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Mathematicians and physicists have long been interested in the subject of water waves.
The problems formulated in this subject can be considered fundamental, but many
questions remain unanswered. For instance, a satisfactory analytic theory of such a
common and important phenomenon as wave breaking has yet to be developed. Our
knowledge of the formation of rogue waves is also fairly poor despite the many efforts
devoted to this subject.

One of the most important tasks of the theory of water waves is the construction of
simplified mathematical models that are applicable to the description of these complex
events under the assumption of weak nonlinearity. The Zakharov equation, as well as the
Nonlinear Schrédinger equation (NLSE) and the Dysthe equation (which are actually its
simplifications), are among them.

In this article, we derive a new modification of the Zakharov equation based on the
assumption of unidirectionality (the assumption that all waves propagate in the same
direction). To derive the new equation, we use the Hamiltonian form of the Euler
equation for an ideal fluid and perform a very specific canonical transformation. This
transformation is possible due to the "miraculous” cancellation of the nontrivial four-
wave resonant interaction in the one-dimensional wave field. The obtained equation is
remarkably simple. We call the equation the ”super compact water wave equation”. This
equation includes a nonlinear wave term (a la NLSE) together with an advection term
that can describe the initial stage of wave-breaking. The NLSE and the Dysthe equations
(Dysthe (1979)) can be easily derived from the super compact equation. This equation
is also suitable for analytical studies as well as for numerical simulation. Moreover, this
equation also allows one to derive a spatial version of the water wave equation that
describes experiments in flumes and canals.

1. Introduction

A potential flow of an ideal incompressible fluid with a free surface in a gravity field
is described (Zakharov 1968) by the following Hamiltonian system:
0 0H 0 0H
9 _ _of o _ 2k (1.1)
ot on ot &y

Hereafter, we study only the case of one horizontal direction: unidirectional waves. Now,

1 =n(x,t) - shape of the surface,
v =1(x,t) = ¢(x,n(z,t),t) - potential on the surface,

1 Email address for correspondence: alexd@itp.ac.ru
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¢(x, z,t) - potential inside the fluid. (1.2)

1 " 2 9 2
H= B dx |Vo|*dz + 5 ndx (1.3)

The potential ¢(x, z,t) satisfies the Laplace equation:

The Hamiltonian H is

o 0% _
0x2 022
with the asymptotic boundary conditions:

% — 0, at z = —oo.
0z

z

T
n(z,t) P(z,t)

If the steepness of the surface is small, |n,| << 1, the Hamiltonian can be represented
by the infinite series

H:]i{2+H3+H4+...
Hy = —/(gn2+wl§:w)dw,

2
Hy =~ [100)* = (02)*nda.
Hi= 5 (e + ki) bz (14)

—5):

Equations (1.1), although truncated according to (1.4), even for the full 3-D case, can
be efficiently used for numerical simulations of water wave dynamics (see, for instance,
(Korotkevich et al 2008)). However, they are not convenient for analytic study because
n(x,t) and ¥ (z,t) are not“optimal” canonical variables. One can choose better Hamil-
tonian variables by performing a proper canonical transformation. This transformation
can be achieved in two steps. In the first step, we eliminate all third-order terms and
some fourth-order terms — all so-called ”nonresonant” cubic and quartic terms in the
Hamiltonian. What we obtain as a result of this transformation is the so-called Zakharov
equation, which has been widely used in recent years by many researchers (see, for
instance, (Crawford et al 1980; Debnath 1994)) and more recent publications (Annenkov
& Shrira 2011, 2013). In the second step, one can “improve” the Zakharov equation by
applying an appropriate canonical transformation to simplify the only remaining resonant
fourth-order term. This “improvement” is possible due to a very special property of the
quartic Hamiltonian in the Zakharov equation, specifically, an unexpected cancellation
(Dyachenko & Zakharov 1994) of nontrivial four-wave interactions. This cancellation
only occurs in the one-dimensional case and makes it possible to replace the ”generic”
Zakharov equation by a substantially more suitable “compact equation”, (Dyachenko &
Zakharov 2012), which was intensively used as a base for both numerical simulations

where k1) means multiplication by |k| in k-space (l;: =
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(Fedele & Dutykh 2012a,b; Dyachenko 2013; Dyachenko et al 2014; Fedele 2014a,b;
Dyachenko et al 2015,a,b) and an analytical proof of the nonintegrability of the Zakharov
equation (Dyachenko et al 2013a).

In this paper, we analyzed this second step in the canonical transformation, which is not
a unique procedure. One can accomplish this in many different ways, thereby obtaining
different forms of the compact equation. Here, we present the most optimal (in our
opinion) version of the compact equation, which we call “the super compact equation” for
water waves. In addition, we present some preliminary results of the numerical simulations
of the super compact equation.

It should be mentioned that this new equation enables a remarkably straightforward
derivation of the spatial version of the equation. The spatial compact equation solves
the Cauchy problem in space and is an exceptionally convenient tool for comparison of
the theory and experimental study in laboratory flumes for nonlinear gravity waves (Dy-
achenko & Zakharov (2016)).

2. The Zakharov equation

For a detailed derivation of the Zakharov equation, see references (Zakharov (1968);
Krasitskii (1990); Zakharov et al (1992)). A brief outline starting with the Hamiltonian
(1.4) is given as follows:

1. We introduce complex normal variables ay:

Wk * . g *
77k:1/2_g(ak+a—k) Y = —1 m(ak—a—k)

Here, wy, = 1/g|k| is the dispersion law for the gravity waves, and the Fourier transfor-
mations ¥ (z) — ¢ and n(x) — 7y are defined as follows:

_ L —ikx _ L +ikx
fe = m/f(x)e dz, f(x)= \/%/fke dk.

In the new variables ai, the Hamiltonian takes the following form:
Hy = /wkaka,’:dk,
Hs = / Vi Ak ar, ag, + agal, al, Yor—k, —k, dkdk dks
1 /Ukklkg{akaklakz + agpag, ap, }Orrk +ko dkdkydky,
/ WEkiay, af,) gy iy Oy 4k — kg — kg A1 dkadlsdlos+

+ g/lekzka (ag, Gy Oy Okey =+ C.C.) Ok, 4 kg ks — ks ARy dRadhzdEy+
1

+ E Rk1k2k3k4 (a};l 0;20;30;4 + C.C.)5k1+k2+k3+k4dk’1dk’2dk’3dk4

For our purposes, the exact expressions for the coefficients of the Hamiltonian are
unimportant. Nevertheless, a careful reader can find them in references (Zakharov (1998,
1999); Dyachenko et al (2015)).

The equations of motion (1.1) now yield the following:

6ak ,(5H

AL )
ot +Z§GZ
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2. In the variables aj, the Hamiltonian contains nonresonant three-wave interactions,
and hence, the variables are still suboptimal. We introduce yet another set of variables
by by another canonical transformation ay — by to cancel all the nonresonant cubic and
quartic terms in the new Hamiltonian. An efficient way to construct this transformation
was offered in reference (Zakharov et al 1992) and can be written as follows:

ar=by +/[2ka;§2 by O Oy — ks Vi 1y D Dy Ok — ey — e — Ukt oy D B, Okt e +k2}dk1 dks

+ / [A’,jlk?kgbklbh bigt AREL b% by by ARRIR2bE br g ARk e g b,’gg}dkzldkgdkg,

(2.1)
where the exact expressions for the coefficients of the transformation (2.1) can be found
in Dyachenko et al (2015). The resulting Hamiltonian after the transformation yields

1 _
H= / wibkbjdk + 3 / Ty2Rs beby, Dy by Ok ks —ko—ky dkdky dhiodls + H,  (2.2)

where H is an infinite series in by, by starting from the fifth-order terms. The explicit
(and cumbersome) expression for T:ﬁfi" can be found in (Zakharov 1968; Zakharov 1998,
1999). The motion equation
ob, OH
— +i1—=0. 2.3
ot o (23)

(neglecting H ) is the traditional Zakharov equation.

3. Canonical transformation for the Zakharov equation

A possibility for further simplification of equation (2.3) is based on the following
remarkable fact, established in (Dyachenko & Zakharov 1994). Let us consider the
resonance conditions for the four-wave interactions:

k+ky = kg + k3,
Wk + Wk, = Wy + Wiy, (3.1)

In the 1-D case, all solutions of this system of equations (3.1) can be divided into two
parts — so-called "trivial” and "nontrivial” parts. The "nontrivial” solution can be solved
as follows:

k=a(l+¢)?

k= a(1+¢)*¢%,

k2 = 70442;

ks=a(l+¢+¢*? here0<(<1. (3.2)

Notice the product kkikoks < 0. Now,

T2k = F(a,¢) = a®f(Q).

Direct calculation shows that for the “nontrivial” resonance (3.2),

This fact means that “nontrivial” four-wave resonances are absent!



Page 5 of 17

Super compact equation 5

Moreover, T,f,ilk“" = ( if the product kkjkoks < 0. In addition, it has a very simple form:

Tk, = 9(kk1k2k3)<kklizk3>5 [( ] ) + (“’2“3) ] min(k, k1, kz, ks)

m wWas3 wWw1
min(k, k1, ko, ks)  is minimum of (k, k1, ko, k3). (3.4)
Here, 0(k) is the step function
0 ifz <0,
ZEOR S
1 ifxz>0.

Obviously, for positive k; with resonant condition

k+ ki = ko + ks,

1
min(k,k:l, k‘g,k’3)=1(k’+k’1+k‘2+k‘3—|kﬁ — k‘2|—|]€ — k’3|—|k’1 — k‘2|—|]€1 — k‘3|) (35)

This means that a system initially consisting of unidirectional waves retains this property
for all times. Indeed, a wave with negative k can appear only from the following equation
with all positive k in the R.H.S.:

b .
za—tk = wiby + / TR b by biey Oy — by — iy Ay dbiads

However, T,f,ilk“" for such a selection of k is identically zero.

Now, one can see that the Zakharov equation is a compact equation but can be further
“improved”. In other words, the coefficient (3.4) can be simplified even further.

The system (3.1) also has the following “trivial” solution:

k‘g = k/’l, k‘g = k’, or k‘g = k‘, k‘g = k‘l. (36)

We introduce Ty, (diagonal part) as the value of the four-wave coefficient on the trivial
manifold (3.6). This was calculated in (Zakharov 1968) and is equal to

1 1 .
T, = T, = ol | (s Jon| = I = ) = o[kl i (K, |1 )
Let us introduce T,f,?lkg as follows:
= ko ks 1 1
Tkkl :9(}{}]{}1]{72]{33) i(Tkk2+Tkk3+Tk1k2 +Tk1k3)71(Tkk+Tk1k1 +Tk2k2 +Tk3k3) (37)

A canonical transformation of the second step replaces Zakharov’s Tlfgfa from (2.2) with
the simpler T,f,fj“ while keeping their diagonal part the same.
The simple method to construct the canonical transformation is based on the fact that

a Hamiltonian system (with variable ¢(t)) is invariant under translation in time and
that the transformation ¢x(0) — éx(7) is canonical. Let us construct this transformation
(as a power series) using an auxiliary Hamiltonian H (starting from the quartic term) of
the form:

U e -

"= / BYZE G 8r oy iy Okky — kg — ko dhdlydhiadles + . .| (3.8)
where the symmetry relations

pkaoks — pkoks . pksks . pkky \x
Bii,® = B’ = Bii,” = (Bk,)
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are necessary to obtain a real-valued H. Using a Taylor series, we can express the old
canonical by(7) = ¢;(7) in terms of ¢(0):

oc
au(r) = & (0) + L) e
Oc(r)|  _ OH(E(T), (7))
or |- dex () 0
and
b = ¢ — Z/Bllzilfaé;:l Chy Clig Oty —ho— ks A1 dKodks + . .. (3.9)

is a canonical transformation. Now, we plug this transformation into the Hamiltonian
(2.2) of the Zakharov equation and obtain the new Hamiltonian:

- 1 . ~
H = /wkckckdkz + 5/ [T:;ilkg — i(wk + Wiy — Wk, — sz.)Bll:lzcll(a X
X E;;Ezl Choy Ao Okit-oy — oy — ks Ak dk1 dkadks + . .. (3.10)

The coefficient léll:f(t“ of the auxiliary Hamiltonian is the same as the coefficient of the
canonical transformation. It controls the four-wave coefficient T,f,:lki‘ in the Hamiltonian
of the Zakharov equation (3.10). To replace Zakharov’s T,f,?lkg by the simpler Tlfgfi", the
coefficient Etﬁll“”' has to be equal to

haks _ ikaks

5 . Kk Kk
Bk =i . - : (3.11)
Wi+ WEy, — Why — Wiy

One can check that Etﬁt‘a has no singularities at k + k; = ko + k3. Indeed, in the region
where the product kkjkoks < 0, the singularities are canceled by virtue of the identity
(3.3). In the region where the product kkikoks > 0, t~he singularities are canceled due to
the special choice of T£§f3 The exact expression for Bll:f(lf was published in (Dyachenko
et al 1995). This leads to the derivation of the “compact water wave equation” (not yet
the super compact).

Due to the absence of nontrivial resonances, waves moving in the same direction do not
generate waves moving in the opposite direction, and hence, we can assume without loss

of generality that for all wavenumbers k; > 0, this leads to the following simplification:

~ 1
Thks = {S—W(kkﬂk — ko| + kks|k — k3| + kika|ky — ko| + k1ks|ky — k3|) +

Returning from the Fourier space, we can write the following compact expression for the

Hamiltonian in z-space:
1 [loe][i (Loe o\
H= [ é&we 1= 2 e — &= ) — kle)? 1
/c wedx + 2/‘&% [2 (Cam ¢ 8:0) kle| }dx, (3.13)

where & denotes multiplication by 4/g¢|k| in Fourier space. The compact equation, with
Hamiltonian (3.13), was used for the numerical simulations in papers (Dyachenko &
Zakharov 2012; Fedele & Dutykh 2012a,b).
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4. Super compact equation

Note that the choice of (3.7) is not unique for introducing the new Hamiltonian. The
conditions imposed on T,f,il 3 are rather loose:
(i) The symmetry conditions require that

Tkaks _ rpk2ks _ Arkskas _ kk:
Tkk;[ - Tk1 - Tkk - Tkzk;;'

(ii) The diagonal part must be strictly defined as
Tkoks 1 1 .
Tii® = Ty = - |kllRa|(k + ko = [k = ka]) = o |kllk1 [min(|&], [K1])-

The symmetry conditions suggest that ’i‘lﬁill“”' may be invariant under permutations of

all k;. Let us choose Tll:f(lﬁ as follows:

Tk = min(k, k1, k2, k3)0x 0k, Oy O,

0, — is the step function, 8, = 0(k) (4.1)
and min(k, ky, k2, k3) is defined in (3.4) and (3.5). We substitute the new 'i‘ll:ﬁll‘a (4.1)

into the coefficient ]éll:f::a (3.11) and apply the canonical transformation (3.9). After that
transformation, the functions ¢ satisfy the following equation:

§H
8¢

30 . 1 x 1 N 1 -
27Tk /mm(k,kl,kz, k) (kf Ok, Cr, ) (K3 Oky Chy ) (B3 Oy Chiy Pht-ky —kp — ks A1 AR dki3(4.2)

(kkikoks)?
v

1C =

= WpCk+

k
+

It is convenient to introduce a new Hamiltonian variable:
C = k%Qkék (43)

¢, is the Fourier transform of a function analytic in the upper complex half-plane. Note,
the nonlinear term in (4.2) preserves the analyticity property. Multiplying (4.2) by ikz
and using the definition of ¢ (4.3) results in

Wk

1
Cr + ks, { 2 Okt %/ﬂlin(kvkhkz k3), Ch, Cho ChsOkt by — ko — ks k1 dkodks | =0 (4.4)

which is exactly the super compact equation written in k& — space.
The expression in square brackets of (4.4) is the variational derivative of the following
Hamiltonian:

1
H= /%|ok|2dk + /min(k,k1,k2, k3)Cl,Cy Chs ChiaOkot oy —key— ks Akdkr dkodks - (4.5)

Using the following relations between k-space and z-space,

kcy, < s (x), ke < fz%c(x),
- .0
|k — kalcier, < E(|e(2)]?), (k + ki)exer, & —im—(c(z)),

and definition of min(k, k1, k2, k3) (3.5), the new Hamiltonian, whose fourth order is

defined by the new coefficient Tﬁi‘f (4.1,) can be written in a-space:

_ *7) 1 £2£*27*2£27 27, 2
Hf/c Vcd:chQ/L(c 92° c aIc) le|“E(|c|?) | dx (4.6)
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Here, the operator V is in k-space so that Vi, = “&. If one also introduces a bracket
similar to the Gardner-Zakharov-Faddeev one (see Zakharov & Faddev (1971)), then

0 & ikoy, (4.7)

Then, the equation of motion is the following:

oc a+5H

— A =0. 4.8
ot T oer (4.8)
We introduce the advection velocity
U = klef?, (4.9)
and taking a variational derivative, one can write equation (4.8) in the following form:
dc 0
7 Hiwe - 0, <|c|20—;) =0 (Uc). (4.10)

Note that |c|? has dimensions of potential. One can recognize two terms in the equation:
e nonlinear wave term: iwe — i0;" (|c 2%)
e advection term: 9, (Uc).
Along with the usual quantities, such as energy and both momenta, equation (4.10)
conserves the action, or the number of waves:

oo 2
N = / Mdk:.
0 k

Equation (4.10) has an exact self-similar solution:
3 T
t)=g(to—t)2C | —— | .
C(x, ) g(O ) (g(tot)g)
It is easy to check that C(&) satisfies the following condition:

) ac\ 9
—C’ 2§—§+2K C—ige <|C’|26—§> 3 ((K|C| )C ) (4.11)

where C'(§) is a dimensionless function that is analytic in the upper half-plane and K is
a dimensionless operator.
In k-space, this solution (according to (4.4)) has the following form:

c(k,t) = g°(to — )3 F (gk(to —1)°)
It is easy to check that the dimensionless function F'(€) satisfies the following equation:

ZF+2€—§ ig? F+—/m1n §,61,82 E3) F™ (§1) F(§2) F(§3)0e 16, —¢o-eAE1dEEs (4.12)

This equation may have a solution with singularities, but this has not been studied yet.

5. Back to n and ¢

The physical variables, 7, and ¢y, are hidden in the normal complex variable ¢ and
must be recovered. It is necessary when comparing the theory with experiment.

According to canonical transformation (2.1), n and 1, are power series of bg. On
the other hand, using (3.9), the definition of Blﬁf{lfa (3.11) with 'i‘ll:ﬁll“”' (4.1) and relation
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(4.3), they can be easily written as power series of ¢i. The accuracy of the super compact
equation provides power series up the third order:

m=n w0l w0, =0l o + 4. (5.1)

The details on recovering the physical quantities n(x,¢) and ¢(z,t) are given in Dy-
achenko et al (2015). Here, we present only the linear and second-order terms. All of
these terms can be written in k —space in a compact form. This is an important property
that allows one to recover physical values without multidimensional integrals.

1 -~ 1 A1 g1 - 3 -3
D () = * W(p) = 47 _ *
n () = (k™ 7c(x) + k™ 7e(x)"), P (x) = —i=z (k7 ic(e) — k™ Te(x)").
V2gi V2
. (5.2)
The operators k% act in the Fourier space as multiplication by |k|“.
1D@) = o[k ea) = kel
4\/_ ’
@ () = %[fc Te(x) kic(z) —l%_%c(ac)lzzic(ac)]—i—
+ —H[l% Te(x)kic(x)" + k™ Te(z) kic(z)], (5.3)

Here, H is the Hilbert transformation with eigenvalue isign(k).
This accuracy (second-order power series) is sufficient to compare numerical data with
the data in a flume.

6. Numerical Simulation
6.1. Breather

The super compact equation (4.10) has a localized breather-type solution:
C(:L', t) ( Vt) i(koz—wot) or ¢ (t) _ ei(Q+Vk)t¢k

where ¢y, satisfies the following equation:

1
(2 + Vk — w)pr = > /T:;ilkd Oy Pl Phes Okt by — koo — ksdRrdbood ki3

Here, V is the group velocity and ky and wqy are the wavenumber and frequency of the
carrier wave, respectively. §2 is close to %?. This solution can be found numerically by
the Petviashvili method (see Petviashvili (1976)). A uniform grid is introduced in the

periodic domain x € [0, L]. Therefore, the wavenumbers k become discrete, with a stepsize

of Ak = 2F, and all integrals over k transform to sums over k.
3
NLY [ > (o NLE,) ]2
n+l _ k k k k M, =0+ Vk—w
’ k ks
g [Zk' (‘Z)kf Mk’¢k')

wir= =S (0P ) 415 (R (0nR) o).

Here, n is the number of the iteration. C'(z—Vt) has an obvious association with a soliton
for the nonlinear Schrédinger equation.

A free surface profile of the breather solution of this equation in the periodic domain
L = 10 km with kg = 2” 100 is shown in Fig.1. The gravity acceleration g = 9.81-25

secZ”



Page 10 of 17

10 A. I. Dyachenko et al
6
5
4
3
T 2
g,
. [

X[km]

FIGURE 1. Narrow breather with three crests. Free surface profile.

2
Nn(x,t=0s)[m] _‘i) "W’
-2
2 ;
n(x,t=1360s)[m] _(]15 Ww%
2 i
2 T
n(x,t=2730s)[m] _(]15 ‘}ww
-2
2 ;
N(x,t=4100s)[m] _ti) - M%
2 i
2
N(x,t=54608)[m] _(i) A W
-2
0 2 4 6 8 10
x[km]

FIGURE 2. Snapshots of breathers collision

A breather is a very stable structure. A collision of two breathers moving with different
velocities (or with ko = 22100 and ko = 2£200) is shown in Fig.2. An animation of this

collision can be viewed in the movie ” Collision of 2 breathers” on the JFM site.

6.2. Modulational instability

A freak-wave appearing from the slowly modulated Stokes wave of small amplitude
(n =~ no cos(kox — wi,t)), with kg = 2T”lOO and 7y ~ 1.35m, is shown in Fig.3:

One can see the beginning of the wave breaking in Fig.4: One can see that the wave is
going to break to the right (the right slope of the wave is steeper than the left slope).

The animation of a typical freak wave arising can be found in the two movies, ” Freak
wave pre-breaking” and ”Freak wave pre-breaking zoomed”, on the JFM site.

The analytical study of the small-scale instabilities by the ”frozen coefficient” method
allows one to conclude that the Cauchy problem for the super compact equation is a
well-posed problem.
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10 :
t=6697 s
8
6
— 4
E
g
s 2
o MWJ\NU\MJ\NUW
2
-4
0 2 4 6 8 10
X[km]
FI1GURE 3. Amplitude of freak-wave in the periodic domain L = 10 km.
10 :
t=66935 -
t=6695s — —--
8 t = 6697

ne)m]
N
/

N % : N -

8.26 8.28 8.3 832 834 836 838 8.4 8.42
X[km]

FIGURE 4. Three snapshots showing the beginning of the wave breaking (zoomed near
x = 8.34km

7. Spatial compact equation

The simplicity of the super compact equation enables an easy derivation of the spatial
version of the equation. The details of this derivation can be found in Dyachenko &
Zakharov (2016). The idea of the derivation is based on the fact that the Fourier image
(after transforming equation (4.10) in both space and time) cg., is supported on the
shadowed area in the vicinity of the dispersion curve, as shown in Fig.5. Note that for
unidirectional waves, both k and w are positive. This equation (after multiplying by
(w + V/gk)) looks like the following:

(w + wi) kO -
(w2 ~ k)ew, = W ki wi >0 T’izkkg Chyw, Chows Chaws X
X (5k+k1_k2_k35w+w1_w2_w3dk’ldkgdkgdwldwgdw3 (7.1)

For all ¢g,.,;, the following relations for their arguments are valid:

w; = \/ gk + On.
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ofs™]

N WA OO N O © O

—_

0 2 4 6 8 10
kim™]

FIGURE 5. Domain (gray) in k — w space where all waves evolve

Here, @, is a nonlinear frequency shift, which can be estimated from (7.1) as
(Dnl ~ |C|2.
2 2
Then, one can replace T,ffklg on T:JQ:JJ;} and drop all the terms with @,,;. After performing
2%3
the backward Fourier transformation in k—space, the following equation is derived:

Ocy, w? 2w30,, i w202
. *
e 1— p Co = — e o Tw%w;} Cay Coon Coos Oty —wo —ws dw1 dwadws
2 2
wwy . 2 2 2 2
ngwg = Eew(?wlemewgmm(w WY, W, w5 ). (7.2)

This is the Hamiltonian spatial equation for water waves with the Hamiltonian

1 1 11 .
H— §/a|cw|2 o — Tw2w216w wlCw20w35w+w17w2*w3dwdw1dw2dw3'

27 g®
The equation of motion 6%% = w0, gf is
de id%c P [d*, , ,0%c a2c*
_ _—— = —— — 2
0r g0 " 25508 [8t2 (Ief*e) + 2155 + ¢ 5z } +
iP= [0, o Oc. o . [ .0c O

The operator P~ is the projection operator:

1 ~ N
P = 5(1 —iH), here, H is the Hilbert transformation,

and it is equal to 6, in Fourier space.

An analytical study of the small-scale instabilities by the ”frozen coeflicient” method
also allows one to conclude that the Cauchy problem for the compact spatial equation is
a well-posed problem (although it includes a fifth derivative).
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FIGURE 6. Breather solution. Free surface profile.

8. Some numerics for spatial equation
8.1. Breather
A breather is the localized solution of the spatial equation of the following type:

c(a,t) = C(t — %)e“’wwoﬂ (8.1)
Fourier transforming over time, one can obtain:
zkg:n i(wo— w)tdt / *i(WO*W)f ikOE*i(WO*‘U)%d
Co(x) e ,
\/ 2 / <
(8.2)
or
Co() = G *TH) (8.3)
Here, K = ko — 53 is close to _WT?v and ¢, satisfies the following equation:
w  w? 2w30, 1 Wiw?
(IC + V B ?)(bw = g3 % Tyﬂw% ¢w1¢w2¢w36w+wl—w2—w3dw1dw2dw3 (84)

This can be found by use of the iterative Petviashvili method (n is the number of
the iteration). A uniform grid is introduced in the periodic domain ¢ € [0,7T]. Therefore,
the frequencies w become discrete, with a stepsize of Aw = 2T , and all integrals over w
transform to sums over w.

NL? [ S (7 NL™) }‘3 W w?
ntl w P ., M=K+ -——,
T {zw/wz,Mmz,) Vo

n —iP~ 83 82 ni2 n n 282¢n 82¢n* n2
N = 2g3 ot3 [ﬁ (19"1°9") + 216" ot? oz ¢ }

03 O™ O™ ok
g | @l + Sl v (Soter - 200 )

A free surface profile of the breather solution of this equation, in the periodic domain
T = 320s, with wg = 0.78[s71] and K = —6.428 - 1072, is shown in Fig.6. The Fourier
harmonics (|c,|) of the breather solution in a logarithmic scale are shown in Fig.7.
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FIGURE 7. The Fourier harmonics (|c|) of the breather solution.

An animation of breather generation in a ”digital” flume can be found in the movie
”Breathers in a flume” on the JFM site.

8.2. Modulational instability

In the spatial equation, the modulational instability of a monochromatic wave also
occurs. The monochromatic wave

c(x,t) = coethor =0t - or oz, w) = V2mcoe™0§ (w — wp) (8.5)

is the simplest solution of (7.3) and (7.2). Substituting (8.5) into (7.2) yields the
following relation:

w2 2wp
ko =0 _==0 Co 2, 8.6
g g3 feol (8.6)

(—2£7L3S|co|2 could be called a "nonlinear wavelength shift”). The perturbed solution has
the following form:

co(z,w) = V21 (cod(w — wo) + ey (2)d(w — wi )™ + e (2)d(w — w_)e=T) e 8.7)
Here, wy = wy £ w and ky = —k_ with the following condition:
e, le-| << Icol. (8.8)

Substituting (8.7) into (7.2), one can obtain the sum of two independent equations:

9 47/(*) w2 w? 21 w2 w? .
{;Jr (kot+ky)eq — §W+C+ + 7 +T 2 | col?eq + ngrT 22 (2)0*} ey

Jc_ . 7 44w 22w
J{%Jrz(koJrk)c;wQ_ch T“; “’”|cO|2c + T “;+c3c1}e -z _0 (8.9)
UJ (.U2 (.U2 2 2
Expressions for T ; f, ijwg and T, o2 2 can be easily obtained from (4.1). Suppose
wiw 0*0 “o

that cy grow accordlng to
ey = cye’?” (8.10)

Then, we can obtain the formula for =, given by a tenth-degree polynomial. By intro-
ducing steepness for the monochromatic wave n(x) = g coskox as u = nokp, one can
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FIGURE 8. The growth rate squared v?(w) of the perturbation ci of the monochromatic wave
solution of the spatial equation (7.2). Here, wo = 0.78[s'], and steepness of the carrier wave
w=~0.1.

easily find (see Section 5) that in terms of ¢(x) = ce'*o®,

3
V2|co|wd
pe

The growth rate squared v2(w) for wp = 0.78[s 1], and the steepness of the carrier wave
p = 0.1 is shown in Fig. 8. Perturbations whose frequencies w are such that v?(w) > 0
are unstable, and they grow as ¢4 ~ €7@)* Perturbations whose frequencies w are such

that v%(w) < 0 are stable; therefore, they only change phase cy ~ €'V 7wz

(8.11)

9. Conclusion

We derived and discussed a new compact and elegant form of the Hamiltonian and
equation for the gravity waves at the surface of deep water. Starting with the classical
canonical variables (1, 1), the equation was derived in four steps.

First, the normal complex variable a; was introduced in Section 2.

Second, a canonical transformation was applied to eliminate the nonresonant terms (third
and fourth order) in the Hamiltonian. As the result, we obtained the Zakharov equation
and observed that the four-wave coefficient has a remarkable property in the 1-D case:

T}2% =0 if the product kkikoks < 0.

The fact that T,f,ﬁ“" is zero on the resonant manifold is just part of the above.

Third, this property allowed us to simplify T,f,:lki‘ by applying another canonical trans-
formation. As a result, the compact equation with an explicit form for T,f,ilk:‘ in z-space
was derived (see (3.13).

Fourth, we derived probably the simplest form of the Hamiltonian and equation for 1-D
water waves, where the order of the differential equation was reduced from 3 to 2. We
call this the super compact equation.

The equation allows one to obtain a spatial version of the water wave equation that
is suitable for the simulation of a laboratory experiment whereby the free surface is
governed by wavemakers. Cauchy problems for both temporal and spatial equations are
well-posed problems.
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Thus,

e the Hamiltonian of the super compact equation, in both k-space (4.5) and a-space
(4.6), is very simple;

e the equation itself is very straightforward, consisting of only two terms - nonlinear
waves and advection;

e advection is obviously responsible for wave-breaking, and the super compact equa-
tion can describe the pre-breaking wave; and

e it can be easily implemented for numerical simulations.

The equation can be generalized for “almost” 2-D waves, just as the KdV is generalized
to the Kadomtsev-Petviashvili equation:

H = /C*Vc dzdy+

1 ) 0 0 .
+ 5/[&(02%0*2 — 0*2%02) — |e|?ke(|c]?) | dady (9.1)
Here, the operator V in k-space is Vz = 2K
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