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Preface

The present notes have been written on the basis of lectures and seminars
given as an undergraduate course on Statistical Mechanics at the Department of
Physics of National Research University Higher School of Economics in springs
2020-2024. The material of these notes is written for a reader familiar with the
traditional courses of classical thermodynamics and non-relativistic quantum
mechanics. The notes contain more than 40 problems with solutions; more than
80 problems for self-training are formulated. We are grateful to Asya Lyublin-
skaya, Dmitry Shapiro, and Igor Timoshuk who taught seminars for the course

In various years.
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Chapter 1

Basics of Statistical Mechanics

Introduction

In this chapter we give a brief introduction for foundations of statistical mechan-
ics and, then, apply the Gibbs method to the thermodynamics of ideal Fermi and
Bose gases. Describing the ideal Fermi and Bose gases, we avoid the second
quantization. In view of time limitations we do not discuss the thermodynamics
of the ideal Boltzmann gas in detail. For the additional aspects of this chapter,
we recommend the textbook [1].

11
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1.1 The Gibbs distribution in the quantum statisti-

cal mechanics

Introduction

In the this first lecture we formulate the thermodynamics for the quantum sys-
tem in terms of its density matrix. We discuss why the density matrix in the
Gibbs form is specific for the thermodynamics.

1.1.1 Density matrix

Let us start from the stationary Schrédinger equation for eigen energies E, and
eigenstates |a) of the quantum mechanical Hamiltonian H:

Hla) = E,la). (1.1)

We assume that (a|a’) = J, 4. An arbitrary stationary normalizable quantum
state can be written as a linear combination of the eigenstates:

) = an|a>, Z lcal? = 1. (1.2)

a a

The quantum mechanical average of operator A in the state |¢> can be written
as

(6] AJp) = Tr pA (1.3)

where we have introduced the matrix

p= V)] =) cachla) (bl- (14)
a,b

The matrix p is the density matrix for a pure state, 1.e., the state described by
the wave function. The density state of the pure state satisfies the following
relations: Tr p = 1 and p? = p.

Now we extend the notion of the density matrix to a mixed state. Let us
define the latter as follows: the system can be found with a probability p; in a
state |¢);) where j =1,..., K and Zszl p; = 1. Then the quantum mechanical
average of an operator A over the states [1);) can naturally be defined as follows

K K
A= (| Algy) = TrpA, p=> Dl (1.5)
=1 i=1

Although the density matrix constructed in this way satisfies the normalization
condition Tr p = 1, one has now that p? # pand Tr p? < 1.
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To describe the dynamics of the density matrix, let us start from a pure state.
The state 1)) obeys the time-dependent Schrédinger equation

100 (t)) = H[(t)). (1.6)

This implies that |(t)) = e *1)(0)) and, consequently, the time-dependent
density matrix becomes p(t) = e~ p(0)e!. Therefore, it satisfies the follow-
ing dynamical equation termed as the Ziouville equation,

dup = ilp, H]. (1.7)

The generic density matrix of the closed quantum system described by the
Hamiltonian H should satisfy the Liouville equation. The stationary density
matrix should commute with the Hamiltonian, [p, H] = 0, i.e., p should be a
function of Hamiltonian H.

1.1.2 The Gibbs distribution

For many isolated quantum systems, the stationary density matrix is described
by the so-called Gibbos distribution which can be written as

p=ecP)7 Z =Tre 1 (1.8)

Here 8 > 0 is a formal parameter with the dimensionality of inverse energy
and called the verve temperature. The normalization factor Z is termed as the
partition function. Below with the exception of the last chapters, we will use the
Gibbs density matrix alone. The quantum mechanical and thermal averages of
some operator A are now defined according to (A) = Tr pA. In particular, the
average energy F is given according to 2 = Tr pH. We mention that sometimes
the density matrix in the Gibbs form, (1.8), is termed as the canonccal distribution.
The normalization factor Z is referred to as the canonical partition function.

The quantum systems with the Gibbs density matrix are said to be in the
thermal equiltbrium. However, there is a number of isolated quantum systems
which stationary density matrix does not have the Gibbs distribution. This phe-
nomenon is termed as the absence of thermalization. The scenario of how it can

happen will be described in Chapter 5.

1.1.3 Entropy

In order to construct the complete thermodynarnic description of the quantum
system, we need to introduce the notion of the entropy based on the density ma-
trix. The standard way, suggested by von Neumann, is as follows

S=—Trplnp. (1.9)
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We remind that the entropy is an extensive quantity similar to the energy. As for
the Gibbs distribution, there is no rigorous derivation of the von-Neumann en-
tropy. Below we provide two reasonings for the definition (1.9). The first moti-
vation is purely classical. Let us consider the system consisting of K subsystems
each characterising by a probability p;. Then we expect that due to additivity,
the entropy of subsystem consisting of subsystems 1 and 2 will equal a sum of
entropies s1+ 52 whereas the associated probability will be a product p12 = p1ps.
If we choose s; = In l/pj, then s12 = s1 + s = In1/p;5. The average entropy
of the full system is given as S = ZjK:l Djs; = — Zszl pjInp;. Since the eigen-
values \; of the density matrix has the properties analogous to classical proba-
bilities, we can define the entropy of the quantum system as S = — 3. A;In \;
which is equivalent to Eq. (1.9).

We note that the von Neumann definition of the entropy encounters a prob-
lem with the second law of the thermodynamics which allows the entropy to
increase. However, for some density matrix which obeys the Liouville equation
(1.7), the entropy is conserved, S(t) = S(0). There are several ways of solv-
ing this problem which are discussed in the current scientific literature (see for

example, Ref. [2]).

1.1.4 Maximal entropy principle

The second motivation for the von Neumann definition of the entropy is associ-
ated with the maximal entropy principle. Alternatively, it can be considered as
a motivation for the Gibbs distribution. Let us maximize the entropy (1.9) over
all possible density matrices but under an additional condition TrpH = E =
const. In order to solve this maximization problem, let us introduce the La-
grange multiplier 5 and consider the functional — Trplnp + B(E — TrpH).
Varying it with respect to Jp (under condition Tr dp = 0 due to the normaliza-
tion constraint Tr p = 1), we obtain

—Trép(lnp—i—ﬁH) =0 = poce PH (1.10)

Therefore, the maximal entropy principle for the von Neumann entropy results

in the Gibbs distribution. Thus we demonstrate consistency of the entropy def-
inition (1.9) with the Gibbs distribution.

1.1.5 Relation with the thermodynamics

Substituting the Gibbs distribution (1.8) into the definition of the von Neumann
entropy (1.9), we find

S =BE+InZ. (1.11)
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Alternatively, we can derive exactly the same expression for the entropy from
the partition function as (T' = 1/0)

I(TnZ)

S=—%7

. (1.12)

Let us define the free energy as F' = —T'In Z. Then Eq. (1.11) can be rewritten in

the form of the standard thermodynamic relation between energy, free energy,
temperature, and entropy:

F=FE-TS. (1.13)

Simultaneously, Eq. (1.12) acquires the form of the standard thermodynamic
relation between the entropy and the free energy:

OF
S = (a_T)V' (1.14)

Here V denotes the volume and the subscript V' indicates that the derivative is
taken under assumption of the constant volume.

Frankly speaking, above we did not discuss the volume occupied by the
quantum system. For the quantum system occupied a finite volume, the en-
ergy spectrum will depend on the volume. The simplest example to represent
this is a quantum particle in the cubic box of size L with the infinite potential
barrier. A quantum mechanical force acting on the box boundary in eigenstate
|a) is given as —OF,, /OL. Therefore, the average pressure in the Gibbs state (in
the thermal equilibrium) can be defined as

1 E 1 H F
P=—— Ee—ﬁEa :——Tra—e_ﬁH:— a— . (115)
ov ) -

The above results have the following important implications:
o the von Neumann entropy is equivalent to the thermodynamic entropy;
o the canonical partition function Z determines the free energy F;
o the auxiliary parameter 37! is the thermodynamic temperature T’;

o F'is the function of 7" and V' and determines the entropy and pressure in
the conventional thermodynamic way.
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1.1.6 Systems with an arbitrary number of particles

The discussion above assumes the constant number of particles in the quantum
system. Very often the quantum system interacts Weakly with another system
which implies an exchange of particles. At the same time, in all other respects the
quantum system can be considered as isolated and in the thermal equilibrium.
To find the proper density matrix for such situation, we can use the maximal en-
tropy principle but now with two conditions: Tr pH = E = const and Tr pn =
N = const, where n denotes the operator of the number of particles and N is
the average number of particles. Then we introduce two Lagrange multipliers /3
and y, and consider the functional — Tr pln p+ B(E —Tr pH) + Bp(Tr pn— N).
Varying it with respect to dp (under condition Tr dp = 0 due to the normaliza-
tion constraint Tr p = 1), we obtain

—Trdp(lnp—i-ﬂH—B,un) =0 = p oc e PHABun (1.16)
The density matrix
p = e PHFPun | Z Z = Tre PP (1.17)

is termed as the grand canonical dwtribution. We note that now the symbol Tr in-
cludes the summation over many-body states with all possible particle numbers.
The grand partition function Z determines the thermodynamic potential:

Q= T Z. (1.18)

The thermodynamic potential {2 is the function of T', V/, and the chemical potential
. The average number of particles can be found as

N:Trpn:—<8—9> . (1.19)
o) ry

Using Eq. (1.9), we find

o0
S = BE — BuN — fQ = — (a_T) " (1.20)

In addition, since the quantum mechanical expression for the average force as a
derivative of the energy of the state is not distorted by the possibility of varying
the number of particles, the pressure can be found as

o
pP=- (W>M. (1.21)
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Equation (1.20) relates the thermodynamic potential and the free energy (its
definition F' = E' —T'S remains the same) as F' = {2+ /N. Taking into account
Eq. (1.19), one can say that potentials €} and F' are related by the Legendre
transform such that F'is the function of 7V, and N. Then the chemical poten-

tial 1s determined as OF
- [ = ) 1.22
o= () - 42

Let us use the Legendre transform and introduce one more potential & = F' +
PV. Then @ is a function of 7', P and N. The potential ¢ should be an extensive
quantity but since 7"and P are not extensive quantities, we have ® = u(7, P)N.
In other words, the chemical potential as a function of 7" and P is the potential
® per one particle. Therefore, we can write u/N = F' 4+ PV. Comparing this
with the relation between I and (2, we obtain a surprising relation between the
thermodynamic potential, the pressure, and the volume:

QO=—PV. (1.23)

This equation together with Eq. (1.19) determines the equation of state for the
quantum system in the equilibrium, i.e., the relation between the pressure, the
volume, the number of particles and the temperature. The typical problem of
the statistical mechanics is to compute the thermodynamic potential 2.

In addition to thermodynamic potentials E, €2, F, and ®, one can introduce
one more potential called the enthalpy W (S, P, N) = E 4+ PV as a function of
entropy S, pressure P and the particle number V.

Problem for the seminar I: Compute the free energy, the energy, and the

entropy for the system of N independent spins s = 1/2 in the magnetic
field.

Problem for the seminar2: Find the chemical potential and the pressure for
the system of NV independent spins s = 1/2 in the magnetic field.

Problem for the seminar 5: Using the Jacobian method, prove that Cp >
Cy provided (0P /0V)r < 0. Here Cp and Cy are the specific heats at

the fixed pressure and volume, respectively.

Exercwe 1: Prove that the eigenvalues )\, of the density matrix satisfy
the relations: 0 < A\, < land ) A, =1
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Exercise 2: Demonstrate that the maximal value of the von Neumann
entropy (1.9) is given by dim p. Find the form of the density matrix

which maximizes the entropy.

Exercise 5: A stationary state of the spin S = 5/2 is described by the
following density matrix

u —u —u 0 0 m

—u U u 00 —m

—u  u u 0 0 —m
P O 0 0 00 0

0 0 0 00 0

m —-m —m 0 0 1—3u

To find the region in the parameter space {u, m} where the above matrix
satisfies all conditions imposed on the density matrix. When does the
above matrix describe a pure state? To find the maximal magnitude of
the von Neumann entropy for the above density matrix. Does it realized
in the mixed or pure state?

Exercise 4: The average pressure can be defined as the trace of the aver-
age stress tensor, P = (T};)/(dV') where V is the volume and d is the
dimensionality of the space. The stress tensor operator of noninteract-
ing system is defined as T, = m(0;0; + 040;)/2 where 0; stands for
the velocity operator. For noninteracting system to prove the relation

P =2E/(dV).
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1.2 The thermodynamic fluctuations

Introduction

In the previous lecture we demonstrated that the approach based on the Gibbs
form of the density matrix and the von Neumann definition of the entropy pro-
duces the description of the quantum system in terms of the average physical
quantities equivalent to the traditional thermodynamics. In this lecture we will
demonstrate how the thermodynamic fluctuations can be incorporated into the
approach based on the Gibbs density matrix.

1.2.1 The Gibbs approach to thermodynamic fluctuations

Since the eigenvalues \; of the density matrix are within the range 0 < \; <1,
one can interpret the Gibbs distribution (1.8) as a probability distribution for
the Hamiltonian H. Then one can calculate the variance of energy as

?*InZ B oF

(1.24)

We note that in this approach to the thermodynamic fluctuations, the tempera-
ture (or [3) is the fixed parameter (Lagrange multiplier) forbidden to fluctuate.
As in the previous lecture, the derivatives with respect to 3 (or T') are taken
under natural assumption of constant volume V. Then, we find the following
relation between the variance of the energy and the specific heat at constant
volume:
9 9 < 08 )
((AE)%)y =T"Cy, Cy=T|(=] . (1.25)
ar ),

The result (1.25) demonstrates the important property of the thermody-
namic fluctuations. Since the energy and entropy are extensive quantities, i.e.,
proportional to the number of particles IV, the relative fluctuations of the en-
ergy are v/ ((AE)?)y/E 1/\/N Therefore, the thermodynamic fluctuations
disappear in the thermodynamic limit N — oo.

Similar to the energy variance we can determine the variance for pressure
fluctuations:

2
o 1 _sm, (O, 2 1 _sp, OF,
<(AP> >V = = Ea e _8 - = Ea e —a

0*H
T
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In general, the last term cannot be expressed in terms of the average thermody-
namic quantities and its derivatives. This is the well-known problem of applying
the Gibbs approach for calculating the pressure fluctuations [3].

1.2.2 Thermodynamic fluctuations of quantum system in an
external field

Let us consider quantum system in the presence of external field ¢ which couples
linearly to the operator ¢ such that the full Hamiltonian becomes H = H, —
q. Then the average value of the operator ¢ can be found from the Gibbs
distribution

OF

Q=Trpg=— (—) (1.27)

dp TV
where F' is the free energy depending on T, V, and ¢. For example, in the
problem of spins in the magnetic field, it is the magnetic field that plays a role
of the external field. Now we can compute the variance of ) as

(AQ)*) =Trpq® — (Trpq)” = Txole),  xole) = (%)w' (1.28)

The quantity ¢ is called the static susceptibility for the physical observable Q).
We note that the validity of Eq. (1.28) for an arbitrary value of ¢ relies on the
linear dependence of the Hamiltonian H on ¢. We emphasize that Eq. (1.28)
has the important implication for the variance of () in the absence of the external
field. The variance of () at ¢ = 0 is determined by the static susceptibility
X©(0). The computation of X (0) requires only the knowledge of linear coupling
between the system and the external field. This situation is referred to as the
linear responve.

Now let us develop scheme which will allow us to calculate the variance of
() without the explicit knowledge of the Gibbs distribution. Let us introduce
the thermodynamic potential related to F'() via the Legendre transform:

F(Q) = F(p) + Qe, @ = (g-g) . (1.29)
v

We can consider F as a formal function of the instantaneous value of (). Then
we define the quantity termed as the minimal work for the fluctuations of the
thermodynamic variable () according to

Unin = F(Q + AQ) — F(Q) — p(Q)AQ. (1.30)
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We note that here @ is a function of () as prescribed by Eq. (1.29). The minimal
work Uy, is a function of 7', V, ), and AQ. It has the following important
property: its expansion in A() starts from the quadratic term:

Unin(AQ) = =—(AQ)* + O((AQ)%). (1.31)

1
2Xq
Now, in order to reproduce the result (1.28), we can postulate that the distribu-
tion function governing the probability of the variable () to be changed from )
to @) + AQ due to thermal fluctuations is given by the normal distribution:

\/T 6_Umin(AQ)/T'

Po(AQ) = T (1.32)
Then we find -
(8Q) = [ dXX*Po(X) =Txo. (1.53)

We note that the statistics for the fluctuations of () is not Gaussian in general.
Thus the normal distribution (1.32) is an approximation in essence.

1.2.3 The Einstein approach to the thermodynamic fluctua-
tions

As we have seen above, the thermodynamic fluctuations of the physical quan-
tities coupled to the external fields are determined by the static susceptibilities.
The latter can be calculated using the Gibbs statistical mechanics. Let us now
formulate the similar approach to computing the thermodynamic fluctuations of
the main physical parameters 7', P, V, and S, which determine the thermody-
namic state of the system. Let us consider the case of the system connected to
the thermal reservoir keeping the temperature and pressure fixed in the system.
Then the entropy and the volume of the system are able to fluctuate. In the full
analogy with Eq. (1.30) we introduce the minimal work as

Unin = E(S + AS,V + AV) — E(S,V) — TAS + PAV. (1.34)

Expanding U,;, to the second order in AS and AV, we find

<82—E>V(AS)2 + ( 0L )ASAV

1
Unin(B5, AV) = 5 | 53 SOV
1 /62E ,
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In the same way as we have done in Eq. (1.32), we postulate that the joint
probability distribution that governs the fluctuations of AS and AV is propor-
tional to exp(—Upin(AS, AV')/T'). (Here it is necessary to take the normaliza-
tion factor into account.) We mention that, in order the probability distribution
to be normalizable, the minimal work U,;, should be positive as a function of
its arguments AS and AV. This requirement yields a number of relations on
the derivatives of the thermodynamic quantities that coincide with the so-called
thermodynamic inequalities. One example is the relation Cy > 0.

Equation (1.35) implies that the fluctuation of the entropy at the fixed vol-
ume becomes

9 oS
(AS)F)y =T (—) =Cy. (1.36)
or ).,

We note that this result coincides with that derived above directly from the
Gibbs distribution.

For computing of the thermal fluctuations of other observables, it is conve-
nient to represent the expression for the minimal work (1.35) in the following
symmetric form:

Unin = (ASAT — APAV) /2. (1.37)

Although we have derived this expression for the entropy and volume fluctua-
tions at the fixed temperature and pressure, one can use Eq. (1.37) for calculat-
ing the fluctuations of any pair of the thermodynamic variables. For example,

expanding AT and AV in Eq. (1.37) to first order in AP and AS, we find

9 oP
((AP)) = T(av)s. (1.38)
It is worthwhile to mention that the result (1.26) of the Gibbs approach to the
pressure fluctuations differs from the result (1.38) of the Einstein approach.
Now we explain the origin of the term “the minimal work” for U;,. Let us
consider an 1solated system consisting of thermal reservoir and subsystem. The
subsystem can perform a work on the body isolated from the subsystem and the
reservoir. We assume that the reservoir has the temperature 7 and pressure
Py which are kept fixed since the effect of subsystem on the reservoir is neg-
ligible. The subsystem has the temperature 7" and the pressure P which can
differ from 7y and Fy. In the absence of the reservoir the work U performed
by the body upon the subsystem during some process equals the energy differ-
ence AE of the subsystem in this process. In the presence of the reservoir we
should take into account the work FyAV{ done by the reservoir and the heat
—ToASy transferred from the reservoir to the subsystem. Eventually, we find
AFE = U—-TyASy+ FPyAVy. Assuming the conservation of volume of the system,
L.e., using the relation AVy = —AV, we find U = AE + Ty ASy + PyAV. Due
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to the second law of the thermodynamics the entropy variation of the isolated
system is not negative, ASy + AS > 0. Therefore, we find that the minimal
value of the work is given as Uy, = AE — TyAS + PyAV. For spontaneous
thermodynamic fluctuations, the reservoir is a large part of the very same sys-
tem with the same temperature and pressure as the small subsystem, i.e., T =T

and Py = P. Then U,;, 1s given by Eq. (1.34).

1.2.4 Thermodynamic fluctuations in the grand canonical en-
semble

In the grand canonical ensemble the number of particle can fluctuate. Using in

this case the Gibbs distribution (1.17), we find

N
(AN gy =Trpn? — (Trpn)* =T (%) : (1.39)
TV

We emphasize the resemblance of this result with the general result (1.28). The
chemical potential plays a role of the external field conjugated to the number of
particles.

In the Einstein approach to the thermodynamic fluctuations the case of vary-
ing the number of particles does not require a special consideration. On can take
the extensive character of the volume into account and transform fluctuations of
the volume ((AV)?)r = —T(0V /OP)r into those for the number of particles.
In this way the expression (1.39) can be reproduced.

We mention that the Einstein approach to the thermodynamic fluctuations is
limited to the Gaussian approximation. The higher cumulants of the thermody-
namic fluctuations must be computed from the Gibbs distribution. For example,
the third cumulant of the number of particles, C'J(\‘?) = (N3)=3(N?)(N)+2(N)3,
is equal to C'](\?) = T?(0?N /Ou?*)rv. In other words, the thermodynamic poten-
tial Q(u) is the cumulant generating function for the number of particles.

Problem for the seminar 4: For the system of N independent spins s = 1/2
in the magnetic field, compute the thermodynamic fluctuations of the
energy and compare them with those for the specific heat.

Problem for the seminar 5: For the system of N independent spins s = 1/2
in the magnetic field, calculate the spin susceptibility and thermody-
namic fluctuations of the magnetization. Check the validity of Eq.

(1.28).




24

CHAPTER 1. BASICS OF STATISTICAL MECHANICS

Problem for the seminar 6: Derive the expression for U, as a func-
tion of AV and AT. Express in terms of 7" and V' as independent
thermodynamic variables the following averages: <(AT)2>, <(AV)2>,
(ATAV), ((AP)?), ((AS)?), (ATAP), (ATAS), (AVAP), (ASAP),
and (AVAS).

Exercwe 5: Using the von Neumann definition of the entropy, prove that

the variance of entropy S is given by the specific heat at the fixed vol-
ume, ((AS)?)y = Cy.

Exercuwe 6: For the system of N independent spins s = 1 in the magnetic
field, calculate the thermodynamic fluctuations of the energy and the
magnetization. Compare the results with the expressions for the specific
heat and spin susceptibility, respectively.

Exercise 7: Derive the expression for U, as a function of AS and
AP. Express via P and S as independent thermodynamic variables the
following averages: ((AT)?), ((AV)?), (ATAV), {((AP)?), ((AS)?),
(ATAP), (ATAS), (AVAP), (ASAP), and (AVAS).

Exercise 8: The pressure can be defined as the trace of the stress tensor,
P = (T};)/(dV) where V' is the volume and d is the dimensionality of
the space. The stress tensor operator of noninteracting system is defined
as Tj, = m(0;05+0x0;) /2 where 0, stands for the velocity operator. For
noninteracting system to express pressure fluctuation {(AP)?) in terms

of the energy fluctuation ((AE)?).
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1.3 Thermodynamics of an ideal Fermi gas

Introduction

In this lecture we discuss the thermodynamics of the simplest quantum system
— ideal Fermi gas. To make the final expressions to be more transparent we
consider the Fermi gas in two spatial dimensions. We note that such situation is
realized experimentally in semiconductor heterostructures and quantum wells.

1.3.1 The Fermi-Dirac distribution

We consider an ideal Fermi gas in the grand canonical ensemble, i.e., at the
given temperature and chemical potential. Our aim is to derive the general ex-
pression for the thermodynamic potential and the average number of fermions.
To simplify the derivation, for a moment we put nonzero spin of fermions aside.
From the physical viewpoint we consider the fully spin-polarized Fermi gas.

Let us start from the simplest situation of a single energy level £; which can
be populated by fermions. Due to the Pauli exclusion principle, this level can
be either empty or occupied. Therefore, the grand canonical partition function
acquires the following form: Z(1) = 1 4 ¢ #1484 Now let us add another
level £5. Again due to the Pauli exclusion principle, we can have four different
situations (see Fig. 1.1):

(1) both levels are empty,

(1) level €1 1s occupied whereas level 5 is empty,
(1) level €1 1s empty whereas level €3 1s occupied,
(iv) both levels are occupied.

The grand canonical partition function becomes

2@ =1 4 e Pertbu y —Peatbu 4 o—Blertex)+20u
= (14 e Pty (14 e Pe2tim) (1.40)
As one can see, the grand partition function Z factorizes into the product of

independent factors for each energy level. The generalization to an arbitrary
number of levels is obvious:

Z=e " =T (14 e Pty (1.41)

a,o
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€

€1

Figure 1.1: Four possible states for spin polarized fermions occupying two en-

ergy levels.

Here a enumerates the orbital degrees of freedom and o stands for the z-
projection of the fermion spin. The number of particles can be extracted from

Eq. (1.41) as

o0 1
N= - (@) =S frleas) e@) = S (4)

a,o

The function fr(¢) is called the Fermi-Dirac dwstribution function.

The Fermi-Dirac distribution function can be seen from another point of
view. Due to the Pauli exclusion principle, the given single particle state can
be empty or occupied by a fermion. Therefore, in order to describe a single
fermion, the density matrix of size 2 X 2 is required. The result (1.41) suggests
that the density matrix for the fermion system can be written as a tensor product

of the 2 X 2 density matrices: p = [[ ®p4,, where Trp,, = 1. Let us denote

the eigenvalues of p, , as n,, and 1 — n, . Then the entropy can be written as
follows:

S=- Z [na,a In Na,o + (1 - na,U) ln(l - na,a)] . (145)

a,o

The quantity 1, is termed as the occupation number for an energy level ¢,
and has a meaning of probability that the energy level is occupied. Then the

number of particles and the energy become
N=> 1o E=) coolago (1.44)

Now we can apply the maximal entropy principle: to maximize S over n,,
under conditions that /N and E are kept as fixed. The variation procedure for the
functional S+ BpN — BE over n, , results in the optimal value of the occupation
number given by the Fermi-Dirac distribution function, i.e., n,, = fr(css)
realizes the maximal entropy principle.
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1.3.2 Canonical partition function

Sometimes it is convenient to work at the fixed number of particles rather than at
the fixed chemical potential. In order to derive the expression for the canonical
partition function, let us first consider the case of two energy levels € and ¢
(see Fig. 1.1). Then from the first line of Eq. (1.40) the canonical partition
functions can be read as

In—o=1, Znoy=ePrpe P2 zy =Pt 7o, —0. (1.45)

In the general case, we can write the Darwin-Fowler integral for the canonical
partition function

21 21
do . , do ,
Iy =e PF = / %eszN H (1 + e*ﬁfa,a+29) — / %6*191\7*@(@9)_ (1.46)
0 a0 0

For the large number of particles, one can perform the integral over angle 6 by
means of the saddle point method. Then, if we denote the saddle point value of
the angle 0 as 0, = —ip, it will satisfy the standard relation between the number
of particles and the chemical potential: N = —0€Q(u)/0p. The free energy will
also be given by the standard Legendre transform: F' = Q(u) + uN. Below,
we usually employ the fixed chemical potential condition instead of the fixed
particle number one.
In addition to Zy it is convenient to introduce the following quantity

27
ZN(ga,o') _ / %e—iel\f (1 ‘l’ 6—ﬁ€a,g+i9)_1 H (1 + e—ﬁabﬁ/—i—w) ) (147)
0 b,o’

It has the meaning of the partition function for N fermions occupying all energy
levels except the level €, ,. Using Zn(£,,,) one can determine the probability
that the energy level ¢, , is occupied,

Fi(cao) =1~ —ZN;V“’”). (1.48)

One can demonstrate that fj(;aN)(E) transforms into fr(c) as N — oo (see Fig.

1.2 and problems below).

1.3.3 Density of states

In order to compute the thermodynamic quantities of various fermion systems,
it is convenient to introduce the denvcty of states:

g(e) = % > 6(e—cao). (1.49)
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1.0 T ~—-.\

Figure 1.2: The comparison of fr(c) and f},ﬂN) (¢) for the free fermions with
equidistant spectrum &, = dn, n = 1,2,..., for N = 25and 7'/§ = 10. We
note that /T ~ N§/T = 2.5.

Then the thermodynamic potential and the number of particles can be written
as follows:

Q= —TV/ds g(e)In (L4 e 7). N = V/de g(e)fr(e).  (1.50)

Using the thermodynamic relation £ = Q 4TS + N, one finds the expression
for the energy in agreement with Eq. (1.44):

E = V/dsg(s) efr(e). (1.51)

This expression for the energy allows us to write down the result for the specific
heat:

C=V / de g(2) Ea]:;:;e) (1.52)

where the derivative with respect to temperature is taken under fixed chemical
potential.

The density of states is determined by the energy spectrum of single-particle
problem. Let us consider a particle in the one-dimensional quantum well of size
L with the infinite walls. Then the eigen energies become ¢, :/727T2n2/(2mL2)
where m denotes the particle mass and n = 1,2,3,... It is instructive to com-
pute the density of states in the thermodynamic limit L — oo:

oo

_g_oo ey B _gs\/ﬁ
_LZ:: £—¢en) ~ T dné(e — e, —m\/%(%(g). (1.53)

0
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Here O(¢) stands for the Heaviside step function and g; = 2s + 1 is the num-
ber of projections for the spin s fermions. We note that the density of states is
independent of size L in the limit L — oo.

The result (1.53) can be derived in the different way. Let us consider free
particle with momentum p in one spatial dimension. Then, if we write the density
of states as follows:

[e.@]

d 2
g(e) = gs / ﬁé (a— 2p—m) (1.54)

—00

we obtain exactly the same result as given by Eq. (1.53). The generalization of
Eq. (1.54) to the free motion of quantum particle in an arbitrary spatial dimen-

B ddp p2

1.3.4 Chemical potential and the Fermi energy

sion d reads

As an instructive example simple in the mathematical treatment, we consider the
thermodynamical properties of two-dimensional ideal Fermi gas. Using Eqgs.

(1.50) and (1.55), we find the number of particles as

o gsvm r de - gsmVT Bu
N=" /6555“—1—1_ o In (14 €™). (1.56)
0
Solving this equation for 1, we obtain
2N
T)=Tln (e"/T -1 Ep = : 1.57
/”L( ) n (6 ) 9 F gsmv ( )

The only characteristic energy scale Fr = (7" = 0) is referred to as the Ferm:
energy. The importance of the Fermi energy is due to the following observation:
at ' = 0 the fermion occupation, fr(¢), for the state of energy ¢ equals 1 if
¢ < Er and 0 otherwise. In other words, all the states below the Fermi energy
are occupied in ideal Fermi gas. Further we will discuss how this statement is
affected by the fermion-fermion interactions. It is convenient to introduce the
notion of the Fermi momentum equal to pp = /2mFEp. Then at zero temperature
the states of ideal Fermi gas with momentum p < pp are occupied whereas the
states with p > pp are empty.

The dependence 1(7') is shown in Fig. 1.3a. The chemical potential is the
monotonously decreasing function of temperature. This is not a common fea-
ture. For d < 2, the chemical potential 1(7) is a non-monotonous function of
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temperature. In the degenerate regime, 1" < E, the chemical potential can be

written as

w(T) = Ep — Te Br/iT (1.58)

We note that the temperature corrections to the zero temperature magnitude
of chemical potential are exponentially small. This is a specific feature for the
spatial d = 2 dimensions.

At temperature Ty = Er/In 2 the chemical potential vanishes, 1 (7p) = 0.
In the high temperature regime, 7' > E'f, the chemical potential is negative and
can be approximated by

w(T) = —TInT/Ep. (1.59)

1.3.5 Equation of state in d = 2

In order to find the equation of state for an ideal Fermi gas, we should calculate
the thermodynamic potential, cf. Eq. (1.50). Again, we consider the case of the
spatial d = 2 dimensions. Then, we obtain

gsmT’ r _Be gsmT? .
P = W/deln (1 + €ﬁ'u B ) - — 27#72 112 (_6/8#) . (160)
0

Here we introduce the special function i\ (2) = Z]oil 27 /3% known as polylog-
arctthm. Using (1.57), we find the equation of state for ideal Fermi gas in the
spatial d = 2 dimensions:

PV T

= iy (1 = eBF/TYy 1.61

NT Er 19 ( € ) ( )
Using the asymptotic expression lig(—2) = —(In 2)?/2 — 72 /6 at 2z > 1, we find
the pressure of an ideal degenerate Fermi gas at T' < Ep:

NEr w2 T2
P = 1+ —— ). 1.62
( T3 E> (162

In the opposite case of high temperatures, T > Er, we can use the asymptotic
expansion of the polylogarithm at 2 < 1: liy(2) = 2 + 2?/4. Then, we obtain
the following equation of state at 7' > Fp:

Ep

PV =NT|(1+—|. (1.63)
AT

As one can see, it resembles the equation of state for an ideal Boltzmann gas

with the correction corresponding to an additional pressure at a given temper-

ature. This correction is an effect of the Fermi-Dirac statistics due to quantum
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mechanical exchange effects (the Pauli exclusion principle, in essence). The
similarity of the equation of state at 7' > E with that for the ideal Boltzmann
gas is not occasional. For T" > E, the Fermi-Dirac distribution function can
be approximated as fr(c) & exp(Su—[¢), i.e, it goes over the Boltzmann distri-
bution. The overall behavior of the pressure as the temperature varies is shown
in Fig. 1.3b. This behavior is not specific to the spatial d = 2 dimensions. In any
dimension, the pressure of the ideal Fermi gas at a given temperature is larger
than that for the ideal Boltzmann gas.

1.3.6 Specific heat

In order to determine the specific heat under the fixed volume we start from

calculating the free energy via the relation /' = —PV + uN. In the spatial
d = 2 dimensions the explicit expression for the free energy reads:
NT?
F= liy (1 — e®7/T) + NT1ln (ePr/T — 1) (1.64)
F

As it 1s expected, the free energy is proportional to the number of particles
and depends on the single parameter 7'/ Er. Using the results for the chemi-
cal potential and pressure in the degenerate regime, we find the free energy at

T<<EF:

NEp 72 NT?
F= - . 1.65
2 6 Fp (1.65)

Therefore, the specific heat at 7' < EF in the spatial d = 2 dimensions becomes

2 2
0 F> _ mNT (1.66)
Vv

v=-T (aT EN

We emphasize that the specific heat is proportional to the temperature. This fact
is a direct consequence from existence of the Fermi sphere. Atlow temperatures
only a small fraction of fermions in the vicinity of the Fermi energy with energies
|e — Er| < T can participate in the heat transfer.

In the Boltzmann region, T' > EFp, using Eqs. (1.59) and (1.63), we repro-
duce the result for the specific heat of an ideal Boltzmann gas: C'y = N. The
temperature behavior of the specific heat is shown in Fig. 1.3c.

1.3.7 From an ideal Fermi to the Boltzmann gas

As we have seen above, the thermodynamic quantities of the ideal Fermi gas
goes over to those of the ideal Boltzmann gas. Therefore, it is instructive to de-
rive the canonical partition function of an ideal Bolzmann gas directly from Eq.
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Figure 1.3: The temperature behavior of thermodynamic quantities in the two-
dimensional ideal Fermi gas: (a) chemical potential, (b) pressure, and (c) spe-
cific heat.

(1.46). Let us rewrite Zy as follows (here we assume that the energy spectrum
is independent of the spin degrees of freedom):

2

ao _, :

—BuN —iON —Bea 6

Iy =¢€ Bu /%e exp [gs E In (1 +e Bea+But )] ) (1.67)
0 a

Now using the condition 3|u| > 1, in the thermodynamic limit we can expand
the logarithm to first order in its argument. Then, we find

2m o
9 - - &
T e BN [ 27 —iON X e~ BeatButio | _ —BuN o—iON
N /27r exp | g Z o=

0 @ 0

k
e B ein 1 B N
X E (gs E e ﬁs“w”) T =W (/dag(a)e 'BE) : (1.68)
k=0

a

We mention the appearance of the factor 1//N!in the above expression for Zy.
The physical meaning of this factor is to involve the identity of particles. We
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emphasize that this factor appears in the Fowler-Darwin formalism by its own

nature.

Problem for the seminar 7: Compute the density of states for the free quan-
tum particle in an arbitrary spatial dimension d, cf. Eq. (1.55).

Problem for the seminar §: Compute the density of states of an ideal elec-
tron gas in the spatial d = 2 dimensions in the presence of the perpen-
dicular magnetic field.

Problem for the seminar 9: Calculate the temperature correction to the
chemical potential at 7' < EFr for an ideal Fermi gas in d # 2 spatial

dimensions.

Problem for the seminar 10: Compute the specific heat of ideal degenerate
Fermi gas in an arbitrary spatial dimension.

Problem for the seminar 11: Compute the zero-field spin susceptibility of

ideal electron gas in the spatial d = 2 dimensions.

Problem for the seminar 12: Compute the magnetization of ideal electron
gas in the spatial d = 2 dimensions in the presence of the relatively

strong perpendicular magnetic field " < upB < EF.

Exercise 9: Calculate the density of states for a quantum particle in the
three-dimensional box of size L, X L, X L, with the infinite walls in the
thermodynamic limit L, L,, L, — o0.

Exercwe 10: To prove the identity Zy = Zy(g40) + eiﬁsﬂ’UZN_l(eaJ).
Using the above identity, to prove that (1) Za’g fIEﬂN)(gayg) = N and (ii)
Fi(e00) to fr(eas) as N — oo,
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Exerciwe 11: To prove the identity

1
Zy =+ S (1) Zy Y e e (1.69)

Exercise 12: To find the change of the Fermi energy of an ideal gas of 3He

atoms after its full spin polarization by a magnetic field.

Exercwe 15: Express the variance for the thermodynamic fluctuations of
the number of particles in an ideal degenerate Fermi gas via the density
of states at the Fermi energy, g(EFr).

Exercise 19: Find the temperature at which the chemical potential of ideal
electron gas in the spatial d = 2 dimensions vanishes in the presence of
parallel magnetic field upB < Ep. (Take only the Zeeman effect of a
magnetic field into account.)

Exercie 15: Compute the ratio (Cp—C'y) /Cy for ideal degenerate Fermi
gas in the spatial d = 2 dimensions.

Exercise 16: To compute fl(;N) (¢) for the Boltzman gas, B|u| > 1.
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1.4 Thermodynamics of an ideal Bose gas

Introduction

In this lecture we discuss the thermodynamics of the ideal Bose gas. We com-
pare its thermodynamics with that of the Fermi gas. Due to the quantum statis-
tics the ideal Nose gas undergoes the transition known as Bose-Einstein con-
densation. Recently, it has been measured in cold atom systems.

1.4.1 The Bose-Einstein distribution

We consider an ideal Bose gas in the grand canonical ensemble, i.e., at the given
temperature and chemical potential. Our aim is to derive the general expression
for the thermodynamic potential and the average number of bosons. In order to
simplify the derivation, we consider zero-spin bosons.

Let us start from simplest situation of a single energy level £; which can
be occupied by bosons. Due to the absence of the Pauli exclusion principle
for bosons, this level can be empty, occupied by a single boson, occupied by
two bosons, etc. Therefore, the grand canonical partition function acquires the
following form: Z1) = 3% e=femn+bun — (1 efr=Fer)=1 Now let us add one
more level 2. Again due to the absence of the Pauli exclusion principle, we can
have the following situation: the level €1 is occupied by 11 bosons whereas the
level €5 1s occupied by ng bosons where n12 =0, 1,2, .... The grand canonical
partition function becomes

z(2) _ f: eBr(nitn2)—peini+eana) _ (1 _ 66#—661)_1 (1 _ eb’u—ﬁeg)_l .
n1,2=0

(1.70)

As one can see, function Z factorizes as a product of the factors for each energy
level. The generalization to an arbitrary number of levels is obvious:

Z=e = (1 e Pertin)™, (1.71)

Here a enumerates the orbital degrees of freedom and ¢ stands for the z-
projection of the spin of a boson. The number of particles can be extracted

from Eq. (1.71) as
0N 1
N =-— (%)Ty =Y foleas),  fole) = e — 1 (1.72)

a,o

The function fg(¢) is called the Bove-Einstein distribution function.
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It is instructive to formulate the derivation of the Bose-Einstein distribution
function within the framework of the maximal entropy principle. Using the
expression for the grand canonical partition function (1.71), we can compute
the entropy as —(09€2/0T")y,,,. The result can be expressed in terms of the Bose-
Einstein distribution function:

S = [(1+ f3(an)) (1 + f5(c0n)) = folcas)In folzas)].  (173)

a,o

Based on this observation, we can write the entropy of bosons in terms of the
occupation number 1, , for an energy level ¢, ,:

S =— Z [ao In 7205 — (14 70,0) In(1 + 10)]. (1.74)

a,o

Maximizing the entropy S over n,, under the constant N and £, cf. (1.44),
results in the Bose-Einstein distribution.

Introducing the density of states g(&), we can write the thermodynamic po-
tential and the number of particles for an ideal Bose gas as follows:

0= TV/deg(a) In(1—e Pty N = V/deg(a)fB(a). (1.75)

Using the thermodynamic relation £ = Q2 +T7'S + 1N, one finds the expression
for the energy:

E = V/deg(s) efp(e). (1.76)

This expression for the energy allows us to write down the following result for
the specific heat:

C = V/dag(s)aa‘ggT(g) (1.77)

where the derivative with respect to temperature is taken under the fixed chem-
ical potential.

1.4.2 Canonical partition function

The canonical partition function for N bosons occupying the energy levels ¢,
can be written in the obvious way:

Iy =Y e (1.78)

Za no‘:N @
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As in the case of the Fermi gas, the canonical partition function can be related
with the grand canonical partition function via the Darwin-Fowler integral:

21 27
do . D —1 do . -
__ _—BF _ —10N —Bea,o+1i0 _ —iON—BQ6ETE
ZN—€ —/%6 H(]_—@ € ) _/%6 ( )
0 a0 0

(1.79)
For the large number of particles N > 1, the saddle point method applied to

the integral over the angle § provides us the standard relation F' = Q(u) + uN
where N = —0Q(u)/0p.

1.4.3 Chemical potential in d = 2

Let us now compute the chemical potential dependence of two-dimensional ideal
Bose gasasa function of temperature, particle number, and volume. Using Eqgs.
(1.75), we obtain the following result for the number of particles:

_gsVm de ~ gmVT B
N="3 /655—/5“—1__ o In (1 —€"). (1.80)
0
Here g, involves the number of spin degenerate states of a boson. We emphasize
that the number of particles is finite provided that chemical potential is regative,
i < 0. Solving the above equation for y, we obtain

_ 2m°N

T)=Tln (1 — e Eo/T Ey = .
:u( ) 1‘1( e )7 0 gsmv

(1.81)

We note that the chemical potential of an ideal Bose gasin d = 2 vanishesat T’ =
0. Although the characteristic energy scale Ej has exactly the same expression
as the Fermi energy, it has no such physical meaning. The chemical potential
is the monotonously decreasing function of temperature (see Fig. 1.4a). In the
degenerate region, ' < E)), the chemical potential can be written as

w(T) = =Te Bo/T (1.82)

In the Boltzmann regime, 7' > Ej, the chemical potential is negative and can
be approximated by

W(T) = —~TInT/Ey, (1.83)
1.4.4 Equation of state in d = 2

In order to find the equation of state for an ideal Bose gas, we should calculate
the thermodynamic potential, cf. Eq. (1.75). Again, we consider the case of the
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spatial d = 2 dimensions. Then, we obtain

oo

gsmT’ _Be gsmT? .
P=-" /daln (1—ePrre) = pnnllt (e™). (1.84)
0

Using (1.81), we find the equation of state for the ideal Bose gas in the spatial
d = 2 dimensions:

PV T
L i (1 = e Bo/TY 1.85
g e (1.8%)
We note that, contrary to the case of the ideal Fermi gas, the argument of the
polylogarithm is positive and smaller than unity. Expanding the argument of
the polylogarithm in exp(—FEy/T), we find the pressure of an ideal degenerate
Bose gas, T' < Ej:
™ NT?

P=— : 1.86

6 VE, (1.86)

In the opposite case of high temperatures, 7' > E, we can use the asymptotic
expansion of the polylogarithm at z < 1: lig(z) =z + 22/4. Then, we obtain
the following equation of state at 7' > Fj:

Ey
PV=NT(1-—). 1.87
< 4T) (1.87)

As one can see, it resembles the equation of state for the ideal Boltzmann gas
with the correction describing the pressure drop at the given temperature. This
correction can be interpreted as a consequence of the effective attraction be-
tween bosons. The overall behavior of the pressure with varying the tempera-
ture is shown in Fig. 1.4b. This behavior is specific to the spatial d = 2 dimen-
slons.

1.4.5 Specific heat

In order to find the specific heat at a fixed volume, we can compute the free
energy via the relation F' = —PV + uN. In the spatial d = 2 dimensions the

explicit expression for the free energy of ideal Bose gas reads:

NT?

F=-—
Eqy

Ly (1 — e /) + NTIn (1 — e /7). (1.88)

Like the case of fermions, the free energy of ideal Bose gas is proportional to the
number of particles and depends on a single parameter 7'/ Eyy. Using the results
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Figure 1.4: The temperature behavior of thermodynamic quantities in the ideal
Bose gas: (a) chemical potential, (b) pressure, and (c) specific heat.

for the chemical potential and pressure in the degenerate regime, we find the

free energy at T' < Ej:

w2 NT?

F = .
6 LEo

(1.89)

So, the specific heat of ideal Bose gas at 7" < Ej in the spatial d = 2 dimensions
becomes

O*F ™ NT

We note that this expression coincides with that for the Fermi gas. However,
contrary to the Fermi gas, the linear temperature dependence for the specific
heat in the ideal Bose gas takes place in the single d = 2 dimension.

In the Boltzmann regime, 7' > E), we reproduce the same result for the
specific heat of ideal Boltzmann gas: Cy = N. The temperature dependence of
the specific heat is shown in Fig. 1.4c.
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1.4.6 The Bose-Einstein condensation in d = 3

The ideal Bose gas in the spatial d = 3 dimensions has an interesting physical
phenomenon called Bove-Einostein condensation. Let us write the number of parti-

cles down:
oo

v GV (mT)*" / dz \/Z
T Ve e

(1.91)

Here we use the density of states of free particles g(¢) = gsm?* /2 /(v/27%?) in
d = 3. This integral has an interesting property. At it = 0 the right hand side of
Eq. (1.91) becomes smaller with decreasing the temperature 1" whereas the left
hand side, i.e., number of particles, remains unvaried. The chemical potential of
ideal Bose gas in d = 3 vanishes for T < Tggc. The Bose-Einstein condensation
temperature, TpEc, 1s determined from the integral in Eq. (1.91) at = 0:

2> N 2/3
e =" (crmy) s

Here ((z) = > ;- k% denotes the Riemann zeta function. At 7" < Tpgc the
finite fraction of bosons occupy the ground state. We say that these bosons are

condensed or settled in the condensate. The number of bosons in the condensate
1s glven as

Ny = N[l — (T/Tgrc)*?]. (1.93)

Evaluating the thermodynamic potential at 1 = 0, we obtain the following
result for the pressure at 7' < Thpc:

PV ((5/2) ( T )3/2
NT  ((3/2) '

1.94
Trc (199

The pressure behavior as a function of temperature in the d = 3 case is similar
that in the d = 2 case. In particular, the pressure is a continuous function of
temperature and has no singularity at 7' = Tgc. We mention that the pressure
is volume-independent at 7" < Tggc. This indicates that the specific heat at the
fixed pressure is infinite for 7" < Tpgc.

The dependence of the specific heat of the three dimensional ideal Bose gas
on temperature is shown in Fig. 1.5. As one can see, Cy hasa cusp at T = Tgpc.

Problem for the seminar 15: Find the dependence of the chemical potential

on the temperatures near the Bose-Einstein condensation temperature

Tgic in the spatial d = 3 dimensions.
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Figure 1.5: The temperature dependence of the specific heat of the three dimen-
sional ideal Bose gas.

Exercwe 17: Compute the variance of the thermodynamic fluctuations
for the number of particles in the ideal degenerate Bose gas in the two-

dimensional case.

Exercise 18: Calculate the inverse compressibility (0P /0V ) of ideal de-

generate Bose gas in d = 2.

Exercise 19: Compute the specific heat at constant pressure of ideal Bose

gas in the spatial d = 2 dimensions.

Exercise 20: Compute the specific heat of ideal Bose gas at 7' < Thgc in
the spatial d = 3 dimensions.

Exercise 21: Compute the specific heat of ideal Bose gas at 7' > Tppc in

the spatial d = 3 dimensions.
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Exercre 22: Calculate the variance of the thermodynamic fluctuations
for the number of particles in the ideal Bose gas near the Bose-Einstein

condensation temperature Tpgc in the spatial d = 3 dimensions.




Chapter 2

Thermodynamics of quantum fluids

Introduction

In this chapter we apply general idea of the Gibbs method to the thermodynam-
ics of non-ideal quantum Fermi and Bose systems. In order to compute thermo-
dynamic quantities we will extensively use the second quantization. In view of
time limitations we consider traditional examples of quantum fluids only. For
the additional aspects of this chapter, we recommend the textbook [4].

43



44 CHAPTER 2. THERMODYNAMICS OF QUANTUM FLUIDS

2.1 Weakly non-ideal Fermi gas

Introduction

In this lecture we consider the simplest model of interacting fermions. We com-
pute the thermodynamic quantities to first order in the interaction strength. The
weakly interacting fermions are testbed for the ideas of Fermi liquid which will
be discussed in next lecture.

2.1.1 Hamiltonian

We consider the interacting fermion system in the spatial d = 3 dimensions. We
assume that fermions have spin s = 1/2 and interact via point-like interaction

U > 0. The many-body Hamiltonian has the following form, .7 = J¢ + 74,

where

Tt
Z Upy1Gp, | Ap3| Apat- 2.1)

P1+P2=pP3+P4

<=

% - 25(0) (p)a;f)gapm %nt =
p,o

Here £ (p) denotes the bare spectrum which, we assume, to be quadratic,
£ (p) = p?/2m. The operator al,, creates a fermion in a single particle state
with momentum p and spin projection 0 =7, ]. The operator a,, annihilates
a fermion from a single particle state with momentum p and spin projection
0. We remind that the creation and annihilation operators satisfy the following

anti-commutation relation:
al,aaprg/ + ap/J/aLU = 5pp1500/. (2.2)
Also the following identity holds for:
Tr aLgap/g/e_ﬁ’%JrBW‘// Tre P+ — £, (8(0) () pp 0o, (2.3)

where ./ stands for the operator of the particle number: A" =" a;rmap(,.

2.1.2 Thermodynamic potential

Our aim is to calculate first order interaction correction to the thermodynamic
potential. We start from expanding the Gibbs weight . = exp(—£.7+ fu.A")
in powers of interaction constant U. Let us differentiate .’ with respect to 3.
Then we will find that it satisfies the following equation:

ds

Y — (A —pN)Z. (2.4)
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Now we seek for the solution of this equation as a power series in interaction
part o, S = S+ +... . Obviously, S = exp(—[54 + Su") whereas

7 satisfies the following equation:

d.7;
i S O R ) (2.5)
Its solution is given as
B
F = e~ BHOABuN / dr eT(%_“‘/V)%’fme_T(%_“‘A/). (2.6)
0

The combination under the integral sign on the right hand side of Eq. (2.6) is
very frequently used in the perturbation theory for the many-body Hamiltonians
and is called the dnteraction representation.

Therefore, we obtain

B
0B — =B _ T, eB%JrﬁH:/V/dT eT(%*“'ﬂ)%’fme’T(’%*“’m +... @27
0

Here (2 is the thermodynamic potential of the noninteracting system. Using
the cyclic properties of trace operation, we find that

Q=Qo+ (H)+ ..., (2.8)
where the average is taken with the Gibbs density matrix corresponding to the

noninteracting Hamiltonian J%). Using Eq. (2.3), we find

2

UNG (1)
7

) = i) + — () + 2.9)

> fr(e?(p))

where Ny(p) = —(0Q0(1)/Op) 1, v stands for the number of particles as a func-
tion of the chemical potential in the absence of interaction. In order to find the
total energy, we should express the chemical potential in terms of the number
of particles. Taking derivative with respect to p for the both sides of Eq. (2.9)
at fixed T and V/, we find

_ UNy(p) ONo(1) __ ONo(po) ,
57 o No(po) + o (1 — o)

_ UNy(po) ONo(pt0) n
2V 8,[!0

N = No()

(2.10)
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Here i is the chemical potential in the absence of interaction, corresponding
to the given number of particles: N = Ny(pg). Therefore, we find that the
interaction shifts the chemical potential already in first order of perturbation
theory:

UN
= N)+ ——+... 2.11
= pio(N) + ov T .11

Using the relation between the energy and the chemical potential, © =
(OE/ON)g,v, we obtain the total energy:

UN?
4V

E =EyN)+ +... (2.12)
We note that the first-order correction to the energy is temperature-
independent. Therefore, in first order in the interaction U the result for the
specific heat remains the same as for an ideal Fermi gas.

It is instructive to introduce the scattering length a instead of the interaction
potential U. To lowest order in the interaction U, i.e., in the Born approxima-
tion, the scattering length is given as a = mU /(4°). Then using Eq. (2.12),
we can write the ground state energy as

3paN 10 pra
E(T =0) = 1+ ——+...]. 2.13
( ) 10m + 97 h + ( )

This result indicates that the expansion of the thermodynamic quantities in pow-
ers of interaction potential is justified while pra/f < 1.
For the further details on weakly non-ideal Fermi gas, one can read the book [4].

Problem for the seminar 14: Find the Pauli spin susceptibility of the fermion
system to first order in the interaction potential U. Express the result in
terms of the scattering length.

i T
T eﬁe(p)apTapT apTe_Ba(p)aPT%q .

Exercise 25: Find Tr [am

Exercise 24: Find the expression for .%5.

Exercise 25: Express zero-temperature inverse compressibility 0P /0V
in terms of derivative Oy /ON.
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Exercise 26: Find the pressure of the fermion system at zero temperature
to first order in the interaction potential U. Express the result in terms

of the scattering length.
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2.2 Normal Fermi liquid

Introduction

In the previous lecture we demonstrated that the system with the weak fermion-
fermion repulsive interaction is very similar to the ideal Fermi gas. Therefore,
it is natural to formulate the theory of the interacting fermions in the way anal-
ogous to the ideal degenerate Fermi gas. Such theory, termed as the Fermi lig-
ud theory, is developed by Lev Landau [5]. Although initially the Fermi liquid
theory was developed as phenomenological, it was later confirmed by the mi-
croscopic theory for the spatial d > 1 dimension. We note that there are some
subtleties in the spatial d = 2 dimension. In this lecture we consider the Fermi
liquid for the spin s = 1/2 fermions in the spatial d = 3 dimension.

2.2.1 Main assumptions

The Fermi liquid theory is based on the Hohenberg—Kohn theorem [6] which
states that the ground state energy can unambiguously be described by some
functional depending on the distribution function alone. The Fermi liquid the-
ory is the method to compute corrections of lowest order in temperature.

The Fermi liquid phenomenology is based on several assumptions:

(1) The theory is specified in terms of quasiparticles replacing the real particles.

(ii) The quasiparticle distribution function is a matrix in the spin space: 7(p)
which is normalized by the condition:

d?’—p rn(p) = dS—pn _ E
/(2ﬂﬁ)3 t (p) a:ZT,i/(Qm)S UJ(p) A (2.14)

Here symbol tr stands for the trace in the spin space and the sym-
bol 0 =1, | denotes the z-projection of the quasiparticle spin. We em-
phasize that N is the number of real fermions. The latter statement is an
essence of the Luttinger theorem.

(i) The ground state of the Fermi liquid can be represented with the phys-
ical picture similar to that of ideal Fermi gas. In the momentum space
the quasiparticles occupy the states inside the Fermi sphere of radius pp.
The states outside the Fermi sphere with p > pp are unoccupied. The
Fermi momentum has the same magnitude as for the ideal gas of the same
number of real particles. In other words, the quasiparticle distribution
function for the ground state has the step-like behavior analogous that in

the ideal gas,
nEtOU)’ (p) = @(pF - p)aa'o“- (215)
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In accordance with Eq. (2.14), the Fermi momentum is given by the re-
lation of ideal Fermi gas:

pr = 3TRN V)3, (2.16)
Here N /V is the density of the Fermi liquid.

(iv) Due to external perturbations the Fermi liquid can be driven from its
ground state. Nevertheless, at zero temperature, 7' = 0, the energy E of
such Fermi liquid remains some functional of distribution function 7(p)
as well. This is the statement of the Kohn-Sham theorem.

2.2.2 Effective mass

In order to trace the similarities between the Fermi liquid and ideal Fermi gas,
it is convenient to introduce the guasiparticle excitation energy. This quantity can
be determined as a variation in the total energy of the the Fermi liquid if one
more quasiparticle is introduced into the liquid:

1 OF

Vo) (2.17)

Eoa’ [na/a (p)]
As stated in item (iv), the quasiparticle excitation energy is the functional of the
quasiparticle distribution function 74/, (p). Since, according to assumption (iii),
the quasiparticle distribution function in the ground state is uniquely determined

©) "in the

UU,,
ground state is a function of the momentum alone. Expanding this function near

p = pr, we find

by the quasiparticle momentum, the quasiparticle excitation energy, €

eom(P) =V (D)oo, €Vp) = [er+vr(p—pr)] +.... (2.18)

Here £r denotes the magnitude of the quasiparticle energy at p = pp, cp =
£ (pr). Similarly to the ideal Fermi gas, coefficient vz determines the velocity
of quasiparticles at the Fermi level. This velocity is usually called the Fermi ve-
loctty. Tt is also convenient to introduce the effective mass: m, = pp/vp. The
magnitude of effective mass differs from the mass of real fermions and depends
on the interaction between the particles in the liquid. As we will see below, the
Fermi liquid in plenty of aspects can be treated as a Fermi gas with the energy
spectrum p?/2m.,.

2.2.3 The Landau f-function

In order to describe various physical effects in the Fermi liquid state perturbed
from the ground state, we expand the total energy to second order in deviation
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of the quasiparticle distribution function from the nonperturbed step-like one,

N1y (P) = Noy0y (P) — ng?)az (p),

P=r VY [ GO0 -t + S [ SE

01,02,03,04

d3p'
' / (a3 sy (P, 2)00301 (D)5 (P') + - - (2.19)
where FEj; means the total ground state energy. Here the function

for04.0005(Ds D), called the Landau f-function, is the second variational deriva-

tive of the total energy at 1 = 7(?):

1 52E 580’102 p
fU1U4,0203(p,p,) = _ ( )

- = . 2.2
V 511001 (0)1m0n @) a0 (P) @20

Since the Landau f-function is the second variational derivative of the total
energy, it has the symmetric property: fo,5,.0005(P, D) = frio1,050.(D's D) -
Equation (2.20) implies that the energy of quasiparticle depends on its mo-
mentum as
d3p/
/ /
Ea109 (p) ~ [gF + UF(P - pF)} 50'10'2 + / Wfaum,ago’g (pap )5n030'4 (p ) +...
2.21)

In what follows, we deal only with the small perturbations 07 of distribution
function. For this reason, the absolute magnitudes of momenta p and p’ can be
put equal to the Fermi momentum, i.e. p = p’ = pp. Thus, only the dependence
on the angle 0= L(p, p') between the vectors P and p' proves to be essential.
It is convenient to introduce the following parametrization,

9(ER) frr10a.000s (0 D) = FO0)05, 5200300 + F (000, 000 0s00r  (2.22)

where g(cr) = prm./(7%°) denotes the density of states at the Fermi energy
ep and o = {04, 0y, 0.} denotes the vector of the Pauli matrices.

2.2.4 Relation between m, and m

Surprisingly, the above assumptions and formulations are sufficient to derive the
first non-trivial result. We will express the effective mass m* of quasiparticles
via genuine mass m of particles and the Landau parameter F.

Let us consider total quasiparticle momentum. We recall the following two
points. First, the momentum of unit liquid volume equals the mass density flow.
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Second, the number of quasiparticles equals the number of genuine particles.
The total momentum of the liquid reads

d’p
p-v [ G 2P ren(D) (2.23)

Now we compute the total quasiparticle current

3
J=V / (2d ﬂ;’)g / agcgp(p o (). (2.24)
0,0
Since the total number of quasiparticles is exactly the same as the total number
of particles N and due to the continuity equation, the total quasiparticle current
coincides with the total particle flow. Then we use the Galilean invariance re-
lating the total particle momentum and the total particle current as P = mJ.

This relation yields the following identity:

d? 43 ) ool
v/ PP =t | 2y 2 Eap(p) noe(p).  (2:25)

We note that, for an ideal Fermi gas with the quadratic spectrum, this identity

is trivial. However, for the Fermi liquid this will result in non-trivial relation
between m, and m. Varying both sides of Eq. (2.25) with respect to 074,/ (P),

we obtain

dgp _ d3p 8600-/ (p) d3p
/(27?717:)3 za:p(snaa(p) _m/ 27'017 3 ; ap 5”0’0(1’) +m/ (271717)‘5

0 d3 /
X Z na’a(p)a_/ (27#7) faalaJQ(p p )5”0201 (p,) (226)

’
070 ?O-l 702

Since the above relation should hold for an arbitrary variation of the distribu-
tion function 0y, (p), we find using the symmetry properties of the Landau
f-function,

P 95,0, (D) / d*p’ a ,
Ll — — 27
mégm E foro.000' (P, D ,ngg(p) (2.27)

In the ground state we can use the relation ana/g(p') / op’ = —p'5(p’
Pr)0os/D . Projecting Eq. (2.27) on the direction of p and choosing p = pp,

we obtain

. T dfsin 0

UL / TR cos 0 FO(g). (2.28)

m 2
0
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It is convenient to expand F(/?)(f) in a series in the Legendre polynomials:

FO9(9) = (20 + 1)F™7 Pi(cos ). (2.29)
=0
Then we find
M 14 PO, (2.30)
m

The thermodynamic stability implies that 1 + Fl(o) > 0 [4], ie, my > 0. In
bulk *He the magnitudes of the Fermi-liquid parameters are known to be equal
Fy” ~—0.7, F” ~10.8, and F{” ~ 2.08.

2.2.5 Specific heat

As usual, the specific heat is related with with changing the total energy in the
physical system as the temperature varies. The temperature variation results in
changing the distribution function. Thus, the corresponding change in the total
energy is determined by the quasiparticle energy, cf. Eq. (2.17). Therefore, at
T — 0 the specific heat of the Fermi liquid is given by the following expression,
see Eq. (2.19),

)
Cv=V / E [, (P) = 0100 550100, (). (2.31)

01,02

We mention that Eq. (2.31) can be derived from the expression of the entropy
of the Fermi gas. Using Eq. (1.43), we find

B &p 967 1— nlp)
Cy —V/ T [T TR } (2.32)

Substituting distribution function 72(p) in the Gibbs form, we obtain Eq. (2.31)
again.

Due to term b, (p) —€Fd0,0,, the integral over momentum in Eq. (2.31) is
restricted with the close vicinity to the Fermi momentum. It is natural to assume
that the change of the distribution function due to temperature is similar to the
ideal Fermi gas, 1.e., can be described by the Fermi-Dirac distribution with some
chemical potential variation Ay and temperature 7. We note that the chemical
potential correction Ay appears as a result of keeping the number of particles
fixed (statement (i1)). Then, we can write
2T2
5n0201 (p) = 50201 A;L(S(&(O) (p) - SF)

(D (p) —er)|.  (2.33)
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Here the dash denotes the derivative of the Dirac delta-function. We note that

the conservation of the number of particles implies that Ay = 0. Substituting
Eq. (2.33) into Eq. (2.31), we find [¢ = £ (p) — eF]

2 Vme*

2
Cr =~ Valer) [ dse €)= SVolent = T2ERT @sd

where g(ef) stands for the density of states at the Fermi momentum. We em-
phasize that result (2.34) is exactly the same as for the ideal Fermi gas on sub-
stituting m — M.

Problem for the seminar 15: To express Ou/ON at zero temperature in
terms of the function F©)(0).

Problem for the seminar 16: To express the Pauli spin susceptibility of the
Fermi liquid in terms of the function F) ().

Exercie 27: Using the results from the lecture on weakly non-ideal Fermi
gas, determine the functions F () and F(?)(f) to first order in the
interaction strength.

Exercwe 28: Using the expression for the Landau f-function, determine
OP/JV to first order in interaction.

Exercise 29: Using the expression for the Landau f-function, determine
the variance for thermodynamic fluctuations of the number of particles,
((AN)?) to first order in interaction at low temperatures.

Exercise 50: Using the following expression for the energy of electron
system in the magnetic field at 7" = 0,

1 1 B U
E = SEy(Ny) + 5 Eo(N,) + /%(NT =N+ NN,

find the spin susceptibility OM /OB where M = up(Ny — N;)/2 and
Eo(N) is the ideal Fermi gas energy.
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2.3 Weakly non-ideal Bose gas

Introduction

In this lecture we consider simplest model of interacting bosons. The main ques-
tion of interest is how the repulsive interaction between bosons affects the Bose-
Einstein condensation.

2.3.1 Hamiltonian

We consider the three-dimensional spinless bosons interacting via the repulsive
contact interaction U > 0. The many-body Hamiltonian has the following form:

H = I + oy, where

2V

P1+Pp2=p3+pP4

U
A= O p)ibp, S =5 > bbby by, (2.35)
P

Here £(°)(p) denotes the bare spectrum assumed to be quadratic, £ (p) =
p?/2m. The operator b}, creates a boson in the single particle state with mo-
mentum P. The operator by, annihilates a boson from single particle state with
momentum p. We remind that the creation and annihilation operators satisfy
the following commutation relation,

bprbl, — Wby = Oppr G (2.36)

Also the following identity holds for,
(Bbyr) = Trbhbye 0 [ Tee ™ — [ (cO(p))dp.  (2537)

Hereafter we deal with the canonical ensemble keeping the constant number
of particles NV in mind.

2.3.2 Condensate

As we know, there is a phenomenon of Bose-Einstein condensation in the
three-dimensional ideal Bose gas. Before diagonalizing the Hamiltonian .77,
we should take an existence of condensate into account. This means that the
occupation number of the zero-momentum many-body state, p = 0, is macro-
scopically large, i.e., <bgb0> = Ny ~ N. The convenient way to take this fact
into account is to treat the creation and annihilation operators b} and by as real
numbers but operators. They satisfy the relation

bo+ Y bhb,=N. (2.38)

p#0
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Also we assume that the number of particles in the states with p > 0 is small.
Then, we can simplify the interaction Hamiltonian in the following way,

@ U U ; _ UN?
%&%ﬁﬁ_jﬁ%+ﬁ%ggww+@mﬂ4Wﬂ+~%-w
UN ;
2 [bpb_p + DLL, + 2000, ] + ... (2.39)
p#0

Here we neglect the terms that contain either one or zero b;. Also we have ex-

pressed b2 in terms of particle number N using the relation (2.38). Now the
total Hamiltonian J4) + 7, rftz Vis quadratic in the creation and annihilation oper-
ators. However, %frf) contains the terms which do not conserve the number of
bosons. This implies that J¢) + 77, ) is not diagonal in the initial single particle

nt
basis.

2.3.3 Unitary transformation of the Hamiltonian

In order to diagonalize quadratic Hamiltonian .74 + 7, @

~ ., 1t 1s convenient to
perform the unitary canonical transformation called the Bogolubov transformation.
Let us introduce new creation and annihilation boson operators ﬂ;r, and 3, sat-
isfying the commutation relation (2.36). Now we express the original boson

creation and annihilation operators via the linear combinations of new ones

bp = By + 1,81, bl = u,B) + v,B_p. (2.40)

Here u, and v, are real functions of the momentum. To fix them, we impose two

conditions:

(1) operators b;r, and b, satisfy the relation (2.36);

(1) Hamiltonian 74 + 2 (2) expressed in terms of operators BL and 3, does

int

not contain terms like ﬁ;f,,@T_p and B,08_,.

The requirement (i) results in the constraint: ug — Uf) = 1. This can be satisfied
by an auxillary function 6, such that v, = cosh 6, and v, = sinh 6. The second
requirement determines the function 0, as

UN

sinh 20, = _V6( 7’
p

2(p) =\ (€O(p) + UN/V)2 = (UN/V)2. @A)
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The quadratic Hamiltonian becomes

A+ AL =Eo+ > e(p)BhBy.

p#0

E, UN2 %Z[ 0 — YT (2.42)
#0

The form (2.42) of the quadratic Hamiltonian suggests that operators ,@L creates
and operator (3, annihilates the quasiparticles with the energy ¢(p). The ground
state energy is given by Ej. For the quadratic bare spectrum, £ (p) = p?/2m,
the quasiparticle energy has the following dependence on the momentum,

e(p) = \/u2p + (pQ) - {“p’ P v aN/V_ (2.43)

2m p?/(2m), aN/V < p

Here we introduce the scattering length a = mU /(471%). Therefore, the quasi-
particle spectrum at small momentum has acoustic phonon dispersion with the

sound velocity u = /4waN/(m2V). At large momentum the quasiparticle

spectrum is almost the same as the bare one.
The ground state energy (2.42) can be expressed via the scattering length

as [4]
128 (&N 2
15 \ nV
As one can see, the expansion in interaction is governed by the small parameter

a®*N/V < 1. Differentiating the ground state energy Ej with respect to the
number of particles, we find the chemical potential at zero temperature:

32 (3N \ 2
14 22 2=
* 3 (WV)

We emphasize that the chemical potential of non-ideal Bose at zero temperature

2mh?aN?

F, =
0 mV

(2.44)

_ AmaN
omV

(2.45)

is positive. As we will see below, this implies that not all the particles are in the
condensate at zero temperature. Also we note that the small parameter of the
theory can be written as a ratio (T = 0)/Tggc ~ a(N/V)Y/3 < 1 (see Eq.
(1.92)).

2.3.4 Specific heat

Using Eq. (2.42), we can write the total energy in the following form,

&Pp  e(p)
E=E,+ v/ G o T (2.46)
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Approximating the quasiparticle spectrum by its small momentum asymptote,
we find the total energy,
2 174
T VT
E=F)+ — .
° T30 W

(2.47)

The evaluation of the integral in such approximation requires the characteristic
thermal momentum 7'/u to be smaller than p. This limits the applicability of
Eq. (2.47) with low temperatures, 7' < u(T = 0). The specific heat can be

written as
or 22 VT3
= —= = — . 24
Ov (8T)V 15 o3 (248)

2.3.5 The number of particles in the condensate

Using the relation (2.38), we can express the average number of particles in the
condensate via the quasiparticle distribution function:

No= =NV [ R (sl + o (faew) + D] @)

Replacing the distribution function fp with its zero magnitude at temperature
T = 0, we obtain the number of particles in the condensate at zero temperature,

- B - dgp m2u2
No(T'=0) =N V/ (27h)3 2e(p)[e(p) + p?/(2m) + mu?|

3 1/2
Nl (N
3\ 7V

As we have mentioned above, due to interparticle interaction the number of

(2.50)

particles in the condensate at zero temperature 1s smaller than the total number
of particles V. This effect is called the depletion of condenvate.

2.3.6 The Gross—Pitaevskii equation

In the absence of the translation invariance it is convenient to develop another
formulation of the theory of weakly non-ideal Bose gas at zero temperature.
Let us introduce the operator W(r) = > b,e’P"/v/V. In the Heisenberg rep-
resentation the operator b, becomes time-dependent and satisfies the following
equation:

% — [ — A by). (2.51)
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Using the commutation relation (2.36), we find

db u
i = (cO(p) — p)bp + v > b, bpsbp, (2.52)

dt
DP+p2=p3+p4

This equation can be rewritten as the following equation for the operator ¥ (7):

s (‘j—m —pt v;xm) W(r) + U ()0 (r). (2.53)

1—7

dt

Here we have used the quadratic bare spectrum and added the external con-
fining potential V(7). At low temperatures the operator ¥(7) is dominated
by its condensate part which can approximately be treated as a usual numerical
variable Wy(7). The accurate consideration demonstrates that the interaction
potential U should be substituted by the scattering length. Then, we arrive at
the Gross-Pitaevskii equation for the condensate wave function

dWo(r) ( V2

4A7ha
o o —/L—i—%xt(r)) Uo(r) +

m

i o |Wo(r)[PTo(r).  (2.54)
In the absence of the external potential, the homogeneous solution ¥ exists
provided that the chemical potential equals 471%a|W|? /m. Comparing this ex-
pression with Eq. (2.45), we find that |¥|? is equal to the condensate density
No/v

Let us consider the inhomogeneous solution of Eq. (2.54) in the form ¥ =
V/ No/V +Aexp(—iwt+ipr)+ B* exp(iwt—ipr). Substituting this solution into
Eq. (2.54) and expanding to the first order in A and B*, we find the following

system of equations:

w—2p—2— —p A
m > = 0. 2.65
g ) e

This system of equations has nonzero solution for a provided the determinant
of the matrix vanishes. Hence we find the following condition for the frequency

o P[P 2
=— | —+2u) = (p) 2.56
W= (2m + M> (p) (2.56)
Therefore, the quasiparticles obtained after the Bogolyubov transformation are
quanta of the weak modulation of the condensate described by the Gross-
Pitaevskii equation.

Problem for the seminar 17: Compute the ground state energy Ej given by
Eq. (2.42).
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Problem for the seminar 18: Compute the temperature dependence of the
number of particles in condensate at 11(0) < T < Tprc(an'/?)1/2.

Problem for the seminar 19: Using the Gross-Pitaevskii equation, find the
solution for a vortex and determine its energy.

Exercise 51: Compute Tr [b;f,efﬁs(p)bi’bpmbpefﬁe(p)bi’bp/ﬂ / Tr [eiﬁs(p)bi’bp].

Exercise 52: Determine the pressure of non-ideal Bose gas at zero tem-
perature.

Exerciwe 55: Compute the zero-temperature sound velocity ¢y =
V/—(V2/(mN))OP/OV in non-ideal Bose gas. To find its deviation

from the velocity u.

Exercise 59: Find the dependence of the chemical potential on 7" at low
temperatures, T << (7T = 0).

Exercwe 55: Determine the dependence of the number of particles in the
condensate at low temperatures. To compare with the result for an ideal
Bose gas.

Exercive 56: Using the Gross-Pitaevskii equation, determine the spec-
trum of weak modulation of the condensate wave function.

59
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2.4 Superfluidity

Introduction

In this lecture we consider the phenomenon of superfluidity. This phenomenon
can occur both in Bose and Fermi systems. The example of the former is the
superfluidity in *He while the example of the latter is the superfluidity in *He.
We will discuss the theory of superfluidity as the phenomenological one. More
details on the theory of the superfluidity can be found in the book [7].

2.4.1 Criterion of superfluidity

The shape of the quasiparticle spectrum in liquid helium has been suggested
by Lev Landau (see Fig. 2.1). For the small magnitudes of momentum, the
spectrum is phonon-like and similar to the spectrum of non-ideal Bose gas, 1.e.
€ph(P) = up. In contrast to the non-ideal Bose gas the spectrum in Fig. 2.1 has
the minimum at nonzero momentum py. Near the minimum the quasiparticle
spectrum can be approximated as €,o((p) = A + (p — po)?/(2m,). The corre-
sponding segment of the spectrum is called the roton spectrum. For the liquid
helium, the parameters of the phonon and roton spectra are known to be as
follows: u =~ 240 m/s, A ~ 8.6 K, m, ~ 0.14 muy,, and po /i ~ 1.9 - 108 cm L.

Let us consider liquid helium flowing with some velocity in a capillary at
zero temperature. The energy Y and momentum P are related to the energy Ej
and momentum P in the coordinate frame where the liquid helium is at rest in
the following way:

E = Ey+ Pyv + Mv*/2, P = Py+ Mw. (2.57)

Here M denotes the total mass of the liquid helium. Let us imagine that a quasi-
particle with momentum p is created in the frame where the fluid is at rest. Then
the energy and momentum of the liquid are equal to £y = £(p) and Py = p. Cor-
respondingly, the energy of the fluid flowing with velocity v in the presence of
a single quasiparticle is given as E = ¢(p) + pv + Mv?/2. Hence we can con-
clude that the energy of a quasiparticle in the fluid flowing at velocity v becomes
£(p) + pv. If this quantity is positive, the creation of quasiparticles is energet-
ically unfavorable. Consequently, a quasiparticle in the flowing fluid can be
created if its velocity v is larger than £(p)/p at least at some nonzero value of
the momentum p. Therefore, there is no quasiparticle production in the fluid
flowing at the velocities below the critical velocty,

v < Ve = minle(p)/p). (2.58)
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: 4
0 Po !

Figure 2.1: Sketch of the quasiparticle spectrum in the liquid helium. The linear
part at p — 0 corresponds to the phonon branch. The vicinity of the momentum
po describes the roton branch.

The absence of quasiparticles at zero temperature suggests that the liquid
can experience the frictionless flow, demonstrating the phenomenon of vuperflu-

oity.

2.4.2 Density of the normal component

At nonzero temperature there is a finite number of excitations in the liquid.
However, if condition (2.58) is fulfilled, there are no additional excitations
which can be created. Let us assume that the fluid flows as a whole with veloc-
ity vs whereas the gas of quasiparticles move at velocity v,,. In the coordinate
frame in which the liquid is at rest the quasiparticles move at velocity v,, — vs.
The quasiparticle with energy £(p) in the frame where the fluid is at rest can
be produced with the probability fz(c(p) — p(v, — vs)) since the probability is
equal to fp(e) for the quasiparticles at rest. Therefore, the total momentum of
quasiparticles per unit volume becomes

r- [ (Q%p 15 (2(p) = plwn — v,)). (2.59

On the other hand, the total momentum can be written as the momentum per
unit volume in the coordinate frame at which the liquid is at rest: P = j — pvs.
Here p stands for the total density of the liquid and j denotes the momentum in
the laboratory frame, so-called mavs flow. In order to construct the expression
for 7, we should take the following physical constraints into account:

(1) momentum P depends on the difference v,, — vy;
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(i1) mass flow j is a vector and should be a function of two vectors v,, and v,.

The only possibility is to set 7 = p,v, + psvs where p = p, + ps; pn and ps
are called the denvity of the normal component and the superfluid density, respectively.
We note that, in general, the densities p,, and p; are some scalar functions of the
relative or counterflow velocity w = v,, — v;. Expanding the right hand side of

Eq. (2.59) in the limit w — 0, we find

_1 dgp 2 8f3(5)

The phase transition to the superfluid state from the normal state occurs at the

so-called A—point at which ps = p — p,, vanishes. The normal-superfluid transi-
tion temperature for the liquid helium is 2.17 K at zero pressure. In the super-

fluid phase, ps > 0 and p; = pat T = 0.

2.4.3 Specific heat

Thermodynamics of superfluid liquid is determined by the quasiparticle excita-
tions. Their free energy can be written as

dp | ~B(ep)-pw)
F,=TV ™ [1—e ] (2.61)

The following remark is in order here. The right hand side of the expression for
F,, resembles the thermodynamic potential of the Bose gas with zero chemical
potential. This is not occasionally. The number of quasiparticles is determined
by the extremum of their energy, i.e., the chemical potential of quasiparticles in
the thermal equilibrium is zero, ji,, = 0E,;,/ON,, = 0. In the case of weakly
non-ideal Bose gas we have checked it by the direct computation of the energy.
For zero chemical potential, the thermodynamic potential and the free energy
coincide. The energy of quasiparticles can be written as

d’p  e(p) —pw
He = V/ (27h)3 ePle(p)—pw) — 1~ (2.62)

At zero relative velocity, w = 0, the phonon contribution to the energy is the
same as in the non-ideal Bose gas, cf. Eq. (2.47).

Problem for the seminar 20: Show that the critical velocity to produce two

excitations in superfluid exceeds that for the single one.
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Problem for the seminar 21: Find the contributions to the normal density
Pn from the phonon and roton parts of the spectrum.

Problem for the seminar 22: Calculate the roton contribution to specific
heat at zero relative velocity.

Exercise 57: Show that the critical velocity is smaller than A /pg. Use the
condition A < pg/m.

Exercise 58: Find the critical velocity for a non-ideal Bose gas.

Exercwe 59: Determine how the normal density depends on the relative
velocity w, resulting from the sound segment of excitation spectrum.

Exercise 40: Determine how the normal density depends on the relative
velocity w, resulting from the roton segment of excitation spectrum.

Exercie 41: Calculate the phonon contribution to specific heat as a func-
tion of relative velocity.

63



64 CHAPTER 2. THERMODYNAMICS OF QUANTUM FLUIDS

2.5 Superconductivity

Introduction

In this lecture we discuss the Bardeen—Cooper—Schrieffer (BCS) model and
thermodynamic aspects of the superconductivity phenomenon. This phe-
nomenon occurs in the weakly interacting Fermi gas due to the attractive nature
of the interaction. Superconductivity is an example of breaking of the assump-
tions for the Fermi liquid theory. More details on the superconducting proper-
ties of materials can be found in the book [8].

2.5.1 The Cooper instability

Let us consider two electrons with the opposite spins and with the attraction
between them in the vicinity of the Fermi surface. The two-particle Schrédinger
equation reads

2 2

_Z_m(V% —+ Vg) + U(’f’l — 7‘2):| 1/](7"1, 7‘2) = ((56 + %) V,b(’r‘l, T‘g). (265)
We assume that the electrons have the opposite momenta p and —p such that
the electron pair as a whole is at rest. Let two electrons are above the Fermi
surface, i.e., the momentum corresponding to their relative motion satisfies the
inequality, p > pp. Also we assume that the attraction potential is constant,
U(ry —re) = —Ad(ry —r2) with A > 0. Itis convenient to introduce the center-
of-mass coordinate R = (r; + 73)/2 and the relative coordinate r = r; — 7,.
Then the Schrédinger equation for the Fourier transform of the wave function,
Qﬁ(p) = d3re=PrMy))(1), that describes the relative motion, can be written as
follows,

m Vv

p

Lit) - 5 30w = (0+ 22 ) dio .69

/

To have nontrivial solution of the equation, the following relation should be

fulfilled

en
= > = = n .
" p?/m — p3./m — de 4 e —0¢/2 4 —de/2
0
(2.65)
Here g(Ep) = ppm/(7%?) denotes the density of states at the Fermi energy.
We have here introduced the high energy cut-off €, to regularize the integral

over energies. On the whole, we obtain that a pair of electrons with attraction

has the negative binding energy 0 = —2¢ exp(—4/[Ag(er)]). This implies that
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an arbitrary weak attraction favors the creation of electron pairs with momenta
p and —p near the Fermi surface. This phenomenon is referred to as Cooper
tnatability and is analogous to the formation of a bound state in an arbitrary

weak one-dimensional potential well.

2.5.2 The mean-field solution of BCS Hamiltonian

Motivated by the Cooper instability phenomenon, we simplify the Hamiltonian
(2.1) and consider the following many-body Hamiltonian (it is known as the
Bardeen-Cooper-Schrieffer Hamdltonian): Hpcs = 74 + Hiny, where

A
Ty = 26(0) (p)aLoapg, I = v Z alwﬁaT—pwamia—PzT' (2.66)
p,o

pP1,P2

Here £ (p) denotes the bare electron spectrum assume to be quadratic,
£ (p) = p?/2m. The operator a;fm creates a fermion in a single particle state
with momentum p and spin projection o =7, |. The operator a,, annihilates a
fermion from the single particle state with momentum p and spin projection o.
The positive constant A\ = 47#1°|a|/m governs the magnitude of the attraction
between the fermions and a stands for the negative scattering length.
Let us perform the canonical transformation of the fermion annihilation op-
erators:
— T _ T
apt = UpQtpt + UpQ_y, |, Ap| = UpQp | — VpO_ . (2.67)

The creation operators transform accordingly. New operators a;f,’ and ap,

g
satisfy the proper anti-commutation relations provided the following relation

should hold for
w42 =1. (2.68)

In order to resolve this constraint, we can use the parametrization: u, = cos 6,
and Up = sin Qp. Then we find

S — pN =2 Z &un + Z &(uh —v2)ad, oo + 2 Z EplipUp (O‘L,TO‘T—p,i
P P

p70

A
+a—p7¢aP»T) - V Z ”Q{IL'Q{PQ’ (2.69)
P1,p2

where &, = £ (p) — pand

2 2.7 Af f t
Gp = UnQ_p |Op t — V0 2O |+ UpUp (a,p,ia_ni - ap’Ta,m). (2.70)

Now we assume that new operators alw and oy, describe annihilation

and creation of non-interacting quasiparticles with some energies ¢,(p), i.e.
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(Al 5 Ops oy = Moy (D1)0p,y pador0o- Then we find the following average
(A —pA) =2 o+ &lup—vpIng(p) = A’V /A, (271)
P p.o

where

A= %Zupvp(l —nt(p) = ny(p))- (2.72)

Here we use that 3 (%IL 4p,) can be approximated in the thermodynamics
limit V' — ocoas >, (] ) (p,). Next we minimize (S — p.A") over 0, at
the fixed values of n,(p) (i.e., at the constant entropy),

89, (I — pN") =2 Z(ﬁp sin 20, — A cos 26,) (1 —ny(p) — ni(p))&gp.
’ (2.73)

Therefore, the minimum of (% — (1./") corresponds to tan 20, = A/¢,, i.e. to
the following values of u, and v,:

1 £ 1 £
2 1+ —22 21— |. 2.74
UP 2( + /A2+§2->a Up 2( /A2+§1%> ( )
For these values of v, and v,, the Hamiltonian (2.69) becomes

H — N = Ey+ AL + AL, (2.75)

f”ié?) = Z \V A+ & O‘L,oanm
A2
Eo=> (&—/A2+)+ > N (1= n4(p) — ny(p)).  (2.76)
P P

p

where

The quadratic Hamiltonian e%’gg)) suggests that the distribution functions of
the quasiparticles are given as n4+(p) = ni(p) = fr (E(p)), where the quasi-
particle spectrum is equal to £(p) = /A? + &2 The Hamiltonian %flgm) =
—(NV) X (,Qfgl - <4271L>) (p, — (Hp,)) describes the interaction of quasi-
particles. It can safely be neglected in the thermodynamic limit V' — oo.

The parameter A determines the gap in the quasiparticle spectrum (see Fig.

2.2) and satisfies the velf-convsistent equation (cf. Eq. (2.72)):

A A e(p) B
A_VZQeE(p) tanh Ak e(p) = /A2 + &2 2.77)

p
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Figure 2.2: (a) Sketch of the quasiparticle spectrum in the superconductor. (b)
Sketch of the density of states for quasiparticles in the superconductor.

Equations (2.76) and (2.77) constitute the mean—field solution of the BCS
Hamiltonian. We mention that the BCS Hamiltonian can formally be solved
exactly via the Bethe anzats method [9]. We note that the self-consistent equa-
tion can be written as A = —(\/V) >  (apra_p|). The average (apra_p)) is
referred to as the anomalous average.

2.56.3 The ground state

The self-consistent gap equation, Eq. (2.77), has an obvious solution A = 0. At
the same time it has non-trivial solution as well. Let us find non-trivial solution
at 7' = 0. Then the gap equation becomes

A d*p 1
1—5/@mﬁ¢v¢g' @79

Linearizing the bare spectrum near the Fermi energy, we can use approximation
& = vr(p — pr). Introducing the high energy cut-off £y > A for the integral

over momentum, we find

€A
L _N(Ep) [ dg, :M@wq@+1+i]
2/ /AT +E2 2 A A?
= AT =0)=Ag =~ 2 /PoER)], (2.79)

In order to determine which solution A = 0 or A = A\ is realized, we should
find a difference in the ground state energy for these solutions. This difference
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is called the condensation energy. The latter is given by

A A )_ Vg(Er)AZ
2¢(p)  e(p) + 15l 2

de(vVa?+1—-x) _Vg(EF)Ag.

X
/ Va2 +1(Va2 + 1+ ) 4

Bons = EolAo] — Ef0] = 3 (

(2.80)

Therefore, one can see that at 7" = 0 it is more energetically favorable to open
the gap Ay at the Fermi energy in the quasiparticle spectrum. One can demon-
strate that the condensation energy decreases with increasing the temperature
and vanishes at the critical temperature 7.

We note that the quasiparticle spectrum £(p) = (/A% + {2 has nonzero
critical velocity. Therefore, superfluidity is possible in the Fermi gas with at-
traction. Because of electron charge the superfluid properties affect the tem-
perature behavior of the electrical resistivity. Below the critical temperature 7,
the resistivity vanishes. This phenomenon is termed as vuperconductevity.

2.5.4 Specific heat
Using Eq. (2.76), the total energy can be written as

E=Ey+2) ep)fr(ep). (2.81)

The specific heat can be obtained as follows

Cy=2)" e(p)w. (2.82)

At low temperatures, 1" < A, we can approximate the quasiparticle spec-
trumas €(p) = Ay —i—fg /(2A¢) and substitute the Fermi-Dirac distribution func-
tion by the Boltzmann distribution. Then we obtain

213 A B0/

9 i —Ao/T—€2/(206T
Cy = VQ(EF)Aoa—T /dfpe IT=6/ ) = Vg(EFr) T3
0

(2.83)

Problem for the seminar 25: Find the temperature behavior of the gap and

the condensation free energy near T..
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Problem for the seminar 24: Find the magnitude of the jump in the specific

heat at the transition temperature.

Exercise 42: Find the density of states of quasiparticles with the spectrum

VAT + &2

Exercise 45: Find the temperature behavior of the gap at low tempera-
tures, T << Ag.

Exercise 49: Show that Eq. (2.82) follows from OF /0T as a result of the

self-consistent equation.

Exercise 45: Find the critical velocity for the spectrum e(p) = /A% + 2.

Exercise 96: Express the normal density in terms of the gap. Determine
the behavior of the normal density at 7" — 0 and 7" — T..

69



70 CHAPTER 2. THERMODYNAMICS OF QUANTUM FLUIDS
2.6 The Luttinger liquid

Introduction

In this lecture we discuss the model of strongly interacting one-dimensional
fermions which can be rewritten in the boson representation and, then, can ex-

actly be solved. The additional details can be found in Refs. [10, 11].

2.6.1 Bosonization of non-interacting spinless 1D fermions

In the spatial d = 1 dimension the Fermi surface reduces to the two points
p = £pr alone. One can describe the fermions near the Fermi point p = pg
(p = —pr) as the particles moving to the ‘right’ (‘left’). The corresponding
Hamiltonian for spinless fermions (for the spin effects, see Refs. [10, 11]) can
be written as

I — pN =vp Z (np — pF)a,T?’pan,p. (2.84)

p,n==

Here the operators ai,p and ai,p create the right and left movers with momen-
tum p, respectively. We emphasize that the Hamiltonian (2.84) is unbounded:
there are states with arbitrary large negative energy. This unphysical assump-
tion makes the model solvable by means of bosonisation. However, the unbound-
ness of the spectrum can lead to divergences in some intermediate results. In

(+)

order to treat them, we assume the cutoff momentum p,"’ < pp for the right

movers such that all fermionic states with p < pgj_) are occupied and p&_) > —pp

for the left movers such that all fermionic states with p > p(_) are occupied (see
Fig. 2.3). At the end of all calculations the momentum pg\n) should be put equal
to —noQ.

Let us now consider the density operator p,(q) = >_, a;r%erqan,p. Its com-
mutation relations can straightforwardly be calculated as

_ § T T
[pm (Q1)7 pnz (QQ)] - 5771 M2 [5171 ,p2+q2 am,pl +q1 am,pz - 5192 ,P1+q1 am P2+q2 am,pl
p1,p2

_ § : T _ ) _
- 57717772 [ a771,p2+q1+q2a7717p2 an1,p1+q1+q2a77171)1 =0. (2'85)

p2 p1

This result that two density operators commute is obtained as a subtraction of
two quantities. In the case ¢ = —¢ the expectation value of each of two quan-
tities is formally infinite. Therefore, special care to treat this case is necessary.
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Figure 2.3: Sketch of the 1D fermion spectrum. The states between p, * < p <
pS\H are always occupied by fermions.
We find (for ¢ > 0)
— T T T T
[p+(_Q)7 p+(Q)] - Z <a+,p17qa+7p1a+,p2+qa+7p2 - a+,p2+qa+,p2a+,plfqa+7p1)
p1.p2
T T —
= Z Ops.pr—q (a+,p1—qa+,p2 - a+,p2+qa+7p1) = Z(n%pl—q - "+,p1>7 (2.86)
p1,p2 p1
where n,, = a;r%pan,p. To proceed further, let us consider how the operator

Zm <n+7p1_q — N4 p, ) acts on the vacuum state |Vac>,

Z<n+7p1_q — n+7p1> |vac) = Z ljvac) = %Wac% (2.87)

p1 P\ <p<p(7+4q

where L denotes the length of the system. As one can check, the same result
holds for the state with an arbitrary number of quasiparticles. Therefore, we
derive the following commutation relation,

[p+(=a),p1(0)] = % (2.88)

In the similar way, one can compute the commutation relation for the left moving
fermions. Finally, we can summarize the commutation relations as (for g2 > 0),

nNaqa L
[pm(QI)uOng (‘DH = 5771,7125—@,612%- (2.89)

We note that p,(—¢q) = [p,(¢)]". Similarly, we can find (for ¢ > 0),

(7, pn(@)] = nvrapy(q), [, py(—a)] = —nvrapy(—q). (2.90)



72 CHAPTER 2. THERMODYNAMICS OF QUANTUM FLUIDS

The commutation relations (2.88) and (2.90) suggest that the density operators
can be viewed as bosonic creation and annihilation operators (for ¢ > 0):

qL qL
+(a) = \/ %bl,(p p+(—q) = %bJr,q?
(2.91)
qL qL
_(—q) = 1/ =D (q) =1/ =—b_
p-(a) =5 0le (@) =45t
with the proper bosonic commutation relation [b,, 4, 511,7 o] = Oy Hamilto-
nian can be expressed as
H—p NV =" vpghl by (2.92)

7,g>0

2.6.2 The interacting fermions: g-ology

Let us consider now the interaction between fermions. It has the standard form,
%nt = /dlL’leEQ U(ZEl — IQ)I/)T($1)¢($1)¢T<I2)1/}<1Z2) (293)

Here the real-space fermion creation and annihilation operators can be ex-
. -‘— .
pressed in terms of a} , and a,

Vi) = Z ei(oner)xﬁaj%p, () = Z e—i(oner):c/han,p, (2.94)
7],p 77717

Then we find that the operator corresponding to the electron density reads

Yi(a)(x) = ) e hp,(q). (2.95)
.9

Therefore the Hamiltonian 7%, can be rewritten in terms of the density opera-
tors. We make the further simplification and consider the following interaction
Hamiltonian,

A =2 0 @p-n(—a) + D po@)pn(—): (2.96)

17,4>0 7,q>0

where we assume ¢y and g4 to be independent of transferred momentum. Fi-
nally, the Hamiltonian for the Luttinger liquid model written in terms of boson
operators acquires the following form,

iy, = Z (UF + 94)q b;r;,qbn,q + % Z q(bjy,qu—n,q + bn,qbme)' 2.97)

17,4>0 17,4>0
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This quadratic bosonic Hamiltonian can be diagonalized using the canonical

transformation,
bl , = cosh0,8!  +sinh0,8_,, by, = cosh,B,,+sinh 0,8%,., (298

Expressing the Hamiltonian 7, in terms of new bosonic operators ﬁ and

By.q» we can find 6, from the condition that the non-diagonal terms 5 ﬂ—n a
and B, ,8_, 4 are canceled. The value of such 6, is given as follows,

cosh 20, = £ Z 9t inh26, = —%, u= \/(UF Fg)?— gl (2.99)

In terms of the new operators, the Hamiltonian reads

1
M =Ee+ Y uqBlBg Fo=5) (u—vr—g)g. (2100

n,¢>0 >0

Therefore, the interacting 1D fermions transform into the non-interacting

bosonic quasiparticles moving at the renormalized velocity due to interaction.
In the Luttinger liquid theory the important parameter, termed as the Lut-

tinger liguid parameter, is usually introduced. It is related with the parameter 0,

K = ¢20a — /w_ (2.101)
VF +ga+ g2

The case K = 1 corresponds to the noninteracting fermions.

as follows

Problem for the seminar 25: Prove the following identity for non-
interacting bosons with spectrum w:

(eXa>0(@abatBabi)y — ogsol(aabatBab)®)/2 — oy ( 3 a8, cothth> '

q>0

Problem for the seminar 26: Demonstrate that the annihilation operator

for a right-side moving electron at a spatial point x can be written as
Yr(r) ~ 7 where

'/Vw 271' —za: 1qx
Or(7) = bro + +ZZ“(]L 9w — €y ).

q>0

To determine the commutation relation between ¢r g and A%.
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Problem for the seminar 27: Diagonalize the Luttinger liquid Hamiltonian
(2.97) in which the boson field has a spin s = 1/2 projection index:

Hir= 3 Qoo r+90)a b oot 5 1V b b))

n,0,0'q>0

Exercise 47: Compute the commutation relation [, p,(q)] where

Pn(Q) — Zup a;,p+qan,p and A = vp me:ﬂ: npajv,panvp'

Exerciwe 48: Compute the specific heat of one-dimensional bosons with
the Hamiltonian J# = ) > 0= qub77 4Un.q and compare it with the
specific heat of ideal one-dimensional Fermi gas at 7' < Ep.

Exercise 49: Demonstrate that the spatial representation of the density
operator of electrons moving to the right side has the following form:

qL qx —iqx ‘/VR
=3 E e qb+,q]+7.
q>0

where 4% 1s the operator of the total number of right movers.

Exercwe 50: Compute the specific heat for the Luttinger liquid described
by the Hamiltonian

Hin= 3 [(oervrt90abhagbiorat Za(bhugbl o Housabaera)]

77717:!7/(1>0




Chapter 3

Phase transitions and critical
phenomena

Introduction

In this chapter we give a brief introduction for the statistical mechanics meth-
ods used for description of the critical phenomena at phase transitions. Mainly,
we will consider the second-oder phase transitions that fall into the Landau
paradigm of the spontaneous symmetry breaking and existence of the order
parameter. As example, of the phase transition beyond the Landau paradigm
we discuss the Berezinskii-Kosterlitz-Thouless transition. For the additional
aspects of this chapter, we recommend the textbooks [4, 12, 13] and original
papers [14, 15, 16].
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3.1 One-dimensional Ising model

Introduction

In this lecture we consider consider the one-dimensional Zsing model as simplest
example of the analytically solvable model. More details on the analytically solv-
able models can be found in the book by R. Baxter [12].

3.1.1 Hamiltonian

We consider a chain of NN interacting spins s = 1/2 in the magnetic field. We
assume that the pairwise spin interaction involves the spin projection along the
magnetic field. Then the Hamiltonian can be written as

N-1

H=-Y (Jaiaiﬂ + h%) (3.1)
=1

where (1/2)0; is the z component of the i-th spin. Since Hamiltonian J# in-
volves the 2z components of the spin operators, we can treat 0; as numbers that
can be equal to =1. The constants J > 0 and h play the role of ferromagnetic
exchange interaction and magnetic field, respectively.

Before evaluating the partition function, the first question that should be
addressed is that about the boundary conditions. The first type of the boundary
conditions is the so-called the periodic boundary conditions:

oN = 01. (3.2)

The periodic boundary conditions correspond to the system on a circle.

For the system determined on a segment, another type of boundary condi-
tions is used, so-called the free boundary conditions. This conditions imply that
spins 01 and oy can acquire all possible values +1.

Sometimes it is also convenient to use the so-called the twisted boundary con-
ditions

on = ey, (3.3)
where « is a free parameter.

In general, the properties of the system should be insensitive to the boundary
conditions in the thermodynamic limit N — oo with the exception of the systems
with the infinite correlation length (see below).

3.1.2 Transfer matrix approach

The partition function of the model can be written as a sum of the Gibbs factors
over all possible spin configurations {o;}: Z = >, , e 7. The number of
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such configurations is 2VV. Let us fix two neighboring spins at sites 7 and 7 + 1:
0; = 0 and 0;41 = ¢'. Then they enter the expression for the partition function

as follows
BJ+Bh —BJ
_ BJoroa+E0 (o1 +02) BJoi—10+2(0i_1+0) [ € e
oo’'=%+1 {UJZ.}’ oo

X65J0/0i+2+%(0/+0i+2) o 65J0N71UN+%(UN71+0N)‘ (34)

Here the dash in the sum means that the sites 7 and 7 4+ 1 are elliminated. Now
repeating the procedure, we find the following representation for the partition
function:

Z=> (T"s0y- (3.5)

01,0N

Here L = N — 1 is the dimensionless length of the system and the matrix

oBI+Bh =BT 5 _ i
9 == < 6_’8‘] e’BJ—Bh> = € (COSh/Bh+TZ Slnhﬁh‘i_Txe ) (3.6)

is referred to as the transfer matrix. Here 7; are the Pauli matrices. We note that
the summation over 0 and o in Eq. (3.5) depends on the type of the boundary
conditions chosen.

The representation (3.5) for the partition function in terms of the transfer
matrix .7 simplifies the problem significantly. In order to evaluate the matrix

N . . . . . . .

product 7%, it is convenient to diagonalize the transfer matrix .7. This can be
done by the orthogonal rotation

, 1 o267
U = e, ¢ = — arcsin (3.7)

\/sinh2(ﬁh) + e8]

such that
T =U"\w, A =diag {\;, A_}. (3.8)

The eigenvalues of the transfer matrix becomes

Ay =P (cosh(ﬁh) + \/sinh2(ﬁh) + 645‘]) . (3.9)

We note that A, > )\ _.
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3.1.3 Periodic boundary conditions

Let us start from the periodic boundary conditions (3.2). Then the partition

function is given as

Zner =tr TH = AL+ AL (3.10)
The free energy F.. = —T'In Z,, in the thermodynamic limit N' — 0o becomes
Fper 1 L L—o0
~Tln(cosh(Bh) + \/sinh?(5h) + e=497). G.11)
Now we can find the magnetization per site
M 1 0F,., inh(Sh
m= per _ sinh (57) (3.12)

L L 0ok \/sinh2 (Bh) + 6—4@7.

The magnetization has non-analytic dependence at zero magnetic field A = 0
and zero temperature:

)0 T>0,
M(h —0 )/L_{1 T—o (3.13)

This result indicates that the one-dimensional Ising model at zero magnetic field
is always in the paramagnetic state at T > 0. At T = 0 the system goes over
into the ferromagnetic state. This is a particular example of the Mermin — Wagner
theorem.

At T = 0 the free energy is given as

Foo(T = 0) = —L(J + |h]). (3.14)

At h = 0 the free energy as a function of h has a cusp meaning the first-order
phase transition between the phases with M > 0 and M < 0. The phase dia-
gram of the Ising 1D model is shown in Fig. 3.1 .

For the finite-sized system, the correction to the free energy in the thermo-
dynamic limit can be found by expanding the logarithm in Eq. (3.11) under
assumption A_ < ;. Then we find

1

Fpee = fL —Te /%, fzm-

(3.15)

The length scale £ can be associated with the correlation length. At h = 0 it
diverges in the limit 7" — 0: £ = exp(28J)/2.
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M<0 M>0

b

Figure 3.1: Sketch of the phase diagram of one-dimensional Ising model. The
order phase exists at 7' = 0 only.

3.1.4 Twisted boundary conditions

Now let us compute the partition function of the one-dimensional Ising model
with the twisted boundary conditions (3.3) with a = 7

Ziisr = tvr T, (3.16)
By using the relation % 7,% ! = sin 2¢7, + cos 2¢7,, we find
Zist = sin 20(A\ — AD). (3.17)

We mention that in zero magnetic field at 77 — 0 and finite L the partition
function is Zi;s = 0 (since A, = ).
The free energy with the twisted boundary conditions becomes

Fu T =
let — Tln )\+ _ z]n [Sin 2¢ (1 — ()\7/)\+)L>} L% f
T T
—Zln sin 2¢ + ZG_L/E' (5.18)

In the case of the twisted boundary conditions, on the contrary to the case of
periodic boundary conditions, the finite size corrections to the free energy are
not exponentially small.

Finally, we note that the transition between paramagnetic and ferromagnetic
phases in the Ising 2D and 3D model occurs at the finite temperature. The 2D
Ising model can be solved analytically.

Problem for the seminar 28: Compute the density of the domain walls. To
discuss the result at h = 0.
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Problem for the seminar 29: Find the correlation function (0;0;1,) =
Trlo;0j4ne ?7]/ Tr e ? in the thermodynamic limit.

Exercie 51: Compute the spin susceptibility in the thermodynamic limit.

Exercwe 52: Find the entropy and specific heat at & = 0 in the thermo-

dynamic limit.

Exercwe 55: Compute the variance of the thermodynamic fluctuations of
the magnetization.

Exercise 59: Compute the free energy F as a function of the magneti-
zation per spin, m = M /L which is related with F' via the Legendre

transform.
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3.2 The Landau theory of phase transitions

Introduction

In this lecture we discuss the mean field approach to description of the phase
transitions. This method has been suggested by Lev Landau and now is known
as the Landau theory of phase transitions. Although being approximate it pro-
vides qualitative understanding of physics near a phase transition of the second
order.

3.2.1 The mean-field approximation

Let us now consider the Ising model on the square lattice in the d dimensions. In
order to treat the problem, we will use the mean-field approximation assuming
the weak fluctuation limit. In particular, let us suppose that the average mag-
netic moment per spin is m = (0;). Then, we can rewrite the interaction term
in the Hamiltonian as

% Z ; 0;0i+k = —% Z ;<0i><0i+k> + % Z ; <ai(ai+k> + <o’i>o'i+k>

2d
+g > (00— (00)) (oik — (oin)) = —dNJIm® + 2dJm > oy (3.19)
i k=1 7

Here in the last line we neglect the fluctuations of spin ¢; from its average value
(0;). Then the Hamiltonian of the Ising model is reduced to the spin Hamilto-
nian in some effective magnetic field

S = dANJm® =Y (2d.Jm + h)o;. (3.20)

2

The partition function and, consequently, the free energy can readily be com-

puted as

Fyr = ANJm? — NTIn [2 cosh B(2d.Jm + h)] . (3.21)
Using the above expression for Fyr, we can calculate the magnetization per
spin,

m = (o)) = =51 = tanh [5(2djm + h)]. (3.22)

We note that exactly the same equation can be obtained from the condition of
extremum of Flyr as a function of m. At zero magnetic field, h = 0, the solution
of the self-consistent equation is temperature-dependent. There is the only so-
lution m =0 for T > T, = 2dJ. For T' < T, the other non-zero solutions exist
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Prae
-

Figure 3.2: The graphical solution of Eq. (3.22) at h = 0. The solid (dashed)
curve corresponds to the right hand side of Eq. (3.22) for T' < T. (T' > T,).

(see Fig. 3.2). The non-zero solution m = £my is more energetically favorable
than the trivial solution with m = 0. At T" — 0 the non-trivial solution tends
to unity, my — 1. At T close to T, we can expand the right hand side of Eq.
(3.22) in powers of m:

T LT —V3(1-T1/T.)"
m = T 3 T ce m = Ty, mo = c .
(3.23)

Therefore, we have a second-order phase transition at the Curie temperature T,
between the paramagnetic phase at 7' > 7T, and the ferromagnetic phase at
T<T,.

In the presence of magnetic field, just at the transition point 7' = T, the
magnetization has a non-analytic behavior with h:

mo(T = T,) = (3h/T,)"°. (3.24)

3.2.2 The Landau expansion

Let us consider a ferromagnet near the Curie temperature where the second-
order phase transition to paramagnetic state occurs. The ferromagnetic state is
characterized by the finite magnetization M whereas in the paramagnetic state
it vanishes. In the thermodynamic equilibrium the magnitude of magnetization
M (we consider isotropic ferromagnet) is determined by the minimum of the
Gibbs free energy ®(7', P, M). In addition to magnetization M we character-

ize the ferromagnetic phase by temperature and pressure. Taking into account
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that magnetization M changes continuously across the transition, we expand

®(T, P, M) in a power series in M:
1 1
O(T, P, M) = ®y(T, P) + 5A(T, P)M?* + ZB(T, PYM* + ... (3.25)

There are no terms of odd powers in M due to the time reversal symmetry. We

assume that the coefficient B is always positive. If it is negative, one should

perform expansion to the next order, i.e., to take the term M?® into account.
The magnitude of magnetization M can be found from the extremum con-

dition for ®(T', P, M ):
oo(T, P, M)
oM

This equation has a trivial solution M = 0. In the case A > 0 this is the only
minimum, i.e., the paramagnetic phase alone is realized. In the case A < 0 the

other minimum is possible with M = +M,, where My = +/|A|/B. The ther-
modynamic potential at this minimum is negative, (7, P, M) — ®&o(T, P) =

= A(T,P)M + B(T, P)M? = 0. (3.26)

—A?/(4B). Therefore, for A < 0 the ferromagnetic phase is more energeti-
cally favorable. The simplest conjecture, which one can make, is that coefficient
A(T, P) is a regular function of 7" — T, where the Curie temperature T, is de-
termined by the condition A(T,, P) = 0, i.e., we can write

A(T,P)=a(P)(T—-T.,), a>0. (3.27)

At the same time we can approximate the function B(T, P) by its value at the
transition point: B(T, P) ~ B(T., P) = B(P). Then the temperature depen-

dence of the magnetization in the ferromagnet is given as

Y {\/a/B\/Tc —T, T <T,
O p—

3.28
0, T>T. (3.28)

We emphasize that the My(7") dependence reproduces that found in the mean
field treatment of the Ising model.

Let us consider the magnetization in the magnetic field h. For definiteness,
the ferromagnet is an infinite cylinder placed in the magnetic field parallel to the
cylindrical axis. The free energy in the presence of an external magnetic field is

given as:
h2
F(T,P,M,h):qD(T,P,M)—Mh—g. (3.29)

Now the equilibrium magnetization M is determined by the extremum of
F(T,P,M,h),
oo(T, P, M)

S = h (3.30)
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It is worthwhile to mention that the free energy F/(T', P, M, h) satisfies the rela-
tion (OF /Oh)y = —b/(47) where b = h + 47w M is the magnetic induction.

We note that the magnetization in the magnetic field h becomes non-zero at
T > T.,. It can be found from the equation

a(T —T.)M + BM? — h = 0. (3.31)
At T < T, the M(h) dependence has a hysteresis. For 7" = T, we find
M = (h/B)"/? . (3.32)

Again, we emphasize that this dependence is the same one obtained in the mean-
field analysis of the Ising model. Comparing Eq. (3.32) with the expression for
My, we find the characteristic magnetic field h ~ Bla(T. — T)/B]*/2.

3.2.3 Microscopic derivation of the Ginzburg-Landau theory

Let us consider the Ising model in the d dimensions on the crystalline lattice
with coordination number z. (In the case of square lattice one finds 2 = 2d.)
The Hamiltonian is given as

1
% = —5 Z JijUin (355)
]

where the symmetric matrix J;; describes the exchange interaction between
spins 0; = 1. Let us use the identity

H / dz; | exp [—— le z]:1:] + leazl

= (2v/7m)VVdet K exp <Z aiKijaj> . (3.34)
ij

Choosing K;; = (.J;;/2, we can express the partition function of the Ising model
as follows

~NJ2
Z = det H / dz; | exp [——le Z]:E] —}—Zln 2coshx )] .
(3.35)

We can interpret 2; as the local magnetic field conjugated to the local magneti-
zation 0. We note that being local variable, generically, x; fluctuates strongly.
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Let us introduce new variable ¢; = > (K ~1);j2;/2 which is a weighted sum
of many local fields. One might expect that ¢; is weakly fluctuating. Now we
expand the term In (2 cosh z;) in powers of ¢;. Then we obtain the approximate
expression for the partition function

N o
Z ~ 2N2/det K / D[] e FHeildl, / D¢l =] / iji; (3.36)
=1 o

where the effective Hamiltonian reads

SHald) = £ 3 0ul0s = N0 + 5 Sy +
ij

zgklm

(3.37)

For the sake of definiteness, we consider now a square lattice in the d dimen-
sions and assume that the exchange interaction is non-zero for the neighboring
spins alone. Then the Fourier transform of J;; becomes

d
Jg =Y Jie i) = 2] " cos(gaa) & J(2d — ¢*a%) + ... (3.38)

Here 7; 1s the vector from the origin to the position of the j-th spin and a is the
lattice spacing. Introducing the Fourier transform for the variable ¢;:

B =Y dge i, (3.59)
q
we rewrite the effective Hamiltonian in the following form:

1 8°
ji’éff = 5 Z(Jq - ﬁjg)‘¢q‘2 + E Z JQIJQQJQSJ*QI*QQ*QS(ﬁ(Il(Z)(h

q q1,92,93

X¢Q3¢—q1—q2—qa' (340)

Here we use the relation ¢, = ¢. Using the expansion of J; at small momenta,

cf. Eq. (3.38), we obtain the effective Hamiltonian near T' = T, = 2d.J:

1 2dJ
Hr = EZ(T—Tc‘i‘JQQaQ)Wq‘z Z Par P> Pas P—a1—a2—as-

q q1,92,93

(3.41)
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Transforming into the real space representation, we write the effective Hamil-
tonian in terms of the continuous variable ¢(r) = a=%2 " ¢ Paexp(igr):

Aoy = % / dr [(T —T.)*(r) + b(Ve)” + gcp“(r)} , (3.42)

where b = Ja?and A = dJa?/3. Now in order to compute the partition function
for the Ising model, one should integrate over all possible configurations of the
field p(7), i.e., to compute the functional integral,

Z = / D[g] e~ /T (3.43)

Integrating the spatially independent configurations ¢, we find that InZ =
—&(T, P, M)/T where ®(T, P, M) is given by the Landau expansion (3.25).

3.2.4 The Ginzburg-Landau theory and the Ginzburg-

Levanyuk criterion

Contrary to the Landau theory, the partition function is determined as a sum
over all configurations ¢(7), cf. Eq. (3.43). This description is valid in vicin-
ity of the transition temperature, |I' — T,| < T,. Approximating the functional
integral by its saddle point value, we obtain that the partition function is deter-
mined by the thermodynamic potential ® coinciding formally with . In the
external magnetic field 4(r) the minimum of ® is given by the solution of the
corresponding Euler-Lagrange equation:

(T —T,)p — bV?p + \p® = h. (3.44)

The comparison of the first and second terms in the left hand side of this equation
implies an existence of the length scale & oc \/b/|T — T,| called the correlation
length. The correlation length diverges at the transition point.

AtT > T, we can neglect the third-order term in Eq. (3.44). Then, we find

the linear relation between the magnetization and the magnetic field

o(r) = /ddr'GX(r —r")h(r") (3.45)
where the spin-spin correlation function is given as

ddk —ikr 1
i) = [ GG, Gk) = g G46)
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We note that the spin susceptibility, discussed above, corresponds to x =
Gy (k =0). Evaluating the integral over k, one finds that the spin suscepti-

bility can be written as G, (r) = b~1£>79X (r/¢) where £ = \/b/(T — T.) and
X(z) x exp(—z)at z > 1.

Let us estimate the contribution to thermodynamic potential ® from an in-
homogeneous fluctuation of size @y ~ \/|T. — T'|/ A and of spatial extent of the
order of the correlation length & @ om ~ bE%p3/E2 ~ b2E974 /X, This energy
scale should be larger than the temperature in order to have the functional inte-
gral for the partition function governed by the saddle-point approximation. We
note that at d > 4 this energy scale ®;,,,om Increases as we approach the tran-
sition temperature since § diverges. Therefore, at d > 4 the Ginzburg-Landau
theory is the ultimate theory of the second-order phase transition. The latter
has the mean-field character. The dimension d = 4 is termed as the upper critical
dimension. For d < 4, we find the so-called the Ginzburg-Levanyuk criterion for

applicability of the Ginzburg-Landau theory:

2 2—d
T -1, | b (AT, %4 J O\ 4
-1 )\Tc 62 1/(4—d) | [ e c ~ v )
> (\T./b%) = T > 7\ T
(3.47)

Since T, = 2dJ for d = 2 and d = 3, the Ginzburg-Landau theory has no
parametric range of its applicability for the Ising model.

We note that the Ginzburg-Landau theory can be developed for describ-
ing the superconducting transition in conventional superconductors with the
anomalous average playing the role of the order parameter. In this case the re-
gion of applicability is wider. The fluctuation region is controlled by the small
parameter 1./ Fr < 1.

Problem for the seminar 50: Find parallel spin susceptibility in zero mag-

netic field near the Curie temperature for the easy axis antiferromagnet.

Problem for the seminar 51: Compute the fluctuation correction to the spe-
cific heat above the transition, T' > T,.

Problem for the seminar 52: Find the variance for the fluctuations of the

order parameter at T’ > T..
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Exercise 55: Find the zero-field spin susceptibility x = }llin}) m/h in the
—

paramagnetic phase close to 7.

Exercise 56: Describe the hysteresis in m(h) at T' < T...

Exercise 57: Find the magnitude of the jump of the specific heat under
constant pressure, C p, at the transition temperature.

Exercwe 58: Compute the spin susceptibility y = g—]\g at zero magnetic
field above and below T..

Exercise 59: Find the spin susceptibility and the correlation length at
T <T.
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3.3 Scaling ideas and renormalization group

Introduction

In this lecture we discuss the theory of phase transitions beyond the mean field
approximation. It was understood that the improved theory for the phase tran-
sitions just below the upper critical dimension can be constructed. Although
it has typically no practical relevance (in terms of available experimental sys-
tems), nevertheless, it improves our understanding of physics of strong critical
fluctuations existing in the vicinity of a phase transition. More details on the
methods discussed in this lecture can be found in the book [13].

3.3.1 Critical exponents
Although the Ginzburg-Landau theory is not applicable for describing the

ferromagnetic—to—paramagnetic phase transition in the Ising model at d < 4
dimensions, it provides us the correct physical picture of the transition. The
most important prediction is an existence of the divergent correlation length,
(T — T.) — oo. This fact implies the absence of any length scale at the
phase transition and, as a consequence, power—law spatial behavior of correla-
tion functions.

Let us formally define the following set of eight critical exponents:

(i) the correlation length exponents v and p which control the behavior of £
in the absence of magnetic field: £ ~ || where t = (T' —1,)/T., and at
the transition point 7" = T in the magnetic field : £ ~ h™#;

(i1) the order parameter exponents [ and ¢ governing the behavior of the or-

der parameter at h = 0: ¢ ~ (—=t)?, and at T = T,.: ¢ ~ h'/3;

(i11) the specific heat exponents a and € which control the contribution to the
specific heat due to fluctuations at h = 0: Cp ~ [t|™*, and at T = T
Op ~ h™¢%

(v) the spin susceptibility exponent v determing the behavior of y at h = 0:
X~ [t

(vi) the exponent ¢ which controls the behavior of the spin-spin correlation
function at T' =T, and h = 0: G, (r) ~ r?~%7¢.

The Ginzburg-Landau theory predicts the following values of the exponents:
v=1/2 u=1/38=1/26=3 a=0e=0,=1,(=0.

Remarkably, there is a set of general relations between the eight critical ex-
ponents. As in the Landau theory let us try to find the characteristic magnetic
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field which separates the regions of weak and strong magnetic field. Compar-
ing ¢ ~ (—t)? with xyh ~ [t|7h, we find that the characteristic magnetic field
behaves as h; ~ [t|°*7. The similar estimate can be done by comparison of
@ ~ hY% with ¢ ~ (—t)°. However, the latter estimate leads to hy ~ |[t|°”.
Assuming that there is only a single characteristic magnetic field in the prob-
lem, we obtain the relation between the critical exponents known as the Widom
relation:

0=p+r. (3.48)

Next, substituting h; ~ [t|*™7 into the field-dependent expression for the cor-
relation length and the specific heat and comparing the results with the temper-
ature behavior, we obtain two more relations:

w(B+7) =v, (f+7) = (3.49)

Now we can estimate the specific heat as Cp ~ Vh,/t? ~ [t|?’t772, By
comparing this behavior with the behavior Cp ~ |t|~%, we obtain the so-called
Essam-Fisher relation:

a+28+y=2. (3.50)

Let us now estimate the spin susceptibility from the spin-spin correlation func-
tion: x ~ [ drG,(r). As we will see above, the function G, (r) ~ exp(—r/§)
for 7 > . Therefore, we can expect that only the region 7 < & contributes
to the integral. Then, we find Y ~ £27¢ ~ [t|7%(2=9), Hence we find the fifth

relation
vy=v(2-). (3.51)
We note that the above five relations set three critical exponents unspecified.

Also we mention that the critical exponents of the Ginzburg—Landau theory
satisfy these five relations.

3.3.2 The scale invariance and scaling laws

Let us assume that the correlation length & is the single length scale in the fluc-
tuation region of second-order phase transition. This assumption is termed as
the hypothests of scale invariance and is introduced by Kadanoff, Patashinskii, and
Pokrovsky in 1966. In particular, this hypothesis implies that upon rescaling
r — 7/u, one can change the temperature ¢ to tu?, magnetic field h to hu®n
and the order parameter ¢ to @u®¢. Since the correlation length is the single
length scale, it should transform in the same way as the length: £ — £/u. Since
E(tult) ~ [t|7"u~"At, we find that the exponent A; = 1/v. In the similar way,
one finds A, = 1/p. Also, the thermodynamic potential should be invariant
with respect to the scale transformation. Estimating ® as V ph, we find the re-

lation A, =d — Ay =d—1/p.
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The scale invariance suggests the following relation for the order parameter
©(t,h) = u=2¢p(tu!’” hu'/"). Now let us choose the specific magnidute of the
scale transformation parameter, u = h™*. Then we find

o(t, h) = B to(th™/" 1). (3.52)
Setting t = 0, we obtain new relation between critical exponents:
pd—1=1/8 (3.53)
which can be transformed into the relation
vd =2 — a. (3.54)

We note that this relation (contrary to the five relations derived above) is not
satisfied within the Ginzburg-Landau theory due to lack of scale invariance in
this theory. Next we can rewrite Eq. (3.52) in the following scaling form:

o(t,h) = WO F, (t/h"/ ), (3.55)

In the presence of non-zero h there is no reason to expect non-analytic behavior
in t. Therefore, the function F,(X) is a regular function of its scaling argument.
To be consistent with the behavior in weak magnetic fields, the function F,(.X)
should have the following asymptotic behavior:

(-X)%, X — —oo,

(3.56)
X, X — 0.

}—w(X)N{

For the two-dimensional Ising model, the set of critical exponents is known ex-
actly:a=e=0,v=1pu= 8/15,’}/: 7/4, b= 1/8, 0 =15,and ( = 1/4. As

one can check, they satisfy all the six relations.

3.3.3 The renormalization group

The hypothesis of the scale invariance allows us to establish the scaling form of
all physical quantities. However, it does not permit to determine the values of
the critical exponents. Using the property of the scale invariance, we can ask a
question how the effective Hamiltonian

1

Halg] = 5 / d'r [wﬂ(r) + (Vo) + %ﬁ(?‘)} (3.57)

is transformed under the scale transformation with u = e where [ — 0. We
note that 7 plays the role of dimensionless temperature. To answer this question,
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we should perform several steps. We note that we changed a definition of the
variable ¢ in comparison with one used in Eq. (3.42).
Firstly, let us split the variable ¢(7) into two parts:

p(r) = () +2(r) (3.58)

where

Ak Ak,
(r) = / W@ke , P(r)= / (QT)dSOkG : (3.59)
0<k<A/u AJu<k<A

6

Here A is the ultra-violet cutoff of the order of inverse lattice spacing, A ~ 1/a.
The contributions ¢(7) and @(7) are termed as olow or long wave component and
fast or short wave component, respectively.

Secondly, we Integrate out the fast components of the field and define new
effective Hamiltonian

Zile] = —T'ln / D[pleAHale+?l, (3.60)

Since the momenta in definition of ¢ are restricted within the range 0 < k <
A/u, we introduce the rescaled momentum k = uk and rescaled field ¢(k) =
u~?p(k). We note that in the real space this transformation corresponds to 7 —
r = r/uand o(r) = @(r) = u?Pp(r). Then, we expect that F[¢] has
exactly the same form as_ji’éff[gb] but with 7 and )\ substituted by some functions
7(1) and A(1). Repeating the procedure of integration over fast modes, one might
be able to find the functions 7(/) and A(l). Such step-by-step integration of the
fast modes and reformulation of the theory is known as the renormalization group.
This method has been used by L. Kadanoff and K. Wilson for describing the
critical phenomena near the upper critical dimension.

In order to demonstrate what we can gain from this renormalization pro-
cedure, let us consider the spin susceptibility. Since the latter is the spin-spin
correlation function at k& = 0, we, on the one hand, can calculate it from the
initial effective Hamiltonian and, on the other hand, from the effective Hamilto-
nian . [p]. Then using the relation between the susceptibility and the variance
for the variable ¢, of. Eq. (1.33), (¢?) = T'x/V, we find

X(T,A) = u2p_d)((7'(l),)\(l)). (3.61)

3.3.4 The 4 — d expansion

For the further progress, one should determine the functions 7(1) and A(). Near
the upper critical dimension there is a systematic way to compute them. We
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write

Hlp + 0| = Hulp] + % /ddr{TW(r)]Q + [Va(r)]? + 3A[p(r))?

X [p(r))? + 2xp(r)p(r)f + () }. (3.62)

5

Then we find 7] as a formal expansion in \. We obtain to the second order

n A\,

i) = Al + 35 / PrlemPEeR) - 5 [ atr [ anigrpe)?

<R + 27 [ dtretr) [ ddrxo( NP
+3fﬁ / Prip)l? [ @ EOPEET) G

where ((AB)) = (AB) — (A)(B). The brackets (... ) mean averaging with the

effective Hamiltonian at A = 0:

/D /Byf(( [W]//D /Byiéf())[w],

%2& 7= / ddr{ﬂw)} +[Va(r)} (5.69

Now let us perform rescaling A/u — A by changing k — k = uk and (k) —
P(k) = u=Pp(k). To fix the magnitude of p, we impose the condition remaining
the gradient term,

/ A (V) = i / I VHr)P, (3.65)

unvaried under such transformation, i.e., p = (d+2)/2. Performing such rescal-
ing in the other terms, we find that JZj[] acquires the form of (@] with

7 = 7(1) = 1 + 3xe2([B(r)]?),

2,(4—d)l
Ao A = e = B [t (), G66)
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to lowest order in A\. The averages in the above equations can be calculated as

follows
I dk T SA T
() = / @n)ir 112 (2n)ir 1 A2
Aju<k<A
) eIt N2 dk T2 B S\ T2
[ ) = - / @R e
(3.67)

where Sy denotes the area of the unit sphere in the d-dimensional space. It
is convenient to introduce the dimensionless variables: 7 = 7/A% and A =
M4=45,T /(27)%. Then expanding to the lowest order in [, we find the following

relations:

5 3 5 - - - 92
F(l) =7+ (27 + ?> L A =X+ ((4 —d)X— m) l. (3.68)

These results obtained in the limit [ — 0 can be recast in the form of the differ-
ential equations:

)
a T T
Aok (569

@~ T

where € = 4—d. For ¢ < 0, the only fixed pointis at A = 7 = 0 which is stable in
the infra-red (at [ — 00). This fixed point corresponds to the Ginzburg-Landau
theory. For € > 0, the fixed point at A = 7 = 0 becomes unstable in the infra-
red. There is a partially unstable fixed point at 7, = —¢/6 and A\, = €/9 (see
Fig. 3.3(a)). The smallness of values A, and 7, for e < 1 justifies the expansion
in A which we have performed. Expanding the right hand side of Eq. (3.69)
near this fixed point, we obtain (07 = 7 — 7, and SA=X—\):

dt do <

— =xy4t — =x_0A 3.70

dl XJF ? dl X Y ( )
where x, =2 —¢/3,x_ = —¢, and t = 67 + (3/2 — €/2)6)\. The above equa-

tions imply that variable ¢ corresponds to the relevant direction and measures
the distance from the critical line. Then we find that Eq. (3.61) acquires the
following form: x = u2x(tux+>. This implies that the correlation length ex-
ponentis v = 1/x, = 1/2 + ¢/12. Choosing u = t7%, we find x ~ t7%, i.e.
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Figure 3.3: (a) The renormalization group flow. The arrows indicates the direc-
tion towards the infra-red, | — 00. The fixed points are marked by green dots.
We choose € = 0.2. (b) The dependence of the correlation length exponent on
d for the Ising model.

¢ = O(€?). Using the relations between the critical exponents, we can determine
all the other exponents.

Taking into account the exact analytical value of ¥ = 1 for two-dimensional
Ising model and the numerical result v = 0.629971(4) [17, 18] for three-
dimensional Ising model, we can obtain the overall behavior of the correlation
length exponent with d (see Fig. 3.3(b)). We note that the renormalization
group prediction with € = 1 yields reasonable value 0.58 for v at d = 3.

Problem for the seminar 55: Derive the scaling form of the thermodynamic
potential and the relations between critical exponents.

Problem for the seminar 54: Derive RG equations for 7 and A in the case
of n-component field ¢.

Exercise 60: Find behavior of G, (k) at k — 0 for T'=T. and h = 0.

Exerctse 61: Derive the relations (8 +v) =vand e(8+7) = a.
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Exercie 62: Derive the scaling form of the specific heat, the correlation
length, and the spin-spin correlation function.

Exercise 65: Using the relations between critical exponents, compute the
critical exponents «, ¢, i, 7, 5, and 9 to first order in €.

Exercise 64: To find separatrices of the renormalization group equations,

Egs. (3.69), for |T| < 1.




5.4. ONE-DIMENSIONAL ISING MODEL IN TRANSVERSE FIELD 97

3.4 One-dimensional Ising model in transverse

field

Introduction

In this lecture we consider the generalization of one-dimensional Ising model
in the transverse magnetic field. This model provides an example of a guantum
phadse transition, 1.e. the transition which occurs at T = 0 strictly. The educational
review of the solution of the transverse field Ising model can be found in Ref.

[16].

3.4.1 The Jordan-Wigner transformation

Let us consider the spin 1/2 chain with the Ising-type ferromagnetic interaction
(J > 0) in the transverse magnetic field & > 0:

N N
H=-J> ool —h) o (3.71)
=1 =1

Here (1/2)07 and (1/2)0? are the operators for the x and z projections of the
spin 1/2 at site i. There is a crucial difference between Hamiltonians (3.71)
and (3.1). The spin operators (1/2)0;"* do not commute with the Hamiltonian.
Therefore, we cannot apply the method of the transfer matrix for computing the
partition function for Hamiltonian (3.71).

As we discuss in the case of the classical Ising model, the result for the par-
tition function Z at finite N depends on the choice of the boundary conditions.

In this lecture we employ the periodic boundary conditions:
oNty = oV (3.72)

To solve the Hamiltonian (3.71), it is convenient to use the relation between
the spin 1/2 operators and fermionic operators. Let us introduce fermionic op-
erators az and a; at each site. Then, we can use the following representation
(referred to as the Jordan-Wigner transformation):

Uf:Kj(a;—l—aj), U;./:in(a}—aj),
j—1

o7 =1-2ala;=1-2n;,  K;=]](1—2m). (3.73)
k=1

We emphasize that the transformation from fermions to spins is non-local. It in-
volves the so-called string operator K ;. The operator has the following property:
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K? =1, i.e. its eigenvalues are 1. Using the fermionic commutation relations
for the operators a; and a;, one can show that the spin operators defined in Eq.
(3.73) satisfy the proper commutation relations [0;, ob] = 2i€apc0j107-

Next we use the following exact relation (for 1 < j < N)

0i07 = a}ajﬂ + a}a}H + h.c. (3.74)

We note that the string operators drop out from the above expression. For the
last term o307, it is not so:

ONON 1 = ONO] = Kyala, + Kyalyal +hec. (3.75)

Therefore, we obtain the exact fermionic representation of Hamiltonian (3.71)

N-1
H=—J Z (a}ajﬂ—i—a;azﬂ—i—h.c)—J(KNa}r\,al—i—KNaEVaI—i—h.c)
j=1
N
+hY " (2ala;-1). (3.76)
j=1

The Jordan-Wigner transformation helps us to formulate the transverse Ising
model as a model of free fermions hopping on the one-dimensional lattice. The
transverse magnetic field becomes the potential energy. There exist also su-
perconducting correlations describing by the term a}a} +1- We note that the

fermionic model (3.76) is equivalent to the one-dimensional Kitaev model.

3.4.2 Fermionic parity operator

The presence of terms a}a} 41 in Hamiltonian (3.76) indicates that the number
of fermions Ny = Zj\le n; is not conserved, i.e. [Np, H] # 0. Let us define the

fermionic parity operator as

N N
Pr = (1M = =0 = T - 2ny) = [] o7 (3.77)
j=1 j=1
Using the obvious relations Ppof’ypp = —U;C’y, it 1s readily to show that the

fermionic parity operator commutes with the Hamiltonian, [Pr, H] = 0. Phys-
ically, it corresponds to changing the sign of 0* operators at all sites simultane-
ously. Since P2 = 1, its eigenvalues are equal to +1. Therefore, the Hamilto-
nian H can be thought as a block diagonal matrix in the eigen basis of Pr. The
symmetry is related with the operator Pp is termed as Z3 symmetry. As we will
discuss below it can spontaneously be broken.
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Using the relation K Na;[v = —Ppa;fv, the Hamiltonian (3.76) can be explic-
itly rewritten as

N-1
H=-J Z(a}ajﬂ + a;a;ﬂ +h.c) + J(Pralyay + Pralyal +h.c)
=1

N
+h) (2ala; —1). (3.78)
j=1

Let us introduce projection operators onto the sectors with the even and
odd number of fermions (correspondingly +1 and —1 eigenvalues of the parity
operator Pp):

Pejo = (1 £ Pr) /2. (3.79)

With the help of the projection operators we define the Hamiltonians in the
sectors with the even and odd number of fermions

N-1 N
Hepo = PejoHPeso = —J > (alaji1+alal,, +he)+h> (2ala; — 1)
j=1 i=1
+pe/oJ(aR,a1 +alal +h.o), (3.80)
where p./, = £1. We note that for the even number of fermions, H. corre-
sponds to the anti-periodic boundary conditions ay41 = —a;, whereas for the

odd number of fermions, H, corresponds to the periodic boundary conditions
an41 = a1. Therefore, the operator Pr plays an important role in the refor-
mulation of the periodic boundary conditions (3.72) in terms of the fermionic
operators.

As i1s mentioned above, the original Hamiltonian can be written in the block-

He O
we (D). -

We emphasize that, for each block, the boundary conditions are different.

diagonal form

3.4.3 The spectrum of Jordan-Wigner fermions

In order to diagonalize the Hamiltonian (3.81) we rewrite it in the momentum
space. Let us start from the sector with odd number of fermions, H,, and peri-
odic boundary conditions. Let us define the fermionic operators in the momen-
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tum space as

N
T E ipj 1 T_ § : —ipj T
p = _N epjaj, aj T~ /]V . € pj(lp. (582)

Here p = 27n/N withn = —-N/2+1,...,0,..., N/2in order to preserve the
periodic boundary condition: exp(ipN) = 1. We assume that the number of
sites IV is even. Here we used the normalization condition (1/N) Zjvzl expli(p—
7')j] = 6p. Then we obtain

H, = Z [2(h — Jcos p)aj?ap - J(eipa;ﬂaip + e Pa_ya,)
p#0,m

+2(h — J)ng + 2(h + J)n, — hN. (3.83)

Here we have used that a_; = a,. We note that, in the first line of Eq. (3.83)
for each p > 0, there is a term with —p in the sum. Let us use this symmetry
explicitly,

2h — 2J cos p —2iJ sinp a
= T p
Ho Z (ap a_p) ( 2i.J sin p —2h +2J cosp> (aT_ )
0<p<m y4
+ Y 2(h— Jeosp) +2(h — J)ng + 2(h + J)n. — hN. (3.84)
0<p<m

Now in order to diagonalize Hamiltonian H, we employ the Bogoliubov trans-
formation for fermions with 0 < p < 7

a;f, = cos onz; +isinb,00_p, a_, =costl_,a_, —isin «9_p04;. (3.85)

We note that it corresponds to the rotation of the matrix in Eq. (3.84). The
corresponding matrix is referred to as the Bogoliubov-de Gennes Hamiltonian.
We take the angle 0, to satisfy the following relation:

cos 20, — 2= 2J cosp ?E‘ZCOSp, sin 20, = —2‘];;“]?,
E, =2\/(h— Jcosp)? + Jsin’p, (3.86)
and we transform the Hamiltonian (3.84) as
MHo=FEo+ Y Eyaloy,+2(h—J)ng+ 2(h+ J)n,. (3.87)

—m<p<lm

p#0
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Here as usual, E, 1s the energy of excitations (see Fig. 3.4) while the constant
term F, may be interpreted as the ground state energy (see next subsection)

E,=2 Z [h— Jcosp — \/(h— Jcosp)2+J25in2p] — hN. (3.88)

O<p<m

In the case of the even number of fermions the procedure of diagonalization
of H. is similar. The antiperiodic boundary condition, any;; = —a; implies
exp(ipN) = —1. To satisfy it, we put p = £(2n — 1)7/N withn =1,..., N/2.

We again assume N to be even. Then, we find

He=FEc+ Y Eajo, (3.89)

—m<p< T

Here the constant term E, can be interpreted as the ground state energy

E. =2 Z [h—Jcosp—\/(h—Jcosp)2+J25in2p — hN. (3.90)

O<p<m

We emphasize that the excitation spectrum E), has the gap equal to 2|h — J|
(see Fig. 3.4). However, at h = J the gap is closed and the spectrum becomes
linear at small p. Usually, such behavior of the excitation spectrum suggests a
phase transition.

3.4.4 The phase diagram and topology

Let us start from the ground state of the system. In the sector with the even
number of fermions the ground state is the vacuum in which the quasiparticles
a, are absent, a,,|vac) = 0. Then the energy of the corresponding ground state
1s glven as

N/2
EY = E.=-2) \/h?+ J? = 2Jhcos|(2n — 1) /N], (3.91)

n=1

where we use Eg:/f cos[(2n—1)7/N] = 0. In the sector with the odd number of
fermions the ground state is given as a|vac) (for .J > 0), i.e. the single fermion
state at p = 0 is occupied. The corresponding ground state energy reads

N/2-1
ED =B, +2(h—J)=-2]-2 Y /h?+.J> = 2Jhcos2n/N], (3.92)

n=1
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Figure 3.4: The quasiparticle spectrum E, at the different values of ratio h/.J.

where we used 27]1\/:/?71 cos[2nm/N] = 0. In the limit N — 0o we find the
difference between two ground state energies (see Fig. 3.5(a))

0 h<J,
lim [£9) —£9] =¢ 7 (3.93)

N—oo 2(h —J), h > J.
Therefore, there is a quantum phase transition, i.e. phase transition at 7' = 0,
between the double degenerate ground state, Eég) = e(g), for h < J and the

ground state with the energy Se(g) < 559).

The physics of these phases can be understood from the limiting cases of
h = 0and h = co. At h = 0 we have one dimensional Ising model with the
ferromagnetic exchange. It has the ferromagnetic ground state with (05) = 1
forall 1 < j < N (or with (6F) = —1). At h = 00 we have the independent

spins in the magnetic field. The ground state corresponds to (0%) = 1 for all

1 < 7 < N. Consequently, at h = 0o the average spin projection along the =
direction vanishes, (07}

along  direction, (07), can serve as an order parameter for the quantum phase

transition. Indeed, one can show that at N — oo and T" = 0 (see Fig. 3.5(b)):

) = 0. Therefore, we can expect that the magnetization

1 — h%/J?)V/8 h<.J
(0F) = ( [T ’ (3.94)
0, h > J.
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Figure 3.5: (a) The dependence of difference &5-‘” — Se(g> on the transverse mag-
netic field h for N = 2000. (b) Dependence of the magnetization per site along
the x direction at N — 00. (c) Evolution of unit vector {cos 26,, sin 20, } with
changing p from —7 to 7 for h < J (green curve) and h > J (red curve). The
arrows show the direction of evolutions.

We note the exponent 1/81is not occasional. It reflects the fact that the quantum
critical point at h = .J describes the same critical theory as a critical point in the
two-dimensional classical Ising model.

The difference between phases at h < J and h > J can be comprehended
from the topological point of view. Let us consider the evolution of unit vector
{cos 26,,sin 260, } while p changes from —7 to 7 (see Fig. 3.5(c)). For h < J,
the vector starts at the direction along the x axis, {1,+0}, for p = —7. Then
it makes full counter clockwise rotation around the origin, becoming {1, —0} at
p = 7. Therefore, the unit vector makes the single winding around the origin,
W = —1. The minus sign indicates that the winding is counterclockwise. For
h > J, the vector starts at the direction along the z axis, {1,+0}, at p = —.
Then it rotates counterclockwise until p = —arccos(J/h). At that point the
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vector changes the direction of its rotation and starts to rotate clockwise until
p = arccos(J/h). Then again the vector changes the direction of its rotation and
becomes to rotate counterclockwise arriving at {1, =0} for p = 7. Therefore,
on the whole, there is no winding of unit vector around the origin, W = 0.

The free energy can be written in the standard form

F=E9—2T > In(l+e "), (3.95)
0<p<m

where we remind p = (Qn — 1)7T/N withn = 1,... N/2. In particular, we
obtain the average magnetization in the 2 direction per site

1OF h — Jcosp E
oy = 9% T Jeosp hEr
=N TN v E, “Mar
O<p<m
o [d h— W2+ T2 —2h
o /_p Jcosp tanh \/ + cosp. (3.96)
T \/h%+ J2 — 2h.J cos p T

At T = 0 the integral over p can be evaluated in the terms of the elliptic integrals

o h—J [ 4hJ N\  h+J [ 4hJ
o) == K((hu)z)+ h E((h+J)2)’ (3-97)

where K(m) = W/zdd)/\/l—msm ¢ and E(m) = 7r/Qd(b\/l—msm
The behavior of (07) as a function of i is shown in F ig. 3.6. We emphasize that

(0%) is nonzero for all A > 0 and tends to unity as h — 00. There is a cusp at

h = J for T' = 0, indicating the quantum phase transition. At 7" > 0 the cusp

in (07) disappears. It indicates the absence of the phase transition at 7' > 0.
Finally, we note that the one-dimensional Ising model in the transverse field
describes magnetic properties of CoNbyOg.

Problem for the seminar 55: Derive Eq. (3.93).

Problem for the seminar 56: Derive Eq. (3.94).

Exercise 65: Check that representation (3.73) results in the proper com-

mutation relations for the spin operators, [U;-L, U,l;] = Qieabcéjkaf.

Exercise 66: Compute &9 — €19 at the critical point h = J for N > 1.
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Figure 3.6: The dependence of (0%) on h at different temperatures. The solid
curve is for T = 0. The dashed curve is for J = 0.77".

Exercise 67: Compute the specific heat at T' < |h — J| < h.

Exercise 68: Compute the specific heat at h = J.
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3.5 The Berezinskii-Kosterlitz-Thouless transition

Introduction

In this lecture we discuss the classical XY model in two dimensions. This classi-
cal model has the phase transition known as the Berezinskii-Kosterlitz-Thouless
transition. The importance of this transition is that it is beyond the Landau
paradigm of phase transitions. More details on the subject of this lecture can be
found in the original works by Berezinskii [14, 15] and in a recent review by

Kosterlitz [19].

3.5.1 Transitions beyond the Landau paradigm

As is discussed in the previous lectures, the paradigm of the Landau expansion
assumes an existence of the order parameter in the phase of lower symmetry (at
T < T.). In particular, this implies the following relations for the correlation
function of the order parameter field:

(3.98)

lim
|r—r/|—o0

r ")) ~ eXp(—|’I"—T"|/§), T>TC
(r)e(r')) { Y o

The presence of nonzero (¢(r)) at ' < T, breaks the corresponding symmetry
down, e.g. SU(2) symmetry in the case of the paramagnet—to—ferromagnet tran-
sition. However, this is not the only possible scenario. The alternative paradigm
reads

exp(—|r —r'| /), T > Tgkr,

3.99
lr — |77, T < Tk, ( )

|r—7’|—o00

lim  (p(r)p(r’)) ~ {

without changing the symmetry. Although (go(r)) vanishes above and below
Tgkr, 1.e., the long-range order is absent, the phases are different due to various
behavior of the correlation functions. The corresponding transition is referred
to as the Berezinskii-Kosterlitz-Thouless transition.

3.5.2 Classical 2D XY model
Let us consider classical 2D XY model described by the Hamiltonian

=7 (1-mnmny) (3.100)

<jk>

where 1 is the unit 2D vector associated with the site j at the 2D square lattice.
The symbol <jk> denotes summation over all neighboring sites. Itis convenient
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to parameterize the unit vector as 7 = {cos®,sinf}. Then the Hamiltonian
reads
H =7 [1—cos(t; - 6,)]. (3.101)
<jk>

The correlation function which behavior reveals the BKT transition can be
chosen as follows

(cos(8; — Ox) H / DY cos(0; — ) / 11 / o\ o

(3.102)

From the above definition we see directly that there is a single parameter govern-

ing the physics of the model, namely, J/T'. At high temperatures the correlation

function (3.102) can be computed perturbatively, by expanding exp(—/£.7) in
27

a series in powers J /7. Since [ df;exp(if;) = 0, one should first find the min-
0

imal power n such that the term (3.7)" contains the angles 6, and 6, one time,
as well as the minimal number of angles on the sites belonging to the path con-
necting the sites j and k (see Fig. 3.7). Then in the continuous limit we find the
following result for 7" > J

a

o ~ plmimTEl/ - -
ooty — 1)) ~ TS g

(3.103)

where a is the lattice constant.

In the opposite case of low temperatures, T' < .J, we can assume that direc-
tions of unit vectors 7 on the neighboring sites are close to each other (similar to
the case of the ferromagnetic state). Then, we can expand the difference ; — 0,
to lowest order in the lattice constant and find the following continuous version

of the Hamiltonian (3.101):
=(J/2) /dzr(VG)z. (3.104)
The correlation function (3.102) can be written as
1 10(r;)—0(r — 2p 2
(ostty — ) = & [ Dlfne-e G T

- / DIg]e~B7/2) [ &*r(Vo)? (3.105)

In order to find the correlation function, it is convenient to introduce the Fourier
transform 0, = [ d*r6(r) exp(—igr) and rewrite the exponent in the right hand
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—

Figure 3.7: Example of the shortest path between sites j and £k on the square
lattice.

side of the above equation as

J . . J d?
5 [+ ivte) — i) = =5 [ SL G0 0-+ -0
BJ d*q
+7/ Gt .

where v, = (e7"" — ¢7%4"i) /(i3.J¢?). Introducing new variable éq =04+ 7

we find
T |1 eid 'rj—rk)’2
(cos(0; — 03)) = exp (—g [ G )

x%/D[ —~(8J/2) [ &*r(V6)* (3.107)

The factors in the second line of the above equation cancel each other, and after
integration over q we obtain for T < J:

(cos(B; — 0;)) ~ |r; — | 7T/CI), (3.108)

The different asymptotic behavior of the correlation function, (cos(8; —6x)),
at low and high temperatures suggests an existence of the transition at 7' ~ J.
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3.5.3 The Villain model on the dual lattice

In the low temperature analysis above we have ignored the 27-periodicity of the
Hamiltonian with substituting angle ; with 6; 4 27. As we will see below, this
periodicity is crucial for an accurate description of the BKT transition.

Let us introduce the function V (s) defined as follows

2m
.- - do .
—BJ(1—cos®) _ is0+V (s) V(s) — —BJ(1—cos 0)—ish __ —ﬂJI J
e g e , e /_271'6 e PP I (BJ)
s=—00 0

(3.109)
where [;(z) denotes the modified Bessel function. Introducing variable s for
each link of a square lattice and using the Fourier representation (3.109), we
can integrate over angles 0;, cf. Eq. (3.102), in the partition function. Such
integration for a given site [ induces the constraint s, + s, = s_, + 5_,, see
Fig. 3.8. From physical point of view an existence of such constraints is related
with the following. The number of initial variables (angles) equals the number
of sites M. The number of variables s is the same as the number of links, 1.e.,
it equals 2M. The M constraints conserve the number of degrees of freedom in
new representation. In order to resolve this constraint, it is useful to introduce
new set of integers associated with the center of each square {5}. They are
related with the initial ones as follows (see Fig. 3.8), s, = 54 —5p, Sy = Sp—35a,
5_4 = 8p—35¢, and s_;, = 3¢ — 5. We note that the center of squares composes
the dual lattice with respect to the original one. Finally, the partition function on
the dual lattice can be written as

Z=Y exp [ Y ViE - 5,,)] (3.110)

{&} <l'>

Using the Poisson resummation formula

> gls)= > / dg g(¢)e*™™?, (3.111)
we express the partition function as
Z: ZH /d¢l eXP[Z ‘N/<¢l —¢l/)—|—2mZml¢l} (5112)
{mi} 1 o <> l

Here ¢; is a variable that corresponds to s; in the Poisson formula (3.111).
Using the asymptotic expression of V (¢) at low temperatures 7' < J,

exp [f/(gb)} ~ exp[—¢?/(28.1)]/\/27 BT, (3.113)
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\

Figure 3.8: Sketch of the original square lattice with variables s,, s, associated
with links and of the dual lattice with variables 54 g ¢ p associated with its sites.

we have obtained the partition function of the so-called the Villain model on the
dual lattice:

z2=3"1] / df; | exp [—%‘] S (0 - 00 + 2mﬂJZml§l] (3.114)
{mu} 1 50 <i'> l

Here we have introduced 0; = ¢;/(8J) and omitted the insignificant constant
factor.

3.5.4 The renormalization group analysis

Let us now consider the partition function of the so-called generalized Villain

model:
Z = Z H / db, ymf€27riBJ91ml exp [_B_‘] Z <9l _ gl')ﬂ ' (3.115)
frma} 1 2
my i

Here we have omitted the tilde sign in 6; and introduced the so-called fugac-
tty y. The fugacity appears due to logarithmic interaction between the integer
numbers 1 that represent vortices. This logarithmic interaction is ill-defined
at small scales of the order of the lattice spacing. Therefore, it is necessary to in-
troduce the term with the fugacity including the information about microscopics
of the model. One can estimate the magnitude of the fugacity as Iny ~ —3.J.
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In what follows, we assume that fugacity is small, y < 1. Then, summing
over Integers 1, we arrive at

z=T1] / d0, 95 (78701, ) | exp [—%—J St-02| G116
l o <U’'>

where ¥3(u, y) denotes the elliptic theta-function. Using the asymptotic result
In ¥3(u, y) = 2y cos(2u) at y — 0, we obtain the following partition function in
the continuum limit (lattice spacing a — 0):

7= / DIO] exp(—B.7l6) (3.117)

where

Hy = % / d*r(V0)? — 23 / d*r cos 23] 0] (3.118)

and §j = y/a®. Comparing this equation with Eq. (3.105), one can see that
the presence of vortices results in appearing an additional term in the effective
Hamiltonian. Since #¢[0] is non-linear in 6, we can apply the renormalization
group method to analyze it. Under assumption of ¥ < 1, one can derive the
following renormalization group equations:

@—_7'% @—_72
a - v a - v

Here we introduce x = 73J — 2 and y = 16\/§y/(a/\) where A ~ 1/a denotes

the ultra-violet cutoff. These renormalization group equations are valid at |z| <

(3.119)

1 and ¥ < 1 and demonstrate an interesting behavior.

At z > 0 there is a line of fixed points ¥ = 0 (since ¥ > 0 by definition)
stable in the infra-red. At x < 0 there is a line of fixed points ¥ = 0 unstable
in the infra-red. The fixed point (z = 0, ¥ = 0) separates lines of stable and
unstable fixed points. There are two separatrices © = £. The renormalization
group flow is shown in Fig. 3.9. Since large x corresponds to low temperatures,
the line of stable fixed points corresponds to the low temperature phase of the
2D XY model. The existence of the line of fixed points explains the power law
behavior of the correlation functions typical for the fixed points. The transition
temperature is determined by the position of separatrix £ = y or in terms of the
temperature: Tpxr = (2 + ¥o)J /7, where 3 is the initial magnitude of the fu-
gacity. The appearance of the correction due to fugacity corresponds physically
to the interaction of the spin waves.

ForT' > Tpir and y > =, the fugacity finally flows in the direction of large
magnitudes. The condition 3(! ~ In{) ~ 1 determines the correlation length.
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y

\\/

Figure 3.9: Renormalization group flow corresponding to Eqgs. (3.119). Arrows

indicate flow towards infrared.

The solution of Egs. (3.119) leads to very unusual behavior of the correlation
length: ln€ ~ \/TBKT/(T — TBKT)-

Problem for the seminar 57: Derive Eq. (3.103).

Problem for the seminar 38: Integrate over  and demonstrate that the inte-
ger numbers my satisfy the constraint ) |, m; = 0. In addition, demon-

strate the logarithmic interaction between the integer numbers m;.

Problem for the seminar 59: Derive the renormalization group equations

for the BKT transition, cf. Egs. (3.119).

Exercise 69: Compute the correlation function <c053(9j — 0r)) within ex-
ponential accuracy at T' > J.

Exercise 70: Compute the integral

/ d*q |1 — exp(iqR)|?
(2m)? ¢ '




5.5, THE BEREZINSKII-KOSTERILITZ-THOULESS TRANSITION 113

Exercise 71: Find the correlation function (cos(3(0; — 6))) at low tem-
peratures 1" < J.

Exercise 72: Estimate the fugacity Iny ~ —fJ from the logarithmic in-
teraction between vortices.

Exercie 75: Find the temperature behavior of correlation length for 7" —
Terr < Tkt
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Chapter 4

Statistical mechanics of open
systems

Introduction

In this chapter we discuss how to probe the system in equilibrium and describe
the system coupled to thermal reservoir or thermostat. We will demonstrate
that the response of the system in equilibrium to external weak perturbation is
determined by the equilibrium properties.

1156
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4.1 Fluctuation-dissipation theorem and the Kubo

formula

Introduction

In this lecture we discuss the powerful tool used to describe the linear response
of the equilibrium systems to an external perturbation. Surprisingly, such a
linear response is intimately related with thermodynamic fluctuations.

4.1.1 The generalized susceptibility
Let us consider time-dependent perturbation ¥ = — 2" f(t). Here f(t) is some

given classical time-dependent force and 2 denotes a certain (many-body) op-
erator. The total Hamiltonian becomes ¢ = 74 + 7. Then the quantum
mechanical and thermal average of :27(t) are determined as follows

(2 () = Tr [U™ () U (t)e 7] / Tre#% 4.1)
the evolution operator being
¢
U(t)=Texp |—t / dt' ()| . (4.2)

We note that the operator 2" couples directly to the external classical force f.
This implies that the operator should obey the bosonic commutation relations.
As an example, the force can be an external electric field coupling the product
of creation and annihilation fermionic operators.

For simplicity, we assume that the average (:Z"(t)) vanishes, (Z(t)) ;=0 = 0,
in the absence of perturbation, f = 0. Then in the limit of f — 0, i.e., in the
linear response regime, the average (2 (t)) should be proportional to f:

¢

@) = [ drfrar(t 7). 43)
The function a g (t) is termed as the generalized susceptibility.
Let us consider the harmonic force f(t) = (f e ™'+ f_,e™") /2 with f_, =
1. to ensure that f(¢) is a real function. Then we find
1

() = G2 ()oe™ + S (D) o™,

2
(Z () =z (W) fs, ar(w)= / dt oy (t)e™". 4.4)
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The imaginary part of the generalized susceptibility determines the energy dis-
sipation rate averaged in time

dE 0 d
Q=" = (%) =@ = Smar@ILE. @9

Here we used the following definition of the energy E(t) = Tr[p(t)7(t)]. The
condition ) > 0 implies that Im avy-(w) o sgnw.

4.1.2 The fluctuation dissipation theorem

Let us compute the energy dissipation rate () within the framework of quantum
mechanics. The Hamiltonian .7 has eigen energies F, and eigenstates |a). The
time-dependent perturbation results in the transitions between the unperturbed
states. The transition probability from a state |a) to a state |b) is given by the
Fermi golden rule as

7T|fw|

sy = [al 2716)|° [(w+Eb—Ea)+5(w+Ea—Eb)] (4.6)

Then energy dissipation rate () becomes

mwlfol?

Q= patarsl(By = Ba) = =220 3" [(al 2 D) 5(w + Eu — )
ab ab

%[0 — 1] 4.7)

where p, = exp(—fE,)/Z is the density matrix in the energy representation.
Comparing Egs. (4.5) and (4.7), we find the following result for the imaginary
part of the generalized susceptibility:

Imay (W) =7 (1—e’ Zpa (0| 2 |6)|*0(w + B — Ey). (4.8)

Let us turn now to variance for 2" which is a different quantity on the first
sight:

(27%) =Trp2? = pala| 27%|a) = Z)alﬁw (4.9)
It is convenient to rewrite (2 2) formally as follows
2 [ dw 2
(25 = [ 527 (4.10)
2m

—0o0
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where

(20 =7 (1+e) > pa(al ZB)| 6w + By — By). (4.11)
ab

Comparing Eqs. (4.11) and (4.8), we obtain the fluctuation dissipation theorem
derived originally by H. Callen and T. Welton [20],

w
<%2>w = Im ay (w) coth o7

(2% = /— Im oy (w coth— (4.12)
In conclusion, we draw attention to this remarkable relation connecting the fluc-
tuations in the thermally equilibrium system with the linear response to some
time-dependent perturbation and, as a consequence, to energy dissipation.

4.1.3 The Kramers-Kronig relations

Let us consider the generalized susceptibility ay (w) as a function of the fre-
quency w in the complex plane, w = W' + iw”. Since a g (1) is finite, the gener-
alized susceptibility a4 (w) is also finite for w” > 0. This implies that ay (w) is
analytic function in the upper half-plane of w, 1.e., it has no poles. Such functions
in physics are referred as retarded functions. Taking Eq. (4.8) into account, we
can construct the expression for the retarded function a g (w) in the following
form:

[(a] 2 |b) |

g (W) = Z(Pb _p“)w+E B0 (4.13)
ab a

Here we have used the relation (z+i0) ™! = p.v. 27! —7§(z), where p.v. denotes
the Cauchy principal value.
Using Eq. (4.8), we find the following relation

T dQ Im oy (Q
p.v. / 7%5}):&%(&)). (4.14)

—00

Similarly, we obtain with the help of Eq. (4.13),

[ dQRea,(Q)

The relations (4.14) and (4.15) are known as the Kramers-Kronig relations. In
mathematics they are known as the Sokhotski—Plemelj theorem and Hilbert

transform.
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We note that, using Eq. (4.14), we can reproduce the result (1.33) from the
fluctuation-dissipation relation. Provided that the characteristic frequencies in
the generalized susceptibility are much smaller than the temperature, we find

o0

(22 o [ Imazw) az ()

0

= T Re a5 (0). (4.16)
s w

4.1.4 The Kubo formula

Let us consider the two—time correlation function

(2 ()2 (F)) = Te | et 27 e 000 g7 el |

=" pallal 2 |p) "¢ Em B, (4.17)
ab
Then one can check that
ay(w) =af(w) = i/dt eiwtiot Tr([%(t), 55(0)};)) (4.18)
0

This relation is referred to as the Kubo formula. 1t is a practical tool of calculating
the generalized susceptibilities.
In the similar way one can check that the following relation holds for

o0

(%2>w:%a§-(w), agg(w):i/dteithr({%(t),%(O)}p). (4.19)

—0o0

The function o (w) is termed as the Keldysh function. The fluctuation dissipation
theorem relates the Keldysh and retarded response functions as

oS- (w) = 2i Im o (w) coth % (4.20)

We note that there is analogous expression for the operators obeying the

fermionic anti-commutation relations.

Problem for the seminar 40: Consider the Hamiltonian H = ) 8abLba

where bl and b, are the creation and annihilation bosonic operators.

Find i [ dte’ 0" Tr([b(t),bl]p) and i [ dte™ Tr({ba(t), b} }p).
0 —00
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Problem for the seminar 41: Discuss the fluctuation-dissipation relation for
the case of spatially dependent force.

Exercise 74: Prove the relation

[ d21may (Q)

oiw) = T Q—iw

—0o0

Exercise 75: Let us define the correlation function Ry (w) =
[ dt (Z (t) 2 (0))e™". Demonstrate that it satisfies the detailed balance
condition: Ry (—w) = e PRy (w).

Exercwe 76: To derive expression (4.18) by solving the equation for the
density matrix to first order in perturbation V = —2 f(t).

Exercise 77: The Hamiltonian is affected by the force f(t) = ut. Deter-
mine the time dependence of ([ (t) — 5(0)]?). Express the result in
terms of the generalized susceptibility a4
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4.2 The Gorini-Kossakowski-Sudarshan-Lindblad

equation

Introduction

In this lecture we will derive the equation governing the dynamics of quantum
system coupled to the thermal reservoir. We will present such a derivation for
a concrete quantum system.

4.2.1 Helical 1D electrons coupled to a magnetic impurity

For definiteness, we consider magnetic impurity of spin S coupled by an ex-
change interaction to helical 1D electrons. This system is described by the fol-
lowing Hamiltonian

H=H +H +H,._;. (4.21)

Here
H.=iv [ dyi(y)o.0,5(0) (4.22)
is the Hamiltonian for helical 1D electrons moving along the y axis at velocity
v. Here ¥(y) = {U4(y), ¥, (y)} and UT(y) = {\I/My), \I/I(y)} denote the spinor

annihilation and creation operators of a helical electron at point y. They satisfy
the following commutation relation

U, ()T () + UL () Vo (y) = Grord(y — y). (4.23)

The Hamiltonian H,_; describes the exchange interaction between spin S at
the point 4y and helical electrons,

J; 1
H. ;= TJij DSk, S = §‘I’T(?Jo)0k‘1/(yo), D Sp = S — (sk), (4.24)

where (sy) is the average value of the spin density of helical electrons and v =
1/(2mv) stands for the density of states. Finally, the Hamiltonian H; describes
the dynamics of an isolated spin. In the simplest case it is given as

Hi = hij, h]' = $k<8k>/y (425)

4.2.2 Perturbation theory for the reduced density matrix

The density matrix p of the total system is described by the Lwuville equation
with the Hamiltonian H, i.e., dp(t)/dt = —i[H,p(t)]. Our aim is to derive

the equation governing the time dynamics for the reduced density matrix of
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magnetic impurity. The latter is formally defined as ps = Tr. p, where Tr,
denotes the trace over the electronic degrees of freedom. In order to derive the
equation for pg(t), we employ second-order perturbation theory in the exchange
interaction [J;; < 1. At first, we change the representation to the interaction

one, p(t) = U~ (t)pr(t)U(t), where
Ut) = U()U:(t) = U()Ui(t),  Ue(t) = e ™ Ui(t) = e ", (4.26)
The density matrix p;(t) satisfies the following equation

dpr(t . -

O i) o), Vi) = U OHLUG). @2)
In order to make the perturbative treatment possible, we formally solve the evo-
lution equation (4.27) and substitute the result back into (4.27):

t

% = —i[Vi(t), pr(—00)] + / dt' [Vi(t), [pr(t), Vi(t)]] . (4.28)

—00
Tracing out electrons, we obtain
t

— —iTr, [Vi(t), pr(—o0)] + / At Te(Vi(0), lor (1), V()] ) 429)

— 00

dps,(t)
dt

where pg;(t) is the reduced density matrix in the interacting representation,
ps.1(t) = Ui(t)ps(t)U; ! (t). We assume that the electron-impurity interaction
is switched on adiabatically, so that the distribution of the edge electrons is un-
perturbed at t = —oo. Therefore, Tr. [V;(t), pr(—o0)] = 0, as V; contains
the electron operators with zero average alone. Moreover, in the weak cou-
pling regime, J;; < 1, it is possible to write approximately p;(t) ~ ps; ® pgo)
on the right-hand side of the master equation. Here ,05;0) x exp|—fH. —
(eBV /2) f dy Ut (y)o.¥(y)] denotes the initial density matrix for helical 1D elec-
trons with bias voltage V applied. We note that matrix p” is the Gibbs distribu-
tion with the chemical potential +¢17/2 for the spin-up/down electrons. Finally,
substituting the explicit form of the perturbation V;, we find

t

d
i = Fi / at'(xelt = ¢) [SH()ps ('), ST(B)] + he.)

—00

where sL(yo, 7) = U7N(7)sp(yo)Ue(7), S{(t) = U (t)S,Ui(t), and

e

1
Xik(T) = ;Tre[ s st(yo, T) i SJI.(yO,O) ; pO] (4.30)

We note that xjx(7) is the spin susceptibility of helical 1D electrons.
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4.2.3 The Markov approximation and final form of the master

equation

Next we employ the Markov approximation, i.e., we substitute pg (t') to ps ().
This approximation is justified since the correlators 5 decay typically over the
time proportional to either 1/|eV| or 1/T, while the relaxation time of matrix

ps.1 is determined by the scale of the order of 1/[7? max{T,|eV|}]. Switching

back to the Heisenberg picture, we obtain

+oo
dps(t .
,Ogt( ) = — [Hi, ps(t)] -+ Zjﬂk / dr <Xjk(7—) [S;’(—T)ps(t), SZ} + hc)
0
(4.31)
In order to erte down the final form of this master equation, we should compute
Xk (w fo dre™7x k(7). Evaluating the trace in Eq. (4.30) yields
i o102, _020 _fF(§2_02v/2>
. . dé.d 102 ;0201 . 9
Xok() =+ Z/ 6udsa o7 oo IE = T (6 — oV 2

(4.32)

where fr(e) = 1/[es/T +1].
The spin susceptibility can be split into the Hermitian and anti-Hermitian
parts:

1
k(@) = @) i @), XD =x @ =y P @33

Here we introduce

W) =3 [ dedtaopmopm s+ & - &)1~ frléa - 03V /2)

2
and
Vv
Wl =1 D [ detcaopmar o6 - %)
(1 — fr(& — 02V /2))
X S (4.35)

where p.v. denotes the Cauchy principal value. The part Xﬁ) contains the log-

arithmically diverging contributions. The corresponding terms in the master
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equation (4.31) can be cast in the form of unitary dynamics, i.e., they provide us
the renormalization of H; — the so-called Lamb shift. These logarithmically di-
vergent contributions describe the Kondo renormalization of the coupling con-
stants Jjj.

Omitting Xﬁ), we finally obtain the quantum master equation in the follow-

ing form

d .
% =1 [ps, Hi] + 0 | SjpsSk — psSkS;/2 — SkS;jps/2|. (4.36)
Here the 3 x 3 matrix nj, = 7T(J Iy J7) 1. governs the non-unitary evolution
of the reduced generalized density matrix. Here we have introduced

1% 1% iV
7 Cch T —5F 0
Iy = % arcoth % 0] . (4.37)
0 0 1

We note that the eigenvalues of the matrix Il are equal to 1 and
(V/2T)[coth(V/2T) £ 1] > 0. Therefore, the matrix 7 is positive semi-
definite and the master equation (4.36) has the Gorini-Kossakowski-Sudarshan-
Lindblad form, ensuring the positivity of pg.

4.2.4 The Gibbs distribution for the reduced density matrix

Applying the corresponding rotation of the spin basis, an arbitrary exchange
matrix J can be reduced to the lower triangular form

Jow 00
J=\Typs Ty 0 |. (4.38)
x.7z:r jzy jzz

Then the Hamiltonian H; becomes proportional to spin S,. Therefore, the sta-
tionary density matrix of the spin should be diagonal in the eigen basis of spin
S,, 1.e.,

(mlps|m’y = dmm' PSms S.|m) = m|m,), m=-S,...,5 (4.39)

Substituting this diagonal anzats into Eq. (4.360), we find that pg ,,, should satisfy
the following equation

NikPsm+1(m|Ss|m + 1)(m + 1|Sk|m) + njepsm-1{m|S;|m — 1)(m — 1|Sk|m)

= Njkpsm (M| Sklm + 1) (m + 1]S;/m) + njipsm(m|Sklm — 1)(m — 1]Sjim).
(4.40)
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Let us demonstrate that the solution of this equation has the form pg,, o
exp(Sem). Using the matrix elements of the spin operators,

<mmmn+w:@n+u&mw:%¢w+nH4xs—my

(mISylm -+ 1) = ~(m + 1S, lm) = /(ST m A S —m),  @AD
we find

(6'83“'774r — 77_) (S+m+1)(S—m)+ (e‘ﬁe“'n_ — 77+)

X(S+m)(S—m+1)=0 (4.42)
where 1y = 1y + 1yy £ sy F 11y,. Hence, we obtain that
efar = 1= (4.43)
T+

AtV = 0the parameter [, vanishes, i.e., the impurity spin is equally distributed
over the states with all possible spin projections. At V' > T, the parameter [,
tends to the V-independent constant. Therefore, at large voltage the impurity
spin is still not fully polarized.

Problem for the seminar 42: Derive Eq. (4.32).

Problem for the seminar 45: Analyse Xﬁ) (w) and derive the Kondo renor-

malization of Jj.

’ Exercise 78: Prove commutation relation (4.23).

Exercise 79: Compute the density of states of 1D helical electrons gov-
erned by the Hamiltonian H..

. 2 . . .
Exercise 80: Demonstrate that X§ k) (w) results in the unitary dynamics for

ps(t).

Exercise 81: Compute Tr pg(t).
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Exercise 82: The evolution of the density matrix for the system of one-
dimensional fermions with spin 1/2 is described by the following GKSL

equation

N

dp 1

%= 3 [QLij} —LiL;p— pL}LJ} , Lj= E(aﬁ + aj)a.
j=1

To find the evolution of the density matrix if the initial density matrix is

given as
10 1 0
p(t=0)=( ) ®---®( ) .
00/, 00/,




Chapter 5

Thermalization of an isolated
quantum system

Introduction

In this chapter we discuss how the Gibbs distribution emerges in an isolated
quantum system. This phenomenon is known under the name the eigenstate ther-
malization hypothests and is intensively studied now.
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5.1 The eigenstate thermalization hypothesis

Introduction

In the present course we have postulated the Gibbs distribution for the density
matrix of quantum system. One way of how such distribution could occur we
discussed in the previous lecture. For a quantum system weakly coupled to
large quantum system (reservoir), the Gibbs distribution for the reduced density
matrix can be induced as a result of the interaction. However, one can ask what
happens if the quantum system is completely isolated. In this lecture we discuss
this point, following recent review by Deutsch [21].

5.1.1 Ergodicity and chaos in classical mechanics

Let us consider classical system described by a set of N canonically conjugated
coordinates I' = {q1,p1,...,qn,pn}. During its time evolution the system
moves in the 2" dimensional phase space .#. The system is called ergodic if
the time average of observable O is equivalent to microcanonical average,

T

.1 _
lim 7—,/dt O(F(t)) =

T—o0
0

fFE dl' O(I")

f I b.1)
I'g

Here ' denotes the subspace of .#" in which the constants of motion, e.g. en-
ergy, remain fixed. Although the ergodicity exists in many systems, there is a
class of systems in which ergodicity breaks down. They are so-called the inte-
grable models. The phonon modes in the perfect harmonic crystal are an exam-
ple of such system. For the system close to integrable one, the ergodicity occurs
in the limit N — o0 as follows from the Kolmogorov—Arnold—Moser theorem.

Another important concept related to the classical systems is chaos. A chaotic
system is such that, if one starts to evolve it from two close initial conditions,
after sufficiently long time these two states will be in very different places of
the phase space. This implies a divergence of the neighboring trajectories in the
phase space. This divergence is characterized by the Lyapunov exponents. We
underline that ergodicity and chaos are not interchangeable notions. However,
in the limit N — 00 the majority of classical systems are ergodic and chaotic.
Ergodicity and chaos of a classical system allow its thermalization.

5.1.2 Chaos in an isolated quantum system

The concept of chaos comes across difficulties to define in the case of quantum
dynamics. The problem lies in linearity of the Schrédinger equation. However,
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quantum chaotic system can be formulated in terms of statistics of its energy
levels. There is the Bohigas—Giannoni—Schmit conjecture. The energy levels
of a quantum system, which the classical analogue is chaotic, have the statistics
described by the random matrix theory (for the theory of random matrices see
the book [22]). The chaotic behavior in the quantum systems is active field of
research at present.

5.1.3 Eigenstate thermalization hypothesis

An idea of how the quantum system thermalizes is based on the eigendstate ther-
malization hypothests. 1t can be formulated in the following form. The matrix
element of some operator A can be written as

(alAb) = A(E)dqy + €552 go (B, w) (5.2)

where £ = (E, + E;)/2 and w = E, — E}, and g4 (F,w) is a bounded smooth
function. The entropy is defined as

E r
S(B) _ _E)="—
e E §a Or(E—E,) =~ §a CEYATE (5.3)

Here I' is a small broadening of the many-particle levels E,, making function

S(E) smeared and monotonous,
dS/dE =1/T > 0. (5.4)

The entropy S(E) is an extensive quantity proportional to the number of degrees
of freedom in the quantum system. We assume that the energy £ changes slowly
on the energy scale of the order of temperature 7. We note that the statistical
properties of g, (FE,w) resemble the random independent quantities from the
Gaussian distribution.

Let us demonstrate that, if Eq. (5.2) holds for, then the function A(FE) co-
incides with the proper Gibbs average,
Tr Ae=H/T
TreH/T

where temperature 7" is defined in Eq. (56.4). Let us consider

Tr Ae™ /T = “(a] Ala)e /T = / dee™/"> " 5(c — E,)(alAla).  (5.6)

a

Aq = (6.5)

Now using Eq. (5.2), we find

TrAe /T ~ /dse_a/TA(e)Zé(s—Ea) = /dses(a)_E/TA(s)/s (5.7)
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Since S(¢) is an extensive quantity, we can take the integral over ¢ by the saddle—
point method. The saddle—point magnitude of ¢ = E'is determined by Eq. (5.4).
Then we find

TrAe /T ~ B -E/IT A(E)/E. (5.8)

Hence, we obtain

Ac ~ A(E) + 0(1/S). (5.9)

We note that this relation implies that in essence, the matrix element of an op-
erator behaves as a thermal (Gibbs) average with the proper temperature.
Now we consider time average of operator. Let us introduce the state [1;) =

>, cae”Fetla) and define the average A; = (11| Alt)). Then we can define the

time average as
-

_ 1
A= lim — [ dtA,. (5.10)

T—o0 0

Under assumption that Eq. (5.2) holds for, we demonstrate that the time aver-
age A coincides with the thermal or Gibbs average for the temperature corre-

sponding to the energy E = > |c,|*E,. We can write

— Ea Eb
Tlgnoo7—,/ dt[Zyca| alAla) + ) cheye'l (a| A|b)

b#a

= Z cal*(al Ala) (5.11)

since for the non-degenerate levels the oscillating terms vanish in the limit 7 —

00. Next using Eq. (5.2), we find

A~ Z ca* |A(E) + A'(E)(E, — E) + %A”(E)(E —E,)*+ ~ A(E).

(5.12)

Since we have demonstrated above that A(F) is equivalent to the Gibbs average
Ac, we show that the ETH hypothesis implies the ergodicity.

Exercise 85: Show that (4; — A)? < exp(—S(E)).




Chapter 6

Solution of problems for seminars

Introduction

In this chapter we present brief solutions for the problems marked above as the
problems for the seminars. We encourage a reader to try to solve these problems
on one’s own and only then to consult the solution given.
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6.1 Seminar I

In this section, we present solutions for the problems Nos. 1, 2 and 3.

6.1.1 Problems 1 and 2

We consider simplest system in statistical physics. The system obeys the follow-

Ing assumptions:
e all particles are identical;
* particles are non-interacting;

e each particle can occupy two energy levels (the ground state and the ex-
cited state).

The above assumptions lead to the following Hamiltonian:
H=> H, H=-=0. (6.1)

All information about the system could be obtained from the statistical sum
which can be calculated in two ways.

The first one is applicable for the non-interacting systems. In this case
the system can be split into two independent parts, A and B, such that H =
H, + Hp. Then the partition function becomes Z = Z4 X Zp where Z; =
tr;lexp (—GH;)]. Applying this result to our system, we arrive at

B N B
Partition function: Z=tr {exp <ﬁaz) } =2 cosh? <ﬁ) (6.2)

Free energy: F = —-TInZ =—-TNIn [2 cosh (%)} (6.3)
or B B B
Entropy: S__O_T_N {ln {2 cosh (ﬁ)} — ﬁtanh (ﬁ)} (6.4)
B B
Energy: E=F4+1TS = —NE tanh (ﬁ) (6.5)
0S OF N B\*
i : =T —=—=——|= .
Specific heat: Cy T ~ 0T ~ Lol (Z) (T) (6.6)

OF

Chemical potential: ;1 = N

B
= —-TNIn {2 cosh (ﬁ)} (6.7)



6.1. SEMINAR I 133

The second interesting approach is the following. Instead of summation over
all independent states, we perform it over all possible eigen energies £, of the
many-body Hamiltonian H. Then, the partition function becomes

Z = exp(—BE) =Y g(Ex) exp(—BE)). (6.8)

On the right hand side one should take the sum over all possible eigen energies
and the quantity g(€,) is termed as the density of states. It characterizes the
degeneracy of the eigenstates. In our case, the eigenstates can be described
by a number of spins £ anti-parallel to the direction of the magnetic field B.
Then, one can find & = —BN /2 + Bk. Since we can choose arbitrary k spins
among N, such eigenstate has the degeneracy g(&) = C%, where C% denotes
the binomial coefficients. Finally, using Newton’s binomial theorem, we obtain
the same result as in the first approach.

6.1.2 Problem 3

One of most powerful techniques to prove the thermodynamics identities is a
method of Jacobians. Let us suppose that we have a pair of independent ther-
modynamics variables X and Y, for example, V, T or P, S but not conjugated,
e.g. P,V. Then, the Jacobian of transformation from variables X,Y to A, B

reads

A B) . |ox &%
XY = det o1 op (6.9)
oY oY
The definition of the Jacobian leads to several useful identities:
GAY) (94 OAB)_aABACD
oX,Y) \oX),’ o(X,Y) 9(C,D)I(X,Y) '
Using this identities, we obtain
B oS oS B d(S, P) a(S,V)
CroCr=1 (8T>P (3 ) =Ta.r) o)
B T@(S, P)o(T,V) B Ta(S, V)
- T O(T,V)o(T, P) o, vy
oS (8P) <3P> (85) } 1
T — — ] - = — ——C
[(3T v \OV /1 T ) \oV ) 1 (g_P)T Y
oP\ &F 1 oP\* 1
= —T —_— = —T g . .
(or), ooy, " (or) gy @
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6.2 Seminar II

In this section, we consider the solutions of problems Nos. 4, 5, and 6.

6.2.1 Problem 4

In the previous seminar we have found several thermodynamic quantities of the
spin system in the magnetic field. One can calculate the fluctuation of energy,
using the expression from the second lecture. However, it is instructive to cal-
culate fluctuations from the first principles. We will use the second approach
for calculating the partition function from the previous seminar. This leads to

2
%ZEQ(E)@BE] . (6.12)
E

(%) = (B3~ (B = 2 3 Bg(B)e -

As is mentioned in the previous seminar, we can parametrize £ by the number
k of the “flipped” spins, £ = —%E 4 kB. It is worthwhile to note that the
fluctuations similar to the other measured thermodynamic characteristics are
independ of the ground state energy. Therefore, we can use the expression Y =
BF for the energy of the spin configuration with k£ “flipped” spins. We start our

calculation from the last term on the right hand side of Eq. (6.12) (p = e~ #5),

N N
1 1 B B
_BE __ k —BBk _ k ok N—1

~ > Eg(E)e ¥ = ~ > BkChe Pk = ~ > kChpt = ZNp(1+p)"

E k=0 k=0
(6.13)
Since the partition function is given as Z = (1 + p)", we find (E) = NBp/(1+

p). The same technique yields,

pN  p’N(N — 1)) _ B?Np BN

1+p (1+p)?2 - 614

W =5 < ~ (1+4p)®  4decosh(Z)’

6.2.2 Problem 5

The free energy is calculated in Problems 1 and 2. Using these results, we can
obtain the following expressions,

o oF N B
Magnetization: M = _a_B = gtanh (ﬁ) )

oM N 1

= =____ - 6.15
0B 4T cosh? (%) ( )

Spin susceptibility:  x
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For the fluctuation of magnetization, we find
(E*) N

<<M2> = B2 - 4COSh<%)

(6.10)
as is expected.

6.2.3 Problem 6
At first, we express AP and AS via AP and AV,

(AP) M(Av) _ (@—5» <z—f;>v)_ -
as AT (3)r (),

We note that M7 = M. Using this expression, we obtain the following result

EOI' Lmin;
C1[(0s , (0P ,
Unin = 5 K_@T)V (AT) (_(W)T (AV) } . 6.18)

Hence we derive the following expression for the correlation functions (the stan-
dard answer for the Gaussian distribution),

(30 (20))- (8125 &)

:T<_ (%_fv’)T (82) ) (6.19)

aS)v

Both matrices G'and M are necessary to calculate the other fluctuations. This
can be done in the following way,

(35 (&) - (2@525; 225:255) -6
=T <_ (85)—1 oV V) (6.20)

Finally, we find
AP\ (AP\"\ _ ((APAP) (APAS) T
<<AS) (AS) > = <<ASAP (ASAS ) MGM

:T< (57)r + (57)v (55)v (7)1 )V).

0 (%)V o (%)T (g_V)T (g_;
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In order to calculate the last expression, one can use the Jacobian method,

oP oS B J(PS) oS oP
(o), (ov), = o)+ (o), (ov), o2
Using the above relation, we find the following result,
(APAP) (APASY\ . ((%5)s 0
((ASAP} asasy) =T\ (@ ) (6.23)

6.3 Seminar II1

In this section, we discuss solutions of Problems Nos. 7, 8,9, 10, and 11.

6.3.1 Problem 7

In this problem we will find the density of state for free quantum particle in an
arbitrary spatial dimension. To solve this problem, we must write the integral
for the density of states and use the spherical coordinate system,

0= [t (= 50) = S (- 40)

_ (%’)’d( 2me )42, (6.24)

Here S; = 21%2 /T'(d/2) denotes the area of d-dimensional sphere, Sy.

6.3.2 Problem 8

In this problem, we will find the density of states of ideal two-dimensional elec-
tron gas in the perpendicular magnetic field. Let vector potential be A =

X 7@x
{0, Bz,0}. Then Hamiltonian is H = % + % + upB. Here up de-

notes the Bohr magneton. We note that the momentum along y-axis and the
spin are conserved. Then the eigen energies are given as ¢, = w.(n + % + %)
where w. = % is the cyclotron frequency (the Landau level problem is treated
in the course of the quantum mechanics). Then, we obtain

1 S Mwe

g(e) :gﬂ (5(6)4—22(5(5—%@] =5 [(5(5)—1—22(5(5—%71)]

(6.25)
Here [y = \/d1/(eB) denotes the magnetic length and S/(271%) stands for the

Landau level degeneracy.
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6.3.3 Problem 9

This problem is important in the Fermi gas theory. We will calculate the tem-
perature correction to the chemical potential at 7" < Er for an ideal Fermi gas.
We note that for all normal metals in d = 3, the Fermi energy is of the order of
Er~1leVa1l1lx10°K

The temperature behavior of the chemical potential is related with conserv-
ing the number of particles at a given volume, cf. Eq. (1.50). Let 8 = Sy + 3,
then we find

ON [ efolem e—pn 10u
_ 0N _ o . 2
0= a7 (1 + chole1)? ( 72 TaT) 9(e)de (6.26)
0

The main technique to calculate such integrals with the Fermi distribution is
integration over variable £ = € — 1. The advantage of using such variable is that
the fermions only in the vicinity of the Fermi surface take part in perturbing the
ground state, i.e., £ ~ T provides the dominant contribution to the integrals.
Using condition, Er > T', we obtain

J_ON_ [ 1 (5 1 op

g __ Teo? () \ 72 + Ta_T) (9(p) +g'(1)€)d€

_ 0 1 52 ( )@u B 2 / oy
B / 4cosh?(B€/2) (9 )7z + Ta_T) dg = 5 Tg (1) + 957 (6:27)

Hence, we find Ou/0T = —n%¢' ()T /(3g(11)) and, consequently, y = Ep —
*g' ()T /169 (1)]-

6.3.4 Problem 10

In this problem we find the specific heat of ideal degenerate Fermi gas in an
arbitrary spatial dimension. We use integration over £ to find an answer. Then,

we obtain, cf. Eq. (1.52),

0T 9 O
CV—aTO/ ( 5fF / €4COSh2(B§/2)( T oT
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6.3.5 Problem 11

We find the zero-field spin susceptibility of ideal two-dimensional electron gas.
The weak fields do not change “trajectories” of electrons. Thus we can use the
density of states for a Fermi gas in the absence of the magnetic field. This prob-
lem could also be solved by taking the derivative of integral over the chemical
potential (For d = 2, the density of states is constant, g(¢) = m/(27).),

o

2 2 _
Q0% Qo(p+wusB) +Q(u—ppB)  pp 0 /dgg(g)

Y= ToB T o 2 =2 0B
0

X [fp(8 — upB) — fr(e+ /LBB)} = 11 7d€g(€) (—%ﬁ@) = 159 (n)-

(6.29)

Here (1) stands for the thermodynamic potential of ideal Fermi gas at B = 0.

6.4 Seminar IV

In this section, we consider the solutions for Problems Nos. 12 and 13.

6.4.1 Problem 12

The problem is to find the magnetization of ideal two-dimensional electron gas
in the presence of a relatively strong perpendicular magnetic field T' < upB <
Er. 1t is more complicated problem compared with the previous one. In this
case we should use the expression for the density of states, obtained in the Prob-
lem 8. Then the energy can be written as

E= / £9(e)fr(e — p)de = = 3" wenfr(wen — ). (6.30)
0 n=1

In the limit ppB = w./2 > T we can approximate the Fermi distribution
function by the Heaviside step function. In this case the energy becomes

mw? iv: mw?N(N + 1)
_ n—

E= . 6.31
2 ( )

v
n=1

Here N = [p/w,] is the number of filled states. As a result, the magnetization

I‘eads,
OF  2upmw.N?

M=_22 = 32
0B T (6.32)
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In order to find the magnetization at 7" ~ w,, we use the Poisson summation
formula,

o0

i d(n—x)= Z e?mihT (6.33)

n=—00 k=—o00

Using this formula to simplify the expression for the energy, we obtain

2

mw > T
= 3 [ deste = malfr(erde] -

2 i
= % Z Re/dace’%k:”xfp(wcx— 1). (6.34)
T
k=—o00 0

The term £ = 0 in the sum is an energy of the Fermi gas at temperature 7" in
zero magnetic field. Since it is independent of the magnetic field, we can study
the difference AE between the energy energy in the finite and zero magnetic

fields,

2mw? X ok 2mw? o= 1
= ZRe/O dxe"* ™ g fr(w.r — p) = - Z 2
k=1 k=1
X Re (1 — / dxe™®™ (1 — i2mkx)0, fr(wWer — u)) ) (6.35)
0

The last formula is obtained using integration by parts. This expression is suit-
able for the integration over variable £ = w.x — pat g > T. This leads to the
following integral,

127rk£/wc

o . mwc . I 2k /we
AE=) 5 55Re |1+ (127rk;—1) ul ,3/ 54co5h2 3

C

(6.36)
The last integral can be calculated and finally:

2mw? e 1 . 212 kT
AE=""%" —_Re(1l+ <z'27rk;ﬂ - 1) gi2mhnfwe T
T 472k We w, sinh (27TWZ€T)

1-— (sin(27rk:,u/cuc)27Tkﬂ + COS(QWICM/WC))
We

2m2kT

X 2
W, sinh (%)

(6.37)
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To find the expression for the magnetization per unit area, it is enough to take
the derivative of “fast” terms with respect to magnetic field alone,

OAE 2mpi? 2m2kT
M=— =N T cos(2mkpu/w.).  (6.38)

oB Br x—1 Wesinh (%)

c

Thus we obtained that the magnetization of the Fermi gas oscillates with the
magnetic field. This effect is known as de Haas — van Alphen oscillations.

6.4.2 Problem 13

The study of the Bose-Einstein condensate starts from calculating the number
of non-condensed particles. For T' > Tggc, all particles are non-condensed and
this number conserves,

N = / e (). (6.39)
0

For d = 3, the density of states is given as g(¢) = %T/;\/E Substituting the

expression for the density of states into the integral, we arrive at,

N m3/2 X NG o m3/2 \/_e (e—p)
T Vo) e 1% T Japz | 1—eBen
0 0

"y [ eencon mIY S et
_ et (B0) Y e 640
V2r? nzlo/ 21 ) 4= (n)*2

One can take the derivative with respect to the temperature for small y:

ON 3/2 3 o—|Buln mT\ %% & e Buln n o 1ou
- 22 P (U Tl
oT (27r) 2 ; R ( 27 ) ; nl/2 ( 72" T@T)

= 0. 641)

de

The main contribution to the first term can be calculated for 1 = 0. To calculate
the second term, we can replace the sum with the integral. Also we note that we
can neglect the term proportional to ;1. Then we obtain,

BN s (mT\Y? 1 unl Op
0=l 04\ 50 ) ) d”—nm@ ToT

_ 3NT_3/2T1/2 LN T \** 1 vl 1 0p
2 T BEC ¢(3/2) \/|u| T OT"

6.42
Thrc (©42)
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Eventually, this leads to the following equation for p,

3 TAL2 ou
0=—=((3/2) + —BEC 6.43
R/ + e (643
Hence, we obtain,
_ 3c<3/2>>2<T—TBEc>2
o < 47 Tsec €49

6.5 Seminar V

In this section, we present the solution of Problem 14.

6.5.1 Problem 14

Using expression (2.9) for the first-order correction to the thermodynamic po-
tential, we find

Q_ Qo(p+) ;r Qo(p-) +% [/ %(aiﬁamﬁ {/ (;F)Tq)g(afna@)}

Q Qo U
= Solit) E ) ) N, (6.45)

Here py = p £ pupB, Qo(p) is the thermodynamic potential of noninteract-
ing electrons in zero magnetic field, and Ny(p) is the number of particles as a
function of the chemical potential in the absence of interaction.

As in the lecture, we determine the chemical potential from the condition of
the fixed number of particles,

v = Mol )+ Nolpe-) o Nl M) o)

Hence, we find that the chemical potential is given as

o U [Nolig) NoGy )
H TV L N () + Nolig )]

Auo

(6.47)

where ,ugz = o + pupB, and

N = [No(ug) + Nolg )] /2. (6.48)
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Therefore, we can write the thermodynamic potential as

Qo) + Qolig)  UN gog [Nolpg) No(uo)]
2 2V 50= [No(ug ) + Nolpg )]

Qp) =

U
77 No(kg ) No(1g )- ©.49)

Next, we find the free energy,

U
F=Q+uN = Fy(B) + WNO(MSF)NO(NE),

_ Do(pg) + Qo)
2

Fy(B) + poN. (6.50)

Here Fy(B) stands for the free energy in the absence of interaction. We note

that the chemical potential 1 is a function of B in accordance with Eq. (6.48).
Using Eq. (6.48), we find in the limit B — 0,

LN

B) = po — 5(usB)* 77—

MO( ) Ho 2(:“3 ) N(/)(,UO)
We note that xo = pu%Nj(o). At low temperatures, T < Ep, we can write
No(po) o ,ug/Q. Therefore, we find io(B) = po — (upB/2)?/ 9. Now we can

compute the zero-field spin susceptibility (per unit volume) at the fixed number

6.51)

of particles,
1 0*F U 02
X="Vam| “XT heag No(po(B) + pB)No(po(B) — MBB)}
B=0 B=0
2
530
= Xo+ —2@2 N (1o). (6.52)
At low temperatures, 7' < Ef, we obtain
9 uLUN? ) 2

where vp = mpp/7? denotes the noninteracting density of states at the Fermi
energy. Equation (6.53) provides us the expression for x as a function of V.
We note that result (6.53) can readily be obtained from Eq. (6.45),

920 U o pBU

X="3m =X~ 1755 [No(p4)No(p-)] = xo + NG (1)

o2V L0
~No(i) N3 (1) (6.54)
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This result gives the spin susceptibility as a function of chemical potential. In
order to express it as a function of N, we should involve that xo = p%Nj(u)
and the shift of the chemical potential due to interaction, see Eq. (6.53). Then,

we obtain

2 / :u2BU " ,UQU 12 "
X = upNo(to) + Y No(t0) Ny (p0) + Ve Ny~ (to) — No(p) Ny (o)
urU
= N (o) + 2 Ng* (o) (6.55)

2V

6.6 Seminar VI

In this section, we consider Problems Nos. 15 and 16.

6.6.1 Problem 15

Let us find variation of chemical potential /1 at zero temperature due to vary-
ing the number of particles, 0N. Let us use Eq. (2.21) at p = pp such that
0€5105(P) = 04t 85, 4,- Then we obtain

d3 ’ ,
Ot 01y = OEF Oy, + Z/ ooz Joio, 0205 (Ps P )0y, (D). (6.56)

03,04
Here 0c g 1s the change of the Fermi energy due to varying the Fermi momentum,

Oep PF Vi
(58}7 = Eépp = Up(gpp = m. ON = 71‘%5

Spp. (6.57)

Next, at zero temperature we can write

onO (p) TH* 6N TP 6N
S = S(ey —ep) s (6.
Oey  prm,V 7% (e = er) prm, VoY (6.58)

5n0304 (p,) - =

Substituting Eqs. (6.57) and (6.58) into Eq. (6.56), we find

TH SN THON < [ dOsinf
d 600:—00 YN 74 —[F(O)Q(;aaéoa
/"L 102 me*V 102 2me*V ; 2 ( ) 102 403
03,04
+F(U)(9)0010200403:|5030’47 (659)
where 0 = Z(p’, p). Hence, we obtain,
1+ R

op = 20 sN. (6.60)

I/FV
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Here vp = P55 denotes the density of states at the Fermi surface. Finally, we
find "
op 1+ Fy
_—= . 6.61
8N I/FV ( )

6.6.2 Problem 16

The correction to the quasiparticle energy at p = pp in the magnetic field and

interaction can be written as,

d3 /
de(p )01 o2 = —HpB0Os 5 + Z/ 2)3 fo1cr4 02030M 50, (P /) (6.62)

03,04

We are interested in the change dn,,,,(p’) that occurs due to magnetic field. At
zero temperature we find

. an(o) /
5n0304 (p) = T@)ég(p/)ﬁ&m = _5(511’ - 8F) 65(17,)03,04' (665)
P

Hence, we obtain

1 [ dfsin b
55(1’)01,02 = _MB(O'a B)Jhtfz - 5 Z / 92 [F(O)(9>501025a403

03,04 )

+F©) (9)001020'0403} 00504 (D), (6.64)

where 0 = Z(p/,p). Let us seek the solution of Eq. (6.64) in the form of the
energy shift in the absence of interaction but with the renormalized g-factor,

9e(P)or.0o = —(9/2)ptp B0, »,- Then, it leads to the following equation,

_gMBBo-al,Ug - _,uBBa-cn,crg + F(U 2,U/BB0-01 o2- (6.65)

Finally, we obtain the renormalized g-factor in the Fermi liquid,

2

- —@ (666)
1+ F)

Since the quasiparticle energy shift due to magnetic field is momentum-
independent, we can use the expression for the free electron gas, cf. Eq. (6.53),
but with the renormalized g-factor. Then, we find the Pauli spin susceptibility
of the Fermi liquid,

x=§éw (6.67)
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6.7 Seminar VII

In this section we present the solutions for Problems Nos. 17, 18, and 19.

6.7.1 Problem 17

The ground state energy of the weakly non-ideal Bose gas has the following
form (see Eq. (2.42)):

UN2+Z{ ) — e (p) — UNV (6.68)

It is useful to point out that a sum over p diverges. Fortunately, this diver-
gence has a physical origin. At first, we should understand that potential U is a
constant in the sum and does not represent some physical measurable quantity.
The real physical quantity is the scattering length. This means that we must
express all results in terms of the scattering length. In the main approx1mat10n,

the ground state energy and the scattering length are Ey = 2@ and a = 2Y,
respectively. Therefore, we obtain £y, = % In order to find next order

correction in the ground state energy, we have to write the following expression
that relates the scattering length and U,

4 4 1
U=-"¢2 [1 ra —] . (6.69)

m mvV
p#0
This expression involves a diverging sum. This divergence indicates that one
cannot approximate the interaction potential by the constant U at very short
scales. However, using the above expression, we find

2 3,,4
NT;“ +y [a(p) — O () — s + mpgu ] (6.70)

p

Ey =

4TraN

where u = . Surprisingly this integral converges! We see that the diver-

gence has been removed by introducing the proper expression for the scattering
length. This effect is called the renormalization. Now we should calculate the
following integral,

2

1) = [ o8 [+ 0 mx -0 - 5+ ] 6y

To calculate integral, we should find the magnitude of function f(X) at the point
X = 2mu?. To calculate the above integral we should take the third derivative



146 CHAPTER 6. SOLUTION OF PROBLEMS FOR SEMINARS

and note that f(0) = f/(0) = f"(0) = 0. We have:

P s e
- 1672 (X +)5/2 " 4n2 /X’ :
As a result
2\/2 30/ 16m*u®
f(X) = f; R f(X =2mu*) =V T5u : (6.73)
7T

Substituting the above expression to Ej results in Eq. (2.44).

6.7.2 Problem 18

In this problem we should calculate the number of particles in the condensate
at temperatures (1(0) < T < TBEC(GTLI/?’)IM' The number of particles in the
condensate can be calculated as follows, see Eq. (2.49),

No( 2fB (ep) + (fB<5p> + 1)}
d3 o(p) + mu? o(p) + mu* — e(p)
= N _—
V/ (2r] [ 5 T
&dp eo(p) + mu?

= No(T =0) — . 74

A =0) -V [ BN e (6.74)

Let us transform integration over p to integration over £) = E;O) = p?/(2m).

Then we find

v [md [ !
No(T) = No(T = 0) = = % / de, ,/—eogot—m“ fsle,).  (6.75)
p
0

Next, we change the integration variable €y to the integration over ¢ =

V/ (g0 + mu?)? — (mu?)2. Then we obtain

M) = No(T=0) - K@ [ VTR o

— N(T=0) - N 4 N W/(WW i %)

Vm3ud

72/2

x f5(e)de = No(T=0) — N + NO(T) — F(mu?/T). (6.76)
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Here NO(O)(T) = N[1— (T/Té% )3/2] is the number of condensate particles for

the noninteracting Bose gas. The function F'(z) is given as

/ m—\/_
1/ m—\/_ 7

z L1,
—\/_z 3/2 —i—yz C(3/2)\/L/_ 2
; v 1 232 622
6.77)
Hence we obtain
VmT?
No(T) = No(T=0) — ——~ T < mu, 6.78)

6\/§u ’
and

3/2
No(T) = No(T=0) — N ( ) , mu? < T < Tgec. (6.79)

Tive
6.7.3 Problem 19

The vortex solution of the Gross—Pitaevskii equation (2.54) can be represented
as Ug(r) = P Af(r/ro) and the scale ry describes the vortex size. Substituting
the above ansatz into Eq. (2.54) and introducing new variable £ = r/rg, we

find,
A

dma

L O (£0e f) — éf} — HAf + A‘”’f3 =0. (6.80)

If we choose the amplitude A = \/um/(4ma) and the size 7y = /2m/u, we

obtain the dimensionless equation which can numerically be solved

I
£2
It is easy to check that f(£) ~ af at & — O and f(€) ~ 1+ bexp(—v/2€) at & —

00. The numerical constants @ and bcan be found by means of numerical solution

- E@f (£0:f) — } —f+f=0. (6.81)

of the above equation. Details of numerical solution by shooting method can be
found in Ref. [23]. In particular, one finds a ~ 0.5832. The behavior of the
function f(&) is shown in Fig. 6.1.
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Figure 6.1: The function f(¢).

6.8 Seminar VIII

In this section we consider the solutions for Problems Nos. 20, 21, and 22.

6.8.1 Problem 20

The energy of two excitations is given as £(p1 ) +€(p2) + (p1 + p2)v. We expect
that this combination should be positive. This equation leads to the following

e(p1)+e(p2)
p1+p2

the function f(p) = £(p)/p. Then we find [e(p1) +e(p2)]/(p1 +p2) = [p1f(p1)+
pof(p2)]/(p1 + p2) = min{f(p1), f(p2)} = mljn f(p) = ve. Therefore, indeed

we find that v 9 2> V.

expression for the critical velocity: v, 9 = min ( > Let us introduce

6.8.2 Problem 21

The normal component density in superfluid liquid is given by the following
expression, cf. Eq. (2.60),

1 dp _% _ﬁ &p »?
a 3 / (27T)3p ( Oe ) 12 (27)3 sinh? (ﬁeE(p)/Z) (6.82)

The excitation spectrum £(p) consists of two segements: phonon and roton ones.
We should calculate the contributions from both of them. We start from the
phonon contribution

o0

B d*p p? B 474 / ztdx B 22T
12 ) (27)3sinh® (Bup/2)  37%u® ) sinh®z  45ud
0

Prp (6.83)
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Let us turn now to the roton contribution. At low temperatures such as m,T" <

p3and A > T we find

_ ﬁ d3p p2 ~ ﬂ 46—A/T / d(sp 6—65p2/(2mr)
12 ) (27)3sinh® (Be(p)/2) 67

pn,r

o [2mm,

= 52 T , (6.84)

where dp = p — py. We note that though the roton contribution is exponentially
small at 7" < A, it predominates over the phonon one at high temperatures

T >0.7 K.

6.8.3 Problem 22

The roton contribution to the specific heat can similarly be calculated using
the same integral from the previous problem. Assuming that m,T < p? and
T < A, we obtain

o0

d3p ep p2A B ) i
Er B V/ (277)3 6ﬁ5(15) )_ 1 = V2(;_Q € pA / ddpe ﬁ5p2/(2 r)
N
=VISe AT (685)

Hence we find

ok, PR A mr!/? _AJT

Cy = =
v oT \/2r3T3/2 €

(6.86)

6.9 Seminar IX

In this section we present the solutions for Problems Nos. 23 and 24.

6.9.1 Problem 23

We should find the temperature dependence of the superconducting gap near
T.. It can be found from the self-consistent equation, cf. Eq. (2.77),

o0

1= @ 0/ i—ftanh (2%) (6.87)
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where g = \/£? + A? is the spectrum of superconducting quasiparticles. Here
we again use the trick called “integration over £”, described above. This integral
does not converge and must be regularized at some ultra-violet scale. As it is
mentioned in the Lecture, this ultra-violet scale determines the magnitude of the
zero-temperature gap. Therefore, it is convenient to rewrite the self-consistent
equation as,

[e.o]

< > /% 1—tanh <§—;>):2](u)’

0
) / dz 1

u) =

Va2 +u?exp[Va? +u?] + 1

0

where © = A/T. In order to compute [(u) at u — 0, let us split the integral
I(u) as follows,

I()_1]°d 1 tanh 2 +1]°d tanh 2 tanh YZZE2
YR\ Ve e )2\ e T Ve )
0 0

J/ N J/
g g

11 I2

(6.88)

;

(6.89)

For the first integral, we obtain

1 r 1 r dz Inx
_ 2 2) _ — — _ - -
2/ dln 33 +Vari4u ) tanh ( >dln :C] ln /coshQ(x/Q)
0 0
1.2 1 s
—§lna+§<ln§—’y), (6.90)

where 7 &~ 0.577 is the Euler constant. Expanding the second integral in powers
of u, we find

u <7
~—— h=) =2u?
4/ ( ran ) UZ/ 7r22n+1 )2 + x2]?
0

nOO

u? ZOO 1 7€) ,
pu— p— . 1
2m* £~ (2n +1)% 167 " 6.31)

Above we used the following representation

(e o]

T 4x
h- = . 6.92
Aty ;% ™20+ 1)2 + 22 ©92)
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Therefore, we obtain

I(u) = = (In(7/u) — 7)+71%(7§2)u2+... (6.93)

l\DI»—l

Substituting the expansion (6.93) into the self-consistent equation, we obtain
the following equation for A < T*:

2
In (AO) L v+ 76(3) (é) . (6.94)

A A &2 \ T

This expression gives the value for T, = Age” /7 and also leads to the following
temperature dependence,

sz [ (1 1)) 6

The condensation free energy can be written as follows, cf. Eq. (2.76),

Fona = FIA] — FI0] = (|5p| () + A—) YA )

- 2¢(p) ) 7<)
14 e P
—QTZIn T T (6.96)

The first sum over p has been found in the Lecture. The second sum is calculated
above. Therefore, we find,

Fut = —3Vo(Er) A = Vo(E) A I(A/T) + 2V g BT K (A/T),

b 1 —Va2+u?
K(u) = / dzIn +16+ —— (6.97)
0
It is readily to check that K”(u) = ul(u). Hence, we obtain at u < 1.
i x 73t
Ku)=—In—— - .
(u) 4<n 'y+2)+ ezt (6.98)
Summing all contributions, we find
7¢(3) Vg(Er)A* 272
Fcond = - C( ) g( F) = T Vg(EF)(TC — T>2 (699)

22 T2 7((3)
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6.9.2 Problem 24

We should find the magnitude of jump-like discontinuity in the specific heat at
the superconducting transition point. We use Eq. (2.82) and the expression for
A(T') from the previous problem. Then, we find

o0

CV:Vg(EF)/d§2 iipéﬁ) <€<p) - CW). (6.100)

0 2

Hence, we find for the specific heat jump,

o0

dA? 1 47?2 dmpp
ACy = —Vg(E —/dg =V g Ep)T. =V T..
' i | i cosh? () B Bl =V7e)
(6.101)

We note that this result can be obtained as second derivative of Fi,.q4, cf. Eq.
(6.99).

6.10 Seminar X

In this seminar we consider Problems Nos. 25, 26, and 27.

6.10.1 Problem 25

This problem is solved with applying the general method useful in many other
problems. Let us consider two operators A and B. They obey the following
property: if C' := [A, B], then [C, A] = [C, B] = 0. In this case, we can simplify
the expression exp(A + B). First of all, let us consider how A ‘acts’ on some
function of B,

[A,B"] = [A,B" 1B+ B"'[A,B]=nCB"™ = [A, f(B)]=Cf(B).
(6.102)
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The other important identity is a derivative of operator exp[A(x)] with respect
to 2. The convenient expression can be derived in the following way,

0.4=Y " S @A =D [ dt—z!ii__tk_l)!Ak(x)

(6.103)

After the above preliminaries we turn our attention to the problem. We
should calculate the following expression

flag, By) = <eXP[Oéqbq + ﬁqbgp = Tr{exp[aqbq + ﬁqul]e_BH}/Tr e PH.
(6.104)

Let us calculate the derivative over o (here A = b, + qu(];),

1

9f _ /dt Tr [etA b, e(l_t)Ae_BH]/Tr e P = Tr[bete 1]/ Tre 1
Oay,
0
1

_ / dt Tr{[bq, etA]e(l_t)Ae_ﬂH} JTreBH, (6.105)
0
Since [by, A] = 8, we find [by, '] = B,tet. Next, we use the following trans-
formations
1
Tr[bgee 5] = Tr[ete ™ PHb,| = e Tr[eb,e 1] = e /dt Tr[etel=04

0

1
xbge ] = e /dt (Tr[etAbqe(lft)Ae*BH] — Tr{etA[bq, e(lft)A]e*BH}>
0

_ e (OF B4 —oH
=e (804(1 5 f ] Tre 7", (6.106)
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Hence, we obtain the equation for the function f,

0f _ b

Yq
S = 3 oth /. (6.107)

Using the initial condition f(0, 5,) = 1, we find

flag, By) = exp (Oéqfq coth ;—%) . (6.108)

As f(0,4) = 1, we have f = exp[*5= coth (;—7‘1)] yielding the answer for the

problem.

6.10.2 Problem 26

The annihilation operator for the electron traveling to the right side is deter-
mined as Yr(z) =, exp(—ipa:)alp and obeys the commutation relations

2T —igz B 2T iqx
b,y ()] = —&e Va() (b Va(a)] = —\/q:f Uala).

(6.109)

Here we use the representation of the bosonic operators in terms of electron den-
sity. Now let us try to represent the fermionic operator ¢z () as the product of
fermionic operator ¥ () and bosonic operators. Using the methods developed

in Problem 25, one can check that provided that [bl,q’ Vr(x)] = [byq, Vr(x)] =
0, the operator

Vr(e) = Up(z) exp [-(%/@L))V2 3 (e*iqxbyq - eiqxbm)] (6.110)

q>0

obeys the commutation relations Eq. (6.109).
We note that the operator ¥ g () should change the total number of the right
movers Ni by one. Let us consider the operator ¢ that satisfies the following

commutation relation
[(Nr.drol =i = [0, ] = 'm0, 6.111)

As follows from the last commutation relation, operator 'R0 has single nonzero
matrix element (Np — 1 |e7’¢R70 |Ng). The same matrix element has the fermionic
operator V().
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Finally, for the formulation in the real space, it is convenient to have the
following relation pr(x) = O¢pr(x)/0z. Then using the relation

N —1iqx 1qT
pr(x) = == + (¢/(2rL)"* Y (e wpl e b+,q) , 6.112)
q>0
we find finally,
Vr(z) ~ €970 Gp(x) = dro + 7 +zZUq—L(e whl— €7h, ).
q>0
(6.113)
This relation is referred to as the Mattis—Mandelstam formula.
6.10.3 Problem 27
Let us introduce new bosonic operators,
T T
al = bnmq + bnaiyq P bn,T,q + bn,i,q
7,9 - \/§ ’ ma \/§ ’
b1y — bl bytg — b
t _ nlg 4,4 _ Ynta 1,454
dﬂq_ T, dﬂ,q_ T (6.114)
We emphasize that they obey the usual commutation relations,
(@, a:ry',q'] = Oy Og,q's (di,q; di]’,q’] = Oy Og,q- (6.115)
The bosonic states for operators af, a and d', d are independent,
(g dl, ] =0, [dyq: 0l o] = 0. (6.116)

We note that the operators a', a corresponds to the total density whereas the
operators d, d describe the spin density. In terms of new operators the Hamil-

tonian can be rewritten as

Hir = Z Uqujmd”:q + Z [(UF + 294)(1@;774%7‘1 + gZ(a;,an—n,q + Ay gQ-pq) |-
7n,g>0 7,q>0

(6.117)
We apply the canonical transformation to the operators aT, a,

al , = cosh6,B]  +sinh0,8_,4, ayq=cosh0,B,,+sinh6,8'", , (6.118)

n7q
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where

2 2
cosh 26, = w, sinh 20, =~ = V(or +200% — g
6.119)

The Hamiltonian, rewritten in new operators, reads

1
JG1, = Eg + Z UquI%qdn,q + Z uq /B;r],qﬁn,(p Eg = 3 Z(U —vp —294)q.
7,4>0 7,4>0 ¢>0

(6.120)
The disentangling of spin and density channels in the Luttinger liquid Hamil-
tonian is an example of the spin—charge separation in the strongly correlated
systems.

6.11 Seminar XI

In this section we present the solutions for Problems Nos. 28 and 29.

6.11.1 Problem 28

Let us consider the ground state of the one-dimensional Ising model in the ab-
sence of magnetic field. In the ground state all spins are parallel to each other.
One can consider a perturbation of the ground state. The excited state corre-
sponding to such perturbation is called the domacn wall: some spins are parallel
to the initial direction and the others are not. There is only a single site at which
neighboring spins are antiparallel to each other. The difference between energy
of the ground state and the excited state with the domain wall equals AE = 2.J.
If we have n domain walls, the energy of this configuration will be AE,, = 2Jn.
The free energy of the model in zero magnetic field becomes

F=—LTIn(1+e?"). (6.121)

This leads to the energy £ = 2L.J exp(—f.J)/lexp(SJ) + exp(—F.J)]. So, the

domain wall density can be written as

E 1
S . 122
P=50L ~ exp(267) + 1 (6.122)

We note that the density of domain walls coincides with the Fermi—Dirac dis-
tribution.
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6.11.2 Problem 29

The problem for calculating the correlation function is not considered before in
this course. We cannot use the free energy to solve it. Fortunately, the transfer
matrix can serve for this purpose as well. At first, we calculate the average spin
in the one-dimensional Ising model with the periodic boundary conditions,

1 1
o) =7 > o P =23 (T oy Z=tcT" (6129)

01..0N
where L = N — 1. As in the lecture, we can rewrite the last expression as a
trace of matrix product:

(o) = 1 tr [r.TF] = %tr (U T UA"] = cos(29)

Z .
— sinh(5h) . (6.124)
Ve 157+ sinh(5h)

The matrix 7, helps us to calculate the correlation function,

(0:0i4n) = %tr [TzT"TZTL_”} = %tr [U_ITZUA"U_ITZL{AL_"]

= cos?(2¢) + G—‘) sin?(¢). (6.125)

+

For the physical applications, the so-called irreducible correlation function is of
more interest,

((0i0i1n)) = (010110) = (00)(Tisn) = e "M sin?(9). (6.126)

The decaying character of this function describes the physical properties inher-
ent in the system.

6.12 Seminar XII

In this section we consider Problems Nos. 30, 31, and 32.

6.12.1 Problem 30

The expansion of the thermodynamic potential for the antiferromagnet in the
vicinity of the Néel temperature can be written as

F=F+AL*+BL'+ D(HL)* + D'H’L* — %PHQ + g(Lg +L2)
2

vy H
—§(H§ + H?) — o (6.127)
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Here we assume that A = a(7T —T,) and § > 0 (easy axis). Then at H = 0, we

find
.- T)/(2B), T<T.,
L. = \/a( )/(2B) (6.128)
0, T>T..
The magnetization is given as
H OF
M=——m — —. 12
dr  OH (6.129)
For T' > T, in the field parallel to the z axis we find

For T' < T,, we obtain
M, = x.H., X: = Xp—2(D+D")L* = x,—a(D+D')(T,—T)/B. (6.131)

6.12.2 Problem 31

The effective Hamiltonian that describes fluctuations at 7" > 7. has the form,
cf. Eq. (3.42),

1
A~ A = 5 ooy (00° +T - T). (6.132)
P

Here we neglect the quartic term in Eq. (3.42). To calculate the correction to
the free energy due to fluctuations, we should evaluate the following integral,

- BOF _ / 1 B (6.133)
p

It is a product of the Gaussian integrals. We note that ¢, = (,OT_p. The result of
calculation becomes (within accuracy of some constant),

T bp*+T — T,

To calculate the correction to the specific heat, we differentiate with respect to
the temperature,
O*0F  T? 1 T2V Sy /°° dp p*!
Z e - (

0

§Cp=—T ~ _
r PT — 2 &~ +T-T. 2 (2n) bp? +T —T,)?

(6.135)

T2V Sy (d—2)7w (T —T.\"*
2(T —T.)? (2m)? 4sin (Z2) b
Here S, is the area of unit sphere in the d-dimensional space. We note that, for

d > 4, 6Cp vanishes as T' — T.. For d < 4, )Cp diverges as the temperature
approaches 7.
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6.12.3 Problems 32

Before calculating the order parameter, we find the following average (1" > T)

)
JT1, depprpge 7 Ok —qT
f Hp d(ppe_ﬁjg;ﬁ" bq + T — Tc

(6.136)

We note that G(x) = (p((x))p(0)) = Zp eP*(ppp—p). Therefore, we find,

ST, [ dpp™ Sy wVIL(T — T,)42 !
2 _ (o) = 2 / _ . (6137
() = G0) @m)d ) o2+ T —T.  (2r)?  2sin (24 b4/2 ©157)
0

6.13 Seminar XIII

In this section we solve Problems Nos. 33 and 34.

6.13.1 Problem 33

The scaling dimension of thermodynamic potential 0 F' is Arp = d. Therefore,

one can write,

OF = /8¢ f (ht=2n/A0) (6.138)
Using the relation ¢ = —g—i, we have A, = d — Aj. Next, using the relation
Cp = Tﬁ;—gf, one can note that (at zero field) « = 2 — d/A,. This leads to the

relation vd = 2 — a. Fort — 0, we should have F' td/At(ht_Ah/At)_e since
Cp x h™¢. Hence we obtain the relation oy = ve.

6.13.2 Problem 34

For the n-component field ¢, we have the following effective Hamiltonian,

Horlel = 5 [ dir [wQ (VP + 507 (6.139)

Our aim is to perform an integral over the modes with the momenta between A
and A’ = A/u. Splitting on the fast and slow components in the same way as in
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the lecture, we find the following expression for the effective Hamiltonian,
Henlp] ~ Henlp] + MG [7] + Hix,
Herl] = % / d'r [722 +(Ve)* + %(32)2 7
Hw =5 [ dir @+ (Ver].
5= [ dr )@ + A(ee)]. (6.140)

We have neglected the terms vanishing due to fast oscillations after integration
over the whole space. Also we assume that the fast component @ is small. So, the

term proportional to A can be omitted in the effective Hamiltonian for ¢, Heff [2].

Now we should take an average over HO off [ |. This produces the correction to
'Heﬁ[(p] The correction can be written as,

o~ OHenlel/T _ / D[] e~ i+ /T / / DlF]e M PUIT  (6.141)

Hence, to second order in A\, we find

int 5 int
Herlig] = (Heit) — 5 ({(HE))- (6.142)
Here (((H5)?)) = ((H5)?) — (H™)?. The average of interaction term is given
as
e A +2
R ) 6.145)

Here (,(1),(r")) = 04jG(r — 7'). The other term can be found as

(py = 20D oy [arigmpaen. w14

Therefore, we reproduce the same expression for 'Heff[f] +5Hef‘f‘[£] as for 'Heﬁ'[g]
but the coupling constants are different,

T—=71(l) = lr + (n+ 2))\62ZG¢(0),

6.145
A= A1) = e® VN — (n 4 8)BN% ! / dr'G2(r"). (€199
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Note here that we have used the same choice of exponent p = (d + 2)/2 as in
the Lecture. We remind that u = ¢!. Now we calculate the integrals over the
Green'’s functions,

A
d°k ST k41dk S;  TA?
(0)= | 22 G (k) = ~
Go(0) /(QW)dG@(k) (27r)d/ k2471 (27T)dA2+7'l’
AJu

A
d'k ST [ k'S, T2A
Aot 2 (Y 2 (L) — Pd o~ 0
/erﬂT*‘/k%wGﬂm @md/<m+TV r)i (A2 1)

u

(6.146)

Then we substitute this expression into the previous equation. Also we will
introduce new notations, 7 = 7/A?and A = N\TA4"1S,/(27)%. Then, expanding
to lowest order in [, we find,

P AT A U S )R
l) = 2 — |, A()=A 4—dN— —"F5 | L.
7(1) r+<r+ = | (D=x+{( ) 117 l
(6.147)
These relations can be represented in the form of the renormalization group
equations,
a7 (n+2)A dX (n+8)\?
— =2 ~ — =A4—-d) - ——F. 14
T e El Sk Rl e g 6.148)

6.14 Seminar XIV

In this section we consider Problems Nos. 35 and 36.
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6.14.1 Problem 35

Let us rewrite the difference between the ground state energy for odd and even

sectors as
N2 2mn 2mn
T e m m
EW gl —op 4 2;<\/h2+J2—2hJcos N €08 37— 2hJ sin = sin
N/2 s 21n
2 o 2 h.J sin 22
—\/h2+J2—2hJcos ]7;”) =g 2h—§ PN
W1 /B2 =20 cos 2
2h ﬂd sin h—J+|h—J
= —_ p P J— J—
J \/h2—|—J2—2hJcosp
_ hsd, (6.149)
C\2h—-J),  h>J '

6.14.2 Problem 36

In order to derive the result (3.94) for <U;C> we will use the following equality,

lim (of0f) = (07)%. (6.150)
k—o00

Let us introduce to fermionic operators

A;=al+a;, Bj=d—a; (6.151)

We note that A? = 1 and B]2 = —1. Essentially, operators A; and iB; are
operators of Majorana fermions. Then, we find

<O'iCO'g> = <A1KkAk> = <BlA2B2 Ce Ak—lBk—lAk> (6152)

Here we used that Kj, = H;:ll(l — 2n;) = H;:ll A;B;. The idea to com-
pute (6.152) is based on application of the Wick theorem (since the Hamiltonian
(3.89) is quadratic in terms of quasiparticle creation and annihilation operators.
In what follows we shall work in the sector with even number of quasiparticles
(since it 1s the ground state for all magnitudes of h).

Let us first compute the pair averages of the fermionic operators a;{ and a;.

We find

1 i
<a;{ak> =N Z e~ PITIE((cos Qpa; + isinfpa_p)(cos 8,y — isin 9p/04T_p,)>
P’

1 o 1 260
=D eNG,  G= - cos 2Up [1 . sz(Ep)]. (6.153)
p

2
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In a similar way we obtain

Y e PR - @y, (6.154)

p

=]~

(ajal) =

and

(afal) _%Ze (a;01) ___Z b p
p

sin 20
F=" o [1 . 2fF(Ep)] (6.155)

Now we can compute the pair correlation functions of A and B operators. We

find

1 oy r
(A4 = Z eI By~ By Gyt 1— Gp] =

BBk Nze—lp]k’ Fp—Fp—Gp—l—l—Gp]:—(Sjk,

1 iy
(BiAy) = 1 e 2F, +2G, — 1]

p
1 -
N > e i [1 - 2fF(Ep>} = Mjy,
p

1 L
(ABy) = - D e [2Fp — G, + 1] = My, (6.156)

p

Armed with the above expressions for A and B correlation functions, let us
compute the average of two spins on the neighboring sites:

(0f03) = (B1Ag) = Mis. (6.157)
Next, we find

(0705) = (B1A3ByAg) = (B1As)(ByAs) + (B1As)(AsBo)

My Mg

= M12M23 - M13M22 - M22 M23 .

(6.158)

We note that in the product of A and B operators all A operators are at dif-
ferent sites. The same holds for B operators. Therefore, the expression after
application of the Wick theorem contains the function M, alone.
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Next, we obtain
<O'iv0'§f> = <BlAQBQAngA4> = <BlA2> |:<BQA3><BSA4> + <BQA4><A333>
+(BiAa) [ (A2B2) (BaAu) — (AoBa)(Bards)| + (B | {A2By) (As By)

+<AQBB><B2A3>] = M12 [M23M34 - M24M33] - M13[M22M34 - M32M24]

My Mz My
+Myg[MasMag — MzoMos] = | Moy Mag Moy . (6.159)
Mgy Mszz Mgy

For arbitrary k > 1 the structure of the pair spin correlation function is clear,

(orory = | Mz Mwo M (6.160)
My_1p My_12 ... Mp_1y

Now let us rewrite M, in a more convenient form,

1 o 5
Mjk = N Z e p(j k+1)Xp = Xj7k+1,
p

Xp = _— tanh [%\/(1 — zeip)(l — ze*ip)] . (6161)

Here we introduce z = h/.J. Then the pair spin correlation function acquires
the form of the Toeplitz determinant,

Xo X,

: Xg-o
(o%0T) = X Koo X9 2 ger Xy (6.162)
X0 Xig ... X
Let us check the above result setting h = 0. Then, we obtain Xj =

tanh(J/T")dj0. Such that (of0}) = exp[(k — 1)Intanh(J/T)]. It is the result
we derived in the classical one-dimensional Ising model.

In order to compute the Toeplitz determinant in the limit £ — oo and N —
00, we employ the second Szego’s theorem. Let us introduce the quantity

T

do
Aj:/ﬁe—wplnxp, jel. (6.163)

-7
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Then the Szego’s theorem suggests

(02T ~ exp [mo +3 jAjA_j] . (6.164)

=1

lim
k—o0
In order to compute \; we use the following representation

1 [ dp —ijp _ g ip [ dp —ijp
/\]—5/%[6 —e }ln(l—ze )—i—/%e

—r —

« In tanh [%¢(1—zeip)(1—zeip)] . (6.165)

At first, we note that at 7' = 0 we find A\g = 0. At nonzero temperature, T > 0,
we find Ay < 0 (see Fig. 6.2). It implies immediately, that (¢{c}) — Oatk — o0
for T' > 0. In other words, at nonzero temperature, T' > 0, (0f) = 0, i.e. there
is no phase transition. We note that 1/|\¢| is nothing but the correlation length.
The correlation length has a cusp at h = J.

In order to compute A; at 7' = 0, we note that A\_; = —\;. Then for z < 1,
we find for j > 0,

Aj = /Z—i [e_”” — e”p} In(1 — ze”?) = /Z—i [ez _”p] Z = 2]

00
k=1

—r -7

(6.166)

Then, we obtain
z7 1 9
Z;A A= = In(1-2%). (6.167)
Hence, for 2z < 1 and T = 0, we find
x . x T 1/2 2\1/8
(0%) = (klggo@l ak>> = (1- 22)V8, (6.168)
For z > 1, we proceed as follows (j > 0),
rdpr d
Aj = /ﬁ [e‘”p ”p} [lnz +ip+ir+In(l—e ’p/z)} = / —ipsin(pj)

—r -

™
—k —zkp ( 1)j—1 Z_j

+/Z_§:[ ijp —sz} Z z / + Z (6.169)

k=1

—T
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Figure 6.2: The inverse correlation length at 7' > 0 as a function of the ratio

h/J. The solid curve is for 7'/J = 0.1 and the dashed curve is for 7'/.J = 0.5.

Then, we obtain

D iNA == N ==Y —[1-z7 4 2¥/4] =—c0.  (6.170)
j=1 j=1 ’ j=1 ][ ]
Hence, for 2 > 1 and T = 0, we find
1/2
(o7) = (hm (o o—k>) —0. (6.171)
k—oo

6.15 Seminar XV

In this section we consider Problems Nos. 37, 38, and 39.

6.15.1 Problem 37

The correlation function (cos(6y — 6,,)) is determined as

(cos(fp — 6,) H/ i cos(0p — 0p,) exp [ﬁJ Z cos(f; — Qk)]

<jk>

/ H/ O exp lﬁJ 3" cos(6; — 1) ] . (6.172)

<jk>
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Let us rewrite this expression as an expression on the dual lattice in a way anal-

ogous to Eq. (3.110). Then, we find

(cos(Bo = 0n)) = > [ ZismswsautBD) /D T Lisi=su1(BI). (6.173)

{S[} <> {Sl} <U’'>

Here s; is an integer number and A_j;/~. = 1 if the link between the sites I and
I’ on the dual lattice is crossed by the path from point 0 to point 1. Otherwise,
A = 0. We note that this path can be arbitrary. The result is independent
of the particular path choice. At high temperatures 7" > J, one can use the
following expansion for the modified Bessel function, /|y () = (2/2)1*/(|s]!) at
2z < 1. Then, as it follows from Eq. (6.173), the contribution lowest in powers
BJ to the correlation function (cos(fg — 6,,)) will be determined by the shortest
path between points 0 and 1. Each link of this path has A_;;/~ = 1 and, thus,
contributes a factor 5./ /2. Therefore, we find

(cos(b — 0,)) = (BT )2)Nink, (6.174)

where Ny, 1s the number of shortest path links between the points 0 and n.

6.15.2 Problem 38

In this problem we calculate the integral over 6; in expression (3.114) from the
main part of Lectures. Let us write,

=311 ( / dél) exp [~ B0, m)]

{ru} 1

~ J
FO(Q, m) 2 Z(Ql — 91/) — ZQWJZleL (6175)
(L)

In order to calculate this integral, let us consider a shift of integration variables:
0; — 0+ aqy. We should find such variables a; which eliminate the terms linearly
dependent on ;. After such transformation the free energy becomes

Fo(6,m) — F(a,0,m) = Fy(6,0) + Fy(a,m) + Fi(a,d,m),
a@m JZ 9[ 0[! al—al/ —z27rJZml(9[
€1

IZJZGl ap — ay —zwml). (6176)
@)
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So, we attempt to find variables @; nullifying Fi. For the square lattice, we
should solve the following set of equations

46Lj7k — Qj41k — Qj—1k — Ajk—1 — Qj k41 = 42'7Tm]‘7k. (6177)

In order to solve the above equations, we use the periodic boundary conditions.
We introduce the Green’s function, determined as

4G — Gt — Gjoip — Gip—1 — Gjrr1 = 05,00k,0- (6.178)

Performing the Fourier transform,

27

A4y ig,a5 igyak
Gj,k_/ (2m)? e' e G gy, qy), (6.179)

0

we obtain

1

G, qy) = .
(42, 4) 4 — 2 cos(ga) — 2 cos(gya)

(6.180)

The integral over g has logarithmic divergence. The latter is associated with
an existence of zero mode (translation) in the operator (6.177). Performing the

G = ERR <£> (6.181)

2T Tk

integral over g, we find

where L is a typical size of the system and rj; = a\/j% + k? is the distance be-
tween the origin (0, 0) and the point (7, k). With the help of the Green’s function
G we can find q; satisfying Eq. (6.177) as

a =Y G(L—1|)my. (6.182)
l/

Hence, we obtain

7 = 1:[ (/ dél) exp [—ﬁFo(é, O)] Z exp —27TJBZmlml/ In ﬁ

{mu} L LU
L 2
EZOZexp[—QWJﬂ]n—<Zml —QWJﬂlnr—UZmlz
{rmt} "o\ &
Ty
_277'(]5 ; myrmys In m] . (6185)



6.15. SEMINAR XV 169

Here the length scales satisfy L > 7, > a, where 7, is a typical distance be-
tween vortices. In the limit 5J > 1, the first two terms should acquire the
minimal possible values so >, m; = 0 and each m; = +1.

Now let us demonstrate that with the constraint ), m; = 0 we obtain ex-
actly the same form for the partition function as given by Eq. (3.116). Let us
incorporate this constraint into Eq. (3.115), then we find

2w o0
7 — / ;i_jr Z H / d@l ym%GQWismlBQWiﬁJGlml exp [_52_‘] Z (9[ o 9[/)2} )

J iy U\ <>
(6.184)
Performing summation over m;, we find
2T d [e'e) BJ
s
Z:/%H /d&lﬁg(wﬁJGl—Fﬂs,y) exp[—7 Z(@l—éy)ﬂ

0 l o <ll’>

(6.185)

Shifting integration variables 6 — 6,—s/(5J), we obtain the expres-
sion (3.116).

6.15.3 Problem 39
The action S is determined as, see Eq. (3.118):

S = BAHy = %‘] / d*r(V0)?* — 28y / d*r cos(273J0). (6.186)

In order to derive the RG equations, let us choose the convenient variables. We

denote 273J = g and 275 = u. Also we rescale 0: § — 6/g. Then we find

_ L 2 2 / 2
5= 1 / Pr(VO? —u [ dr cos(d). 6.187)
The original field 0 is determined as
O(r) =Y O, (6.188)
Ip|<A

where A ~ 1/a stands for the ultra-violet cut off. Let us split the field 8 into the
slow and fast components, ¢ = 0, + 0y,

Os(r) = Z Ope™®", Or(r) = Z O e™". (6.189)

[p|<A’ A>|p|>A
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Expanding S in the fast component §; to second order, we derive the following

action:

2

1 : 0
S ~ % d’r [(V65)2 + (VQf)Q] — u/dQ'l“ [cos 0y — Opsinf, — ~ cos 95} .
(6.190)

The term — sin ()0 is insignificant since it is a product of slow and fast modes.
Omitting this term, we find the action for the slow modes,

1
Sy = /der(V&S)Q — u/dQ'Pcos(Qs) + Sy, (6.191)
47TgA

where

1 U
OSn =~ <Sint> - §<<Sit>>7 Sine = _§ /d27’ HJ% cos 85’

)= [ Dlog) Al e [ iy e ST G

Next, we find several averages. At first, we get

A=A
(Sind) = g / &7 (63) cos 0, = g / &1 G(0) cos 0, = % < / &7 cos b,
(6.193)
Here
d2q e—tar
G(r) = (0;(r)0;(0)) = 2mg ) & (6.194)

N <g<A

In particular, we find G(0) = glnA/A’. Thus the average (S;,) entails the

renormalization of the parameter u,

A—N
UN = UA T+ ZGAUA (6.195)

2 N

The second average is more complicated,

1\3|§w

<<Sit>> = uz/dledQ’rz cos 04(7r1) cos (95(7“2)«9]%(7‘1)9]20(7‘2))) =

u? [ d*qd’k
X cos 0;(1r1) cos 0,(r2) G* (11 — 73) = ?/ (37T)4

xG(k)G(k + q). (6.196)

/d27‘1d2r2

[cos O] 4[cos b5] 4
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Let us compute the integral over k at ¢ — 0:

A’k A’k 1
G(k)G(k = (2mg)*
| Gapttctta = ere? [ G
N <k<A N <k<A
1 1 q> 7>
~Y 2 P —
_%W[Mﬂ A2 T aAn 4M}
A=A  FA-N)
~ 2
~ omg? | = + | (6.197)
Hence, we obtain
2,2 / 2,2 /
Tgiu A — A wgeu A — A
((S2)) = SR /d2r cos® 0, + 2 e d*r(V cos 0,)*
2 2A_A/ 2 2A — N
= 7rg2u A5 /dQ'P cos® 0 + 7rg4u e /d%‘[l — cos(20,)](V0,)>.
(6.198)

Therefore, <<S§1t>> contributes to the kinetic term, (VG)Q. We note that there
are additional terms generated in the course of the renormalization group pro-
cedure. One can check that these terms do not change the critical behavior of

the model. Thus, we obtain the following two relations,

A 1 1 wulg?A—AN
gata () 2 TUAR . (6.199)
2 N ga’ ga 2 A5

Upr = uUp +

In order to represent the above relations as some RG equation, we introduce

YA = uA/A2 and [ = —In A. Then, one can write
Iy g dg  my*gt
-—:2—%, 99 _ . 2
ol ( 2 ol 2 (6.200)
Equivalently, we can rewrite the above equations as
oy Ox 9
g R —— 201

where © = ¢/2 — 2 =73J — 2 and y = 877.

6.16 Seminar XVI

In this section we present the solutions for Problems Nos. 40 and 41.
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6.16.1 Problem 40

Let us start from calculating the function

—i | dte’ “’“OtT [b (t),bg]p). (6.202)

The operator b, (t) satisfies the equation of motion,

dba (1)
dt

= i[H, ba(t)]. (6.203)

Using commutation relations [b,, bTﬁ] = 0ap, we find

ba(t) = e b, (6.204)
Hence, we find
/dtez w—eq+10)t bom bT /dtez w— 6a+10)t . 1 .
o] w — €4 + 10
0 0
(6.205)

Next, we compute the function

o o

D () = i / ate Te( {0, (1).bL)p) =i / ate = [2f5(e0) + 1]
h — 2mib(w — £4) [2 fB(e_:;+ 1} . (6.206)

Here we have used the fact that <b£ba> = fB(ca)-
Comparing Egs. (6.205) and (6.206), we find

D (w) = 2i Im D®(w) coth ﬁ (6.207)

6.16.2 Problem 41

Let us consider the case when the applied force depends on the spatial coordi-
nate 7. Then the perturbation has the following form, ¥ = — [ drf(r,t)Z (r).
In what follows, we use the interaction representation. This means, in particu-
lar, that the density matrix satisfies the following equation,

dp(t)

O = il (0), pl0). (6:208)
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Within the linear response one can relate the generalized susceptibility with the
average of corresponding operator % (r,t) and applied force 2°(r,t) by means
of the following relation,

(#(r,t)) = /dt'/dr’f(r',t/)&gg(r,t;'r’,t’). (6.209)

The average (% (r,t)) is determined in a standard way,
(Y (r, 1)) =Tr (¥ (r,t)p(t)). (6.210)

Since we are interested in the linear response, we can approximate the density
matrix p(t) as
t

plt) = =i [ a1 ), 6.211)

—0o0

where pg is the density matrix in the absence of perturbation. Let us introduce

~

the following notation, (O)g = Tr(Opp). Also we assume that (% (r,t))o = 0.
Then, we find

t t

(1))~ —i / At Te (9 (e O (), o] = i / O RZG

— 00

:i/dt'/dr’f(’r',t’)([@(’r,t),%(r’,t’)])o. (6.212)

Comparing Egs. (6.209) and (6.212), we obtain our final conclusion:
(s 577, 1) = 1 (. 0), 20 )] (6215)

We note that the generalized susceptibility depends only on 7 — 7’ for the system
with the translational invariance.

6.17 Seminar XVII

In this section we consider Problems Nos. 42 and 43.
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6.17.1 Problem 42

Let us start from the case when the bias voltage is absent, V' = 0. The spin
susceptibility has the following form, see Eq. (4.30),

1 1
Xik(T) = ﬁTre [: sé(yo,T) . s]I-(yO,O) : po} = —2(: \I/T(yO,T)Jk\I/(yO,O) :

4y
: 0;18205384 T
4 (y070>0j\11(y0;7'> Do = Z T< \Ifsl(yo,T)‘IISQ(yO,O) :
x : Wh (0, 0) W, (40, 0) )o- (6.214)

In order to calculate the above average, we should diagonalize the Hamiltonian,

1= iv [ dyig)oa,uly w=-rYs / (k)
= Z/—fs k)W (k), (6.215)

where &, (k) = —vsk. Therefore, we can write

dk it (v dk €. (k)T
Vr) = [ Greme O i) = [ Suimestr @26

The commutation relations for the creation and annihilation operators have the
standard form,

U (k)L (K) + 0l (KW, (k) = 276 (k — K')0,.or. (6.217)
Using the Fourier representation, we can rewrite the susceptibility as
5152 5384
Xik (7_) / H ki o~ (E€sg (k2)=Esy (k1))T o —i(k2+ka—k1—k3)yo
31 D
X (: \Ilgl(kl)xpsz(kg) W (k) Wy, (Ka) 2o (6.218)

Now we treat the average written in the last line. At first, we calculate the

simpler expression,
(UF, (k1) Uy (R2))o = 2m0 (R — k2)dsy 0 — (Wsy (R2) WL, (K1) o
= 270 (ky — kio)0sy 0 — (UF (K1) W, (k2))oe™ 1 F). (6.219)
To obtain the last line in the above equation, we employ the following relation,

i (k1)po = ,OO\I/Jf (ky)es1(R) ) where py is the equilibrium density matrix. Fi-

nally, we obtain

(UL, (k1) Wy, (k2))o = 218 (k1 — k2)dsy 0 fr (€, (K1),
<\Ij82(k2)qjil (k ))0 - 27T5(k1 - k2) s1 52[ fF(£s1(k1))] (6‘220)
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where frp(e) = 1/[1 4 exp(e/T)]. Now we are ready to calculate the average,

(UF, () Wy () UL, () W, () )o = ( k) (WL, (k) W, (k) 00y

(U, () UL, (k)WL (k) Wy, (ka))o = 270 (ky — k) (WL, (ks) W, (a )0,

(W, (ko) UL () WL, () 0 (4)>o= 0 (k1 kz)(‘l’lg( 3) Vs (Ka))00s1 s,

210 (k1 — ka)Osy 0 (Wy () WL, (k3))o — (Ui, (R2) WL, (s) Ui, (Ra) WL, () o
{

— (ks — o) (W (k)

, 5 (ka) 005y 5 + 28 (k1 — kg)Bs, 5, (W, (Ko) W (K3))o
— (T, (k1) W (

ko)W1 (Ks) W, ()™ ). (6.221)

Hence, we find

(WT (k1) W, (ko) T (Rs) Wy, (Ka))o = (2) [5(k’1 — k2)0 (ks — ka) fr(Es (K3))

X581,82683,54 + 5(k1 - k4)5(k2 - k3>581 54 52 33[ fF(gsz(kQ))] fF(£31 (kl))
(6.222)

Consequently, we obtain

(- WE (k) Wy, (ko) o WE (K)o, (Ky) )0 = (2 )25(k1 k)0 (ka — k3)0s; 51055 5
(1 — fr(Es, (ke) — s26V/2) ] Frls, (k1) — 516V /2). (6.223)

Here we have augmented the chemical potential seV' /2 to the distribution func-
tion of the edge electrons. This chemical potential appears due to the presence
of a bias voltage V. Substituting this average in the expression for the suscepti-

bility leads to

oo dk:1 dkg o—il€ag (k) =5y (k)7
Xjk(T) - Z T; 27T 27r (s (ka)=Lea (B2 fF(gSl(kl) - Slev/Q)
81,52
0_3152 5231 4
X[1— fr(&s,(ks) — s3eV/2)] = ——2— [ d&déoe @77 (& — 51V /2)
4
X[1— fr(§2 — s2eV/2)]. (6.224)

Next, we find in the frequency domain,

Z oo o1t /dgldf fr(& — 1€V /2)(1 — fr(€y — 826‘//2))'

X5 w— &+ & + 10

51,52

(6.225)
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We can simplify the above integral with the aid of shift ;2 — & + s12eV/2.
Also we introduce new variable wis = w+ (51 — s2)eV /2. As a result, we obtain

N TR fr(&) (1 — fr(&))
Xik() = Z Z 4 : /d&d52 wig — & + & + 10

51,52

‘72182 o fr(&)fr(&e)
_Z / drdty wig + &+ & +i0 (6.226)

Introducing new variables £ = % and - = & — &, we derive the following

expression,

0213205281 fr(&e + ) P& = %)
Xjk Z Ty /d£+d£ W12 + 2£+ + 10

0_81820_8251 1
= ittt / d¢ : § . (6.227)
— 4 wiz + & +i0exp(§/T) — 1
Finally, for the real part of xy (w) we find
_ 8152 8281 Wiz

6.17.2 Problem 43

The anti-hermitian part of the spin susceptibility is determined as (for zero fre-
quency), see Eq. (4.35),

[e.¢] 3 eV

L(2) 1 ¢ ETR P 0
X (O) = Epv / dgef/T _ 1 _§2j?eV)2 52*(6‘/)2 0 (6.229)

0 0 1

o £

This integral contains linearly divergent term. However, this term is indepen-
dent of V and T'. Therefore, we can omit it. We find to first order in V/,

) 1€V ek, d€ 1 _ieVe; kz
Xk (0) — ij.v. / ?emi/T I ] —tanh
eV
~ %sjkz In(A/T). (6.230)

Here A is the ultra-violet cut-off. As a result, we can write,

X]k; ( )u7r]u7lk<[ rP, Sl] + [prsr]) - X]k ( )\77']»7116{ rpSl Serl)
+SipS, — pSrSl}. (6.231)
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(2)

Since X, (0) is an antisymmetric matrix, we can omit the symmetric part in the
above expression. This yields

X2(0) T, T (srslp - pSrSl> — X D(0) T Tierim [ Sms p]. (6.232)

This correction can be interpreted as a correction to the Hamiltonian of impu-

rity,

5Himp = 5thm 5hm = Zﬂj%kgrlmgjkz% ln(A/T) (6255)

Hence, we obtain
TImz = Tm= + Vk77’js7lk€rlm5jkz 1D(A/T) (6254)

This is nothing but the Kondo renormalization of the exchange coupling.
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