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Abstract

This article deals with the studying of the interaction of gravity waves propagating on the surface of an ideal fluid of
infinite depth. The system of the corresponding equation is proven to be integrable up to the fourth order in power of
steepness of the waves, but to be nonintegrable in the next, fifth, order. An exact formula for the five-wave scattering matrix
element is obtained using diagram technique on the resonant surface. The stationary solutions of the five-wave Kkinetic
equation are studied as well.

1. Introduction

In this article we study interaction of gravity waves propagating in one direction on the surface of an ideal
fluid of infinite depth. The problem is of a big theoretical and practical importance. It is known from experiment
that the distribution function of wave energy even in the active zone of a storm is almost one-dimensional in
the energy-containing domain. Even more this is correct for the “swell” far away from the active zone. The
point of common belief is that the main mechanism of wave interaction is four-wave scattering, satisfying the
following resonant conditions

wy+ oy =y, +oy,, k+ki=ky+ ks (1.1)

here k; are the wave vectors of the interacting waves, and w; = 1/gk is the dispersion law. The corresponding
effective Hamiltonian has the form

* 1 * ok
H= /wkakakdk + Z /T,ﬁk,;akakl Qky Qiey Ot kg —ky —ky Ak Ak 1 dRrd b + . . . (1.2)
(ay; are complex amplitudes of propagating waves [1-3]) and the corresponding kinetic equation is
an
ks / TEK 1281tky b — ks Baon-taog, —awrg — oty 1My (M + ity ) — ey (Mg miy ) Yy dkadks (13)

This equation is exactly equivalent (see [4]) to Hasselmann’s equation, derived first in 1962 [5]. Eq. (1.3)
is entirely adequate for the situation when k; are two-dimensional vectors. But it completely fails in the
one-dimensional case.
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Egs. (1.1) have in the one-dimensional case two types of solutions:
1. The trivial solutions:

ky=ki, ky=k, or ka=ky, ka=k (1.4)

Here k and k; can have same or opposite signs.

2. The nontrivial solutions (ky # k, k).
These solutions exist only if the products kk, and k,k3; have opposite signs. They can be described analytically
as follows. Let k > 0, k; > 0, ky <0, k3 > 0. Then

k=a(1+ )% ki=a(l+ %% kh=-al’ k=a(l++ %) (1.5)

If one of the conditions (1.4) holds, the expression

R Mk, (g + 1y, ) — nng, (R, ng,)

is equal to zero. So, the trivial solutions do not put any contribution to the kinetic equation (1.3). This is
irrelevant if all the wave numbers have the same sign (waves propagate in the same direction). But even for
waves propagating in the opposite directions, four-wave interaction vanishes. As it was shown by Dyachenko
and Zakharov [6], the coefficient T,fzkk‘3 is identically equal to zero

kky —
T =0

on the manifold (1.5).
This remarkable identity means that the system (1.2) is approximately integrable and the kinetic equation
appears for the next order only

on
— =st(n,n,n,n).

at
Here st(n, n,n,n) is the collision term due to five-wave interaction, which is governed by the following resonant
conditions

Wi+ oy +w, =0, For, kt+tkithk=ki+ kg (1.6)

The corresponding Hamiltonian has the form
* 1 * K *
H= /wkakakdk + E /T:Sk,l“kz {akaklakzahah + C.C.}6k+k1+k2_k3_k4dkdk1dk2dk3dk4 +...
The expression st(n,n,n,n) looks like

o w
st(n,n,n,n) = E/|T,f,25kzk3|2fk1k2k3kk5dk1dk2dk3dk5 — 5/lT;Zk]?SkSlszkzklk,,/gdkzdk3dk4dk5,

Srkokskaks = Ok +k2+k3_k4—k589)k1 + Wiy + Wiy — Ok, ~Dig
X {nkl R, Ny (nk4 + nks) — N N (nkl Ry, + Mg, Rgy + iy Ny )} (1.7)

The expression (1.7) was found by Krasitskii [7]. He also found “in principle” the expression for T,gkk‘dkz.
But his final formula is extraordinarily complicated and cumbersome and can hardly be used for any practical
purpose. He used the technique of canonical transformation which excludes gradually the low order nonlinear
terms in the Hamiltonian.
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In this article we evaluate the coefficient Tf}kk'fz on the resonant surface (1.6). Our final formulae are
astonishingly simple. This is one more miracle in the theory of surface waves. We also find Kolmogorov’s
solution of the stationary equation

st(n,n,n,n) =0

We will use a technique different from that used in [1-3,5].

2. Conformal canonical variables

The basic set of equations describing a two-dimensional potential flow of an ideal incompressible fluid with
a free surface in a gravity field fluid is the following one:

¢xx+¢zz=0 (¢z_’0,2_’_00),
M+ bi=d,| . b+ I+ +gn =0 ;

=7 z=n
here n(x,t) is the shape of a surface, ¢(x,z,t) is a potential function of the flow and g is a gravitational
constant. As was shown by Zakharov in [1], the potential on the surface ¥ (x,t) = ¢(x,2,t)|,=, and 7(x,1)
are canonically conjugated, and their Fourier transforms satisfy the equations

_3_!//1(_ oH .  6H

o emp’ A &Yp

Here H = K + U is the total energy of the fluid with the following kinetic and potential energy terms:

Ul
1
K=§/dx/ vldz, U=—§:/172dx

A Hamiltonian can be expanded in an infinite series in powers of a characteristic wave steepness kn; << 1
(see [1,2]) by using an iterative procedure. All terms up to the fifth order of this series contribute to the
amplitude of five-wave interaction.

Here we prefer to do that performing first a certain canonical transformation from the variables ¢, 7 to new
canonical variables.

Let us perform, following Kuznetsov, Spector and Zakharov [8], a conformal mapping of the domain
z < n(x,t) to the lower half-plane of the complex variable w = u +iv, —o00 < u < 00, —00 < v < 0. The shape
of the surface is parametrized by two functions

z(u,t),  x(u,t)
which are connected by the Hilbert transformation

x(u,t) =u— A(z(u,1)), H(f(w) = %RV/M

uW—u
We introduce also the complex velocity potential
D(w,t) =¥ (u,v,t) +iO@(u,v,t)

On the surface (v =0)
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O(u,0,1) = H(¥(u,0,1)),

New canonical variables can be obtained using the variational principle for the action. With the old variables
the action is

S=/dt{/t//(x,t)n,(x,t)dx—H}.

After conformal mapping [8] it acquires the form:

S= /Ldt, L= /{‘If(z,xu — xZy) + %'PFIII’M - %gz2xu}du.

The Lagrangian function L can be rewritten as
L= /{Zt(’l’xu - H(¥z,)) + 1w AP, - Sgy’x,}du.

and the new canonical variables are z(u,t) and P(u,t) = ¥x, — H(¥z,). ¥ can be easily inverted as

_ Px+H(P)

v
x2+ 272

(2.1)
and the Hamiltonian of the system is

1
H= 3 /{gzzxu — 1Iflf:hlfu}du
where ¥ is equal to (2.1). The equations of motion can be written in the explicit Hamiltonian form which
includes the integral Hilbert’s operator:

P o0H dz OH

ot 8z at oP

3. Perturbation expansion for the Hamiltonian

One can introduce a new variable ¥ as
x=u+% x,=1+%, *=-Hz

Then

v = P + Px, + H(Pz,)
T (1 +E)2+ 22

Now one can expand ¥ in powers of %, and z,

U=vD @ g gy
v =p, ¥ =A(P) - %P,
v =P - 22) — 28 H(2P). ¥W =Px(3z7 - 1) + B ~ ) H(zP)

The Hamiltonian of the system is
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1 A
H= 3 /{g22(1 +%,) — VHY,}du
Now ‘H can be expanded as follows

H=Ho+Hs+Hs+Hs5+... (3.1)

here
1 . 1 .
Hy = 5/(g22 v OATDydu, H;= 5 /(gz%zu —2¢ D ATy du,
1
Ha=—3 /(2~1f<3>mf,§1> +¥OATPVdu, MHs=-— /(W“”H!I’,f') + ¥R D)du

Let’s introduce the Fourier transform:

__1- —iku __1__ iku
fk—\/z—ﬂ/f(u)e du, f(u)—\/ﬁ/fke dk

After simple, but somewhat tedious calculations one can find

1
M=y [ Cslaf + KPPk
e L
YT oo
1
H4= Z;/Mi;::aq Zk2Pk3Ph5k1+k2+k3+k4dk1dkzdk3dk4,
1

/Zk]{Sk1k2k3 ZkyZhy — F]lek;'sz’Pkg}5k|+k2+k3dkldk2dk3’

ki kok
Hs=—— / Nk T Ty 2y Pr P Ot v ky ks ks +ks k1 dkodksdkadks
2(27r)%
Here Sk i,k F,fz'ks, Mﬂﬁj and Nﬂ',::'“ are the functions symmetric in upper and lower groups of indices. Namely

Sklkzks = §(|k1| + |k2! + |k3|), kakz =kiky + lk1k2|
Fllekg =L ki +Lop = lkll(lkll + lkZ‘ + |k3|) (3.2)
The expression for M’,ﬁ;’,ﬁ: and N,’S’,f;’“ are given in Appendix A.
It is convenient to introduce a normal complex variable a;

@ x . (28 «
Y= Eg(ak-i—a_k), Pi = —i ;—k(ak_a_k)

which satisfies the equation of motion

day OH
—_— +1

at  bag =0.

here wy = /g|k| is the dispersion law for the gravity waves.
In the normal variable a; the second order term in the Hamiltonian acquires the form:

Hy = /wkakade

The third order term is:
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1

k
—/Vk;kg{azlakza;q +ak,a;zaL}5kl_k2‘k3dk1dk2dk3

Ha=>

1 * % %
+E/Uk1k2k3{aklak2ak3 +aklakza,@}6kl+k2+k3dk1dk2dk3 (3.3)

Vi, = 25 bl + kol + ) (|k1k2k3|‘+(kkk)%lk1| (2 bl - (2 )L|ka|)
Uklkm—2\/_(|k1|+|kzl+|k3|)<|k1k2k3|4+(kk ) |1|+(kkk) |z|+(kkk) lkal)

The fourth order term in the Hamiltonian consists of three terms:
Hy = H4¢>0 + H3¢¢1 + Hi«:ﬁ
describing different types of the wave-wave interactions. The term corresponding to the 4 < 0 interaction has

the form:

1
H4<:>0 24 Rk|k2k3k4 (akl Ak, Oy Ay + akl akzakaah ) 6k1+k2+k3+k4dk1dk2dk3dk4

where Ry ik, 1S:

1
kiky|* ) ki kiks|* e k1k4 kike
Ruakotots = 427 (‘ k3k4‘ Mgk + ’E—kﬂ Mg + | ok
kaks i kok kokg |t k k4 3k4 ksks
k1k4‘ M + klkJ My, + ‘k My (34)

The term corresponding to the 3 < 1 interaction has the form:

1

31
H ~ 6

/ kzka,q(a,qakzak}ak4 -+—aklakzakzakd)&l —l—k—kdkidkydksdks

ky oo
where G, 4.

i 1
kik kiks|? kiks|?
k 1K2 —kik 1K3 —kik 1K4 —kiks
Clatots = 47 (‘ k3k4‘ My + \kgk‘;‘ Migi ™ + ‘k ksl Mok
k2k3 ks k2k4 Mk k3k4 Mk 35
“kikg M ke ~ kiks M s — *iky M ik, (3.5)
The term corresponding to the 2 < 2 interaction has the form:
262 _ 1 kiky %
H4 4 Wk3k4 aklakzak3ak46kl+k2_k3_k4dk1dk2dk3dk4

ksks — 4 k3k4 kaks koks ~kaka ky—ka

i 1
whie = =1 ‘klker_kl— ) k1k3l M-kiks _ {klk“lAM"‘"“
koks

1
k2k3 —k k k2k4 4— —koks k3k4 1 kaks
lk k4‘ Mok = klksl M s + 'k ks M ik (3.6)
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Among the different terms of the fifth order we consider only the term corresponding to the process (1.6):

1 * k%
Hs = I /Q2£§k3 {aklakzakga,qaks + C.C.}5kl+k2+k3_k4_ksdkldkzdk3dk4dk5

where
1 i s
Qb = {+ ("‘1"2"3')“ g,k ks _ (lk_lkz_kil)‘ —— (|k1k2k5|)4 N
4ks (4m)igs |k4k5| ka ks |k3k5| —k3,ks |k3k4] ke, —k3
1 1 1
_ (|k1k3k4l)4 —ki ke, —ky ([k1k3k5|)“ N=kks—ks _ <|k2k3k4|)" Ko —k—k3
|kaks| ~k2,ks | kaka] ks, —kz 1 ks| —ky ks
i 1
_ (|k2k3k5|>" ks, ko —hy (|k1k4k5|)“ Nhikaks
|iks] bk |kaks] ~ka,~ks
! !
|k2k4k5|)4- ko —ka k [kskaks|\* Ko s, —
N —R2ES ( ) ks, —k3
+( |k1k3| —h—ks |k1k2| N—k""kz

4, Effective four-wave Hamiltonian

The Hamiltonian H in the normal variables a; is too complicated to work with. Our purpose is to simplify
the Hamiltonian to the form:

* 1 2 L¥ *
H= / wibbidk + / T2 by, bt iy by Sty — ks ks Ay dleod ke d s

+5 TE25 (b, bt b, i bis + €.0. 30k, 4 ks 4k ks — ks Ak dkod ks dkads (4.1)
To do that we have to perform a transformation (Zakharov, 1975 [9], Krasitskii, 1990 [10])
a,=by + /Fllflkzbkl Dry Ok—ity —ky — 2/F;:i] b:l br, Ottt —ky
+/Fkk1k2b/flb225k+k,+kz +/B;’ﬁf}qbi,bkzbk35k+k1-k2—k3 +... (4.2)

1V, 1

Uiy i
2
iy, =

rs, = 2 Ykk
krky 2 wi + wi, + @y,

Zwk —~ W — Wi,

kky _ ki k3 k| k2 _rk ks —rh k2
Bk, = Lot~ kks—k + Tigky—ia T ks —k = Llok—to iy =0 = Llstes—ks Lo —

k+-ky pka+ka kky
_Fkkl szkg + F_kl_k]kkl F_k2—k3k2k3 + Bkzk3
Here E',:f,‘q is an arbitrary function satisfying the conditions:
“'kkl - "’klk - 3kky — _ "‘kzk; *
Bk, = Bigk, = Bigk, = —(Big,”)

The transformation (4.2) is canonical up to terms of the order of |bi|*. It excludes from the Hamiltonian
all cubic terms. The form of the T4 depends on the choice of the function By, . Let first B\ = 0. Then

kky _ pokky
TkZ s = Tkz 3 and
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1 1 1
T —whik _ _yk vk [ + ]
Kok Kok Tk~ Vi ky—k
23 He 2 RRAETE Lo, + @k — 0k 0y + Oy gy — Ok
1 1 1
_Ewtlkx—kzvkl%—k [ + ]
Wiy, + Wpy—f, — Wi, wi + Wiy —k — Wiy
1 1 1
__Vkl;k—kgvkl?kz—kl [ + ]
2 Wiy + Wp—py — W Wy, + Wy, — Wp,
1 1 1
_Evkl;‘kl—kgvk,;czz—k [ + j|
Wiy + W —py — Wpy W+ Wly—k — W,
—1Vk+kl Vk2+k3 1 + 1
2 kky ko ks @ — Wy — _ _
k+ky k Wi, Wiy +ky W, Wiy
1 1 1
==V kit U—ky —takrha [ + ] (4.3)
2 TR Wprg, O+ @y Opyiky + Ok, + 0

The expression (4.3) in spite of its complexity has some remarkable properties. Let us consider all nontrivial
solutions of Egs. (1.1). They consist of the manifold (1.5) and of seven other manifolds which are obtained
from (1.5) by the permutations

ko ki, kpo ks, (kki) < (ko k3)
Direct analytic calculation shows that
Kk
Tt =0
on all these manifolds. Recently Craig and Worfolk [14] confirmed this cancellation by an independent
calculation. Another remarkable feature of T,fzkk‘z is the simplicity of its diagonal part. Let us denote

_ rfrkky
Tu, = Tz,

A simple, but long calculation ([6,11]) shows that

1 .
Tkkl = mkk] mm{|k|, |k1|}

Let us consider the function

T;fzk,; = [ 3 (T + Tis + Tirks + Tiiks) — 5Tk + Tty + Thaky + Tk ) 10 (kk1koks)
i, ifx>0;
“”‘{Q if x < 0.
Obviously
Te = The = T,
Let us choose

mkky _ Aikky
pkky  _ Tkzk3 Tkzkg

kky =
M W+ Wy — Ok, — Wy

One can check that this transformation replaces T,Z",;J by T,i‘j;. So, one can assume in future that
kky - Fkky
Tk2k3 = Yk

In the case of periodic boundary conditions
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)
bk= Z bnfsk—kon
n=—oco

Introducing the notation

— konkom _
Dion = Wp, Tko':lzkonrzs - Tr’l’znnla

we can find that now

ab, oH
— +i =0.
at +16b;;
oo 1 foe)
He Y oalbal’+5 D Tenbibibmbudeimmin
n=—o0 n,n),n2,n=—o0

In the canonical transformation (4.2) all the integrals are replaced now by discrete sums. In particular instead
of B} we have now

Brm = Ekonkom

nan3 konakons
Let us choose
E’nn; = T'?Zn"ls — T’l"lanmzﬁﬂhns B Tﬂ"lan,na 5"1,112 (4 4)

nynz3
Wy + Wy — Wp, — Wy,

This expression has no singularities on the diagonals ny = n,n3 = n; and ny = ny,n3 = n. The transformation
(4.2) with (4.4) brings the Hamiitonian to Birghoff’s form

o0

= 1
M= wlbnl + 5 > Tomy |ballbm | (4.5)

n=—oc0 n,n=-—00

This is a Hamiltonian of an integrable system. A level of nonlinearity, allowing the representation (4.5), has
to be studied separately.

5. Five-wave interaction on resonant surface

To find T,Zk,;kz one can calculate the terms of the order of ° and b* in the canonical transformation (4.2).
This very cumbersome procedure was fulfilled by V. Krasitskii [7]. This is a kind of feat, but the resulting
formulae are so complicated that they can hardly be used for any practical purpose. In this article we offer a
much more simple and clear way to TZ‘,(“"Q involving a Feynman diagram technique for the scattering matrix.

Our intermediate formulae are very complicated also, due to one-to-one correspondence of each term in the
expression to a certain graphic picture, however all the procedure is very easily controlled. It is very remarkable
that our final formula is very simple.

First we introduce so called formal classical scattering matrix. Let
H = H 2 + H int

be a Hamiltonian of a some nonlinear system in a homogeneous space. Here H, = f wiagaidk, and Hiy is in
general case an infinite series in power ag, af
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Hy=Hs+Hy+...

The motion equation is as usual

z?ak + l(SH _
at oa; -

0. (5.1

One can change H to the auxiliary Hamiltonian
A=H,+e <V Hy

Now Eq. (5.1) becomes linear at + — oo and

+  —iwit
b

ai(t) —cpe t — *oo

The asymptotic states ckﬂE are not independent, and actually
cf =8l ]

S‘E[c;] is a nonlinear operator which can be presented as a series in powers of ¢, c~". We will treat this
series as formal one and will not care about its convergence. A formal series which is a result of the limiting
transition

Sle;1= lin(1)$‘e[ck-]
is the formal classic scattering matrix. It has the following form

A 27mi
S[Ck_]=ck—_ Z _—'—/Snm(k,kla-u,kn—-l;km---’kn+m—l)

— 1) !
Hsz(n 1)!m!

X 5k+k1 +otky o —kn = —kngm—1 5wk+a)k1 Fot @, — Ok e — W

nt+m—1

dky ... dkyim—1 (5.2)

* — -_

— —
Xc ket .C k”vlck" . 'Ckn+m—1

The functions S,,, are the elements of the scattering matrix. They are defined on the resonant manifolds

k+ky+...+kp1=ky+ . 4 kpeme1, Wt o+t w,_, =, o, (5.3)

Two basic properties of the matrix elements are important for us.

(i) The value of the matrix element S, on the resonant manifold (5.3) is invariant with respect to canonical
transformation (4.2).

(ii) There is a simple algorithm for calculation of the matrix elements. The element S, is a finite sum of
terms which can be expressed through the coefficients of the Hamiltonians H;,i < n 4+ m. Each term
can be marked by a certain Feynman diagram, having no internal loops. The rules of correspondence are
described in Appendix B.

Actually the classical scattering matrix is nothing but the Feynman scattering matrix taken in the ’tree’ approx-
imation. This approximation makes a number of terms finite for any element.

Our idea how to find T,ék,:“"z is the following. We calculate first nonzero elements of the scattering matrix for
the Hamiltonian (3.1) and for the Hamiltonian (4.1). Because these two Hamiltonians are connected by the
canonical transformation (4.2), the resuits must coincide. For surface gravity waves the first nontrivial matrix
element is Sy>. In terms of the Hamiltonian (4.1) it is
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Sk ki ko, ks) = Tho,

Being calculated for the Hamiltonian (3.1), this element consist of six terms. They are presented (together with
the corresponding diagrams) in Appendix B. One can see that the result coincide with the expression (4.3) on
the resonant manifold (1.1).

In the one-dimensional case the first integral in (5.2) can be calculated so that the first two terms in (5.2)
has the form

_ ) Tk _
+ _ — _ ka1 2
‘% =acl l / |wr — o, |Ck‘| dki) (5.4)
—o0

This formula one more time stresses the fact that four-wave nonlinear processes in the one-dimensional case
lead only to trivial scattering which does not produce “new wave vectors”. The integral in (5.4) diverges
logarithmically. That is why our scattering matrix is “formal”. In reality in the one-dimensional case the waves
don’t become linear indeed if ¢ — oc. They acquire a logarithmically growing phase (see Zakharov, Manakov
(13]).

The first nontrivial element of the scattering matrix in the one-dimensional case is
_ pkkiky
S32(k, ki, ko, k3, k) =T,

Being calculated in terms of the initial Hamiltonian (3.1) it consists of 81 terms. Their expressions together
with diagrams are presented in Appendix C.

In spite of the complexity of the expression for T,f}"k‘dkz it can be enormously simplified on the resonant
manifold. We will discuss here only the case when all k; in the resonant conditions

k+ki+hky=ks+ ks, wp+ wp + wp, = Wi, + Wy, (5.5)

have the same sign.
The manifold (5.5) can be parametrised as follows

k=a(p? =@ +1-2p)%, ki=a(p?—¢*+1+2p)?%, ky=16a,
ky=a(p — @ +3-29)% ki=a(p® - ¢ +3+29)%, (5.6)

here 0 < |p|,]q| < 1,|p £ q| < 1,a > 0. It is easy to see that k; here satisfy the inequality:

k,kiy <ks, ks <k

Plugging the parametrization (5.6) in the expression obtained for Tfskékz we get a sum of more than thousands

terms. Using the program for analytical calculations "Mathematica’ we manage to simplify this expression to
the following form

phioks _ 2 Wi O, Wky _ kikokskaks (5.7)
ks @123\ w0k, max(ki, ko, k3)

This formula is the main result of the presented article. The fact that T,ékk‘fz # 0 on the resonant surface means
that the system of gravity waves on a surface of deep water is a nonintegrable Hamiltonian system.
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6. Five-wave kinetic equation and its solutions

The matrix element Tkzk k, for 3 & 2 process along with T,i‘;‘k‘3 allows us to derive kinetic equation which
includes four- and five-wave interactions.
The dynamical equation for by (with the Hamiltonian (4.1)) is:

b, . 1 «
6—tk Hiwibi + iz / Tk By bro bk, Skky iy -ty der dleyds

1
+ig / T b}, bt by bis Sty ks — kg —ks Ahadkzdkgd ks

.1 .
+iz / Teak2 by, biy bi, by, 8t +ky ks —k— ks by dlrdlesds = 0. (6.1)

Introducing standard pair correlation function ry

(bby,) = mby_y,
we can derive from (6.1) the equation for ny:

an .
—a;’i =Im / T} (i b}, biybiy ) Sk —ky— ke dhrdlads

1 * 1k gk
+31m / T2 (b1 b}, b brobis )k kg s ks — ke — ks dhodhsdhadks
1 * 1%
—= / T2 (b, b, b}, bibis YOk 1y ks — k- ks A1 dkyd s dkdks
It is obvious that T,Qk‘3 contributes to the equation for the fourth-order correlator, while T,Z‘,ézk’ contributes to

the equation for the fifth-order correlator only (due to the fact that the seventh-order correlators vanish). The
fifth-order correlation function (bz1 b, by, bi, bi) can be expressed through the eighth-order correlator:

a . >k * *
(— —i(wy, + wp, + Wiy, — Wi, — wks)) <bk]bk2bk3bk4bk5>

ot
/ T;}gfm <b22 bk3 b;4 b;5 by, bks bpz bm > O, +p2+p3—pa—ps dprdpydpadps

— e e S BT

+i T:},’ff” <bZ, bk3 b;4 b;5 by, b by, bp3>5kz+p2+p3 —ps—psdp2dp3dpsdps
+i T:f,’;sm (bZ, bkz b;4 b;5 b, bisby, bP3>6k3 +p2+py—pa—psAP2dp3dpadps

— o= A= AT

Tk’;lppszp3 <bzl bzz blts b;s bks bpl bpz bP3>5p1+Pz+p3—k4-—p5 dPl dpzdp3 dps

Tkpslppszp3 <bzl bl:z b;; b;s by, bPl bpz bpa ) 6171 +p2+p3—ks—ps dp\dp2dpsdps

O\

Applying random phase approximation for the eighth-order correlator (to split it in a product of pair correlation
functions) and assuming slow variation in time for the fifth-order correlator, one can get the following expression
for (b}, by, by, br, bis):

* gk gk —_ k klk3
m(bkl bkz bk3 by, by;) = ’”Tk,,lkS 5’4)1(1 +0py @y — Wy —wig
X {1 My iy (Mg + M) — Ny (Mg gy + Mgy + Ny ) } (6.2)

In (6.2) we drop the terms which are out of the resonant surface. For the fourth-order correlator we have the
following equaton [15]:
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Im (b} b, biybry) = Tkt Bt an, —an, —ang {0 (e + Mty ) — Mty (g, + 1) } (6.3)
Substituting (6.3) and (6.2) into the equation for n;, we get the five-wave kinetic equation:

on
—a;lf =st(n,n,n) + st(n,n,n,n)

st(n,n,n) = / T |* fo dkidkadks

st(mynynn) = 2 [ |[Thkeks 2 fhkks g gy disdks — = [ T4k 2 plhoks g, gk dkgdks,
3 kks kks 2 kaks kaks

kky
szll(g - 6k+kl —ky—k3 6wk+wk1 — Wy — Wiy {nkz Mgy (nk + R, ) — hhy, (le + N, )}
kikaks _
Tkt = Oty hy ks ks —ks oy, +aogy + sy — ok, —ag Utk Ty ks (M + i) = Migg Mg (M My, + Mg My + iy ) }

As it was shown in the Introduction, In the one dimensional case st(n,n,n) =0 and we end up with the pure
five-wave kinetic equation:
ony
E—:st(n,n,n,n) (64)
Eq. (6.4) formally preserves two integrals of motion, energy
o0
E = / winidk,
0

and momentum

P =/knkdk
0
(We consider the case when all k; are positive.) The stationary equation

st{(n,n,n,n) =0 (6.5)

has thermodynamic solution

T
w; + ak’
Like the four-wave isotropic kinetic equation, Eq. (6.4) describes direct and inverse cascades. The inverse
cascade is the cascade of energy, which is a real constant of motion and is carried towards small k. It is
described by the following Kolmogorov solution of Eq. (6.5)

ny =

nil) = a(l)el/4|kl_25/8
Here € is the energy flux, @(!) is the Kolmogorov constant.
A corresponding energy spectrum is
Edw = wndk, &, = aDell4qy=17/4

Direct cascade is a transport of momentum towards the large wave numbers. It is described by the Kolmogorov
solution
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n}({Z) = a(Z)ﬂl/4'kl—l3/4

Here u is the momentum flux, ) is the Kolmogorov constant.
Now

£, =a® /4y

Due to the direct cascade the momentum is not a real constant of motion, it leaks permanently to the large
region. A more detailed description of the Kolmogorov spectra in the one-dimensional case will be published
separately.
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Appendix A
A.1. 4th and 5th-order terms of the Hamiltonian
The first part of Hy is
My = —% /211f<3>Hw<”’du = —/P(x"" ~ Y HP'du + 2/x’H(y'P)H’P’du
=5 / sl Thrkal + K1ka) 22t Pio Pty s e dbr dbadks ks
+%/|k1|k2|k3|skz+k43k|Zkzpk3ph5k|+kz+k3+k4dk1dk2dk3dk4
The second part of Hy is
H M = —% /W)qu(”’du = —% /(y’P)H(y”P)' + (XPYH(X'P) +2(x'P) (y'P) du
In the k-space it acquires the form:

1
H, 2 = o /{(|k1k2| — kyka) ko + ka| + ([kika — kilka]) (ko + ka) }
X 2, 2ty Py Py Oy +ky ++ks A1 dkod ksd ks (A.1.1)
The first part of H;s is
-1

(2m)}
X Zky Ty Zhs Phs Pis Oy +ka+ks+ka+ks k1 dkadksdkadks

Hs'st = —/11’(4)H!If(l)ldu = /|k4|{(3k1k2 + [kvka|) |ks) + (Blkrka| + kik2) Skykka

The second part of Hs is
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Hs™ = — /Y’(3)H1P(2)ldu = /'P(Jt'2 - ylz)(Z'P)/du +/P(x'2 — ZHH(X'P) du

-2 /x'H(z’P) (2'P"y'du—2 /x'H(z"P)H(x"P)'du
1

S emi

X Zhy Zhy Ty Py Phs Oy +ky +ky+ky+ks A1 dkadk3dkad ks

/ k11 k3Sky 1 rq (k2 (ko + ks) + |ka||ka + ks|)

/{<1k1k2| T ki) (ks (ks + k) + [kl ks + kel) }

m)}
X Zky Thy 2y Pha Ps Oky +hotka+ha+ks Ak 1 dkadk3dkad ks

The Hamiltonian can be written in symmetrical form:
1 1
H= 3 /(g|zk|2 + |k||'Pk|2)dk + 2— o /{Sklkzkszkl Zky Zhy — Fllek;;ZklPkZPkS}akl+k2+k3dk1dk2dk3
1
tin / M2 24 2, Py P Sty sk 1y ks k1 dkadkad ks
1

+-2~(27)% / NEE 24, 2k, 2t P Phs Oy -kt s B dhadksdkades (A.1.2)

where Sy, kk;, Lk, and F,fz‘k3 are defined in (3.2), and

M2 = (Jka| + |ka|) (Kika + [kikal) + FLkk (ki + ks| + [k1 + Ka| + k2 + ka| + |k2 + ka])
+1(|ki|ka(2kz + k3 + ka) + ka|ka|(2ky + k3 + k4))

+ ki ko (1ks|Sky+ks + | KalSkprky) + kil k2| (|k3|Sky+4s + |Ka|Ski1k5)

Ntb = ={ (kikakal + il kaks + kalkalks + kikalkal) (Jks] + [ks])
kikyks

+ (|ka|(Sky+ks + Skotks + Sky+ks) + |ks|(Skit ke + Skatks + Skyrks))
+|ka| kil ko| | k3| sk ks + 1K1lK2|k3]Skprrs + k1|2l kasiy 1)
+ks| (il kol | k3| sk, 1k, + 1K1 [K2lKk3|Skprny + |k1||kzlk3Ska+k4)}

— L {Li, ko Liy ks +ke + Lis o Lt ty+ks + Liy by L ey 4k

+Li, ky Ly ks+ks + Lig oo L ki+ks + Ly ks Ly bp+ks }

— 2 {|k1) (k3 (Lig ty ks Statks + L dotks Skyks) + k2 (L ks s Skyrks & Ly ks ks Sky4ha) )
+k2| (k3 (L oy +ha Sky+ks + L ki +ksSks+ke) k1 (L ky+ka Ski+ks + Lis fs-ks Sk ) )
+|k3| (k2 (L ki +ke Skot-ks + Liey ko +ksSkavks) + K1 (Liy ky ke Sty ks + L bt ks Sk k) ) }

Appendix B

Let us introduce basic object of diagrammatic technique we use in this work.
(i) Bare fourth order vertex with 2 incoming and 2 outgoing wave vectors:
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k1 k3
Wisks

N —
& w

(ii) Bare third order vertexes U and V:

2

1~< Vicks
3
2

]—< Ukiioks
3

(iii) Bare Green function G(k, w).

:

Gk,w) =

w — Wi

Note, that each vertex has just one straight line and others are wavy.

In order to calculate fourth order interaction matrix element we have to add to bare fourth order vertex
all possible combinations of lower order vertexes (third order in this particular case) connected with Green
function in such a way, that the resulting diagrams have 2 incoming and 2 outgoing wave vectors and having
no internal loops.

It is easy to see, that the only way to fulfill these requirements is to connect 2 third order vertexes by one
Green function. As the result we have 6 topologically different arrangements. The arguments k and w of internal
Green function should be calculated from resonant conditions (1.1). Since we are on the resonant manifold it
does not matter do we calculate arguments k and w of Green function from left or from right vertex, because
it they both give the same result. This reflects the fact that two ratios in each line in square brackets of (4.3)
are equal to each others. This removes extra 1/2.

1 + 2 = kk|+k2 ka3+k4 l: 1 :I
e ek L e — 0k — o
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1
Ut ~kaki ey U by ~ ksks kg [ ]
(TR TR TR 0k + 0k + 0,

_vk s 1
Vkskl—ksvkzh—kz [wk3 + Wiy —t — W ]
1= 1

k k 1
_yl  yh [ ]
kaky —ks " kiks—ky wy, +wk2—k4 — @y,

1
1-4 X & 1
—delkl—’“vk;ka—’@ [wh + Wk kg — wkl]
4 3
kska—ks “krka—ki Ok, + Diy—ty — Vi

Appendix C

Following the same steps as in the Appendix B, we can construct diagrammatic series for five order matrix
element T,Zk,:dkz. We have to combine all third and fourth order vertexes in such a way that we have 2 “incoming”
arguments and 3 “out-coming” arguments. The result of course will be the same if we would consider 3
“incoming” arguments and 2 “out-coming” arguments. Considering all possible topologies consistent with
definitions of vertexes and Green functions and without internal loops, we conclude, that there exist 60 diagrams
constructed from three third order vertices and 2 Green functions and 20 diagrams constructed from one three
order vertex, one four order vertex and one Green function. We call these two groups “34-34-3” and “4+43”
correspondingly.

Below are the diagrams and analytical expressions for “343+3” and “4+3” terms. Together with the bare
fifth order vertex Q%% this sum gives the full fifth-order interaction matrix element Ty* or T7} ;.. We used
these expressions as an input to Matematica, therefore notation here is slightly different.
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p+45 243 V(K2 + k3,k2,k3) V(p + ¢, k1, k2 + k3) V(p + 4. P, q)
(@(k2) + w(k3) — w(k2 + k3)) (w(p) + w(q) —w(p+q))

_ U(kl,—p —q,k2+ k3) U(p,q,—p — q) V(K2 + k3, k2, k3)
(w(k2) + w(k3) — w(k2+k3)) (w(p) + w(q) + @(p +4q))

 U(k2,k3,—k2 — k3) V(k1,p + ¢, —k2 —k3) V(p + ¢,p,q)
(0(k2) + w(k3) + w(k2+£3)) («(p) + @(q) —@(p +9))

U(k2,k3,—k2 — k3) U(p,q,—p — q) V(—k2 — k3,k1,—p — q)
(0(k2) + w(k3) + 0(k2 + k3)) (w(p) + w(q) + @(p +q))

3 1 2
g—3G2—p V(k2,p, k2 — p) V(q, k3, —k3 + q) V(—k3 + q, k1, k2 — p)
(0(k2) —w(k2 - p) — w(p)) (—w(k3) — w(k3 - q) + w(q))
q J2
3 1 2
3_¢C2—p U(kl,k3 — g, k2 — p) V(K2, p, k2 — p) V(k3,¢,k3 — q)
(0(k2) ~w(k2 — p) — w(p)) (w(k3) — w(k3 — q) — w(q))
q 2

V(kl,—k3 + q,—k2 + p) V(p, k2, —k2 + p) V(q, k3, —k3 + q)
(—w(k2) — w(k2 —p) + w(p)) (—w(k3) —w(k3 —q) + @(q))
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3—gqSp -2 V(k3,q,k3 —q) V(p, k2, —k2 + p) V(—k2 + p,k1,k3 — q)
(—w(k2) — w(k2 - p) + w(p)) (0(k3) — w(k3 - q) — w(q))
q p
2 1 3
qg—2G3—p V(k3,p, k3 — p) V(q, k2, —k2 + q) V(—k2 + q,k1,k3 — p)
(w(k3) — w(k3 — p) ~ @(p)) (—w(k2) — (k2 ~q) +w(q))
q p
2 1 3
2-g93—p U(kl,k2 — q,k3 — p) V(k2,q,k2 — q) V(k3,p,k3 — p)
(w(k3) — w(k3 - p) — w(p)) (w(k2) — (k2 - q) — w(q))
q p
2 1 3
g—-2Sp—3 V(kl,—k2 +q,~k3 4 p) V(p, k3, —k3 + p) V(q, k2, —k2 + q)
(—w(k3) — w(k3 —p) + w(p)) (—w(k2) —w(k2—q) + w(q))
q p
2 1 3
2-qSp-3 V(k2,q,k2 — q) V(p,k3,—k3 + p) V(—k3+ p,k1,k2 — q)
(—@(k3) — w(k3 - p) + w(p)) (w(k2) — (k2 - q) — w(q))
q p
P 2 1
p+4qS 143 V(kl 4 k3,k1,k3) V(p + q,k2,k1 + k3) V(p + q,p.q)
(0(kl) + w(k3) — (k1 + k3)) (w(p) + w(q) —w(p +q))
q 3

U(k2,k1+k3,—p — q) U(p.q,—p — q) V(k1 + k3,k1,k3)
(w(k1) + w(k3) — @(k1 +£3)) (—w(p) — w(q) —w(p+q))

251
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U(kl,k3, -kl —k3)V(k2,p +q,—k1 —k3)V(p +4q.,p.q)
(—w(kl) — w(k3) — w(kl +k3)) (@(p) + w(q) —o(p +9))

U(—k1 —k3,k1,k3) U(p,q,—p — q) V(—k1 — k3,k2,—p — q)
(—w(kl) — w(k3) —w(kl +k3)) (~o(p) —w(q) —w(p+9q))

1 2 3
g-1G3—p V(k3,p. k3 — p) V(q, k1, =kl + q) V(—kl + q,k2,k3 — p)
(w(k3) — w(k3 — p) ~ w(p)) (—w(kl) + w(q) — w(—kl +q))
q p
1 2 3
1-gG3—p U(k2, k1 — q,k3 — p) V(kl,q, k1 — q) V(K3,p, k3 — p)
(w(k3) — w(k3 — p) — w(p)) (w(kl) — w(q) — w(—kl +g))
q p
1 2 3
g—1Sp~3 VK2, —k1 + g, —k3 + p) V(p, k3, —k3 + p) V(q, k1, -kl + q)
(—w(k3) — w(k3 —p) + @(p)) (~w(kl) + w(g) — w(—kl +q))
q p
1 2
1-gSp—~3 V(kl,q,kl —q) V(p,k3,—k3 + p) V(—k3 + p, k2, k1 — q)
(—w(k3) — 0 (k3 — p) + w(p)) (w(kl) —w(q) — 0(—kl+gq))
q p

V(kl,p, k1 — p) V(q,k3,—k3 + q) V(—k3 + g, k2,k1 — p)
(w(k1) — w(kl —p) — w(p)) (—w(k3) — w(k3 — q) + w(q))
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3—gqS1-p U(k2,k3 —q,k1 — p)V(kl,p, k1l —p)V(k3,k3 —q,q)
(w(kl) —w(kl — p) —w(p)) (@(k3) —w(k3 —q) — w(q))
q P
3 2 1
g—3Gp—1 V(k2,—k3+q,—kl+p)V(p,kl,—kl1 +p) V(q.k3,—k3 + q)
(—w(kl) —w(kl —p) + w(p)) (—w(k3) —w(k3 —q) +w(q))
q P
3 2 1
3—qSp—1 V(k3,k3 —q,9) V(p,kl,—kl1 +p) V(—kl + p,k3 — q,k2)
(—w(kl) —w(kl —p) + w(p)) (@(k3) — w(k3 — q) — w(q))
q p
pr 3 1
p+a5 1+2 V(kt + k2,k1,k2) V(p + q,k3, k1 + k2) V(p + q,p, q)
(w(kl) + w(k2) — w(kl +k2)) (w(p) + @(q) —w(p +9))
q 2

U3, k1 + k2, —p — @) U(p, g, —p — q) V(kl + k2, k1, k2)
(w(kl) + w(k2) — w(k1+k2)) (—w(p) —w(q) —o(p+q))

U(kl,k2,—k1 —k2) V(k3,p 4+ q,—kl - k2) V(p +q,p,q)
(—w(kl) — w(k2) — w(kl +k2)) (0(p) + (q) —w(p +g))

U(kl,k2,—kl1 —k2)U(p,q,—p — q) V(—k1 — k2,k3,—p — q)
(—w(kl) — w(k2) — w(kl +k2)) (—w(p) — w(q) — @(p +9q))
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1 3 2
g—1§2—-p V(k2,p, k2 — p) V(q, k1, —kl + q) V(—kl + q,k3,k2 — p)
(w(k2) — w(k2 — p) — w(p)) (—w(kl) + w(q) — w(—kl1+q))
q p
1 3 2
1—¢gS2—p U(kl —q,k3,k2 —p) V(kl,q,kl —q) V(k2,p, k2 — p)
(w(k2) — w(k2 —p) —w(p)) (w(kl) —w(q) ~ w(—kl+q))
q p
1 3 2
g—1Gp -2 V(k3,—kl +q,—k2+ p) V(p,k2, k2 + p) V(q, k1, —kl + q)
(—w(k2) — w(k2 - p) + w(p)) (—w(kl) + w(q) — w(—kl1 +q))
q P
1 3 2
1—-gSp-2 V(kl,q. k1l —q) V(p, k2, —k2 +p) V(—k2+ p,k3,k1 — q)
(—w(k2) — w(k2 - p) + w(p)) (w(kl) — w(q) — w(—kl1+q))
q 14
2 3 1
g—2G1—-p V(kl,p, k1l —p)V(q,k2,—k2 4+ q) V(—k2 + q,k3,kl — p)
(w(kl) —w(kl —p) — w(p)) (—w(k2) — w(k2 - q) + w(q))
q p

2-gC1—p Uk3,k2 — q,k1 — p) V(kl,p, k1 — p) V(k2,q,k2 — q)
(w(kl) —w(kl —p) —w(p)) (w(k2) — w(k2 - q) — w(q))
q 2

V(k3,-k2+q,—kl1+p)V(p,kl,~kl+p) V(q,k2,—k2 + q)
(~w(kl) —w(kl —p) + w(p)) (—w(k2) —w(k2 —q) +w(q))




p
qg—1§ 243

p
1-gq§ 243

q—2

1+3
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V(k2,9,k2 —q) V(p, k1, —k1 + p) V(—kl + p,k3,k2 — q)
(~w(kl) — o(kl - p) + 0(p)) (0(k2) — w(k2—q) - w(q))

V(K2 + k3,k2, k3) V(K2 + k3, p, —k1 + q) V(q, k1, —k1 + q)
(w(k2) + 0(k3) — (k2 + k3)) (—w(kl) + w(q) — w(—kl+q))

V(kl,q,kl — q) V(K2 + k3,k2,k3) V(p, k1 — g, k2 + k3)
(0(k2) + @ (k3) — w(k2 + k3)) (w(k1) — w(q) — w(—kl + q))

U(k2,k3,—k2 — k3) U(p, —k1 + q, —k2 — k3) V(q, k1, —k1 + q)
(—0(k2) — w(k3) — w (k2 + k3)) (—w (k1) + w(q) — w(—kl +¢))

U(k2,k3,—k2 —k3) V(kl,q,k1 —q) V(kl — q,p, —k2 — k3)
(—w(k2) — w(k3) —w(k2 +Kk3)) (w(k]l) —w(q) —w(—kl +¢q))

V(kl + k3, k1, k3) V(kl + k3, p, —k2 + q) V(q, k2, —k2 + q)
(0(k]) + @(k3) — w(kl + k3)) (—w(k2) — w(k2 — q) + w(q))

V(k2,q,k2 — q) V(k1 + k3, k1,k3) V(p, k2 — g, k1 + k3)
(k1) + @(k3) — w(kl + k3)) (0(k2) — w(k2— q) — w(q))
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U(kl,k3,—kl —k3) U(p, —k2 +q,—kl —k3) V(q,k2,—k2 + q)
(—w(kl) — w(k3) —w(kl +k3)) (—w(k2) — w(k2 —q) + w(g))

UKL K3, —k1 — k3) V(K2,4,k2 — q) V(k2 — q,p, —k1 — k3)
(w(kl) + @(k3) + w(kl + £3)) (w0(k2) — w(k2 — q) — w(q))

3 )4 1
g—3G 142 V(kl+k2,k1,k2) V(k1 + k2,p, —k3 + q) V(q, k3, —k3 + q)
(w(kl) + w(k2) — w(kl + k2)) (—w(k3) — w(k3 — q) + w(q))
q 2
3 p 1
3—q§ 142 V(kl + k2,k1,k2) V(k3,q9,k3 — q) V(p, k3 — q, k1 + k2)
(w(kl) + w(k2) — w(kl + k2)) (w(k3) — w(k3 —q) —w(q))
q 2
3 p 1
g—3G-1-2 U(—kl - k2,k1,k2) U(—k3 +q,—k1 ~ k2,p) V(q,k3,~k3 + q)
(—w(kl) — w(k2) —w(kl +£2)) (—w(k3) — w(k3 —q) + w(q))
q 2
3 p 1
3—q¢5-~1-2 _ U(k1,k2, k1 — k2) V(k3,9,k3 — q) V(K3 — g, p, —k1 — k2)
(w(kl) + w(k2) + @(k1 + k2)) (w(k3) — w(k3 — q) — w(q))
q 2

V(K2 + k3, k2, k3) V(K2 + k3, q, —k1 + p) V(p, k1, —k1 + p)
(0(k2) + @(k3) — w(k2 + k3)) (—w(kl) — w(kl — p) + w(p))




p—2

1+3
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V(kl,p, k1l — p) V(K2 + k3,k2,k3) V(q, k1 — p, k2 + k3)
(w(k2) + w(k3) — w(k2 4+ k3)) (w(kl) — w(kl — p) — w(p))

U(k2,k3, k2 — k3) U(q, —k1 + p, —k2 — k3) V(p, k1, —k1 + p)

(—w(k2) — w(k3) — w(k2 +k3)) (—w(kl) —w(kl —p) + w(p))

U(—k2 - k3,k2,k3) V(kl,p, k1 — p) V(kl — p,q,—k2 — k3)
(—w(k2) — w(k3) — w(k2 + k3)) (w(kl) — w(kl — p) — w(p))

V(kl1 + k3,k1,k3) V(k1 + k3,9, —k2 + p) V(p, k2,—k2 + p)
(w(kl) + w(k3) — w(k1+k3)) (—w(k2) — w(k2 —p) + w(p))

V(k2,p, k2 — p) V(k1 + k3,k1,k3) V(q, k2 — p, k1 + k3)
(e(k1) + w(k3) — w(kl + k3)) (@(k2) — w(k2 - p) — w(p))

U(—kl — k3,k1,k3) U(—k2 + p,q, —k1 — k3) V(p, k2, —k2 + p)

(—w(kl) — w(k3) —w(kl +k3)) (—w(k2) —w(k2 - p) + w(p))

U(kl1,k3,—kl — k3) V(k2,p, k2 —p) V(K2 — p,q, —k1 — k3)
(—w(kl) — w(k3) — w(kl +k3)) (w(k2) — w(k2 — p) — w(p))

257



258

]

!

RS

3-p

1+3

1+2
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V(K] + k2, k1,k2) V(KL + k2,q, —k3 + p) V(p, k3, —k3 + p)
(0 (k1) + w(k2) — w(kl + k2)) (—@(k3) — w(k3 —p) + @(p))

V(k3,p. k3 — p) V(q,k3 — p, k1 + k2) V(kl + k2, k1,k2)
(kD) +w(R2) —o(k+52)) (@(k3) o (k3—p) ~o(p))

U(k1, k2, —k1 — k2) U(q, —k3 + p, —k1 — k2) V(p, k3, —k3 + p)
(—w(kl) — w(k2) — w(kl + k2)) (—w(k3) — w(k3 — p) + w(p))

V(K3, p, k3 — p) V(K3 — p,q, —k1 — k2) U(kL, k2, —k1 — k2)
(—w(kl) — @(K2) — w(kl +k2)) (0(k3) — @ (k3 —p) — @(p))

V(K2 + k3, k2,k3) W(p, q. k1, k2 + k3)
0(k2) + w(k3) — w(k2 + k3)

_ G(kl,p,q,—k2 — k3) U(k2,k3, —k2 — k3)
w(k2) + w(k3) + 0(k2 + k3)

V(kl + k3,k1,k3) W(p,q,k2, k] + k3)
w(kl) + w(k3) — w(kl + k3)




I-p
q
p—1
q
2-p
q
p—2
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_G(k2,p,q, —k1 — k3) U(k1,k3, —k1 — k3)
w(kl) + w(k3) + w(kl + k3)

V(k1+ k2,k1,k2) W(p, q,k3, k1 + k2)
w(kl) + w(k2) — w(kl + k2)

G(k3,p,q,—kl —k2) U(—kl — k2,k1,k2)
w(kl) + w(k2) + w(kl + k2)

G(g, k1 — p,k2,k3) V(k1, p, k1 — p)
w(kl) —w(kl - p) —w(p)

V(p,kl,—k1+p) W(q,—kl1 + p,k2,k3)
—w(kl) — w(kl — p) + w(p)

G(q,k2 — p, k1,k3) V(k2, p,k2 ~ p)
w(k2) — w(k2 - p) —w(p)

V(p,k2,—k2+ p) W(q, —k2 + p, k1,k3)
—w(k2) —w(k2 — p) + w(p)
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2 p

3—p G(g, k3 — p,k1,k2) V(k3,p, k3 — p)
(el w(k3) — (k3= p) — w(p)

q 3

2 p

p—3 V(p, k3, k3 + p) W(q, —k3 + p, k2,k1)
el —w(k3) — w(k3 - p) + w(p)

q 3

1 p

q-p _R(k1,k2,k3,—p —q) U(—p — ¢.P.9)
2 w(p) +w(q) +w(p+q)

3

1 P

p+gq G(p+q,k1,k2,k3) V(p + q,p,q)
2 w(p)+w(q) —w(p+q)

3

w(k3) —w(k3 - q) — w(q)

V(q, k3, —k3 + q) W(p, —k3 + ¢, k1, k2)
—w(k3) — w(k3 - q) + w(q)

G(p, k2,k3,k1 — q) V(kl,q, k1 — q)
w(kl) — w(q) — w(—kl +q)
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V(g,kl,—kl +q) W(p,—kl1 + q, k2,k3)
—w(kl) +w(q) — w(—kl +q)

3 2

2—gq G(p,k1,k3,k2 — q) V(k2,q9,k2 — q)
1 w(k2) — w(k2 —q) — w(q)

p

3 2

qg—2 V(g, k2, —k2 + q) W(p, —k2 + q, k1,k3)
1 —w(k2) —w(k2 - q) +w(q)

14
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