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Hamiltonian and Lagrangian

Hamiltonian H is the total energy of the fluid H =T+ U

on _ oH

T = / dx/ (V®)dy, ot  oU’

ov _on

U:—/2daj o on
2

Action S = [ Ldt

Lagrangian
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Conformal Mapping

Let us apply the conformal mapping of the domain on the
plane z = = + 1y,

—00o < x <00, —oo<y<n(xt),
to the lower half-plane,
—oco<u<oo, —oo<v<0,

on the plane w = u + .
v @ @
\\/a;
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Conformal Mapping

After this transformation, the shape of the surface is given
parametrically by

y=y(u,t), x=u+I(u,t).

Functions y and x are coupled by the relations:

AN

y=Hz r=—Hy.

Here H is the Hilbert transformation,

f(u) = ~PV / AR

T o (U —u)

For Fourier harmonics y;, = isign(k)xy.
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Implicit Equations

Lagrangian can be expressed as follows,

o0 1 ©.@) . ©.@) R
L = / \Il(ytxu—xtyu)du+§ / (@H\Pudu — ng:zzu> du+/ fly—Hzx)

Here f is the Lagrange multiplier. Hamilton’s principle,

0S5 05 0S5
5—\11_0, @_O, and 5_3:_0'

gives the following equations,

A

Yty — TtYy — _H\Iju ;
Uy, — Uz + gy, = H(Wwy, — Uy + gyy) -

Ovsyannikoy, 1973
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Explicit Equations

If conformal mapping has been applied then it is naturally
Introduce complex analytic functions

2 = + 1Yy, andcomplex velocity potential P = W 4+ HW.

2z = Uz,
2
¢, = iUD,— P( " u’L ) +ig9(z — u)
Zu
U is a complex transport velocity:
. —HU,
U= P( PN ). U — W



Classical variables V¥, n

1 oo R oo
H = 5/ UG (n)Wdr + %/ n°dx
Normal complex variable ay:
W . o2 §
M = Q_k(ak+a—k) Ui = =iy | = (ar—a’}) Wk =V gk
9 Wi
a;, satisfies the equation
8ak OH
ot +25a,’; ’

ap — by, excluding nonresonant terms.
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Classical variables b,

Hamiltonian without cubic terms:

1
H = /wkbkbzdk+§ /T]f]ilkgbz 7;1kabkg5k+k1_k2_k3d]{dk1dk2dk3—|—. ..

k+k1:k2+k37 Wk+Wk1:Wk2+Wk3,
koks __ ]
Tkkl — O-
kikoks __ 2 Wk WkoWks  k1kokskaks
kaks — gl/2p3/2 Wy Wk max(k1,k2,k3)
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Cubic Equations

It turned out, that the equations can be simplified just by
changing variables. Introduce instead of z(w, t) and ®(w,t)
another analytic functions R(w,t) and V (w, t)

Zw
R, = i[UR —U'R)],
V, = i|UV' —RP(VV)|+g(R—1).

Complex transport velocity U is defi ned via P

U=P(VR+VR).
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Setup the problem

The shape of stationary progressive wave is given by:

c? 1
— — (1 —
Y 29( ‘Zwlg),
while ® is related to the surface as
¢ =—c(z —w), V =ic(R—1).

The amplitude of the wave 2 ~ 0.088,

For the sharp peaked limiting wave % ~ ().141.
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Setup the problem

Put 10 such waves in the periodic domain of 2.

Add long scale perturbation to this wave train

0.04
0.03
0.02
0.01

-0.01
-0.02
-0.03
-0.04

Vk = ’LC(Rk — 1) —+ 6517k.

n(x.t)

Time= 0.0

Flg u re l Inltlal prOﬁ Ie Qiaxihbef W@M@JE@JH Surface Waveand Modulation Instability — p.12



0.04
0.03
0.02
0.01

-0.01
-0.02
-0.03
-0.04

n(x.t)

Simulation

Time = 180.0

1

Figure 2: Typical profi le of the wave train
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Simulation

Spectra |Rk|2, |Vk|2
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Wave breaks

0.05 | | | | | | |
0.04
0.03 |-
0.02
0.01

Time = 235.13

-0.01
-0.02

_003 | | | | | | |
5.5 5.55 5.6 5.65 5.7 5.75 5.8 5.85 5.9

Figure 4. wave breaks.
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Slope of the surface
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Figure 5: Sharp wedge with the angle §
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Power spectrum

Spectrum |Rk|2
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Figure 6: Spectrum of | Ry |2 and k=3 and k=% .
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Figure 7: Initial slightly perturbed wave train
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Freak Wave
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Figure 9: Close view
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Figure 10: Velocities.
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Sharp peaked stationary gravity wave at the crest

2 0 2\ 3 .
Z ~ i;—g—l— (Z%) [—z’w2]%—|—ewo‘—|—. . (V—i=e""%)

This is well known result of Stokes with the angle - 2*.
For breaking wave numerics shows - 3 wedge.

2~ QA + Bt)[—i(w — a(t))(w — b(t)]5 + ...

Root branch that corresponds to the numerics is

{ —i|u\1/3, missing real part U < 0
<L = :
RECE u>0
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Wave profile in (x,y) coordinates:

y' =z, x<0;
y:%x, x > 0.

“*Overturning” takes place only near the wave top, main
shape of the wave looks like Stokes wave. Distance
between branch points a and b is small with respect to
wavelength.
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