On the dynamics of an ideal fluid with the free surface

A.I.Dyachenko

Landau Institute for Theoretical Physics, 2 Kosygin str. Moscow, 117334, Russia

Abstract Exact cubic equations are derived for two-dimensional flows of fluid with the free surface. The equations involve inverse derivative of conformal mapping of the domain occupied by fluid to the lower half-plane, and complex velocity of the fluid. They are hydrodynamic-type equations and describe transport of singularities of conformal mapping in the upper half-plane.

PACS codes: 47.10.+g, 47.15.Hg, 03.40.G, 02.60.Cb

1 Physical (natural) variables

The irrotational motion of an incompressible inviscid fluid with a free surface is a very basic problem in fluid dynamics. The equations describing the motion were first formulated by Stokes in 1845. In this article two-dimensional flows on the plane are considered, that allows to apply conformal mapping theory.

The velocity potential ϕ of the fluid satisfies the equation △ϕ = 0 in the domain occupied by fluid. The domain is bounded by the free surface y = η(x, t) with the boundary conditions for velocity potential and moving free surface: ∂ϕ ∂t + 1 2 |∇ϕ|^2 + gη = P, ∂η ∂t + η_xϕ_x = ϕ_y (1.1)

at y = η(x, t) and ∂ϕ ∂y = 0, y → −∞,

∂ϕ ∂x = 0, |x| → ∞. (1.2) Here g is the gravity acceleration and P - constant pressure at the surface (Let P = 0). The system (1.1) and (1.2) is a Hamiltonian one with the Hamiltonian H = 1 2 ∫_∞ −∞ dx ∫_{η(x,t)} −∞ |∇ϕ|^2dy + 1 2 ∫_∞ −∞ gη^2(x, t)dx (1.3) and canonically conjugated variables ψ(x, t) = ϕ(x, η(x, t), t) and η(x, t) ( see [1] ): ∂η ∂t = ∂H ∂ψ , ∂ψ ∂t = − ∂H ∂η . (1.4)

Along with the Hamiltonian there are three more integrals of motion, amount of fluid: ∂ ∂t ∫_∞ −∞ η(x, t)dx = 0, (1.5) and vertical and horizontal momenta: ∂ ∂t ∫_∞ −∞ dx ∫_{η(x,t)} −∞ ϕ_ydy = 0, ∂ ∂t ∫_∞ −∞ dx ∫_{η(x,t)} −∞ ϕ_xdy = 0. (1.6)

The equations (1.1) and (1.2) are functionally nonlinear and can be hardly studied. The most important known solutions were derived by Dirichlet in 1960, and they are ellipsoid (or ellipse in 2D case), hyperbola and parabola. Dirichlet solutions are described in detail in[2].

2 Conformal variables

To simplify the equations (1.1) and (1.2) let us perform conformal mapping (see[3]) of the domain in z-plane occupied by fluid to the lower half-plane of a complex variable w = u + iv −∞ < u < ∞, −∞ < v < 0. Now the shape of the surface is given parametrically by real and imaginary parts of conformal mapping given on real axis: y = y(u, t), x = x(u, t) = u + x̃(u, t), (2.7) here x̃(u, t) and y(u, t) are related through Hilbert Transformation y = Ĥx̃, x̃ = −Ĥy, Ĥ^2 = −1 and Ĥ(f(u)) = P.V. 1 π ∫_∞ −∞ f(u^′)du^′ u^′ − u . After conformal mapping ϕ(x, y, t) → ϕ(u, v, t). Let Ψ(u, t) = ϕ(u, 0, t), the potential on the surface. It was shown in[3] that y(u, t) and Ψ(u, t) obey the following system of equations: y_t = (y_uĤ − x_u) ĤΨ_u J (2.8)

Ψ_t = −

Ψ^2_u + ĤΨ^2_u 2J + Ĥ (ĤΨ_u J ) Ψ_u + ĤΨ_u J ĤΨ_u − gy (2.9) here g is gravity acceleration, and J = x^2_u + y^2_u = 1 + 2x̃_u + x̃^2_u + y^2_u. (2.10) Another form of the equation (2.8) and (2.9) (see[3]) be y_tx_u − x_ty_u = −ĤΨ_u, Ψ_tx_u − x_tΨ_u + gyx_u = Ĥ (Ψ_ty_u − y_tΨ_u + gyy_u) (2.11) The integrals of motion acquire the following form: H = − ∫_∞ −∞ ΨĤΨ_udu + g 2 ∫_∞ −∞ y^2x_udu, M = ∫_∞ −∞ yx_udu, P_y = ∫_∞ −∞ Ψx_udu, P_x = ∫_∞ −∞ Ψy_udu. (2.12) When dealing with conformal mapping z(w, t) and velocity potential it is convenient to write down instead the real equations (2.8) and (2.9) the complex equations for z(w, t) and complex velocity potential Φ(w, t). One can get these new equations applying projector operator P̂ P̂ (f) = 1 2 (1 + iĤ)(f) to the equations (2.8) and (2.9): z_t = iUz_u, Φ_t = iUΦ_u − P̂ (

|Φ_u|^2 |z_u|^2 ) + ig(z − u). (2.13) Here U is a complex transport velocity:

U = P̂ ( −ĤΨ_u |z_u|^2 ).

It occurs that equations (2.13) can be simplified just by changing variables. Indeed, let us introduce instead of z(w, t) and Φ(w, t) another functions R(w, t) and V (w, t) in a following way R = 1 z_w , Φ_w = −iV z_w. (2.14)

(V is just i^{∂Φ}_{∂z} , i.e. complex velocity). Note, that because of z(w, t) is conformal mapping, its derivative does exist in lower half-plane and does not have zeroes in there. Thus function R(w, t) is analytic in the lower half-plane and has the following boundary condition: R(w, t) → 1, |w| → ∞, Im(w) ≤ 0. It is obvious that boundary condition for V is: V (w, t) → 0, |w| → ∞, Im(w) ≤ 0. Then for these analytic functions equations acquire very nice form: R_t = i(UR^′ − U^′R), V_t = i(UV^′ − RP̂^′(V V̄ )) + g(R − 1). (2.15)

Here U = P̂ (V R̄ + V̄ R). The equations are cubically nonlinear and include linear integral operator. They are similar to hydrodynamics type equations, but given in the complex plane. Important role there plays complex transport velocity U. It conveys zeroes of R(w, t), which are singular points of conformal mapping z(w, t). Possible types of zeroes need to be study in the next article. Here it should be just mentioned that in the numerical simulations only √ w branch points are observed.

It is easy to include surface tension in the equations (2.15), one has just to replace the second equation by V_t = i(UV^′ − RP̂^′(V V̄ ) + g(R − 1)) − 2σRP̂^′(Q^′Q̄ − Q̄^′Q), where σ is surface tension coefficient, and Q = √ R. Equations (2.15) keep the same form for other boundary conditions. Instead of boundary conditions (1.2) one can consider periodic boundaries as well as fluid of the finite depth.

Note that equations include now only derivatives of conformal mapping and complex velocity potential. As regards integrals of motion they acquire more complicated form. But if one restores complex velocity potential Φ = −i ∫ V R dw then Hamiltonian is equal to H = − ∫_∞ −∞ Re(Φ)Im(Φ^′) and momenta

P_y = ∫_∞ −∞ Re(Φ)Re( 1 R )du, P_x = ∫_∞ −∞ Re(Φ)Im( 1 R )du. 3 Conclusions

The main statement of the article is the following. The well-known equations for flows of fluid with the free surface (1.1) are equivalent to the cubic equations (2.15) written for the inverse derivative of the conformal mapping R(w, t) = 1/z^′(w, t) and fluid velocity V (w, t). These equations are of hydrodynamic-type and describe transport of singularities of conformal mapping in the upper half-plane. And moving singularities define the shape of the surface.

Author thanks Prof. V.E. Zakharov for helpful discussion. This work was partially supported by INTAS-96-0413 Grant, by ONR Grant # N00014-98-1-0070, by RBRF Grant No.00-01-00929 and by the Grant of Leading scientific schools of Russia 00-15-96007.

References

[1] V.E. Zakharov. Prikl. Mekh. Tekh. Fiz. (in Russian) 2 (1968) 190.

[2] M.S. Longuet-Higgins. J. Fluid Mech. 73 (1976) 603.

[3] A.I. Dyachenko, E.A. Kuznetsov, M.D. Spector and V.E. Zakharov, Phys. Lett. A, 221 (1996) 73-79.

[4] A.I. Dyachenko and V.E. Zakharov, Phys. Lett. A, 221 (1996) 80.

[5] V.E. Zakharov and A.I. Dyachenko, Physica D 98 (1996) 652-664.