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1. Introduction

Poisson’s ratio is defined as the ratio of a transverse compression to a longitudinal stretching. In

the classical theory of elasticity, the Poisson’s ratio is given by
A
2u+(D— 1A’

Vel =
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where 1 and A are the Lamé coefficients and D is the dimensionality of the elastic body [1]. General
conditions of thermodynamic stability restrict the Poisson’s ratio to the range between —1 and
1/(D — 1). Conventionally, a material contracts in transverse directions when it is stretched in
the longitudinal direction, such that the Poisson’s ratio is positive. However, some exotic, so-called
auxetic [2], materials have a negative Poisson’s ratio. Although examples of such materials, e.g., pyrite,
have been known for a long time [3], the interest to auxeticity started only at the end of 1980s after
the observation of a stretching-induced transverse expansion of polyurethane foam [4]. Nowadays, a
negative Poisson’s ratio is found in various materials and artificially engineered structures (see Ref. [5]
for a review).

An interesting example of auxetic material is a crystalline membrane of dimension D embedded
into the space of dimension d > D. The self-consistent theory of such crystalline membranes [6]
predicts the negative Poisson’s ratio in the thermodynamic limit. This limit is achieved in large mem-
branes, when the membrane size L exceeds the Ginzburg length L, ~ x/+/Tt, where x is the bending
rigidity and T stands for the temperature. A crystalline membrane hosts d. = d — D soft out-of-plane
modes, the so-called flexural phonons, which are characterized by strong anharmonicity mediated by
the coupling to conventional in-plane phonons [7]. As a consequence of such anharmonicity, the elas-
tic moduli show a nontrivial power-law scaling with the system size, temperature, and tension. The
scaling of all elastic moduli, X, w, x is controlled by the universal exponent n which depends only on
d.. The critical exponent n was determined within several approximate analytical schemes [6,8-11],
none of which being controllable in the physical case D = 2 and d = 3. Numerical simulations for
the latter case yielded n = 0.60 = 0.10 [12], = 0.72 £ 0.04 [13], and n = 0.85 [14]. It is because
of the nontrivial scaling of the elastic moduli that the linear Hooke’s law fails in the regime of small
tension [9,15-20].

Le Doussal and Radzihovsky [6] found a negative Poisson’s ratio of a two-dimensional crystalline
membrane within the self-consistent screening approximation (SCSA). More specifically, they ob-
tained an entirely universal value v = —1/3 independent of the spatial dimensionality d.. It is known
that the SCSA is an excellent scheme for the calculation of the critical index 7, which, in particular,
yields correctly the 1/d. contribution to n. Absence of such corrections to v within the same SCSA
scheme suggested that the result v = —1/3 may in fact be exact. Indeed, Gazit [21] extended the
SCSA scheme and came to the conclusion that v = —1/3 is an exact result valid to all orders in 1/d..
More recently, this result was supported by an analysis of the problem within a non-perturbative
renormalization-group formalism in Refs. [22,23]. Furthermore, the result v = —1/3 was reproduced
by Kosmrlj and Nelson in Ref. [18] by means of a renormalization-group analysis under quite weak
assumptions of a sufficiently large membrane size L >> L, and not too strong tension, o <« o, = xL_2.
Thus, previous results seemed to provide a strong evidence in favor of a universal, d.-independent
valuev = —1/3.

It turns out, however, that the physics associated with the Poisson’s ratio is much richer than was
suggested by previous works. First of all, as shown by the present authors together with Katsnelson
and Los in a parallel paper [24], the Poisson’s ratio is strongly dependent —already in the zeroth order
with respect to 1/d. -on the way it is measured. In the field-theory terminology, the measurement
scheme defines an infrared regularization of the problem. While the critical index 7, of course, does
not depend on the choice of the regularization, the value of the Poisson’s ratio is strongly dependent
on it. In Ref. [24], we have introduced and discussed three different measurement schemes that are
quite natural from the physical point of view:

(i) linear-response Poisson’s ratio, as obtained in a finite system as a response to a weak tension
o K o,=xl"2L":
(ii) absolute Poisson’s ratio, as obtained under a stronger uniaxial stress, ox = o > oy and o, = 0;
(iii) differential Poisson’s ratio, as obtained as a reaction to an infinitesimal stress variation oy
applied on top of a sufficiently strong isotropic stress, oy = 0, = o > oy.

In the case (i), the infrared regularization is provided by the system size, and the d. — oo value
of the Poisson ratio turns out to be dependent on the boundary conditions and on the aspect ratio
of the sample. In the cases (ii) and (iii), the regularization is provided by the stress o, so that the
result does not depend on the boundary conditions. However, it is dependent on the ratio between the
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components oy and o, of the tension providing the regularization. Specifically, in the most anisotropic
case (ii) the d. — oo value of the Poisson ratio is equal to — 1, while in the isotropic case (iii) the d. —
oo result is —1/3. (Of course, one can straightforwardly devise a measurement scheme interpolating
between these two limits.) Thus, even in the d. — oo limit, the previous result v = —1/3 is not a fully
universal value but rather corresponds to a particular measurement scheme (iii), with a regularization
provided by a uniform stress — differential Poisson’s ratio.
In this paper, we consider the differential Poisson’s ratio in more detail and, in particular, explore its

d. dependence. In order to define the differential Poisson’s ratio v, one needs to consider the response
to an infinitesimally small anisotropic correction to an isotropic tension: oy = o 4+ o and o, = o.
Then, the ratio of the infinitesimally small change in transverse, é¢ |, and longitudinal, 8¢, stretching
determines the differential Poisson’s ratio

581_

(Sé‘” '

We demonstrate that in the regime of non-linear elasticity, oy < o < o, the differential Poisson’s
ratio indeed acquires a universal value. Contrary to the previous results outlined above, this universal
value depends on the dimensionality d. of the embedding space.

On the technical level, the dependence of the differential Poisson’s ratio on d. can be traced back
to the symmetry properties of the polarization operator IT,4,,s that describes “screening” of the in-
plane elastic moduli, see Eq. (28). An assumption that this operator is fully symmetric with respect to
permutation of all indexes leads to the d.-independent value —1/3 for the Poisson’s ratio. However,
it is known since Ref. [ 16] that this assumption is generally unjustified. Here we show explicitly that
the full symmetry is intact only for d. = oo.

We perform calculations which are controlled by the small parameter 1/d. < 1 and find that the
differential Poisson’s ratio of the two-dimensional crystalline membrane is given by

V= _%"‘ 0.316 +O(dc_2)’ 0L K0 L O @)
C
Thus, the differential Poisson’s ratio at 0y < o < o, is universal (in the sense of independence from
material parameters) but represents a nontrivial function of d..

The paper is organized as follows. In Section 2 we present the general formalism for the compu-
tation of the differential Poisson’s ratio of a two-dimensional crystalline membrane. The details of
evaluation of the differential Poisson’s ratio to the first order in 1/d, are presented in Section 3. We
end the paper with a summary of results, Section 4. Technical details are given in Appendices.

(1)

2. Formalism

We start from the following imaginary-time Lagrangian written in terms of the D-dimensional
vector r:
x 2 A 2
S(ar? + %(aaraﬂr —8up) + g(aaraar -2)" (3)
Here Greek indices correspond to the 2D coordinates (x,y) = X parameterizing the membrane.
Substituting the following parameterization r = {£x + uy, &y + uy, hq, ..., hq.} into Eq. (3) allows
one to write the partition function of a two-dimensional crystalline membrane in terms of the
functional integral over in-plane, u = {uy, u,}, and out-of-plane, h = {hy, ..., hs.} phonons (see
Refs. [20,25,26]):

Z= /D[u, h] exp(-S).

Here the action in the imaginary time is given by (8 = 1/T)

s /0/5 df/dzx{[zsaﬁ + %][(55 —1+K,) (82 — 1+Kp) —Kjﬁ] n g[(aru)z +(arh)2]

£lr] = p(d.r)* +

A
n g[mh)z + (Au)z] + Wlaplipe + 2uwuﬁﬁ}, (4)
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where
1
Uyp = 5(5;;85,% + éaa,gua + Bauaﬂu + 80(’18,3’1), (5)
and
_ 1 [F
Ky = —/ dr/dzxKa, Ky = 0qudyut + d,hdyh. (6)
BL* Jo
The free energy per unit area, f = —TL~21nZ, is a function of the stretching factors &, and &,

ie f = f(&, &) With the function f(&, &), the diagonal components of the tension tensor can be
found as
19 19
[ 7f s oy = — 7f (7)
Ex 8§x Ey a‘i:y
We emphasize that Eq. (7) determines the dependence of the tension tensor {0y, oy} on the stretching
tensor {&, &}, i.e., Eq. (7) is the equation of state.
In order to find the differential Poisson’s ratio v, we consider the case of slightly anisotropic
stretching factors, &, = £ +4&,, and adjust the ratiov = —d¢, /8¢y in such a way that the components
of the tension tensor, ox = o 4+ 8o and oy, = o, differ only by an infinitesimal addition §o in ox. Then,

we find
(2), 2%
08x 98,98y
b= b _ 0508 (8)
o) T,
%y )¢ &7
Here the derivatives are taken at &, = &, = &.

We note that instead of independent variables &, and £, one can choose as independent variables
the components of the tension tensor, ox and oy. Eq. (8) can be then rewritten in an alternative form:

Ox

(),
_ Ox oy doxdoy 9
V=—— = T2, ()

(g) i%g

dox oy doy

where the derivatives are assumed to be calculated for oy = 0, = 0. As usual, the free energy g(oy, oy)
is related to the free energy f(&, &,) via the Legendre transform:

8(0x, 0y) = f(&x, &) — & — 1)/2 — 0y(&] — 1)/2, (10)

where &, is expressed in terms of o, with the help of the equation of state (7). We note that the
expression (9) has been used for the numerical evaluation of the Poisson’s ratio in Ref. [27] (though
with the different form of the free energy). Although, both formulations (8) and (9) are completely
equivalent, in what follows we will use the formulation in which the stretching factors &, are the
independent variables.

Using the exact form (4) of the action, one finds the following expressions for the second derivatives
of the partition function f:

2
s =g — &2 f do'dx ((Ly(x, 7) - L(x, 7)), (11)
98y95 E=ty=¢
92 21+ A
s = 0+ E22p + 1) + 2+ Wy ) + (01, ) — %(uyyayuw
V lg=gy=¢
2u

- ?<uxyaxuy> — EZ/dr’dx’((Ly(x, ) L&, 7). (12)
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Here the average (. ..) is defined with respect to the action (4), ((A - B)) = (AB) — (A)(B) and

2u+ A A 2u+ A 2u A

Ly = 5 Ky + EK}, + TuxxaxuX + ?uyxayux + Euyyaxux, (13)
2u+ A A 2u+ A 2 A

L=t ¢ St ‘;Tuyyayuy + ?“uxyaxuy + Gty (14)

Egs.(8),(11),and (12) express the Poisson’s ratio in terms of correlation functions of elastic deforma-
tions. The actual computation of these correlation functions of the in-plane and flexural phonons is
complicated due to interaction between these phonon modes.

Below we limit the analysis to the case of high temperature, T > x2/(uL?) in which one can
consider the phonons to be quasistatic. In this regime, one can also neglect the term d,udgut in
comparison with d,hdgh in the expressions for u,g and K,. Then we can simplify Eqgs. (11) and (12).
Indeed, by making the following change of variables: u, — &,u,, we can recast the partition function
as:

Z= /D[u, h] exp(—E/T), (15)

where
/d2 ”Z o + 8i||:<‘§j—]+~<)(‘§ﬁ_]+1<ﬁ) K kﬂ]+}z{(Ah)2

U Al
+ Ulgpligy + Zumuﬁﬂ}. (16)
Here we have introduced the following notations:
- 1 = 1 ~ -
il = 5(a(,uﬁ + g, + duhogh). K, = 5 / PxK,, Ky = 0,hdyh. (17)

Since the action (16) becomes quadratic in the in-plane phonons, we can integrate them out and
express the partition function as an integral over static flexural phonons,

Z= /D[h] exp(—E/T), (18)

where the energy E for a given configuration of the flexural phonon field h(x) is given by [20]

/d2 [ Sap + M(Eﬁ—wf@)(sj—wkﬂ)}+2‘Zz(fd2xaxhayh)2

2 A) ' d’kd?k'd?q [} 2K 2
+i/d2X(Ah)2 M(M+ )/ qk x q]° [k x q]
42+ 1) (2m)° 7 7
X (hk+qh_k)(h_kl_qhk/). (19)

The ‘prime’ sign in the last integral means that the interaction with g = 0 is excluded: the ‘zero-
mode’ term with ¢ = 0 from the contributions Uaplige and iy ligp to the energy E in Eq. (16) has been

combined with the term KK g, yielding exactly the term with 9,hd,h in Eq. (19).
Since now &, does not enter the interaction part of the free energy which depends on u, we obtain
a much simpler equation of state:

o) _ 1y, (6 — 1+ K (2u+2r
<Uy>_2M<«§y2—1+<~y>)’ M_( A 2u+x>~ (20)

—
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Here the average (...) is with respect to the energy (19). The second derivatives of the free energy
with respect to the stretching factors become

2
il =y / 0 (L (%) - LY ). 21)
98y 95 Ex=ty=t
2
3*2 =0 +&Q2u+1r)—&B / dx' ((Ly(x) - L(x))), (22)
Y lge=gy=¢

where [, = aﬁkﬂ/z.

The energy functional E involves two types of interaction of flexural phonons. The terms in the first
line of Eq. (19) correspond to the interaction with zero momentum transfer (‘zero mode’). The first
term on the right-hand side of Eq. (19) describes interaction between two-flexural-phonon operators
K, with the kernel proportional to the matrix M. In the case of large membrane size, o > oy, this
zero-mode interaction can be treated in the random phase approximation. Then, we find

. . 1 -1
gjﬁaumuyxﬂm»:[n<r+zmn) }, (23)
af
where IT denotes the polarization operator (at zero momentum) irreducible with respect to the
interaction with the zero-momentum transfer:

Moy = g / 02 ((Ra(x) - Ko(¥')) - 24

We note that the second term of Eq. (19) does not contribute to the correlation function (23) for
symmetry reasons.

The polarization operator I1,s has two independent components: [Ty, = 1y, and [Ty, = IIy,.
Using Egs. (21) and (22), we express the differential Poisson’s ratio in terms of the components of I7:

b= Vo — Yonxy/z. (25)
1+ YolTo/2
Here
A 4 A
Vo= ———, Yo = M (26)
2+ A 21+ A

denote the bare values of the Poisson’s ratio and Young modulus for the two-dimensional crystalline
membrane, respectively.

In order to clarify the meaning of [T, and Iy, it is useful to consider a general form of the
polarization operator at finite momentum q:

A

1 . ,
Hap.po(@) = 5 f d*x eI ((Voh(x)Vgh(x)) - (V) h(X )Vsh(x')))). (27)

Due to the rotation symmetry and the symmetry under permutation of the indices « and g (as well
as y and §), the polarization operator at zero momentum is expressed as follows [16]

R 1
ap.ys(0) = ITydapdys + g(nxx = ITyy) (8uy 8p5 + Basdpy )- (28)

We emphasize that, in general, there are no reasons for ﬁaﬂ,y(; to be fully symmetric with respect
to permutations of all its indices as it was assumed in the self-consistent screening approximation
analysis of Refs. [6,21]. The assumption of the full symmetry —which results in the universal relation
Iy = 31y, -is unjustified at finite value of d, as we shall demonstrate below. It is this assumption
that led the author of Ref. [21] to a conclusion of an exact value —1/3 for the Poisson’s ratio,
independent of d..
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Eq. (25) yields the most general expression for the differential Poisson’s ratio. We also note that
Eq. (25) can be written as (see Appendix A)

A’/

V= (29)
2//‘/ + N
where A" and 1’ are the screened Lamé coefficients:
nw B
M/ / (30)

= B=————.
1+ ([T — ny),u 1+ ([T + ny)B

Here we have introduced bare and screened bulk moduli: B= u + A and B = u’ + A/, respectively.
In order to find how v depends on parameters of the problem, e.g., on the number of flexural
phonon modes d., one needs to compute /7, and ITy,. In the next section we remind the reader on
the results of the self-consistent screening approximation and then compute corrections in 1/d..
Using the equation of state (20), we can express the stretching factors &, via tensions o,. Then,
with the help of Eq. (9), we find the following representation for the differential Poisson’s ratio

o 5 (22).
= v (31)

1_Y 9(Ky)
2 doyx oy

Here (K, ) is expressed in terms of oy and oy. After taking derivatives in Eq.(31), one setsoy = 0, = 0.
Below we demonstrate how the two representations of the differential Poisson’s ratio, (25) and (31),
are related.

The irreducible polarization operator at the zero momentum can be exactly expressed via the full
triangular vertex I'g(k, k):

I —/ Fk 1221k ) (32)
af = (27_’:)2 adkd pUIt; ).

Here
B T
okt + (82 — 1Mokt /2 — 5

Gk

denotes the propagator for the flexural phonons, with X being the exact self-energy. The bare value of
the triangular vertex I's(k, k) is equal to klzg /T.The full triangle vertex satisfies the following identity:

3G, "
Ig(k, k)= ——. 33
sk, k) 90, (33)
As a consequence of this identity, we obtain
3 d’k 3 (Ky)
Mg = 26, = (34)

Ta0, | @np

Therefore, expressions (25) and (31) are identical.

_30};.

3. Evaluation of the differential Poisson’s ratio
3.1. Self-consistent screening approximation

The interaction between flexural phonons with finite momentum transfer results in renormaliza-
tion of the bending rigidity at k < g, = L' [6,10,16],

x —> x(k) = x(q./K)'f(k/qo)- (35)
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Here, g, = q.(0/o,)"/?~™ and the function f(x) has the following asymptotic behavior [28]:

w={s xZY (36)

The simplest approach for computing the irreducible polarization operator is to neglect the vertex
corrections. As we shall see below, this can be justified for d. > 1. Then, we find

n% =4 Pk K2 K2 G2 (37)
=) @Rt P
Independently of the form of the exact propagator G, we find the irreducible polarization operator as
d’k
Y =deyind, v = [ ook (38)

Here n stands for the two-dimensional unit vector and (. .. ), denotes the averaging over directions
of n. Thus, neglecting the vertex corrections yields the following relation:

Yy =31y (39)

Relation (39) implies that f[aﬁ,yg is fully symmetric with respect to permutation of indices. This
assumption is used in the self-consistent screening approximation.

Motivated by the renormalization of bending rigidity (35) and the Ward identity (see Appendix B),
we use the following ansatz for the exact propagator:

T

=— 40
9= Ok + o k2 (40)
The integral over k in Eq. (37) is then dominated by k ~ g, and we obtain
T /o,.\"/2-n)
y~—(Z)7 (41)
xo \o
Then, from Eq. (25) we find at o < o, that the differential Poisson’s ratio becomes
(0)
I 1
VA = o (42)
HXX 3

It is exactly the result that was obtained within the self-consistent screening approximation [6].
3.2. Vertex corrections to the polarization operator

Corrections to the result (42) stem from the violation of the relation (39). In order to refine the
differential Poisson’s ratio, we expand the right-hand side of Eq. (25) in the difference 37Ty, — IT:
VA —% + L(O)HXX (43)
91Ty,
As we shall see below, the correction to the value —1/3 will be of the order of 1/d..
There are three diagrams with non-trivial vertex corrections (see Fig. 1) that contribute to [T,z at
order d?. They yield the following corrections:

a d’kd’q [k x q]*
Moy = _2dC/ (27 )*T2 GiGk—q 7 Noka(ks — qs )%, (44)

and
d’kd’k'd*q [k x q1* [k’ x q]*
(b+¢) _ 492 2 2 21,212
Haﬁ = 4dc / nggk—qgk,gk/,qTTNé kak;. (45)
Here N[; denotes the screened interaction between flexural phonons (see Appendix A),
/ YO/Z

R (46)
143y,
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(a) (b) (¢) <>

Fig. 1. The diagrams of the first order in 1/d, for the polarization operators [T, and [T, at zero momentum transfer. The solid
line denotes the propagator ;. The wavy line depicts the screened interaction between flexural phonons, which is equal to
]/[317,(,0)] in the universal regime, q < g,.

where 17( ) stands for the polarlzatlon operator at finite momentum calculated without vertex

correction. We note that 1'1 = 317, (3) =3I © o- The polarization operator /1, (0 s given by following
expression:

d’k [kx 14
*/ q ————GkGOk— q- (47)

27 )T

Since we are interested in the regime ¢ < (¢, we can approximate N’ by 1/ [317(0)] Then,
combining both contributions together, we find

Sy — My 2d, /dzkdzk’ s [Tex T 1 2d g
on) 2709 ) @y |k -kt 10, (2 T A
e x it (K xq( 1)
x L2 ) ([3kke - kzk/z] (48)
q ¢\

We note that this expression can be written in a rotationally invariant way. Indeed, in the first term,
the expression under the integral sign depends on the angle & between k and k' only. Averaging over
directions of k, we find

2
f d—d)cosz q§[3cos2 (¢ +0)—sin® (¢ + 0)] = sin? 6. (49)
0o 27

In the second term, the expression under the integral sign depends on the angles 0 and 6’ between k
and q, and between k’ and q, respectively. Averaging over directions of g, we find

2
d
/ 2—¢c052 6+ 0)[3c052 (6 +6') — sin? (¢ + 9/)] = sin? (0 — 0'). (50)
0 T
Therefore, we obtain
3ny _(O)IYXX — [@ +I(b+c)’ (51)
9Ty
where
jo_ 2 / d*kd’k’ [k x k']° g,%g,f,
27 ) 2r)YT? |k — k) 52
52
44> d’*kd?*k'd*q [k X q]4 [k x q]*
I(b-H:) = C(o) / 673 [k ' ]zﬁigk qgk qgk gk’
81Ty, (27 )°T ¢ ¢t

3.3. Correction to the self-energy

The results (51) and (52) can be derived in a different way using the relation (33) between the
triangular vertex at zero momentum and the inverse Green’s function. In view of Eq. (34), in order
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M,

Fig. 2. The diagram for the self energy (see text).

to find the differential Poisson’s ratio one needs to compute the change of the Green'’s function upon
applying an infinitesimally small tension o along the x direction.
In the presence of 6o, the Green'’s function can be written in terms of the self-energy X:

T

G = wkd+ok? — 3}

(53)
We mention that the ansatz (40) used above for 6 = 0 corresponds to X}, = [x — x(k)]k* We also
note that the trivial term éokﬁ is included into X, for the sake of convenience.

In order to find the change of X}, induced by the infinitesimally small tension §o, we use the lowest-
order diagram for the self-energy (see Fig. 2):

(54)

2 dzq [k x q]4 Gk—q
2k = ’
@rP ¢ a°
We note that, as above, the dominant contribution comes from momenta q <« ¢, such that the
interaction line is determined by the inverse polarization operator.

As one can see from the diagram in Fig. 2, the variation of the self-energy in the presence of §o
arises from the variation of the Green’s function:

(Sgk—q = gﬁ_qazk—q, (55)

as well as from the change of the polarization operator (see Eq. (47))
2d, d’k [k x q]* 2d. d’k [k x qI*
— ———0GyGr—qg = — _—
3 ) @e? ¢ 3 @r? ¢

Now the correction § X can be found from the variation of Eq. (54):

51750’ _ Gi-Gre—q8 Zk. (56)

2 [ d*q [k xql*|8G._ o
55 = —dok? + = / a lkxq [ Teg _ Gk o (57)
3) @r)y ¢ m, (1]
Since the right-hand side of this equation is linear in § X, it can be rewritten as
(1+Q)8% = —8okz, (58)
where we formally introduce the linear integral operator & as:
. 2/ &k’ 22 [ (k x k')
o k= —= > YK 10
3J (27) lk —k'*11,”,,
2d, d*q [k x q* [k’ x q]*
3 ) @ ¢n® ¢nl® G —qGk—q | 6 - (59)

It is worthwhile to mention that the linear operator & conserves the angular momentum, as follows
from the rotational invariance of Eq. (59). Therefore, it is convenient to split & into the zeroth and
second harmonics:

&kz == 7&4_

2 2
1 2, ks — ky R
X2 2k?

a_k%. (60)
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The formal solution of Eq. (58) can be then written as

So 1 K2 —k2 1
8%k = —— Y K. 61
k 2 (1+&+ TR 1tra (61)

Although Eq. (61) yields a formal solution for § X, it is not justified to keep @+ beyond the lowest
order: not all the terms of the order 1 /d? can be generated from the diagram in Fig. 2. After a
straightforward calculation, we obtain

1 4

VR —5 + §<&+ — &7>k’ (62)
where
), = | LR Gl (63)
' [ dkkig:

Expressing the difference (&, —&_ ), in the rotationally invariant way, we obtain from Eq. (62) exactly
the same expression as in Eqs. (51) and (52).

3.4. Evaluation of the vertex corrections

As we shall see below, all the integrals determining the 1/d. correction to the differential Poisson’s
ratio are dominated by the momenta of the order of g,,. Since the dependence of the bending rigidity
on q is controlled by n >~ 2/d., we can neglect this dependence in the calculation of the correction
(51). Therefore, in what follows, we approximate the propagator of the flexural phonons by Eq. (40)
with the bare bending rigidity. Then, we find

o _ T v/ , (64)
d 167 22> Jo
where the dimensionless function P(Q) is given as
8 &K [K x Q]* 1 1
mmz—w/‘ LS - 3 RN (65)
3 (2m) Q KX (K?+1)|1Q —K|*(|Q — K|” + 1)

The function P(Q ) can be evaluated exactly with the help of the following set of transformations:
8 oo
PQ) =350 [ duda[1-e][1-e "]
0

. / d’K [KXQ]4eft1K27r2|K7Q|2 _ /°° dtydt,
(273 Q4 o (ti+0)

2 ity

X [1 — eitl] [1 — 67[2] eiQ i+

- gz /-oo dz /oo dleszr/Z 1_[ [1 _ e*te” cosh Z:I
4 J_cosh*z J, T2 et
_Q* /"O dz (1 N 4cosh22) n (1 N 4cosh22>
"~ 8 J_. cosh?z Q? Q?
2e* cosh z 2e* cosh z

In(1+Q?)
Q2

+Q(4+Q°

2
=;{1+Q41nQ—(1+Q2)3 )3/21n““+3+Q}.
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Here we used the parameterization t;, = te*? coshz. We note that the function P(Q) has the
following asymptotic behavior:
2 4
%—g(l—Zan) Q0«1
PQ) = 18 (67)
1——(1+4In 1.
2QZ( +4InQ), Q>

In particular, we find that H,EO) =d.T/(32nx0).
Now we compute the contribution I'® in Eq. (51) from the diagram in Fig. 1a. This contribution can
be written as

[ _ _ 2 /dzkdzq gz xal 1 (321 / ¢Q @
27nQ ) @upTTi gt O 274, | e r@”

where the function Y;(Q) is given by

»1(Q), (68)

o) 2
Y1(Q) = / dtdt, l_[ [tj —24+02+ tj)e*fj] / ((21;; [K(zi‘*Q] —t1K2—t|K—Q|?

0 j=1,2

15 o dtqdt, ) Q2 [515)
_ D [ _dhdh =242+ e’tl] At 69
327 0 (tl +t2)4 ]1_1[2[] +( + J) ( )

Performing the transformation t; ; = re*? coshz and integrating over 7, we find

2 [oe) 4 4 2 2
Yi(Q) = 159 f & {((1+2Q2)coshzz+Q) ¢+ A1+ Q@ Jeoshr 2 —2coshzz}

2567 J_., cosh®z 0% + 40Q2cosh? z
_ 1 4 2 4 22 In(1+Q?)
__3an2(Q (5+1007 +20)InQ + (1+ Q*F[2F (2-90° + 60" +20°) ==
4 2
+ Q4+ Q2(—10 — 302 +60* +2Q%In ‘/TQJFQ] (70)

The contribution 1®*¢) in Eq. (51) from the diagrams in Fig. 1b and Fig. 1c can be computed in a
similar way. We rewrite I®*+¢) as follows:

327)3 S , —Q? tjtj// d? 4
o — 327) / dt,de}dt,dt) (]_[ [tj 2402+ fj)e_tj][l —eile 9 e 9
0

81d. 2 (2n) P2(Q)
d*K,d>K. [K; x Q]* —<r+r-’)<x~—q%)2
x/#m x K] (]_[ ’Q74Qe SER T (71)
j=1,2
Then, integrating over K; and K, we get
2(327) [ d*Q Q*
[0 = [ ] 72
814, @) pz(Q)yZ(Q) W (Q)+ ¥5(Q) (72)
where
15 [ dtdt, 7 —02.1,
Q) = o (f-:-if/l)“[tl —24 @+ ][1-ei]e A (73)
0 1 1
and
3 [* dudt] . . , 272
Q)= — [ [r —24+@2+n)e 1][1—e 1][—2+ ,]e (74
3(Q) 67 Jy (G+epil” ( 1) Q Py (74)


burmi
Highlight

burmi
Typewritten Text
-


LS. Burmistrov et al. / Annals of Physics 396 (2018) 119-136 131

Using the parameterization t; = te? coshz and t; = te™” coshz, and integrating over 7, we obtain

* 2 —2z
Y2(Q) = - / dz{ — cosh?z — %(Qz +1+4+e*)ln <1 ;! +Qe2 )

QZ

2567 J_o, cosh®z
2 —2z Q2 2 2 2 2 —2z
F(Q 41+ )(7 + cosh z) [ln(Q +4cosh?z) — In(Q% + 1+ ¢ )] : (75)
Integrating over z, we arrive at
1 2 4 2 2
V2Q) = e { Q4(6+7Q +6Q%) — QG( +0%)’(20* +4Q> - 3)In(1+ Q%)
2
+4Q2(2Q2+5)1nQ+Q(2Q2+3)(4+Q2 )2 Y22 +Q} (76)
The function )3(Q ) can be conveniently expressed as
4 .
Q) = —gyz(Q) + ¥5(Q), (77)
where the function Y3(Q) after the integration over t acquires the following form:
S 3QF [ dz o2 - 1+ e
¥3(Q) = 5127 [oo cosh® z {(ZQ e {1+ Q?
—(20% + 1+ e % + 4cosh?2)
x [m(Q2 + 4cosh?z) — In(Q2 + 1+ e—2l)] } (78)
Integration over z yields
. 1 1+Q%)%6Q° +8Q*+8Q%—9
Q) = { Q25 +6Q2)InQ + LT SOUHECHFEC =9, o2
160 Q¢
2 4 2 2
+18+112QQ4+18Q _\/4(—;Q 2612302 + 60y YA +Q} 79)
Then, we obtain the following expression
_ Q™ _ 2 4 6 2 T 2 4 6
Y2(Q)+ »m(Q)= g ] ~32+Q+20M+2Q°(1+2Q%)InQ - 2(-3 +3Q" +2Q% +2Q°)
252 2
IO 01 102 42058+ 707 + 2044+ @2ln 7“”8” } (80)

3.5. Final result for the differential Poisson’s ratio
Combining together the results for the contributions I@ and I**¢), we express the difference of the
polarization operators responsible to the 1/d. correction to v through a single integral:
3Ty — Iy 16 /°° dQ H(Q)
on®  8ld Jo PHQ)

(81)

where

H(Q) = 967Q* | -3(QP(Q) + T Q2@ + 35l (82)
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Fig. 3. The plot of the function #(Q)/P%(Q) (see text).

Using Egs. (66), (70), (76), and (80), we obtain the following lengthy explicit expression for H(Q ):

S 2 21?2 2 4 9501 +Q%)
H(Q)=— 8q3{ —4Q™(5 4+ 8Q*)In*Q + 4(1+ Q*)°(9 — 30Q° +26Q*) o
2
—4(1+ Q%7 %[IS—FBQZ 26Q* — 34Q° — 58Q°% —20Q "

2
+ ZQB\/W(—BO —3Q%*+97Q* +38Q° + 4Q%) In @]
+ (36 + 6007 + 770 +280° +20Q° ~ 4Q°V/4+ Q2(60 + 96Q* + 1430

V4+Q2+Q \/4+Q2+Q)
2
+ 4Q4(2(1 +Q%)*(9+5Q% —6Q* +4Q°%In(1+ Q%) — Q*(18 + 37Q*

4 2
+ 560 +200° — 20*V/4+ Q2(16 + Q%) In Yo T 2 +Q)) } (83)

The function #(Q ) has the following asymptotic behavior:

+ 100Q° 4 20Q®) In +4Q°(4 +Q*’(11+8Q%)

5Q°/8, Q <1,
HQ) = (% ~ 2 1nQ + 10In Q) /Q3, Q> 1. (84)

The function #(Q)/P?(Q) is shown in Fig. 3. As one can see, it changes sign twice which leads to
a partial compensation of the corrections from diagrams on Fig. 1a-c. Numerically evaluating the
integral in Eq. (81) and substituting it into Eq. (43), we find the result (2).

4. Conclusions

To summarize, we have computed the differential Poisson’s ratio of a suspended two-dimensional
crystalline membrane embedded into a space of large dimensionality d > 1. Our result (2) demon-
strates that, for 0y < 0 < oy, the differential Poisson’s ratio of a crystalline membrane is a universal
but non-trivial function of d.. This results invalidates a common belief (based on results of the self-
consistent screening approximation) that the Poisson’s ratio is equal to —1/3 independently of d..
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In the physical case of a two-dimensional membrane (d. = 1), one may speculate that the
differential Poisson’s ratio is not too far from the value —1/3 since the correction of the order
1/d. in Eq. (2) is numerically small. Clearly, a comparison with computational results would be of
great interest. Unfortunately, the existing numerical results the Poisson’s ratio of two-dimensional
membranes (including graphene) are, however, quite controversial. This may be partly related with a
very delicate character of the problem, see a detailed analysis in Ref. [24]. As has been mentioned in
Section 1, the Poisson ratio in the linear-response regime o < o; depends on boundary conditions.
In order to get rid of such finite-size effects but still to be in the regime of universal elasticity, the
stress should be in the intermediate range 0; < ¢ < oy. To resolve well this regime in numerical
simulations, sufficiently large systems should be considered. Furthermore, in this regime, a care
should be exerted in order to distinguish between the differential and the absolute Poisson ratio [24].

Finally, we mention that it would be interesting to extend our analytical result for the 1/d.-
expansion of the differential Poisson’s ratio of a two-dimensional membrane in two directions. First,
one can address in a similar way the absolute Poisson ratio. (In this case, the zeroth-order term
corresponding to the limit d. = oo is equal to —1, see Ref. [24].) Second, the case of a disordered
membrane [25] is of interest.
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Appendix A. Screening of the elastic modulus x and A

In this Appendix, we present technical details of the calculation of screening of elastic modulus. We

start from rewriting the term in Eq. (19) which describes the interaction between flexural phonons in
a symmetric form [6]:

4 4
1 dPk;
3 / ]]] (zn)JZ 8 j;k,- Kiakaogks, KasRap. s (K1 + kz)(icy ey ) (Bies iy ) - (A.1)

Here we consider a membrane of dimensionality D. The interaction kernel reads

N Paypﬁa + Paapﬂy Paﬂpy(;
R, = ———PyP - , A2
.vs(q) D1 ﬂya-f‘,u( 5 D1 (A2)
where N = u(2u + DA)/(24 + X). The projection operator is given as
qaqp
Py = bup — (;2 : (A.3)
The screened interaction kernel obeys [6]:
Raﬁ,y&(q) = Raﬂ.y&(q) - Raﬁ,y’6/(q)ﬁy’8’.a’ﬂ’(q)ka’ﬁ’,yé(q)- (A4)

The polarization operator at finite momenta can be written as [16]
. 1
Iy 0p/(q) = Txy(q)3,5 8 p + E(Hxx(q) — ITy(q)) <8y’a’86’ﬁ’ + Sy’ﬁ’fsa’a’)
+ nl(q)<8y’5’qa’q1¥ + 8a/ﬁ/qy/qy) + HZ(q)(Sy’ﬁ’q(S’qw + 80y qp + S5y dp + 85/;3/%/%/)

+ I13(q)qe 95/ Gy qs - (A5)

Because of the projection operators entering R, s, the components 1'11~(q), IT5(q), and IT5(q) of the
polarization operator drop from Eq. (A.4). This equation can be solved by R, 4, ,,s which has exactly the
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same structure as Ryg ys, EQ. (A.2), but with the screened coefficients N’ and ' instead of N and 1,
respectively:

= = N(@ = T
1+ (M@ — Myl@) 1+ (217() + (D = 2XD + DTy (@))N/D

w(q) . (AB)

Within the SCSA the following relation holds: ITx(q) = (D+1)I1,y(q) = (D+1 )17(50), and we reproduce
the results of Ref. [6].
For D = 2, we can rewrite these equations in the following way:

K . Blg)= b :
1+ (Hxx(q) - nxy(q)) u 1+ (Hxx(q) + ny(q))B

The result (A.7) generalizes Eq. (30) to a finite momentum transfer.

w(g) = (A7)

Appendix B. Ward identity

In this Appendix we discuss the Ward identity for the elastic action and its consequences for small-
momentum behavior of exact propagators of flexural phonons. While the main text focuses on the
high-temperature regime, here we discuss a more general case of arbitrary temperatures. For the sake
of simplicity, we consider the case d = 3.

B.1. Basic equations

The Lagrangian (3) for D = 3 is manifestly invariant under O(3) rotations of the vector r. These
rotations can be parameterized as

i —> 1+ gat]‘c;(rks (B.1)
where ¢ — 0 are some constants and tj‘}( = &gk are generators of O(3) group. In order to explore

implications of this symmetry, we shall follow a standard approach [29,30]. Let us consider the
functional @[] defined as follows

exp(—q>[>5]) - /D[r] exp{—/oﬁ dr/dzx (L[r] - zj,,aar,-)}. (B.2)

At this stage, X}, are arbitrary functions of x and y; as will become clear soon, they have a meaning of
components of the stress tensor oj, [9,16]. The average deformation

A Rj = (3u1)) (B.3)
can be found as
SO[E
R = — L ]. (B.4)
8 Xy

Evidently, R; transform according to Eq. (B.1) under rotation.
Let us now consider the Legendre transform of @[ X']:

B
FIR] = ¢[2] + / dr / d*x Zj, 04R;. (B.5)
0
Here X, should be found from the solution of Eq. (B.4). There is also the reciprocal relation between
Yqj and 9,R;:
_ SF[R)
SR

(B.6)

oo
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We note that 7[R] coincides with the free energy evaluated under the constraint (d,1;) = 9.R;, where
R is a given function of x and y.
Now let us introduce the two-point correlation function S ]k #(q. ») as the second variation of the
functional F[R]:
8*FIR]

of
s B.7
o (T, XT) = o R 22) (B.7)

We note that the propagator of displacements,

Gin(xt, ¥'T') = —(Ter(x0)n(x'7") ., (B.8)

where (- --) is defined with respect to the Lagrangian £[r] — Xj,d,1; and 7, denotes the ordering
along the imaginary time contour, is related with the two-point correlation function Sﬁiﬂ (q, ®) in the
following way:

32

G
00Xy 8x23

J

xr, XT) = 53l (xr. X' 7). (B.9)

The rotation symmetry (B.1) implies that
P[] = D2, (B.10)

where Ej/a = Yj, — satfjf,‘{E,<a. Expanding this equation to the lowest order in &%, we find the Ward

identity:
SO[S SFI[R
/ dt/d2 Eka [ 1_ / dr/d2 f(sjar[R] (B.11)
k

In order to use the Ward identity for analy51s of the two-point correlation function, it convenient to
perform a variation of the last part of Eq. (B.11) with respect to 9, Ri(x’, t’). This yields

eth Thy (X, T) + & ],(/ dr/dxa ijrSk, (xt,¥7')=0. (B.12)

B.2. The propagator of flexural phonons
With the choice ¢ = {¢, 0, 0}, Eq. (B.12) reduces to
£,y (8, T) + 8, / dr/dzxa Ry(x,7) 8% (xr,x'7') = 0. (B.13)
Now we consider the function R(x, t) which has the following form:

R(x, 7) = R®) = (£, &y, 0}, (B.14)

where &, and &, are arbitrary constants. The functional 7 [R®)] corresponds to the free energy
evaluated under the constraint (3,1;) = £&.64j, where the average is taken with respect to the
Lagrangian £[r]. This is exactly the action S (see Eq. (4)) discussed in the main text. Using Eq. (B.13),
we find

0
Ey llm Syy(qa ) Eyy %s gy llm Syx(qv )_ 05
w,q Y w.q
. of
& l;mosg(q,w): Y = @ & 11m S"y(q, w)=0. (B.15)
w,q— X

We recall that the physical stress is defined by Eq. (7). Therefore, we obtain

lim S (q. ©) = 0484y - (B.16)

w,q—0
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By virtue of Eq. (B.9), this implies that the inverse propagator of the flexural phonons for ¢ — 0 has
the following exact form:

lim G.,'(q, ®) = ovq; + 0y + . .. (B.17)

We note that Eq. (B.17) extends the statement of Refs. [9,16] to the case of oy # oy,
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