MCCJIECJOBAHNIO CIIEKTPA, OTBEYaIOIIETO ITOTOKY 9HEPIun

(4.40). Vcnosb3yst (4.34), MOXXHO BbIYUCIUT:

Chgl/2 P/

=" (4.42)

4.3.2 HYucneHHoe moagenvpoBaHue

Juist MojiesiupoBanusi TypOYJIEHTHOCTH TOBEPXHOCTHBIX BOJIH B ypaBHeHnus (4.9)
HEOOXOIMMO BBECTH YJIeHBbI, OTBeJalolire HaKauke u 3aTyxanuio. Hampumep, 510

MOXKHO CI€CJIaThb TaKUM 06pa30M:

Mg = - T Vel

| (4.43)
Ve = ...+ + S

Takast Mo uKaIs JaeT SKCIOHEHI[MAJIHHOE 3aTyXaHUE TAPMOHUK U JINHEHHY O
110 BpeMeHu HakKadkKy. MoaudunupoBaHHble TUHAMUYECKHUE yPABHEHUS (4.9) pe-
IIAJINCh C MCIIOJIb30BAHUEM YKMCJICHHOW CXEeMbl, OIUCAHHOW B TJiaBe .5. KoHKperT-

HBII BuJT (DYHKIUI, ONPEIesISIONUX HaKauKy U 3aTyxXaHue, ObLI TaKOB:

Fk — fkeiRIZ(t)a
(k - kpl)(kzﬂ - k)
= 4F| ;
L (o SV E
Dy = iy, (444)

e = =71,k < Ep,
i = =2k — k)% k > kq.
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31eCh RE(t) — 3TO PABHOMEPHO PACIPEEeHHOe CAydaiiHoe 9iCI0 B MHTEPBAJIE
(0, 27). Beraucsenns: nponssopmiuch B obsactu L, = L, = 27 ¢ nepuoguIeckn-

My rpaHrdHbIME yejoBusaMu. [Tapamerper nakauku Obuin TakuMu: kyy = 5, Ky =

10, kg = 64.

Kak 6110 mokazano B naparpade 4.2.2, npu perneHun HaJi0 0cob60 00paTuTh
BHAMaHWE Ha yPOBEHb MAPMOHUK, TaK KaK OT TOI'O 3aBHCUT CTEIEHb JOCTOBEP-
HOCTH MOJIEJIMPOBAHNST PE3OHAHCHBIX B3AMMOJIEACTBUANA BOJIH. DKCIEPUMEHTAIHHO
ObLIM HallJIEHBI HECKOJIBKO TIOJXOSIINX yPOBHEH HaKadKu. Hausydrue pe3yiib-

TATHI IIPU [IPUEMJIEMOM BPEMEHH PACCUYETOB IOJIYUEHbI Ui 3HAUYeHuil Fjj = 2 X

104 u Fy =3 x 1074,

SHadeHns MapaMeTpPOB 3aTyXaHUs AJIAITHPOBAJIMCH IIPU PACCIETAX IO CJIEILY-
IOIUM ajroputMaM. Jisi coxpaHeHusT MPUeMJIEMOr0 KadecTBa, PellieHusi, Tpebo-
BaJIOCh, YTOOBI B CIIEKTPE HAMOOJIbINIAs TAPMOHUKA OTJIMYAJIACH OT HauMEHbIIEei
B 10% — 107 pas. ObecreunBasoCh 3TO MOCPEACTBOM M3MEHEHUS 11apaMeTpa Y.
[Ipu Takux ycjoBUSX yHAaJoch u30exxaTh 3pdekTa «OyThIJIOUHOrO TOPJIBITIKAY,

onucanuoro B [83.

Tak Kak HAC WHTEPECOBAJ TOJHKO CIEKTP, COOTBETCTBYOMM mpsiMomy KoJ-
MOI'OPOBCKOMY Kackajty (IIepeHOC 9Hepruu B 00sacTb ¢ 6oJbiuMu k), TO €JuH-
CTBEeHHOe TpeboBanue, NpeIbaBaBlleecd K clieKTpy upu k < k1, COTOSJIO B TOM,
9TOOBI JIAHHBIE TAPMOHUKHU ObLIM HE OOJIbIIIE, YeM IMUKOBasi TAPMOHUKA, CIIEKTPA.
C 370ii 1eJIBI0 TTPOBEPSIIIOCH BHIMTOJHEHUE JTAHHOTO YCJIOBUSI ¥ TIPU HEOOXOIUMO-
CTHU BKJIIOYAJIOCH 3aTyXaHue ;. B ocTajbHOEe BpeMsi 3aTyxXaHus B 00JIACTH MaJIbIX

BOJIHOBBIX 4uces k He ObLIO.
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[Tosygyenne cTalOHAPHOTO COCTOsIHUS (TO €CTh COCTOSIHUS, B KOTOPOM CIIEKTD
B IIEJIOM HE MEHSIETCs1) TIPOM3BOJUIIOCH B HECKOJIBKO 3TanoB. OUeBuIHO, 4TO HAM-
OoJibIliee BpeMsi 3aHUMAET YCTAHOBJIEHWE PABHOBECHsI B OOJIACTU OTHOCHTEJIHHO
HEOOJIBIINX BOJIHOBBIX YHCEJI, TO €CThb B OKPECTHOCTU HAKauYKH. B TaKux ycjo-
BUSIX CUATATh Ha «OOJIBIIOHY ceTke ObLIO Obl pacTounTesbHO. [ToaToMmy pacder
HaYMHAJCS Ha ceTke 128 X 128, mpu 3TtoMm kg = 32 70 MOJIydeHHUs CTAIlIOHAPHO-
I'O COCTOSTHUS. 3aTeM MPOUCXOJIUI TEPEXo]l Ha ceTKy 256 X 256, npu stom k; =
64. Henocrarorue rapMoHUKY 3a0JHsINCh HyssiMu. [locie ycranoBjeHust pas-
HOBecHUsi ObLJI TTPOM3BEJIEH Tepexoj| Ha ceTky 512 X 512, npu atom kg = 100.
[Tocsie ycraHOB/IEHWST PABHOBECHSI M B 9TOM PEXKUMeE, OBbLJIO MPOU3BEICHO YCPE/I-
HEHUE TTPOMHTErPUPOBAHHOTO M0 YIUIy KBaJpaTa CIeKTpa (B CHIIy CHMMETDHU

CI/ICTeMbI) JJIA TIOJIyY€eHU A KOppeJssiTopa < ]77,5|2 >.

8x10°

6x10

Hamiltonian

4x10°°

2x10°3

0 5000 10000 15000 20000 25000 30000 35000
Time

Puc. 4.19: F'aMmunbToHMaH CUCTEMBI KaK (DYHKIMS BPEMEHH.
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Ha Pucynke 4.3.2 npuejien rpaduk [amuibronnana Kak (QyHKIUU BPEMEHU
JUIst TaKWX mapaMerpoB mogenn: Fiy = 2 x 1074, 4 = 1073, 99 ~ 512, g = 1.

KoppessiimonHasi pyHKIMsST OKa3aJaCh CTEIIEHHON B 3HAYUTE/ILHOM YaCTU UHEP-
IIMOHHOTO WHTEPBaJIa, KOTOPbIH cocTaB/si 0biaacTb oT ky = 10 no kg = 100.

Koppessitop nokazan #a Puc. 4.3.2.

107 T T A | T T T T T 1

2
<Inyl™>

10—22 R R R . . A |
1 10 100

k

Puc. 4.20: Koppensinmonnasi (pyHKIMsI OTKJIOHEHUsI TTOBEPXHOCTU B JIBOWHOM JiorapudmMude-

CKOM Macirrabe.

Mo»XHO OIeHUTDH oKa3aTe b 9To# creneHHol (GyHKIH. CKOMIIEHCUPOBAHHBIE
CHeKTphI (JJ1st cpaBHeHusi Mbl ipuBesin criekTp Puimnica) nokasaxbl Ha PucyH-
ke 4.3.2. BujiHo, 910 criekTp, NpeJcKa3aHHblil Teopueit ciaboit TypOyseHTHOCTH,
JIydIIe MOJXOAUT K Pe3ysibTaTaM YHCJIEHHOTO KCIEePUMEHTa.

Ha Pucynke 4.3.2 BujiHO yuimpenue o0J1acT, B KOTOPOH HAOJIIOIAETCS CTEIIeH-

HOI CIIEKTpP B pe3yJibTaTe YBeJUYEHUs WHEPIMOHHOIO MHTEPBAJIa IIPU IEPEXO/ie



4.3. KOJIMOIOPOBCKWMWE CMNEKTPbl B TYPBYJIEHTHOCTN
rPABUTALLIMOHHBLIX BOJIH 203

S~ RN
S mem TN ~ec
3 s s
10° ¢ - - 7
b = ~ 4
[~ ~ N ]

<nyl>> K

10

10° : : : —_——
10 100

k

Puc. 4.21: CkoMIieHCHPOBaHHBIN# KOPPEISITOP OTKJ/IOHEHHUsI IOBEPXHOCTHU IPH PA3JUYHBIX CTe-
IEeHAX KOMIEHCAIMU: 2 = 3.5 CIjIomHas juHus (Teopus cjaaboit TypOyIeHTHOCTH ),

z = 4.0 npepsiBucTas jgunus (Teopus Puiurnca).
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Ha OOJIBITYIO ceTKy. TakykKe MpeJICTaBISET UHTEPEC MTPOBEPUTD, CYIIECTBYET JIU

-3 T T T T T T T T

107 ¢ 512x512 ——— ]
- 256X256 -

128x128 -

2 712
<>k
=
o
n

10 : — ' ' _
10 100

k

Puc. 4.22: Ymupenue 006J1acTH CTEIEHHOTO CIEKTPa IPU YBEJWYEHUH KOJHMYECTBA TOUYEK Ha

CEeTKe.

3aBUCHUMOCTD TTOKA3aTeJIs B TOJIyYeHHOM CTEIIEHHOM CIIEKTPE OT YPOBHS HAKAYKHU.
Jlyist 3T0T0 GBI BHINOJIHEH pacyeT pu yposHe Hakadku Fy = 3 X 107% na cerxe
pasmepom 256 X 256. Ha Puc. 4.3.2 xopoliio BUIHO, 9TO OTJIHYMS IIOKa3aTesei
He HabJiogaercs. Kak u ciieoBajio oxkKujiaTh, HAOJIIOAeTCsI OTIMIre MOTOKa, P

B hopmyute (4.42), 9TO IPUBOAUT JIMIIE K MAPAJIICTHHOMY CMEIEHUIO KPHUBOIL.

4.3.3 3aknr4yeHwue

HpOI/IBBe,ZLeHHOe YUCJIIEHHOE MOJAEJIMPOBaHNE JUHAMHWYCCKHUX ypaBHeHI/Iﬁ BOJIH Ha
IIOBEPXHOCTHU 2KUMAKOCTHU B CJIy4da€ I'DABUTAIMOHHbIX BOJIH Ha I‘JIy6OKOI71 BOAEC IIO-

Ka3aJI0, 9TO B CYIIECTBEHHOI O0JIACTU MHEPIMOHHOI'O MHTEPBaJa JJisi KOpPpeJ-
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3

107

Pumloing:3x10'j‘1 -
pumpingzleo' ,,,,,,,,

2 712
<In®> K

107
10

Puc. 4.23: nepuyonnblit WHTEPBAJI CIIEKTPa MPH PA3JIUYHBIX YPOBHSIX HAKAUKH.

JISIIMOHHON (DYHKIMKM OTKJIOHEHUsT TIOBEpXHOCTH HabJioaercs Kosmoroposekuit
(cTemeHHOl) CHEKTD, MOATBEPXKIAIONNI MpPeICKa3aHus Teopun cyiaboil Typoy-
nenTHoCcTH. [IponsBeieHHbIe TOMOTHUTENbHbIE YUCIEHHBIE SKCIIEPUMEHTHI TIPOJIE-
MOHCTPHUPOBAJIH, YTO CTEIeHb YObIBAHWS CIIEKTPA HE 3aBUCUT OT YPOBHS HAKAYKU
1 3aTyXaHUsI B MOJIEJIM, YTO IO3BOJISET CUNTATH JAHHDIA CIIEKTD YHUBEPCAJbHBIM.
Takum 06pa3oM, MOXKHO 3aKJIIOYUTD, 9TO MPEJIIOJOKEHUSI, B PAMKAX KOTOPBIX
MOJIyYeHa, TeOpUst CJ1abo# TypOYyJIEHTHOCTH, SIBJISIIOTCS BEPHBIMU U B CJIydae I'Da-

BUTAIMOHHBIX BOJIH Ha MOBEPXHOCTH IVIyOOKOW >KUJIKOCTH.



3aksitoyeHumne

OcHOBHBIE PE3YJIBTATHI JIUCCEPTAIIUN COCTOAT B CJIETYIOIIEM.

Ucnonb3ys kaHOHUYECKU (hOPMAJIU3M JIJIsi ONKUCAHUS JIMHAMUKHU CBODOHOM
MOBEPXHOCTH JIBYMEPHOW WIeahHOW YKUIKOCTH MPOU3BOJHHON TMIyOUHBI U KOH-
dopmHOE 0TODOpaAXKEHNE B TOPU3OHTAJIBHYIO MOJIOCY, ITOJIyIeHa, ITPOCTAsT CUCTEMA,
nceBio-aud depeHIuaIbHbIX YpaBHEHHH Ha (POPMY IOBEPXHOCTU U T'UJIPOJIHHA-
MUYECKUH MOTEHIUAJ CKOPOCTU. JTa, CUCTEMA, MOYKET ObITH 3 MEKTUBHO U3y IEHa,
aHAJUTUIECKH B CJIydae, KOIJa SIKOOMaH KOH(MOPMHOIO 0TOOparkeHusl ITPUHUMa-
eT 60JTbININE 3HAUEHNS B OKPECTHOCTH HEKOTOPOH TOYKHU MOBEepXHOCTH. [IpumMensist
pasJioXKeHue 110 0OpaTHBIM CTEIeHSIM SKOOMaHa, CUCTEMa MOXKEeT ObIThb CBEJIEHA,
K OJIHOMY YPaBHEHHUIO, KOTOPOE COBIAJIAET C XOPOIIO W3BECTHLIM ypaBHEHHEM
JIATIJIACOBCKOI'O pocTa. B pamMkax 3To#l Mojiesi HaJIeH PsiJl TOYHbIX PEIeHUi,
KOTOpBIE ONUCHIBAIOT 0bpasoBanue KoHdurypamnuii Tuma "maabies". Ilomydens
TOYHBIE KOH(POPMHBIE YPABHEHUS, KYOUIECKN HEeJTUHEHHbIe, 11T (POPMBI TOBEPX-
HOCTU U THUJPOJIMHAMUYIECKON CKOPOCTHU. Y paBHEHUs JIOMYCKAIOT 3(POEKTUBHOE
qucjieHHoe MojiesinpoBanre. OHU OMKMCHIBAIOT MEPEHOC 0CODEHHOCTEH KOH(OPM-

HOT'O IIpeoOpa30BaHus B BepxXHeil MOJIYILIOCKOCTH. [IpoBejieHo YucieHHoe ncciie-
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JIOBaHKE BOJIH-YOUHI] Ha, MOBEPXHOCTH »KUJIKOCTH, UCCJIEIOBAH MEXaHU3M UX 00-

pa30BaHus, MJYJISIIIMOHHAS HEYCTONYUBOCTD, €€ HeJIuHelHasl CTajius.

JlokazaHa HEMHTEIPUPYEMOCTD JIByMEPHOH UJI€aJIbHOM THIPOJIMHAMUKH CO CBO-
6omuoit rpanruiei. C moMonbio KOHMOPMHBIX KAHOHUIECKUX MEPEMEHHBIE TOJTY-
YEHbI BHbIE BbIPAXKEHU JIJI MATPUYHBIX JIEMEHTOB PE30HAHCHOI'O B3aUMOJIEHi-
CTBUST BOJIH Y€TBEPTOTO (KOTOPBIN OKA3AJICS PABHBIM HYJIIO) U [STOTO TOPSIIKOB.
[Tosrydyeno kuHeTH4UeCKOe ypaBHEHUE JIJIsi BOJIH, YUYUTHIBAIOIIEE O-TU BOJIHOBOE
pe3oHaHCHOe B3auMojieiicTBre. [loydensl ero cranuoHapHble perenus, Koamo-

IrOpOBCKHE CIICKTPHI.

[Tpennoxena moguduiuposantas MMT-momenb ogHOMepHOI BOJHOBOR TYP-
OyJIeHTHOCTH, ITO3BOJIsIIONIAsI H30aBUTHCSI OT KOTEPEHTHBIX CTPYKTYD B CJIabOTYp-
OyneHTHBIX pexkuMax. IIpoBeneHO UnCIeHHOE MOAETUPOBAHKE, IPOJIEMOCTPUPO-

BaHO CYIIIECTBOBaHUE CTEMEHHBIX KOJMOrOPOBCKUX CIEKTPOB.

AHAIUTAYIECKN UM YUCJIEHHO WCCJIEeI0BaHa COJUTOHHAST TYpPOYJIEHTHOCTD JIJIsI
HenHTerpupyemoro ypapuenus: tura, HYII, mokazano, 4To cucrema acUMIITOTH-
YeCKM MPUOJIMAKACTCS K COCTOSTHUIO COJTMTOHHOIO rasa. [lokaswiBaercsi, aro "co-

CRll

JIATOHHBIN i

u "kosrancHblil" BapuaHTbI BOJHOBON TypOyJIEHTHOCTH KadeCTBEHHO

OTJIMYaXOTCA APYT OT JApyTra HE CJIMIIKOM CHUJIBHO.

Hucnenno uccienoBana TypOyseHTHOCTL B Mogesun HYII ¢ orraskuBanuew,
TypOyJIEHTHOCTh KOHJIeHCaTa. HabJio/1aaoch JiBe KaUYeCTBEHHO Pa3JIMYHBIX KOM-
MOHEHTHI B TYypOYJIEHTHOCTU HepaBHOBeCHOrO Boze-KoHjeHcaTa: 0OpaTHBIN Kac-
Ka/[ IPOU3BOJIAT JINHEHHO PACTYIIMN KOHIEHCAT, KOTOPBIH CTaOUIM3UPyeT BHE-

KOHJ/IEHCATHDBIE (DIIyKTyaIuu, (BKJIIOYAsS KUHKH) T.€. CJIy>KUT CTOKOM B TypOy-
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JleHTHOCTH. [TocpoeHbl KOppessiinoHHbIe (DYHKIIMN BBICIITUX MTOPSIIKOB, KOTOPHIE
OKa3aJIuCh OJIM3KU K TayCCOBOM CTATUCTUKE.

YucjieHHO U aHAJIMTUYECKU KCCJIEI0BAHA BO3MOXKHOCTH KOJLJIAICA JIBYyMEPHOM
obobimennn ypasuenus benpramuna-Ouno (ypasuenwe pupsr). Haitnena tod-
Hasl BEPXHsS IPAHUIA JIJIS [TOJTHOW SHEPIUK BO3MYIIEHU, KOTJ1a KOJIJIAIIC BCE eI
HEBO3MOXKEH, U KOIJIa JII000e BO3MYIIIEHUE aCUMIITOTUIECKU UCUE3AET C TeUCHUEM
BpeMenu. TeopeTudeckue MpeicKa3aHust HAXOIATCSI B KAUECTBEHHOM COTJIACHH C
9KCITEPUMEHTAMMU.

UccseioBato BnsiHUE JIMCKPETHOCTH (B YMCJIEHHBIX 9KCIIEPUMEHTAX) Ha PE30-
HAHCHOE B3aMMOJIEHCTBIE BOJIH JIJIsi KAIMJISIPDHBIX U I'PABUTAIMOHHBIX BOJIH HA,
MOBEPXHOCTH KUJKOCTU. [losydueHbl HEKOTOpbIE KPUTEPUU Ha IIPABUJIbHbBIN BbI-
Oop mapamerpoB MoOeaMpoBaHusl. PazpaboTana dMCIEHHAS CXeMa JIJIsi PEeIeHnst
JAHAMUYECKUX YPAaBHEHUN TPEXMEPHON NOTEHIINAJIBHON I'UIPOAUHAMUAKY, COXPa-
HSIIOIIAsI TaMIJIbTOHKAH. [IpOBeIeHO YnC/IeHHOe MOJeIMpPOBaHKe CJaa0oi TypOy-
JIEHTHOCTH I'PABUTAIMOHHBIX BOJIH. B 3HaUYMTEIbHON YacTU 00JIaCTU HHEPIUOHHO-
I'0 UHTEPBaJIa HAOJIIOIAJIOCH CTEIIEHHON CIIEKTP, COBIAJIAIONINN C TEOPETUIECKIM.

ABTop Takxke Osmaromapen wienam ¥Ydenoro Cosera UT® um. JI. 1. Jlammay

PAH 3a noJiesnble 3aMedaHus.



[TprnoxxeHuns

.1 CrayunoHapHble BOJHbI

[Tepemnuiiem HesiBHbIE ypaBHEHUs i (POPMBI MOBEPXHOCTU U T'MJIPOMHAMUYE-

ckoro mnorennuaJga V:
yt<1 + i'u) — TtYy = —[:{\Ifu’ (45)
Vi — Vol + gyyu + R (W, (1+ CEU) — 2V, +gy(1+2,) =0, ('46)
[Tocnennee ypaBHeHre nMeeT YaCTHOE PeIleHHe:

Yy = y(U_Ct)vj:i'(u_Ct)7
U = U(u—ct) — gbot, (.47)
KOTOPOE ONUCBHIBAET CTAI[MOHAPHBIE BOJIHBI, PACIIPOCTPAHSIIONUECS C TTOCTOSTHHOM

CKOPOCTBIO C.

[Toacrasusist (.47) B (.45), NpUXOJUM K PABEHCTBY:

cyy = RV, . (.48)
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Eciu BocnosibzoBatbest (.48) u nogcrasuts (.47) B (146), MOXKHO HOJLYIATH:
— (& + 2gbo)yu + gyyu + gR(y(1 + &) = 0. (49)

Hajee Mbl Oyjem rejmnosiararb BCe (DYHKIUMU [MEPUOJUIECKUMU C EPUOJOM

L =2

L B stom CJIy4da€ IIOJIJHOE COXPaHE€HHE MaCCbl 2KHJKOCTHU IIDEIIIoJIaracT

PaBEHCTBO

<y(l+z,) >=0, (.50)

rJie CKOOKM O3HAYAIOT YCPEIHEHUE T10 ITePUOJLY.

Perenne ypasuenust (.49) MOXKHO UCKATHh B BUJE DsiJia,
(0. 9]
y=ao+ Y a,cosnku. (.51)

Y100HO BBECTH OIIepaToOp

JeficTBrue KOTOPOro Ha Y JAeT:

Q

S7ly=> 2cosnku,
1S,
rie
5 = tanh knh .
kn
C nomoripio S, u3 (.50) ag onpepesnsiercs:
12 a2 -
i .52
223, (:52)

Huist by umeeM cooTHotenue, caejyroree u3 (1.47),

> (.53)
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Bce npyrue KoadPUIueHTsl a,, yI0BAETBOPSIOT CIASAYIONIEH CHCTeMe YPABHEHMIA:

. o0 S1(S,, + S,
(02 — gSl)al = g —~ (1 + 1<S g o +1)) AmAm+1 (54)
(¢"—gSp)a, = 5 mz::1 (1 S 5. A tm
nl Sn Sm Sn—m
+% . (1 + <S ;,__ )> AmAp—m - ('55)

Bnech &2 = 2 —2g(ag — by). B aTux ypaBHeHUAX aMILIUTY/a IEpBOil TADMOHUKH
ay, ipousBoJibHA. [lostarast ee MaJioit, B IJIaBHOM TIOPSIJIKE UMEEM B COOTBETCTBUM
C JIMHEWHON TeOpHUei:

%:m%:onézézgme, (.56)

B nepBoM HETPUBHAJIBLHOM IPUOJIIKEHHN KO3 MUIUEHTHL ds U ¢> PABHBL:

5. 3+ tanh? kh
4 tanh” kh
9 — 6tanh® kh + 5 tanh® kh

2 9 2
= I tanhkh (1 kai)?| . (57
© T ™ ( *_[ 8 tanh® kh ]( ar) ) (57)

Ecnn BepryThest K usudeckoii riybune h, aucrnepcnontoe coorHomierue (.57)

COBIIAJIAET C TOYHOCTDHIO C MOJyYeHHbIM B [155]:

= %tanh kh (1 + [9 — mtag}i]:li:];}_? tanh’ kﬁ] (kal)z) : (.58)
B npejesie rurybokoii Bobl orcioja caejyer pesyabrar Crokca [144):
(¥:%u+4mm%. (.59)
JL1st MeJTKO# BOJBI
A h? 0?
S~ h(l - 3@) ;

u ypasuenue (.49) npesparnaercs B jauddepeHiuanbHoe, OIUChIBAIONIEe COTUTO-

bl K/IB Tuma.
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.2 TaMmnnbToHMaH 4-ro n 5-ro nopsigkos

B stom IIPUJIO2KEHHNH IIOJIyda€M YJIEHbI Pa3JIO2KECHHN A [amusnbTOHRAHA J0 5-TO TI0-

psijika BKJIIOUUTENIbHO. [lepBasi yacTh ramMmusibToHuaHa H, paBHa

H™ = —%/2@3)}1@(1)’@ -
= = / P =y HP' du + 2 / o' H(yP)HP du =
1
— % / |]€3‘(|]€1]€2| + k1k2)ZklZkzpk3pk45/€1+k2+k3+k4dk1dl€gdk3dk4—|—

1
+ ; / ’kl’kZ’k?)|S/ﬂ2+k4zk1ZkQPk3Pk45k1+k2+k‘3+k4dkldk2dk3dk4
Bropast vacth ‘H4 MOXKeT OBITH 3alUCAHA TaK:

H42nd = —%/\P(Q)H\I’(z)/du =

_ _% (YPYH(YP) + («'P)H(@'P) + 2(x'P)(yP) du

B k-mpocTpaHcTBe OHa TPUHUMAET BHUI:

H = L [{([kka| = krko) s + kal + ([Kalka — Falkol) (ka + ki) } <
Zhy 2y Py P s Ok kg -+ AR1 Ao d g d ey (.1)

[TepBas yacTp Hs paBHA

Hilst = — ;W HEW gy =
~1
)t [ sl {(3rks + || Fes| + (3kuks| + kaka) ey, s}
Zky 2k Zhs Py P Okty kg ks +ha ks AR d ko d kgd kg dks

Bropast gacts Hy umeer B

M= — ) v HU? gy =
;P =) EP) du+ /77(56'2 — Z)H(z'P) du—
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—2 [ ZH(ZP)(ZP) du— Z/x'H(z/P)H(x/P)'du =
Ik {(‘]{31]€2| + klkg)(l{ig(kg + ]€4> + |]€3Hl€3 + k4|)}><
ZklZk2Zk3Pk4Pk55kl+k2+k3+k4+k5dkldkzdkgdk4dk5—

i |k1|k38k3+k4(k2(k2 + k5) + ’kg”kg + ]{5|)><
ZklZk2Zk3pk4pk55kl+k2+k3+k4+k5dkldkgdkgdk4dk5

laMuibTOHHAY MOXKET ObITh 3AIIMCAH B CUMMETPUIHONE (hopMe:

1
H=12 [ (glzl? + [k]|Pr*)dk+

~ 2
1

2\/2177
) M2 21, 2 Pty POk -t ooy Ao dboodlosdeg -+

1
+2(27T)% J N]];i]f;kBZklZk?Zk3pk4pk55kl+k2+k3+k4+k5dkldedkgdk4dk5

+ I { Sk koks iy 2y 2y — F/f;kgzklpkgpkg}5k1+k2+k3d7€1d7€2d/€3+

k
1€ Skikoks, Lk, 1 Fl )y, oupenenenst B (2.30), u

M/f;/ff = (k3| + [kal) (k1o + [k1k2|)+

1
_L—k1k2(|k1 + k3| + |l€1 + k4| + |l€2 + k3| + !kz + k4|)—|—

+ 4

b S alka(@hs + s+ k) £ Ral ol 2k + By + £)+

+ |kalko(lks| sty r, + [KalSkoins) + Frlka| (K| sk sy + [Ral Sk k)

N =

— {([k1koks| + [ki[koks + ku|ka|ks + Fko|ks|)(|ka| + |Ks])+
+ k1k32]€3(|k4|(3k1+k5 + Skytks T Skyths) T
+ | k5| (Skytky  Skotky T Skatky))+
+ |Kal (R lkal k3l sy v hs + [Kal k2l ksl skyrns + R || K2l k3sk,1as)+
+ ks (k1 lkal| ksl skyvr, + [Ralkalks|skyrn, + R || K2l k3sk,1r,) }



1
— Lk
3{| 1
| Ko

| K3

+ ~ + ~ + —~ +

1
g{LklakQLk37k3+k4 + Lk3,k2L/€1,k1+/€4 + Lk17k3Lk2J€2+k4+

Ly ey Ly ey s+ Ly oo Ly ey 15+ Ly s Ly ey 15—
k3(Lk27/€2+/€45k3+/€5 + Lk27/€2+k55k3+/€4

LkB ks+ksSkotks + LkB ks+ks Sko+ky )+

o

3 Lk17k1+/€45k3+/€5 + Lk17/€1+k55k3+/€4 +

=

2 Lk17k1+/€45k2+/€5 + Lk17/€1+k55k2+/€4 +

)+
)
)
)
)
)

s (
(
1(Lteg sy Skt ks + Lt ey 4 Sk ks ))
(
(

Kt (L ey ks Sky ks + Ly kgt ks Skitka)) }
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.3 DnemMeHTbl AnarpaMMHON TeXHUKW

Bgejiem 6a30Bbie OOBEKTHI IMArPaMMHON TEXHUKHU, KOTOPBIE MMOHAI00sITCST HAM B

[Tpusioxkennn .4.

1. YerbipéxBosiHOBaASI BEPIINHA C 2 BXOAAIIMMA U 2 BBIXOISIIAMU BOJTHOBBIMU

BEKTOPaMU:

() —
w

k1 ko
Wik,

2. TpéxBosnosbie Bepiiunbl U u V':

o)\w
>

koks

—_
w NG

Ul keoks

3. Oyukuus ['puna G(k,w).

k, w
Uy
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Gk ,w) = b

W — Wk

3aMeTuM, 4TO KaxKJas BepIIMHA HMeeT OJIHY MPSIMYI0 JUHUIO, OCTAJbHBINA -
BOJIHUCTBIE.

st TOro, 9T00bI BBIYMC/IUTD IMOJHBIA MaTPUYHBIA 9JIEMEHT YETBEPTOIO IO-
psiiKa, HEOOXOIMMO CJIOXKUATH ¢ COOCTBEHHO YeThIPEXBOJIHOBOM BEPIITUHOM BCE BO3-
MOKHbBIE KOMOWHAIMHN BEPIIUH 60JIee HU3KOTO MOPSIIKA (TPEXBOIHOBDIX B JTAHHOM
ciaydae), cBsi3aHHbIx GyHKiped [puna, Takum criocoboM, 4Tobbl Pe3yJIbTUPYIO-
IUe JuarpaMMbl UM 2 BXOJIAININX U 2 BBIXOJIAININX BOJHOBBIX BeKTOpa. Kpome

TOIr'o OHHU HC OOJI2KHbBI UMCTDH IICTECJIb.

JIerko BUIeTh, YTO €JIMHCTBEHHBIN CIIOCOO YIOBJIETBOPUTDH ITUM TPEOOBAHUSIM
- 9TO COEJMHUTDH JIBE TPEXBOJHOBBIC BepIIUHBbI OjHON (yHkIimei ['puna. B pe-
3yJIbTaTe Mbl BMeeM 6 TOIOJIOTUYIECKN PA3HbIX KOHGUryparuu. ApryMeHTs k n
w BHyTpeHHel (yHKIuUKU ['prHa JOJKHBI YIOBJIETBOPSTH PE3OHAHCHBIM YCJIOBH-
sm (2.21). [TockosbKy MbI HAXOAUMCS Ha PE30HAHCHOM MHOTOOODA3NH, HE HMEET
3HAYEHUST BBIYUC/ISIEM JIM Mbl apI'yMeHTbl kK 1 w QyHKIMU ['puHa 110 JIeBoi uju
IPaBOii BepINWHE, TaK KaK OHW 00a JAI0T OJUH U TOT XK€ Pe3yJIbTaT. ITO OTPa-
XKAETCsl B TOM, 4TO JIBa CJIAraeMbIX B KaXJI0# KBajpaTHO# ckoOke (2.35) paBHBI.

D10 no3poJisier yopars koabdunuent 1/2.

1
—Viuks ik,
Whi+ky — Wk, — Wk,



-1-2

1-3

3-1

1-4

4-1

ksky [
/€2U—/€3—/€4 3
—kak1

—U_y,

ng ki1—

Vk4 ko—

Vk4 ki1—

ng ko—

kg4

koks—

k3

‘/klkg,—

k3

‘/kgkg,—

k4

k1ka—
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Wk, ]
+ Wk, +

ka

Wk, +

1
+ Wk —ky
ks or,

Wk ]

1
+ Why—ky
Ky e

Wk, ]

1
+ Wiy —k,y
ks e,

wkl}

1
+ Why—ky
Ky or,

wkj
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.4 5-Tn BONHOBbLIE AMarpamMmmbl

3/1ecb Mbl OyJIeM CTPOUTH JUATPAMMbBI H-TH BOJHOBBIX IIPOIECCOB.
HeeiictByst anajornaao [Ipumoxkenuio .3, .3, Mbl MOXKEM HAIIMCATH CEPUIO JIHa-

T,f3 %fz. Hawm reobxonumo uc-

rpaMM JIJid MATPUIHOTO dJIEMEHTa MATOTO MOPSJIKa
I0JTb30BATh TPEX U UETHIPEX BOJHOBBLIE BEPIIUHBI TAaKUM 00pPa30M, UTOOBI MMe-
JIOCh 2 BXOJSIINX U 3 UCXOASIIUX BOJHOBBIX BEKTOpa. Pe3ysbTaT, pasymeercs,
OyZeT TaKuM YKe, €CJIM Mbl PACCMOTPUM 3 BXOJSIIUX U 2 UCXOJSIINX BOJHOBBIX

BEKTOPaA. Y4uuTbiBas BCE TOIOJOIMYIECKU pa3HbIE KOM6I/IHa,LH/II/I, a TaK2>Ke OlIpe/e-

Jlenre GpyHKIuM ['prHA U OTCYTCTBHUE IETEJIb, IIOJydIaeM, ITO

e nMeeTcs 60 guarpaMM, CKOHTPYUPOBAHHBIX TOJHKO U3 TPEXBOJHOBBIX BEP-

muH 1 JByx MyHKnui ['puna,

e 1 20 jguarpamMM, CKOHCTPYHPOBAHHBIX U3 OJIHOU TPEXBOJTHOBOI BEPIIUHDI,

OJIHOI YeTHIPEXBOJIHOBOM BEPIIUHBI U OJHOW (yHKIMU [ puHa.

Mpr HazoBem 3T rpytimb coorBercTBeHHO "3+3+3"u "4+3".
Hasee mpuBeieHbl 6ce TUArPaMMBI ¥ COOTBETCTBYIOIINE aHAJUTUIECKNE BhIPa-

xernst s "3+3+-3"u "4+4-3"rpymm.

9Ta CyMMa JaeT MOJ-

Bumecre ¢ cOOCTBEHHO MATHBOIHOBOM BepiIuHOM QF1F2Fs

q
HBI#l 5-TW BOJIHOBOII MaTPUYHBII JIEMEHT T]fqlkzk?’ WiIn T,flqk2k3. OTO BBIpaKeHUe

BBIYKCJISIJIOCH C OMOIIBIO porpaMmbl "Matematica"[156].



P 1
p+q§ 243
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V(k2 + k3, k2,k3)V(p+q, k1, k2 4+ k3)V(p+q,p,q)

(W(k2) + w(k3) —w(k2 + k3)) (w(p) +w(q) —wlp +q))

Ukl, —p—q,k2 + k3)U(p,q, —p — q) V(2 + k3, k2, k3)

- (W(k2) + w(k3) —w(k2 +£3)) (w(p) +wlq) +wp+q))

U(k2,k3,—k2 —k3)V(k1,p+q,—k2 —k3)V(p+q,p,q)

 (wk2) + w(k3) + w(k2 + k3)) (w(p) +wlq) —wlp+q)

(W(k2) + w(k3) + w(k2 4+ k3)) (w(p) + w(q) + w(p + q))

V(k2,p,k2 —p)V(q, k3,—k3 +q) V(—k3 + ¢, k1,k2 — p)

(W(k2) —w(k2 —p) — w(p)) (~w(k3) —w(ks —q) + w(q))

(w(k2) —w(k2 —p) —w(p)) (W(k3) —w(k3 —q) — w(q))

V(kl,—k3+q,—k2+p)V(p,k2,—k2+p)V(q, k3,—k3 + q)

(—w(k2) —w(k2 —p) + w(p)) (—w(k3) —w(kd —q) +w(q))

V(k3,q,k3 —q)V(p, k2, —k2 +p)V(—k2 +p,k1,k3 —q)

(—w(k2) —w(k2 —p) + w(p)) (W(k3) —w(kd —q) —w(q))
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V(k3,p, k3 —p) V(g k2,—k2 + q) V(—k2 + q, k1, k3 — p)
(W(k3) —w(k3 —p) = w(p)) (~w(k2) —w(k2 = q) + w(9))

U(kl,k2 —q, k8 —p)V(k2,q,k2 — q) V(k3,p, k3 — p)
(w(k3) —w(k3 — p) —w(p)) (W(k2) —w(k2 — q) — w(q))

V(kl,—k2+q,—k3+p)V(p, k3, —k3 +p)V(q, k2,—k2 + q)

(—w(k3) —w(k3 —p) + w(p)) (—w(k2) —w(k2 — q) +w(q))

V(k2,q,k2 — q) V(p, k3, —k3 + p) V(=k3 + p,k1,k2 — q)
(—w(k3) —w(k3 —p) + w(p) (W(K2) —w(k2 —q) = w(9))

V(k1+ kS, k1,k3)V(p+q.k2,k1 +k3)V(p+q.,p,q)
3 (kD) + w(k3) = w(kl +£3)) (w(p) +w(g) —w(p +4))

U(k2,k1 +k3,—p—q)U(p,q,—p — q) V(k1 + k3,k1,k3)
(w(kl) + w(k3) — w(kl + k3)) (—w(p) —w(q) —wlp+q))

U(k1,k3,—k1 —k3)V(k2,p+q,—k1 —k8)V(p+q,p,q)
(—w(kl) = w(k3) —w(kl +£3)) (w(p) +w(a) —wlp +9)

U(_kl _ k37 k1 ) k‘?) U(p7Q> iy 2 Q) V(_kl B k37 k27 —P— q)

(—w(kl) —w(k3) —w(kl +k3)) (-w(p) —w(q) —w(p+9))
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V(k3,p, k3 —p)V(q,k1,—k1 +q)V(—kl + q,k2,k3 — p)
(W(k3) —w(k3 — p) —w(p)) (—w(kl) +w(q) —w(—kI +q))

U(k2,k1 —q, k8 —p)V(kl,q, k1 —q)V (k3,p, k3 — p)
(w(k3) — w(kd —p) —w(p)) (W(k1) —w(q) —w(—kI +q))

V(k2,—k1 +q,—k3+p)V(p, k3, —k3 +p)V(q, k1,—kIl +q)

(—w(k3) —w(k3 —p) +w(p)) (—w(kl) +w(q) —w(—kI +q))

V(k1,q. k1 —q)V(p, k3, —kS +p) V(—k3 + p, k2, kI — q)
(—w(k3) —w(k3 —p) +w(p)) (w(k1) —w(q) —w(=kI +q))

V(ki,p, k1 —p) V(g k3, —k3 + q) V(—k3 + q, k2, kI — p)
(w(k1) = w(kl —p) = w(p)) (~w(k3) —w(k3 — q) +w(q))

U(k2,k3 —q, k1 —p)V(kl,p, k1 —p)V(k3,k3 — q,q)
(w(kl) —w(kl —p) — w(p)) (W(k3) —w(ks — q) —w(q))

V(k2,—k3 +q,—kl +p)V(p,kl,—kl +p)V(q,k3,—k3 + q)
(—w(kl) —w(kl —p) +w(p)) (—w(k3) —w(kd —q) +w(q))

V(k3,k3 — q,q) V(p, kl,—kl + p)V(—ki + p, k3 — ¢, k2)
(—w(kl) —w(kl = p) +w(p) (W(k3) —w(k3 - q) — w(q))
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V (kI +k2,k1,k2)V(p+q,k3, k1 +k2)V(p+q,p,q)

(W(kl) +w(k2) —w(kl + k2)) (w(p) +w(q) —w(p +q))

U(k3,k1 +k2,—p—q)U(p,q,—p —q) V(k1 + k2,k1,k2)

(w(k!) +w(k2) —w(kl +k2)) (—w(p) —wlq) —w(p+9q))

U(kl,k2,—k1 —k2)V(k3,p+q,—k1 —k2)V(p+q,p,q)

(—w(kl) —w(k2) —w(kl +k2)) (w(p) +w(q) —w(p+4q))

(—w(kl) —w(k2) —w(kl +k2)) (-w(p) —w(q) —w(p+9))

V(k2,p, k2 —p) Vg, k1,—k1 4+ q)V(—kl +q,k3,k2 — p)

(W(k2) —w(k2 — p) —w(p)) (~w(kl) +w(q) —w(—kI +q))

Ukl —q,k3,k2 —p)V(k1,q,k1 —q)V(k2,p, k2 —p)

(W(k2) —w(k2 —p) — w(p)) (W(kl) —w(q) — w(=k1 +q))

V(k3,—k1+q,—k2+p)V(p,k2,—k2 +p)V(q, kl,—kI +q)

(—w(k2) —w(k2 —p) +w(p)) (-w(kl) +w(q) —w(=k1 +q))

V(kl,q, k1 —q)V(p,k2,—k2 +p)V(—k2 +p,k3,k1 —q)

(—w(k2) —w(k2 — p) + w(p)) (w(k1) —w(q) —w(—kI +q))



223

V(ki,p,kl —p)V(q, k2,—k2 4 q) V(=k2 + ¢, k3, k1 — p)
(w(kl) —w(kl —p) —w(p)) (—w(k2) —w(k2 —q) +w(q))

U(k3,k2 —q, k1 —p)V(kl,p,k1 —p)V(k2,q,k2 — q)
(w(kl) —w(kl —p) — w(p)) (W(k2) —w(k2 — q) —w(q))

V(k3,—k2+q,—kl +p)V(p,kl,—k1 +p)V(q, k2,—k2 + q)
(—w(kl) —w(kl —p) +w(p)) (—w(k2) —w(k2 — q) +w(q))

V(k2,q,k2 —q)V(p,k1,—k1 +p)V(—kl + p,k3,k2 — q)
(—w(kl) —w(kl —p) +w(p)) (W(k2) —w(ke —q) — w(q))

V(K2 + k3, k2, k3) V(K2 + k3, p, —k1 + q) V(q, k1, —kI + q)
(w(k2) + w(k3) —w(k2 + k3)) (—w(kl) + w(q) —w(—k1 + q))

V(kL,q, kI —q) V(2 + k3, k2,k3) V(p, k1 — q, k2 + k3)
(W(k2) +w(k3) —w(k2 + k3)) (w(kl) —w(q) —w(—=kI +q))

Uk2,k3,—k2 — k3)U(p, —k1 + q, —k2 — k3) V(q, k1, —kI + q)

(—w(k2) —w(k3) —w(k2 + k3)) (—w(kl) +w(q) —w(—=kI +q))

Uk2,k3,—k2 — k3)V(kl,q, k1 — q)V(kl — q,p, —k2 — k3)
(—w(k2) —w(k3) —w(k2 + k3)) (w(kl) —w(q) —w(—k1 +q))
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V(k1 + k3, k1,k3) V(KL + k3,p,—k2 + q) V(q, k2, —k2 + q)
(w(kl) +w(k3) —w(kl +k3)) (—w(k2) —w(k2 — q) + w(q))

V(k2,q,k2 — q) V (kI + k3, k1, k3) V(p, k2 — q, kI + k3)
(w(kl) +w(k3) —w(kl +k3)) (w(k2) —w(k2 —q) —w(q))

U(kl, k3, —kl — k3)U(p, —k2 + q, —k1 — k3) V(q, k2, —k2 + q)

(—w(kl) —w(k3) —w(kl +k3)) (—w(k2) —w(k2 — q) + w(q))

U(k1,k3,~k1 — k3)V(k2,q,k2 — @) V (k2 — q,p, —k1 — k3)
(k1) + w(ks) + w(kl + k3)) (W(k2) — w(k2 — q) — w(q))

V(KD + k2, k1, k2) V(KL + k2, p, —k3 + q) V(q, k3, —k3 + q)
(wkl)+w(k2) —w(kl +k2)) (—w(k3) —w(k3 — q¢) + w(q))

V(ki + k2, k1,k2)V(K3,q, k3 — q) V(p, k3 — q, k1 + k2)
(w(kl) +w(k2) —w(kl +k2)) (w(k3) —w(k3 —q) —w(q))

U(—kl — k2,k1,k2)U(—kS + q, —k1 — k2,p) V(q, k3, —k3 + q)

(—w(kl) —w(k2) —w(kl +k2)) (—w(k3) —w(k3 — q) + w(q))

Ukl k2, —k1 — k2)V (k3,q, k3 — q) V (k3 — q,p, —kI — k2)
(w(kl) +w(k2) + w(kl +k2)) (w(k3) —w(k3 —q) —w(q))
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V(K2 + k3, k2, k3) V(K2 + k3, q, —k1 +p) V(p, k1, —kI +p)
(wW(k2) + w(k3) —w(k2 + k3)) (—w(kl) —w(kl —p) + w(p))

V(ki,p, kI —p) V(K2 + k3, k2, k3) V (g, k1 — p, k2 + k3)
(wW(k2) +w(k3) —w(k2 + k3)) (w(kl) —w(kl —p) — w(p))

U(k2,k3,—k2 — k3)U(q, —k1 +p,—k2 — k3)V(p, k1, —k1 + p)

(—w(k2) —w(k3) —w(k2 + £k3)) (—w(kl) —w(k! — p) +w(p))

U(—k2 — k3, k2,k3) V (k1,p, k1 —p) V (kI — p,q, —k2 — k3)
(—w(k2) —w(k3) —w(k2 + k3)) (w(kl) —w(kl —p) —w(p))

V(k1 + k3, k1,k3) V(KL + k3,q, —k2 +p) V(p, k2, —k2 + p)
(w(kl) +w(k3) —w(kl +k3)) (—w(k2) —w(k2 — p) + w(p))

V(k2,p,k2 —p)V (k1 + k3,k1,k3)V (q,k2 — p, k1 + k3)
(w(kl) +w(k3) —w(kl + k3)) (w(k2) —w(k2 — p) — w(p))

U(—k1 — k3, k1,k3)U(=k2 + p,q, —k1 — k3) V(p, k2, —k2 + p)

(—w(kl) —w(k3) —w(kl +k3)) (—w(k2) —w(k2 —p) +w(p))

U(kl, k3, —k1 — k3)V(k2,p, k2 —p) V (k2 — p,q, —k1 — k3)
(—w(kl) — w(ks) — w(kl + k3)) (w(k2) — w(k2 — p) — w(p))
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3 q 1
p—3| 142
V(kI + k2, k1, k2)V (kI + k2,9, —k3 +p) V(p, k3, —k3 + p)
P 9 (w(kl) +w(k2) —w(kl + k2)) (—w(k3) —w(k3 —p) + w(p))
3 q 1
3—p| 1+2
V(k3,p, k3 —p) V(g k3 — p, kI + k2) V(KL + k2, k1, k2)
D 9 (w(kl) +w(k2) —w(kl +k2)) (w(k3) —w(k3 —p) — w(p))

U(k1,k2,—k1 —k2)U(q,—k3 +p,—kI — k2)V(p, k3, —k3 + p)

(—w(kl) —w(k2) —w(kl + k2)) (—w(k3) —w(k3 —p) + w(p))

V(k3,p, k3 —p) V(K3 — p,q, —k1 — k2) U(kL, k2, k1 — k2)
(—w(kl) —w(k2) —w(kl +k2)) (w(k3) —w(k3 — p) — w(p))

V(K2 + k3, k2, k3) W (p,q, k1, k2 + k3)
w(k2) +w(k3) —w(k2 + k3)

Gk1,p,q, —k2 — k3)U(k2, k3, —k2 — k3)
w(k2) + w(k3) + w(k2 + k3)

V(k1 + k3, k1, k3) W (p, q, k2, k1 + k3)
w(k) + w(k3) — w(kl + k3)

G(k2,p, q, —k1 — k3) UKL, k3, —kl — k3)
w(kl) +w(k3) +w(kl + k3)




3 2
1+2

p
q 1
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V(k1 + k2, k1, k2) W (p, q, k3, k1 + k2)
w(kl) + w(k2) — w(kl + k2)

G(k3,p,q,—k1 — k2)U(—k1 — k2, k1, k2)

w(kl) +w(k2) +w(kl + k2)

G(Q> k1 - D, ]{;ka‘?) V(k],p, k1 _p)
w(kl) —w(kl —p) —w(p)

Vip, k1, —k1 +p)W(q,—kl +p, k2, k3)
—w(k1) —w(kl — p) + w(p)

w(k2) — w(ke — p) — w(p)

V(p, k2, —k2 +p)W(q, —k2 + p, k1,k3)
—w(k2) — w(k2 — p) + w(p)

w(k3) — w(k3 —p) —w(p)

Vi(p, k3, —k3 +p)W(q,—k3 +p, k2, k1)

—w(k3) — w(k3 — p) + w(p)



q9—D
2
3
1
P+q
2
3
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_ R(k1,k2,k3,—p —q)U(=p — ¢,p, )
w(p) +w(g) +w(p+q)

Gp+q,k1,k2,k3)V(p+q,p,q)
w(p) +w(q) —w(p+q)

w(ks) —w(k3 — q) — w(q)

Vg, k3, —k3 + q) W (p, —k3 + q, k1,k2)

—w(k3) — w(k3 — q) + w(q)

w(kl) = w(g) —w(=kI +q)

Vg, k1,—k1 +q) W (p,—kI + q,k2,k3)

—w(kl) +w(g) —w(=k1 +q)

w(k2) —w(k2 — q) — w(q)

Vg, k2,—k2 + q) W(p, —k2 + q, k1, k3)

—w(k2) —w(k2 — q) + w(q)
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.5 HucneHHas cxema MogenMpoBaHUA rpaBUTALLMOHHbIX

N KANMJIJIAPHbIX NMOBEPXHOCTHbIX BOJIH

Yucuennoe MoziesupoBanue ypasuenuii (4.9) npejcrapisier coboit JIOBOJIBHO CJIOXK-
HYIO 33J[aqy. B OCHOBHOM 3TO OOYCJIOBJIEHO HAJUYUEM B YPABHEHUSIX HEJIOKAJb-
Horo oneparopa k. OjHAKO ec/ii HAIMCATD ypaBHeHus B npejcrasienun Dypbe-
rapMOHWK, TO 3TOT OITEPATOP CBEIETCs K JEHCTBUIO, AHAJOTMIHOMY B3SITHIO TTPO-
u3BoiHO#. [loaTOMY BBIYMC/ICHIE TPABBIX YacTeil, 09eBUIHO, Oy/I€T OCHOBBIBATH-
¢ Ha, TOCJEeJ0BATENbHOM IPUMEHEHUH AJIOPUTMa OBICTPOro Ipeodpa3oBaHuUst
Dypbe. B 10 xke Bpemsi, BLIOOp METO/[a YNCIEHHOIO WHTETPUPOBAHUS TI0 BDEMEHU
ypasrenuii (4.9) we crosnb oueBujen. Yacro npumensiercss meroy Pynre-Kyrrbi
qeTBepToro nopsiyka [42]. Ou, ofHaKo, He JIMIEeH HEKOTOPBIX HeIocTaTKOB. Ha-
mpuMep, JaHHBI MeTOJ He coXpaHseT ['aMWJIBTOHMAH, YTO, B CJIydae MOJIEJIH-
poBaHust ['aMUJIFTOHOBCKOW CHUCTEMBI, HE CJIUIITKOM XOpoIo. Kciau Obl ymaaoch
[OCTPOUTH YHUCJIEHHYIO CXE€MY, COXPAHSIONYI0 ['aMUJIbTOHUAH, TO 9TO JAJO ObI
IIPEKPACHBI MHCTPYMEHT JIJIsi KOHTPOJIS 38 MHOTHMHY MapaMeTPaMu YHCJIEHHOTO

MHTEerpupoBaHus. Hamnpumep, 3a 111arom 1mo BpeMeHHU.

1o [pusoxkenne nocrpoeniry cieyromuM 00pa3oM: B 4acTu .9.1 mocsieoBa-
TEJBHO CTPOUTCS CXeMa MHTerpupoBaHus ypasuenuit (4.9), coxpamsromast [a-
MUJIbTOHUAH; yJIOOHBIN Ha ITPAKTUKE METOJ BIOOPA Iara 1o BpeMEeHU OIMUCHIBa-
eTcs B pasjielie .5.2; HEeKOTOPhIe MPUEMbI, OOOIIAIOIINE TIOJYUEHHYIO YUCJIEHHYIO
CXeMy, IIPUBEJEHBI B YaCTH .0.3; B 3aKJ/IOYeHUN 5.4 00CYXKIAI0TCs 1TOJIy YeHHbIE

p€3yJibTaThbI.
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5.1 MNocTpoeHune uncneHHoii cxemsbl, coxpaHsouwieii NamMunbTOHMaH

Byyem jseiicrBoBarsb B jyxe paborsi [174]. Pacemorpum usmenenune Famusibronu-

ana (4.8) Ha oaHOM mmare no spemenu H" — H™"! pejuaunoii 7
6H = H"™ — H™ (.1)

Tak kak ['amMusibTOHMAH €CTh (DYHKIUS TOJHKO OT IIEPEMEHHBIX 1) U 1), TO MOIIPO-

OyeM BBIPa3UTDh JIaHHOE W3MEHEHWE KaK JIMHEHHYIO (PYHKITUIO OT:

on =n"t =", S ="t — Y (:2)

[Tpu sToM nmorpebyem, uToObI ['aMUJIBTOHMAH HA TOM IIIare 1o BpeMEHH OCTaBaJI-

Cd ITOCTOAHHDBIM:

oH cw —5 —0. 3
¢ n= (-3)
Paznenum naHHOe paBEHCTBO Ha IIIAr IO BPEMEHU T
OH 6 OH 6
o ooy, (.4)
(91? T on 7

Takoe paBeHCTBO MOXKeT ObITh BBIIIOJHEHO, HAIIPUMED, IIPU CJIEIYIONIUX YCIOBU-

AX:

o _on
T o’
o _ o (5)
T On

DTO HE YTO WHOE, KAK PA3HOCTHBIN aHajor ypaBaenuii [amusabrona (4.7). Takum
obpazom, Hailyist (.1) Kak JuHeitHyo dyHKIuo (.2), MbI IOJIy4aeM IPaBbie 4acTu
ypaBHeHuit (.5).

Kaxk Ob1JI0 yIIOMSIHYTO BbIIIE, PASHOCTHYIO CXeMy y100HO 3amnucarh st Dypbe-

rapMoHuk. st cokpaleHnus 3amnucu BBejieM omepaTop peobpasoanus Oypbe



A~

JIO)KeHUU .6, 1oJIydaeM:

n+1

n+l n
%’ k

— N

wn

n
k
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F', coorsercrytommit (4.10). [Mosb3ysich pesysbraTamu npuseeHHbiME B [1pu-

ES

i (27 o)

( (77n+1 T nn)v(¢n+1 T ,wn)) o

(™ k(4 gm) ) + (6)
o nn) i (nn+1j€¢n+1 4 nn];wnﬂ _

(") + (")) (™ + g)| +

n+1)2 + (77”)2)A(¢"“ + wn)] _

DO —
ETE TR ‘T
> %’1 'T_]> 'T_]>
[ s BN

[ —]

= | %I»—t »Jklr—'
~ —

+
o0l
=

S
3

i (" ) -

(Ju 1 + |vyr?) +

(UMH () - (.7)
[/; P 4 gm) A( n+1j€¢n+1+nn]%¢nﬂ _

[ ) (B ey 4 Al

u>|>—ﬂ uklr—' »Jkl»—ﬂ uklr—' MI»—‘
™ T T =LE,

@

JlJist IpaKTUYECKUX BBIYMCJIEHHUH TIOJIE3HO pa3periuTh ypasHenus (.6-.7) oTHo-

CUTEJIbHO 3HAYCHUIT HA T + 1-BOM mmiare (MMEIOTCS B BHJLy JIMHEHHbIE YJICHBI).

B messix cokpallleHusi 3aliCh BBeJeM OOO3HAUEHUs Jjisl HEJIMHEHDLIX WIEHOB B
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npaBbIX dacrsix ypasHenuit (.6-.7):

Ry = —{F (V. ) V(" 4 47)) -
—HRLE (! (! 4 9m)) +
+1)7) a {(nn—kl + )]%<nn+1k,wn+l +nn];¢n)] _
SHEPE [t 4 () kw4 o] +
FSIRIE ()2 + B At 4+ 4] (8)
Ry = 5 ([Vortif +[9e?) +
FEF (e 1)? + ()2 -
g {k (! + ) ki ( n+1];¢n+1+nnjwn)] _
—HE [t ) (D R Atk
Paspemas (.6-.7) orsocurensro 0w 2 nonyuaew:

et = A(k, T+ Bk, 7)¢r + C(k,7)Ry + D(k, 7) Ry,
B = Bk, 7Yt + A(k, )02 + F(k,7)R, + O (k,7) Ry,
3J1eChb BBEECHDI 0003HAYCHUS:

1——w 272 Tk

Ak 55 BT = —155

(k. 7) = 14 qwir?’ (. 7) 14 qwir?’

T 1

k ——1—~5. D(k,7)==7B(k 10

Clh.7) = ae (k.7) = S7B(k, 7). (10)
1

E(k,7) = C(k ), F(k,7)= §TE(kJ,T).

TakuM 06pa3oM, MbI IOJTYYUIN HesBHYIO (B wieHbl R, u Ry, BXOIAT 3HAUEHHS

UZH u nZ“) YUCIEHHYIO cxeMy, coxpatsiontyto Lamusbronuan (4.8).

.5.2 Bbl6op wara no BpemeHun

[Tosryuennyio HestBHYIO ducIeHHYO cxeMy (.9) MOXKHO peIaTh METOIOM MPOCTHIX

UTepaIyii. 3amuIieM 3Ty TPOIeT s 0" re s — 910 HOMEp mMTepauu
y op ypYy Up ) p p )
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[I0/Ipa3yMeBasi aHaJOTUYHbIE JeHCTBAA JJ1s wl%H-l,s‘
e s=0: ng;
e s—1 (ngﬂ _ 77,%) _ 77,?“71;
o s=2 (ng“ — 772“’1) 772“’2,

[Tporecc npoosKaeTcsi, Ioka He OyJeT JIOCTUIHYTa TpedyeMasi TOYHOCTH € CO-
xpanenusi [amuiibronnana. OHAKO onepalusi BLIYUCTEHUsS [ aMUIbTOHNAHA s1B-
JISIETCsl JIOBOJIBHO «JIOPOIoiiy. B OOJIBIITMHCTBE CJIydaeB JJOCTATOYHO OTPebOBaTh,

YTOOBI BBIIOJIHSAJIOCH CJIEIYIONIee COOTHOIICHHE:

n+1,5+1 2

an

-

‘ 2
k

n+1,s
5 < €, (.11)

n+1,s

k

B CJIyuae I'PaBUTAIMOHHBIX BOJIH. DTO, IPAKTUIECKH, TPEOOBAHIE K BHIUMCICHUIO
MOTEHIINAJIBLHON SHEPTUU ¢ HYKHON TOYHOCTHIO, & B MPUOJIMKEHUN CJIabO0il HeJn-
HEHOCTH KBaJIPATHIHAs 4aCTh [AMUJIbTOHMAHA JOMUHUPYET HAJ, OCTAJbHBIMHU.
B ciyyae KamujIsipHBIX BOJH MOXKHO COOTBETCTBYIOIUM 0Opa30M MOIUQDUITU-
POBATH BbIparkeHHe I0J 3HAKOM CyMMbl. HO, Kak mokasbIBaeT MpaKTHKa, TaXKe
yeaiopust (.11) okasbiBaeTCsi JOCTATOUHO.

B mpomecce BbIYUCIEHUI MOXKHO KOHTPOJAPOBATH IHIAT 110 BPEMEHH, TPeDysi
CXOJIMMOCTH UTEPAIMOHHOTO TIPOIECCa 38 UKCJIO IAroB He OoJibIliee 4eM 3a1aH-
Hoe, N4z, HO U He MeHblinee, 4eM N,,;,, 1 COOTBETCTBYIOMIAM 00Pa30M KOPPEK-

TUPY4 IIar 10 BPEMEHH.
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.5.3 O606weHue YNCNEeHHO’ CxeMbl B MPUCYTCTBUN 3aTyXaHUs un

HaKa4kKu

[TpuBesienHast B ipeibliyiieM maparpade YucjieHHas cxeMma MOXKeT ObITh puMe-
HEHA JIJIsT MOJIEJTUMPOBAHUS TyPOYJEHTHOCTHA BOJIH, KOTOPOE TPeOyeT MPUCY TCTBUS
B MOJIeJIM HAKAYKK U 3aryxanusi. Hanpuwmep, jobasum B ypashenue (.7) wieH

BUJA:
Vi = o — Wbz, (-12)

COOTBETCTBYIOIINI SKCIIOHECHIMAJLHOMY 3aTyXaHUI0 TAPMOHUK. YYeCTh TaKylo
JN00aBKy MOXKHO IIPAKTHYECKM HE MEHsIs CXeMy Bblumcjienuii. Mcnouabsyem st
9TOro Meroj pacmiemenus («split-steps), IMUPOKO NPUMEHSIEMbIH, HAIPUMED,
JUISE MOJICJIMPOBAHUS PACIPOCTPAHEHHS BOJIH B ONTOBOJIOKHE. JIJIs1 3TOro BBIYMC-
JsieM perienue ypasaennii (4.9) Ha Tekymem imare 6e3 ydera s3aryxanusi. O6o-
3HAYMM 9TO PEIICHUE @Zgﬂ. Torpa penienue noJaHOM CUCTEMbI MOXKEM BbIYMC/IUTh

110 popmy.ie:
wgﬂ = Qﬂgﬂ exp(—yxT). (.13)

Hao orMeTuTh, 9TO IPU MOJIEIMPOBAHUN TYypPOYJIEHTHOCTH BOJIH, HAC WHTEPECY-
eT TIOBEJIEHNE CUCTEMbI B O0JIACTH, I'JIe BIIMSTHUE HAKAYKM U 3aTyXaHUsS HE3HAUHU-
TEJLHO (<«MHEPIMOHHBINA HHTEpBAJ» ). [109TOMYy HET HEOOXOIMMOCTH TPUMEHSITH
METOJIbI, 0DECIEeUNBAIOIIME CJIUIITKOM BbICOKYIO TOYHOCTH B PACCUETE BJIMSTHUS
3aTyxaHusi. KpoMe Toro, npumeHsisi MeTOJ, PacCIIEIIeHUsi, Mbl U30aBJISIEMCS OT

OI'PaHUYCHUA Ha BEJIMYUHY IlIal'a 11O BPEMEHN, BHOCUMOI'O 3aTyXaHUEM:

max(|yx|)7 < 1. (.14)
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AHAJIOITIHBIM CITOCOOOM MOYKHO y9YECTh U HAKAUKY.

5.4 3aknwo4deHune

Boraucisist JUCKPETHYIO Bapualuio ['aMUJIbTOHHAHA, HAM yJIaJOCh MOCTPOUTH
YUCJEHHYIO CXEMY JIJIsi DEIIeHUs! IMHAMUYeCKUX ypaBHeHui (4.9), COXpaHsoILy o
laMuibTonnan. B 9ToMm ciiyuae Mbl mosiydaeM yaoOHbBIA HHCTPYMEHT JIJIst KOHTPO-
Jisl 33 BEJIMUMHOI 11ara 1mo BpemMenu. /JlanHas cxema JIerko 0000IaeTCs Ha CIIydaii
HAJININs B YPABHEHUSIX HAKAYKY M 3aTyXaHUS. JTO IMO3BOJISIET UCIOJIH30BATH II0-
JIyYEHHYIO CXeMy [PU MOJIEJIMPOBAHUN TypPOYJIEHTHOCTH, & TaK K€ [PU PaccyeTe

¢BOOO/IHOM 9BOJIIOIUN [TOBEPXHOCTHBIX BOJIH.

.6 [unckpeTtHas Bapunaynga NamuiabToHMaHa

BblnuireM MOWIEeHHO pa3HOCTb aMumibronnano H"' — H™ mosb3ysch cBOi-

cTBOM omeparopa k:
/gl%f d’r = /fffg d>r. (.15)

JlaJtee, Jj1s1 KpaTKOMTH, OIIYCTHM 3HAKH HHTEIPAJIOB.

KBaﬂpaTI/I‘IHbIe YJICHBI:

5(% / w%mz%) — 159k (prtt ) ; (.16)

1 w? 2 o wif n n
5/ g el k) — 0 (). (17)



Kybuueckue 4jeHbl:
1
(5 [ nIVOI@r) — —L50 (V.G ) V@ ) +
2
+40n (|01 4 [Ty )
1 2\ 2 1 1. [ n+1 Y L (o1 ny\ _
(5 [0 (k) dr) — —Lowk (4 + b+ )
—4on ((ky )2 4 (ky™)?)

YHteHbl Y€TBEPTOrO MOPSJIKA:

5 (5 ) (o) e (o) ) — 360k (o + )

<k (1 g )] +
1ok [ + 6m) x
<k (i g 4 )]

5 (5 Jls)fpdr) — Loun [+ + () x
X by 4 ym)] +
LR ()2 + ()?) %
X AP+ )]+
(" + ")
X (AP 4 Ay,
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(.19)
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