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A"HJ;D6,?

2π
¨�X	?R=-9UVU6,?7[<5 EIQ

µ = 0.1 ' 0.15
s^Á^6JE,6�cUV7x>LIW	A T-97ElS�E<C-VpA'? 9 EIFGHJ5

C$A$?-5 5 EIF,EJA'57EGF,WrS¿FJEJ[pS)V7eP8:5-? 8<S�S�HpA$EIQ©HIS�TUA'? 6\VoC'W3s���A d�6JEGxDE-X$` 6JEILIW [oHpC"HJ6,N
FJE,A$57V��¼6JEG=1;:H7X$5 8kE,L<]lE:C"?$S�E�LIW�A$Ey9 8:Oq? 6,Nv;D6\HJc-? EI5$HJ9-57EI8�V79-H,F,5 8:5 ? 8

−c2yu + gyyu + gĤ(y(1 + x̃u)) = 0.
¥ =,¨

��A d|8<xDE�978:Oq8:5-?Ud|LGW�A�9$Hp[o9-HJL,E,6\HJ5�;kT 8:c ?$HpA'N,5-WZQ�HpA'xDEI9-? 6IS	s �qHpA$8k8�T 9-?-FJ8BC'8Ba
5-W 6I? T-? `-5-W	8�=UHJ9 6,?-5 W T-97EG�Y?7A-d«xk9-H,5 ?-c-W ~i?UC'=lEG;D6,?�C'E�T7Eod-FJA-8<5 ?7d}F,EJA'5 W�a
VULI?-Q-c W3X ��?-;BV757EG=� ,X-?�FvS�ElS�8:5 6vF,9 8<S�8:5-?�578<T7EG;k978DC';D6IFJ8:5-57EvT 8:9 8BC©8E�3EIT-97EG= ?Ua
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��S�T7A'?76\VoC"W F,EJA'5�X¼LI8:xBV7eg?1]MF,T 8:9 8BC'?@FJE,A$5-W^abVULI?-Q c-W a�E,6,5 EI;k? 6J8DA'N,5 E�S�Hoa
A'W ¥¦F�6,9-?}9-H\[oH�S�8<5 NIOP8p¨»s I Eo~v5 E�F,?UC$8k6IN©x�A VULIEI=7V7K F,T$HoC"? 57V�T78<978BC.FJE,A$5 EIQUa
VULI?-Q-c78:QtsoÁ^6JE�a$6\HJ=�5$Hp[<W�FIHJ8<S�HpdymhC"WZ9$HZF�FJE<C$8Umn?7A$?ym 01%+(7� #7� ��01� '6 ���:� m,¥ S�EI9-;k=lEIQ�YEJA'N,=7A-EG9'¨»X =lE,6JEG9-H\d�T-978BC"OP8<;D6,F\VG8k6gF,EJA'578DazVULG? Q-c78Gs I E<~i5 E�FI?1C'8k6,N-X7` 6JE�EI=lE,A-E
xk9 8kLI57d©T 8:978DC'5-? Q>�397EG576�FJEJA'5-W EI` 8:5-Ni= 97VU6os�Á¼6JEia�C'8:Q ;k6,F,? 6J8DA'N,5 E�mB;D6J8:5$HvF,E\a
C"Wjmps�� 5 8:=lE,6,EI9 EIQ�E,L,A'H,;D6,?.=-9UVU6,?7[<5$H�C"H\~q8yEI6,9 ?-c$H\6J8DA'N,5$H�¥¦x C'8yT EIFJ8<9I] 57EG;D6,N
5 8kE<C'5 EJ[<5$Ho` 5$HG¨»st��Ho`$HpA$EiEIT-9 EI=-?1C"WZFGHJ5-?Ud�T 9 8BC";D6\HJF\A$8:5 E�5$H
��? ;DV75 =l8g� s���8<;kNpa
S�H�FIHp~i5 EIQ«]1H,9-H,=76,8:9 ?-;D6,?-=lEIQRFJEJA'5-W d$F\A-d 8k6,;�d«6\HJ=7~q8�T7A$E,6,5 EI;D6IN�?$S�T7VpA$NI;:H7s
4YS�8:5-57Ey�k6pHiFJ8DA'? `-?-5-H�S�Eo~q8k6yT-978DC';D6\HJFJA d-6,NiEGT-H,;k5 EI;D6,NvC-A-d>S�EG9 ;:= ?U]�;BVoC$EGFv?
T7A'HJ6,��EG9-SZs ��? ;BV75 EI=�±{C'8<S�EG5 ;D6I9 ?-9UVG8k6©=UH,=�T-97EG? ;h]GE<C"?76�=lEI5-c78:5 6,9$HJc-?Ud}TUA$E,6\a
5 EI;D6,?�xDEI9-?7[:EI5 6pH\A$NI57EGxDEi?$S�TUVpA'N,;:H�=©S�EGS�8:5 6\V�E,LG9-H\[:EIFGHJ5-?Ud�F,EJA'5 W�azVULG? Q-c W3s

� �)!%
 ��/G#�/ ����� HJ5$HpA'?U[o? 97V7Kw6,;�dq978D[:VoA'No6pHJ6,W.`-? ;BA$8:5-57EGxDE�S�E<C$8kA$?-97EGFIH,5 ?7dtX<?
C'8DA'HJ8k6,;�d�FIWZFJE<C�Eq6,EGS	X `76,E�F,EJA'5-HpazVULG? Q-c$HqT Eod-F\A-d 8:6,;hd{Fq9 8D[kVpA'N<6\H\6,8Y9$Hp[<FI?76,?7d
S�E<C$VoA-d-c-? EI5-57EGQ�578DVl;D6JEGQ `-? F,EI;D6I?�¥ 8<;BA$?�T EI9 EIxg578kVG;D6JEGQ `-?-FJEI;k6,?�578�T 9 8:FIWZOP8<5�X
5-? =UH,= ? 8�FJE,A$5-W^abVULI?-Q-c W@578�T Eod-FJA d$Kw6,;hd�FJE,EILIeq8p¨»X,C'FI?U~q8:6,;hd{;fxk97V7T T EIF,EIQy;:=lE\a
9 EI;D6,NIKPs���97ElS�8�6,EIxDE$X�?-S�8:8k6,;�d.5 8:=lEI6JEI9-WZQ�T7EG97EGxvC$A d«=-97VU6,?U[o5 W 5-Ho`$HpA'N,5 EIxDE
VG;DA-EGF,?7dtX-T 9-?�T-978<F,WZOq8:5-? ?�=lEI6JEI9 EIxkEyFJE,A$5$H�EIT-97EG= ?UC"WZFIHJ8k6,;�dts

� #�!%	+! � ����&)� / �<� �@���"/103! # � �&��� �)(�� �)&�!"0 �)��! ����/1!$#�%'&�(�� � ������("*,� �
*G(.*�	"( �"( ��&)(�� �)(
	"/ ���t&�("*I� %�� �

Á¼6\Hvx�A'H,FIH�T EI;D6,9 E,8<5-H�;BA$8BC$V7Kfeq?$S�E,LI9$Hp[<EGS	s
� ��!�
 ��/G#�/ � � � T78:9 8:`-? ;DA-8:5-WÀ5 8:=lE,6,EI9-W	8q`$HJ;D6I5 WZ8 ���� !��"$#%�&#��'�)(45 �Z;k? ;k6J8Ba
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C�8
F�Y�Z
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A @�>�?�@�T�8/R1UVD\B�C�8�F[>�?�8 T = 458.5 W 9�>�G�@�]#C<B�FG�8�C
8
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k�f����
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�DA$8<S�8:5 6vF\[oH,?-S�E:C'8:Q-;D6,FI?Ud
T kk1

k2k3
= 0

6JEo~�C$8<;D6,FJ8<5 5 E�9$HJF,8:5�5UVpA'K½5-H�9 8D[:EG5-H,5 ;k5 EIQ�T EIF,8:9I] 5 EI;D6,?ts
� ;BA-8DC-V7Kfeq8<S¿T-H,9-H,xk9$HJ�Y8IXt¯Us ¯Us°�7X"? ;k;DA-8BC'EIFGHJ5-W�` 8k6,W�99�B] F,EJA'57EGF,WZ8�S�HJ6,9 ?-`Ua

5-W	8��DA$8<S�8:5 6,W3X�T78<9 FIWZQtX�T EJA-V7`78:5-5-WZQ«ªYHJ;k;D8kA$NGS�HJ5-57ElS½F« :¢IµG¯>xnsZ�°¯I£:�bX�?�FJ6JEJa
9 EIQtX7T EJA-V7`78<5 5-WZQ 
 Hp]1H,97EGF,W�S«F� <¢,µI¹qxnst� ±\�bs'�  <¢,¹��gx»s7Fg9$H\LIE,6J8 � �� <'E� %�� ­�X � s - s X� ? ��� X��3s � s�? �9 �� �  <� X ��s � s �¤¯,¯D��LIW�A¾;k�YEI9$S)VpA$?-9 EIFIH,5½FJEIT-9 EI;�EIL@?UC$8<576,?-`-57EJa
;D6,?�978k[kVpA$No6\H\6JEGF�ªYHJ;k;D8kA$NGS�HJ5-5-H�? 
 Hp]1H,97EGFIH7X E<C"5-H,=lEvE,6,F,8k6pHi5-H�5 8:xDEv5 83LGW�A$E-s

 C'8:;kN Xp~q8IXI? ;kT EJA'N\[:V,d�9 8D[kVpA'No6pHJ63T-978DC'W�C-V7eq8:xDE�T-H,9-H,xk9-H,�3H X,T EI=UH\[oHJ5 E-X,`76,E3EILGH
S�HJ6,9 ?-`-5 W�]��DA-8oS�8:5 6pH{;DEGF,T$HoC+HJKw6©5$H{9 8D[:EI5$HJ5-;k5 EIQ|T EIF,8:9I] 5 EI;D6,?ts�4 �k6JE©;kT-9$Hoa
FJ8DC-A'? F,Ei=UHJ=�F�E<C"57ElS�8:9-57ElS	X 6pH,=©?�FgC"F\V S�8:9 5 EGS�;BA-V7`$H\8Is

�¼A-8BC$V7Kfeq?-Q ��!�
 ��/G#�/ � � � d-FJA d-8k6,;�d>T E<C'xDEI6JEIFI?76,8DA$NI5 WrS¿C$A-d�FIWZF,E:C+H�£:a·6,?
FJE,A$5 EIF,EIxDEv=-? 5 8k6,?-` 8:;k=lEIxkE�V79-H,F,5 8:5 ?7dts

� T-H,9-H,xk9-H,��8�¯1s°� s  �E,LI;DV1~gC+H\8:6,;hd¿;D6,97V7=76JV79-H}=-? 5 8k6,?-` 8:;k=lEIxkE�V79$HJFI578:5-?7d¿F
E<C'5 EGS�8:9 5 EIQ�;:?76\V1HJc-? ?tX$?�T EI=UH\[<WZFGH\8k6,;�dtX7`76,Ey`78:6,WZ91�B]�FJEJA'5 EIFJEI8Y9$HJ;k;k8Dd-5-?783578
FIS�EI;k? 6�5-?-=UHJ=lEIxkE{FI=UA"HoC+H�F�=-?-578k6I? ` 8:;k=lEI8qV79$HJFI578:5-? 8Is��qH\A-8k8�5-Ho`-? 5$H\8:6,;hd|FIW^a
FJE<C|£<ab6I?©FJE,A$5 EIF,EIxDEiS�HJ6,9-? `-57EGxDEi�DA$8<S�8<576\H7s

�«T$HJ9$HJxk9$HJ�Y83¯1s¤�7s ¯�FIFJE<C-d-6,;�d �/*0�%1 * #�(4��52� ��� ��*0������� �����
�¼T 8:9 8<S�8:5-5 WZ8IXGT7E,[Da
FJE,A d$Kfeq? 8|;k9$HJF,5-? 6J8DA'N,5 E�A$8:xk=lE ¥ ]GEI6:d ?Rxk9 EGS�E,[DC"=lE1¨iT7E,A V7`-?76IN�9$Hp[kA$Eo~q8:5-?78
§1HIS�?7A$No6JEG5 ?$HJ5$H�C'E¿£:a xDE�T EI9GdUC"=UH.FI=UA'Kf` ? 6J8DA'N,5 E-sw� T-H,9-H,xk9-H,��8�¯Us°�7s¤�7X¼;�T E\a
S�EGeqN,K@=lEI5-��EG9-S�5 W�]v=UH,57EG5 ?-`78<;k= ?U]iT78:9 8<S�8<5 5-W^]vT7E,A V7` 8:5-W�FI;D8�5 8kEIL:]lE<C'?$S�W	8
S�HJ6,9 ?-`-5 WZ8j�DA-8oS�8:5 6,W@C-A-d©T-97EGc78:;:;DEIF

V k1

k2k3

C$A d
2 ⇔ 1

Uk1k2k3

C$A d
3 ⇔ 0

Rk1k2k3k4

C$A d
4 ⇔ 0

Gk1

k2k3k4

C$A d
3 ⇔ 1

W k1k2

k3k4

C$A d
2 ⇔ 2

Qk1k2k3

k4k5

C$A d
3 ⇔ 2.

�qHpA$8k8IX$FvT$HJ9$HJx:9-H,��8�¯Us°� s¶±-X-FIFJE<C'? 6,;�d�=UHJ5 EI5-?-`78:;:=lE,8jT 9 8kEILI9$Hp[:EGFIHJ5-? 8IX$=lE,6JEJa
9 E,8�T EJ[oFJEJA-d 8:6�?7[:LGH,F,? 6,N,;�d3EI6r5 8:9 8D[:EG5-H,5 ;k5-W^]Y`7A$8:57EGF�F�§UH,S�?7A$No6JEG5 ?$HJ5 8IX<F�C$Vl]G8
9$H\L,EI6|� =lX) <�p�·X"5 E�;q6J8<SRE,6<A$?-`-?78<SZX+` 6JE{6J8:T 8:9-N�=UH,57EG5 ?-` 8:;k=lE,8gT 9 8kE,LG9-H\[:EIFGHJ5-?78
C'8DA'HJ8k6,;�d F¿=lEG5 �YEI9$S�5-W^]ÀT78:9 8<S�8<5 5-W^]�sf��97ElS�8|6JEGxDE_F�T$HJ9$HJx:9-H,��8}9-H,;k;:S�HJ6pa
9-? FGH\8k6,;�d_;BA V7`$HJQ_T 8:9-?7E<C"? ` 8:;k=-?U]�xk9$HJ5-? `-5 W�]�Vl;BA$EIF,?-QtX�?«C$A dM5 8:xDE�T EJA-V7` 8:5
` 8k6,WZ9 8B] F,EJA'57EGFJEIQ�§1HIS�?UA'No6JEI5-?$HJ5©Fv5 EI9$S�H\A$NI57EGQ���EG9-S�8q´^? 9-= xkEI�3�3H

H =
∞
∑

n=−∞
ωn|bn|2 +

1

2

∞
∑

n6=n1

Tnn1
|bn|2|bn1

|2 +
1

4

∞
∑

n=−∞
Tnn|bn|4.

� ?



� �k6JE{§UH,S�?7A$No6JEG5 ?$HJ5©? 5 6J8:xk9-?-9UVG8<S�EIQ�;k?-;D6J8<S�W3s
��T EI;BA$8BC"578oS}T-H,9-H,xk9-H,��8 ��!�
 ��/G#�! � � � T 9 8BC";D6pH,F\A$8:5$HPT-97EGc78BC$V79$HPF,W�` ?-;BA$8Ba

5-?Ud|S�H\6I9 ?-` 5 EIxkE��DA$8<S�8<576\H7X+;DE,EI6,FJ8k6I;D6,F\V7Kfeq8:xDE{T 9 EIc 8:;k;DV
3 ⇔ 2

;�V7`1�k6JElSM?-;na
=7A$Kf` 8:5-?Ud.578<978D[<EI5$HJ5-;k5 W�]�T 9 EIc 8:;k;kEIF s)Á¼6JE�; C'8DA"HJ5 E�;iT EGS�EIeqNIK C'?$HJx:9-HIS�57EGQ
6J8B] 5-?-= ?ts =�? ;DA-EgC"?-H,xk9-HIS�S.a¼FJ8DA'?-=lE-s$µ��Pa�;k=lEG5 ;D6I9UV7?-97EGFIH,5 5-W^]©?7[�6I978B] F,EJA'57EJa
F,W�]�T-9 EIc 8:;k;DEGF

V k1

k2k3

?
Uk1k2k3

X-=UHJ=�5$HJT-9-?-S�8<9�X-6\HJ=-?1]
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������q�
I 6 �
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p
	 - U(k1 , k3 − q, k2 − p)V (k2 , p, k2 − p)V (k3 , q, k3 − q)

(ω(k2 ) − ω(k2 − p) − ω(p)) (ω(k3 ) − ω(k3 − q) − ω(q))
��97ElS�8P6JEGxDE-X+=�5 ?$SM57V1~i57E{8:e ��C$EILGH,F,? 6,N©¯>��C"?$HJxk9$H,S�SZX";k=lEG5 ;D6I9UV7?-97EGFIH,5 5-W^]
?7[�±Ja ]�T7A$Kf;j�oaz]�FJEJA'5 EIF,W�]�T-9 EIc 8:;k;DEGF X =UHJ=©5$HJT-9-?-S�8<9�6pH,=lEIQ
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I
q

R �
R

-p

¯ �
  V (k1 + k3 , k1 , k3 )W (p, q, k2 , k1 + k3 )

ω(k1 ) + ω(k3 ) − ω(k1 + k3 )
4 5-H,=lEI5 8:ctX	= 5 ?$S 57V1~i57E�C'E,LGH,F,? 6,N�;DE,LG;D6,FJ8<5 5 E«E<C"5UV £<ab6,? F,EJA'57EGF\V7K C"?-Hpa
xk9$H,S�S�V>;�S�H\6,9-?-` 5-W�S �DA$8<S�8<576JElS

Qk1k2k3

k4k5

X�F,;k8:xDE�¹7 PC'?$HJx:9-HIS�S�H7s � 8D[:EG5-H,5 ;:57EI8
S�5 EIxDEIE,LG9-H\[<?78GX	5$H�=lEI6JEI9 EGS 5 8kE,L<]lE:C"?$S�E�FIWZ`-? ;DA$? 6,N_F,;:K �k6\V ;BV S�S�V_C$EGTUVl;na
=UH\8:6�T7E,A$?-57ElS�?$HpA'N,57V7K 6,99�D] T-H,9-HIS�8k6,9-? ` 8:;k=7V7K T$HJ9$H,S�8k6I9 ?7[oHJc-?-KPs � 8D[kVpA$No6\H\6
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