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New Year wave and Bla
k Sea wave
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Satellite View
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NLSE approximation

From the equation for potential �ow

∂φ

∂t
+
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φ2

x + gη = −P

ρ

at z = η,
∂η

∂t
+ ηxφx = φz at z = η.(1)one 
an derive nonlinear Shredinger equation:
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A is the envelope of the surfa
e elevation η(x, t), so that

η(x, t) =
1

2
(A(x, t)ei(ω0t−k0x) + c.c.)(3)
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NLSE SolitonSoliton solution for A(x, t) is

A(x, t) = e−iΛ2t λ√
2k2

0


os(k0(x − Vphaset))
osh(λ(x − Cgt))

(4)
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.Wavetrain of the amplitude a with wavenumber k0 is unstablewith respe
t to large s
ale modulation δk. Growth rate of theinstability γ is
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Here ω0 =
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From Physi
al to Confornal Equations...
-
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Boundary 
onditions:  ∂φ
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|∇φ|2 + gη = P

ρ
,
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+ ηxφx = φy
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at y = η(x, t).
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= 0, y → −∞,

∂φ

∂x
= 0, |x| → ∞, or periodi


Theory of Freak Waves and Possible Integrability of the Hydrodynami
s with Free Surfa
e � p. 6



Conformal mapping

Domain on Z-plane Z = x + iy,

−∞ < x < ∞, −∞ < y ≤ η(x, t) ,to the lower half-plane,

−∞ < u < ∞, −∞ < v ≤ 0 ,

W -plane W = u + iv.
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Equations for Z and ΦIf 
onformal mapping has been applied then it is naturallyintrodu
e 
omplex analyti
 fun
tions
Z = x + iy, and 
omplex velo
ity potential Φ = Ψ + iĤΨ.

Zt = iUZu,

Φt = iUΦu − P̂ (
|Φu|2
|Zu|2

) + ig(Z − u).

U is a 
omplex transport velo
ity:
U = P̂ (

−ĤΨu

|Zu|2
). u → w

Proje
tor operator P̂ (f) = 1
2
(1 + iĤ)(f).
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Cubi
 equations for R and V

Surfa
e dynami
s (and the �uid bulk!) is des
ribed by twoanalyti
 fun
tions, R(w, t) and V (w, t). They are related to
onformal mapping Z and 
omplex velo
ity potential:
R =

1

Zw

, Φw = −iV Zw.

For R and V dynami
 equations have the simplest form:

Rt = i [UR′ − U ′R] ,

Vt = i [UV ′ − B′R] + g(R − 1).Complex transport velo
ity U is de�ned as

U = P̂ (V R̄ + V̄ R), and B = P̂ (V V̄ ).
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Modulation Instability, Group 1
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Modulation Instability, Group 2
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Modulation Instability, Group 3
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Modulation Instability, Group 4

 1e-40

 1e-35

 1e-30

 1e-25

 1e-20

 1e-15

 1e-10

 1e-05

 1

 0  200  400  600  800  1000  1200  1400  1600  1800  2000

Harmonic(t) [ K0 = 10 ]

GROUP 4

K=4
K=6

K=14
K=16

Theory of Freak Waves and Possible Integrability of the Hydrodynami
s with Free Surfa
e � p. 13



Modulation Instability, Group 5
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Energy dissipation
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NLSE Solition
η(x) =

λ√
2k2

0


os(k0x)
osh(λx)

(6)

η(x, t) =
1

2
(A(x, t)ei(ω0t−k0x) + c.c.)

A is the envelope of the surfa
e elevation η(x, t).

Example - soliton with lo
al steepness µ ≃ λ
k0

≃ 0.1
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Giant Breather
η(x) =

λ√
2k2

0


os(k0x)
osh(λx)

(7)
Initial 
ondition - soliton with lo
al steepness µ ≃ λ

k0

≃ 0.6Breather is 
lerly observed after radiation goes away.
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k-ω spe
trum

Figure 1. Negative frequen
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X ′ − 1 and Ψ
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