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1. Introduction

The corrections to the physical observables of an electron system due to the superconducting
fluctuations are the subject of research with more than 50 years old history (see Refs. [1,2] for a
review). Recently the study of superconducting fluctuations has gained a significance as a tool to
elucidate the fundamental aspects of a superconducting state. The conductivity in the normal state
is among physical observables which are affected significantly by superconducting fluctuations.
Near the superconducting transition temperature T., the most substantial contributions to the dc
conductivity are due to Aslamazov-Larkin [3,4] and Maki-Thompson [5,6] processes. While the
dc conductivity is sensitive to the position of T, only, the ac conductivity contains information
about the energy and time scales involved. The experimental studies of the microwave conductivity
near the superconducting transition in thin films were pioneered in Refs. [7-9]. Recently, the ac
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conductivity measurements have been used to elucidate physics behind superconductor-insulator
transitions in thin films [10-15].

It is well understood theoretically [16] that the conductivity corrections due to superconducting
fluctuations in disordered electron systems in the diffusive regime stand in the same row as the
weak localization [17] and Altshuler-Aronov corrections [18]. The contributions to the conduc-
tivity due to pairing fluctuations are nothing but quantum corrections due to interaction in the
Cooper channel dressed by the scattering off a random potential. Although the final expressions
for the weak localization and Altshuler-Aronov corrections to the ac conductivity o(w) are well
established [19,20], the corresponding expression for the contribution due to superconducting
fluctuations is still absent in the literature. The point is that in the diagrammatic approach the
pairing conductivity is given by the sum of ten diagrams [1,2]. Some diagrams produce contributions
proportional to 1/(iw) in the static limit, @ — 0. However, the sum of all ten diagrams is expected
to give a finite contribution to the dc conductivity in the normal state. Only recently this problem
has been finally solved and the general expression for the superconducting pairing contribution to
the dc conductivity has been established. For the diffusive regime it was derived with the help of the
Keldysh path integral and Usadel equation [21]. In the ballistic regime the fluctuation corrections
to the dc conductivity were computed by means of a standard diagrammatic approach [22]. An
attempt to obtain a general expression for the fluctuation correction to the ac conductivity, o(w),
was performed in Ref. [23] with the help of the Keldysh nonlinear sigma model (see Ref. [24]
for a review). However, the expression derived in Ref. [23] diverges as 1/(iw) in the static limit,
w — 0.

In this paper we report the general analytical expression for the quantum correction to the ac
conductivity of a disordered electron system in the diffusive regime which includes the weak local-
ization and Altshuler-Aronov contributions and contributions due to superconducting fluctuations
above the transition temperature. We derived our results with the help of the replica Finkel'stein
nonlinear sigma model (NLo M) (see Refs. [25,26] for a review). In order to find o(w) we performed
the analytic continuation from Matsubara to real frequencies. We emphasize that our result for the
contributions to o(w) due to superconducting fluctuations has no 1/(iw) divergence as w — 0.
In the static limit, @ — 0, our expression reproduces the results reported for the dc conductivity
in Refs. [21,22].

The outline of the paper is as follows. In Section 2 we introduce the formalism of the Finkel'stein
NLo M. The results of the one-loop computation of the ac conductivity are given in Section 3. In
Section 4 the behaviour of different contributions to the ac conductivity due to superconducting
fluctuations is analysed. We finish the paper with conclusion (Section 5). Some technical details are
given in Appendices.

2. Formalism
2.1. Finkel'stein NLo M action

The action of the Finkel'stein NLoM is given as the sum of the non-interacting NLoM, S,, and
contributions due to electron-electron interactions, Si(r’l’t) (the particle-hole singlet channel), Si(:l’t)

. . () . .
(thg pa)rtlcle—hole triplet channel), and Si;t (the particle-particle channel) (see Refs. [25-27] for a
review):

S =5, + 58 +55) + 5. W
where
s, =% [ dr TH(VQ)? + 4712, / drTrnQ. (22)
) = —”—TFSZZ dr Tri%toQ Tr1% Q. (2b)
int 4 n -n

a,nr=0,3
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mt _71}ZZ/drTrl"‘ (QTrl% t,Q, (20)

a,nr=0,3

s = —71* >3 /dr Tr t,L2Q Tr t,0L2Q. (2d)

a,nr=1,2

Here the matrix field Q(r) (as well as the trace Tr) acts in the replica, Matsubara, spin, and
particle-hole spaces. The matrix field obeys the following constraints:

Q%2=1, TrQ =0, of=cTQ’c, (3)

where the charge-conjugation is realized by the matrix C = it;. The action of the NLoM involves
four constant matrices:

A‘;:’/z = Sgnnanm(saﬂt()()’ (Ik )Dtﬂ = (Sn m, k6 ‘38 ytoo

L = Snemi8*P 87 too, 0%l = 1 8un8* too, (4)
where o, 8 = 1,..., N, stand for replica indices and integers n, m correspond to the Matsubara
fermionic frequencies ¢, = wT(2n + 1). The sixteen matrices,

ti =14 ®Sj, r,j=0,1,2,3, (5)

operate in the particle-hole (subscript r) and spin (subscript j) spaces. The matrices 1, 71, T2, 73
and sg, S1, S2, S3 are the standard sets of the Pauli matrices. Also we introduced the vector t, =
{t-1, tr2, t;3} for convenience.

The bare value of the total conductivity (in units e?/h and including spin) is denoted as g.
The interaction amplitude I (1) encodes interaction in the singlet (triplet) particle-hole channel.
The interaction in the Cooper channel is expressed by I¢. Its negative magnitude, Iz < 0,
corresponds to an attraction in the particle-particle channel. The parameter Z, describes the
frequency renormalization. If Coulomb interaction is present the following relation holds, I's = —Z,,.
This condition remains intact under action of the renormalization group flow [25,28].

2.2. Kubo formula for the ac conductivity

Within the Finkel'stein NLoM approach, the physical observables, associated with the mean-
field parameters of the action (1), can be written as correlation functions of the matrix field Q.
The ac conductivity o(w) can be obtained after the analytic continuation to the real frequencies,
iw, — w + 10T, of the following Matsubara response function (w, = 27w Tn):

g 2

o (iwn) = —§<Tr[]n QO Q(r)]> +

g

aln f dr' <Tr] Q(r)VQ(r )Tr]inQ(r/)VQ(r/)>.

(6)

Here the expectation values (. ..) are taken with respect to the action (1), d stands for the spatial
dimensionality, and the matrix J7 is defined as follows
« B30 —too o, 30+ too,,
L= 3 I+ 3 IZ,. (7)
At the classical level, Q = A, the conductivity is independent of the frequency, o(w) = g.

3. One-loop corrections to the ac conductivity
3.1. Perturbative expansion

Our aim is to compute correction to o(w) in the lowest order in 1/g. For this purpose we shall
use the square-root parametrization of the matrix field Q:

Q=W+ AVT—W2, W=(g g). (8)
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We adopt the following notations: Wy,n, = wnyn, and Wy,n, = Wy,n, where n; > 0 and n, < 0.
The blocks w and w satisfy the charge-conjugation constraints:

w=—-Cw'C, w=—-Cw'C. 9)

These constraints imply that some elements (w,‘ffnz )rj in the expansion, wﬁfnz = Zd(wﬁﬁ,z Iritrj, are
purely real and the others are purely imaginary.

The part of the action (1), which is quadratic in W, determines the following propagators for
diffusive modes in the theory. The propagators of diffusons (modes withr =0,3andj=0, 1, 2, 3)
read

32xTI;

— o 2 a1 . o s
<[wrj(p) i [wrj(—p)]ﬁgn§> = ga 1 2aﬁlﬂz5,112,,,34731,@9@)[5,11“3 - 8 1ﬁlpg>(19§2)],

(10)

where 27, = ey, — &y, = 2nTnyy = 2nT(ny — np), Iy = I, and Iy = I; = I3 = I The diffuson
in the absence of interaction is given as

D, (iwn) = p* + 16Z,|wnl/g. (11)
The diffusons renormalized by a ladder resummation of interaction in the singlet and triplet

particle-hole channels have the following form, respectively,

-1
Dieon) = Diion) = [p? + 16Z, + Nlenl/g]

D23 iy) = Difion) = [ + 162, + el /5] (12)

The propagators of singlet cooperons (modes with r = 1, 2 and j = 0) can be written as
_ 2 . 4xT . .
([wro(p)]ﬁ‘;,?;[wro(—p)]ﬁjﬁg) = gs‘mz(Wz5nl4,n32c,,(19§2)[5n1n3 - Tsalﬁlcp(lg§4)cp(zs1z)], (13)

where €13 = &n, + &ny, Cpliwy) = Dp(iw,). The diffusion coefficient is D = g/(16Z,,). The fluctuation
propagator has the standard form,
£, i) =y, ' = InQRATT) = Y (Xpoijwn) + ¥ (1/2) (14)
where y. = I./Z, and ¥ (z) denotes the di-gamma function. Also we introduced the following
notation
D —iw 1
= — 4 - 15
AnT + 2 (15)

The triplet cooperons (modes with r = 1,2 and j = 1, 2, 3) are insensitive to the Cooper-channel
interaction and coincide with the non-interacting cooperons:

Xg,0

7 o 2 aqQ; : &
(o sy (P ) = 8128 b B ColiS2,). (16)

ngn3
3.2. One-loop renormalization

Expanding the matrix Q up to the second order in W we obtain the following expression from
Eq. (6),

g2

64dn

olion) = g = —(Trlis. AW, AWr)]) +

/ dr’ < TrJeW(r)VW(r)

x TrJ W )VW(r') > . (17)
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In order to derive the correction to o(iw,) in the lowest order in 1/g, it is enough to average the
correlation functions in Eq. (17) with the Gaussian part of the NLoM action. Using Wick theorem
and computing the averages with the help of Egs. (10)-(16), we find lengthy expression

. . 167272 . . . .
o(iwy) =g — 4 /q Cqliwn) — oD > Cali825,)Cq(2iwn — 125,))Lq(i€2)  (18a)

on>eny,—€ny >0v4

3

2567 T . . i) . .
g Yony. /qz Min{wm, wn}Dq(iwm)DY (iwm ) Dq(iwm + iwy) (18b)

j=0  wm>0v4

1672T? e S ,
h wpD Z Z fcq (1912 + lwngao’) Cq (1912 + lw”(z - gaa’))
n + q

&ny.—¢ny >00,0'=

x L"q (if12 + iwngan’) (18(:)

P / q°Cq (i525,) Cq (1825, + ioon) Cq (1825, + iwn(2 — £2,))

£nq ~*5n2>0 o,0/=% q

327272
dw,D

X Cq (i512 + iwn{oo’) (18d)

327272 . ) ) : .
+ doD Z Ziquch (i£25,) Cq (125, + iwn) Cq (i825, + in(1+ 0))

enq.—€ny >00,0'=

X Lq (i€12) (18e)
128737132 ) . ) . : .
" dwsD? > 2 /qch (i£213) Cq (1821, + iwn) Cq (i234) Cq (18254 + icon)
n 5111.3w*5n2,4>00,o’::t q
X 851y extionu Lo (1€12) Lg (i34 +iwnp ) - (18f)
Here we use the following short-hand notations, {,,» = (0 + ¢’)/2, Mfa, = o(1 £ 0”)/2, and

fq = f d?q/(27)!. We note that the contributions (18a) and (18c) come from the term in Eq. (17)
which has no gradients acting on W matrices. All the other contributions result from the last term
on the right hand side of Eq. (17).

Traditionally, the conductivity is split into several parts: weak localization or interference
contribution g, Altshuler-Aronov or interaction contribution 8g”4, and fluctuation conductivity
which stems from the interaction in the Cooper channel, §g¢, i.e.

o(0) = g + 58" (o) + 88" (w) + 88 (). (19)

The contribution due to the Cooper channel interaction involves the fluctuation propagator £,. This
contribution, g€, can be written as a sum of four terms [1]:

Bgcc — SgMT,an + agMT,l’eg + agDOS =+ (SgAL. (20)

In what follows we shall consider each of these terms separately.

3.2.1. Weak localization and Althsuler-Aronov corrections

The weak localization and Althsuler-Aronov contributions are given by the second term on the
right hand side of Eq. (18a) and by Eq. (18b). At first, we perform analytic continuation to the
real frequencies iw, —  + i0". Then the interference correction is expressed in terms of the
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non-interacting cooperon [17]:
sg"(w) = -4 / Ci(@). (21)
q

Here Cg(a)) stands for the retarded propagator corresponding to the Matsubara propagator Cy(iw).
The interaction correction reads [18,29-32]

3
6g™ lwgd Z / 939 —(2- w)anw]Dﬁ(ng*R(ng(rz + o). (22)

Here B, = coth[$2/( 2T)] denotes the bosonic distribution function for the particle-hole excita-
tions. The retarded diffuson propagators are denoted as DR( ), D,g’) (w). Also we introduced the
short-hand notation [, = [ ds.

3.2.2. Anomalous Maki-Thompson correction
The anomalous Maki-Thompson correction [5,6] is given by the last term on the right hand side
of Eq. (18a). It is convenient to rewrite it as follows

agMT,an(iwn) = 4/cq(iw,.,),3q(iwn), (23)
q
where [33,34]
T
By ian) = % Z Eq(iwm)l:\/’(quilwm‘) — I/I(Xq,ziwn—ilwm\)]~ (24)
n |wm|<wn

Performing analytic continuation to the real frequencies we obtain the final form of the anoma-
lous Maki-Thompson correction

38 w) = 4 [ cllIpl) (25)
q
where
Bo —Bo—w
pitw) = [ £h@) P2 [0) — (o)) (26)
o 2w

We mention that the anomalous Maki-Thompson correction (25) coincides with the sum oyr1 +
omr2 computed in Ref. [23] (see Egs. (A1) and (A2) there).

It is instructive to compare the above result with the other expressions existing in the literature.
For this purpose we use the following relations

[(Fer = 7) ez + 2) = D[p.2) - W3] @)
and

f Fera(Foro = 7 ) CR2e +2) =D | Ba[¥(%0.0) — ¥ 0)]

~Ba-o[¥(¥y2-2) — V(X -2)] | (28)

Here 7, = tanh[e/(2T)] stands for the fermionic distribution function. Then it is possible to rewrite
Eq. (25) as follows

”
8 w) = 2 [ I Fer = 7 ][Be — Fiva ez + ) (29)

In the dc limit, @ — 0, the expression (29) is similar to Eq. (384) of Ref. [24].
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3.2.3. Regular Maki-Thompson correction
The so-called regular part of the Maki-Thompson correction is determined by the contribution
(18c). Performing summation over one of the fermionic energies, we obtain

3 , D , 47T ,
SMTe (e, ) = T j ;{21// (Xquilompnl+ion) T o [W (Xqiloml+2i0n) — ¥ (Xq‘i\wm\)] }ﬁq(lwm)~
(30)
After the analytic continuation to the real frequency, iw, — w + i0, we find
5 MT,re; 2D R ’ D R
S8 (w) = ——— | BorN@W (Xo)+ s [ LX2) | 2Bo® 50(2)
mTw Jg o 2rTw Jg o
B0 [V (Xy2) = ¥/ (Xg.2120)]| + [ Ba = Ba-o|[#/(%0.0) = ¥/(Xg20-0) | } (31)
where
, 4nT
0(2) = ¥'(X.0) + —— | V(¥2) = V(Xya-0)|- (32)

We note that in the course of derivation of Eq. (31) we have also used the following symmetry
properties: £A(£2) = £3(—$2), and B_, = —Bg,.

It is useful to relate the regular Maki-Thompson correction with the correction to the tunnelling
density of states due to interaction in the Cooper channel [35,36]. The correction to the density of
states can be written as [24]

8p°(e) = poRe T'(e), (33)
where
T(e) = 22 f (26 — Q)[Lg(m + fg,gcf;(sz)]. (34)
1g q,2

Here L{]‘ (£2) = 2iBg Im £§(Q) stands for the Keldysh component of the fluctuation propagator.
We define the correction to the conductivity that is related with the correction to the density of
states in the following way

s8%(w) = & [ ds[fte - ) - )| (o) (35)

where fr(¢) = (1 — F;)/2 is the Fermi-Dirac distribution function. Then, using the identities (27)
and (28), we obtain the following result

8g"%(w) = = / L) i [59 - B.Q—w] [W (Xg.2) =¥ (Xq,—9+2w)]
q,02

+50 [V (%0.0) = V' (%0120 ] ] . (36)
Next, using Eq. (36), we split the regular Maki-Thompson contribution into three parts
~ 2D
sgMTreE () = — 2 BQEE(Q)lﬁ,(Xq,Q) + 8g"%(w) + 8g° (), (37)

7Tw Jg 0
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where

D
sg<io) = o [ i) { 450 ®-20(2) + Ba [ ¥/ (X0.0) = ¥ (X220
q,82

B2 — Bo-o][¥/(¥0.2) ~ ¥ (Xg20-2)] } : (38)

3.2.4. DOS-type correction
The so-called DOS-type correction [1] is given by contributions (18d)-(18e). It is convenient to
rewrite them as follows

~DOS: 4p? , , ,
88"% (iwy) = o2d /qz Zﬁq(lwm) i ¥ (Xq,i\wml) -y (Xq,i|wm+n|+iw,1)
n q ©om

4T
_l’_

Wn

[ ¥ (X ilompnltion)

2 (Xq,i\w,n+,,\) + (Xq,i|wm\+iwn) 4 (Xq,i|wm\+2iwn) ]} . (39)

The analytic continuation of Eq. (39) to the real frequency, iw, — w + i0, yields

B iD? )
6 (w) = ——r fq R { (Be = Bo-o)[ @u(2) = Puf20 — 2)] + 280 [ ¥/(x0.0)
¥ (Rq.2120) | +82[ @020+ 2) - 2u(2)] } : (40)
It is useful to single out explicitly the part that diverges in the limit @ — 0. Then we obtain
D2
5~DOS - _ / ZB [,R Q " X S sc,2 , 41
g (o) T ) g 4" B Ly(2)Y" (X 2) + 887 () (41)
where
2 iD> 2 ~R
sc, _ _ _ — !
0% w) = —— /,, L) | (50 = Ba-0)[0u() = @20 — @] + 280 [ ¥(%00)
’ lw 4
—V(Xg.0420) = 5V (Xq.2) | +Ba| Pul20 +2) = 0,(2)] 1 - (42)

3.2.5. Aslamazov-Larkin correction
The contribution (18f) is the correction due to Aslamazov-Larkin process [4]. It can be written
as follows

AL 8zT ( D . . . .
58" (iwn) = — . (m) /q q2wZz:q<zwm)z:q(zwm+n>A§(zwm,zwm+n,zwn), (43)
where
47T

Aq(iwp, iwg, iwp) = — |:1ﬁ (Xguitom) ¥ (Xguiton) =V (X.ifom|+ion) =V (Xq,iwkl+iwn):|~ (44)

Wn



LS. Burmistrov / Annals of Physics 418 (2020) 168201 9

After the analytic continuation to the real frequency, iw, — o + i0, we find
DZ

88" () = — / qLy(2) { (BQ + Bg_w)c';(:z ~ 0)(A(2 - 0, 2, )’

8dm2T2w Jq o

+(Ba-o — Ba) [£K(2 - 0)(AT(2 — 0, 2,0))" - £)(2 - (A2 ~ 0, 2, 0))"] } .

(45)
Here we introduced the function
47T
A2, 2 w) = % {w (Y.2) = ¥ (Yp0t0) + ¥ (Xgo) — ¥ (Xq,g/w)}. (46)

The function AZ*(£2, 2', @) can be obtained from A{(2, 2', w) according to the following
prescription, AMR(2, ', w) = AF*(—$2, 2', ). We note that Eq. (45) coincides with the general
result for the Aslamazov-Larkin contribution computed by the diagrammatic technique (see Eq.
(7.105) in Ref. [1]). It is convenient to rewrite the correction (45) in the following way
D? 2
~AL 2 R / AL sc,3

080 =~ gy | e[l o)+ 080 + 0550, (47
Here we single out the term which diverges in the limit of zero frequency, @ — 0. Next, we
introduce

4p?
gt =35 | @ (Bo-o = B2) 5@ ¥ (¥0.0-0) = ¥ (Xp040) | IMm£H@ - )
xIm[¥ (%.0-0) = ¥ (%g.010) (48)
and
sc,3 D? 2 AR R RRR 2
8 (0) = — g /qg Pi2) | (Ba + Bou ) £X(2 - )42 - 0, 2, )" - 85g

LR (Xg.0) + (Bg_w - BQ> [ 2 - ) [ AR — 0, 2, 0)Re APXQ — o, 2, ©)

—(A%(2 - o, 2, w))2 ] HiLh(2 — 0)AF(R2 — 0, 2, 0)IMASK(Q2 — 0, 2, 0) } } ) (49)

3.3. Final result

Naturally, one expects that the dc conductivity in the normal state of a disordered electron
system is finite. We note that separate contributions to §g(w) do not satisfy this requirement. In
particular, there are terms in Eqgs. (37), (41), and (48) which diverge as 1/(iw) in the limit v — O.
They can be summed up as follows:

2D . / ) Dg? / 2
1o | Beri @y (a) + m‘” (Ry2) + 5 DY (Xa0) ')
= iwd Im/ Bqdg, 0, In £3(£2). (50)

Thus the sum of all terms in 8g“(w) which are proportional to 1/(iw) has the form of the
total second derivative with respect to the momentum. This implies that the contribution (50)
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is determined by the ultraviolet and, consequently, cannot be accurately computed within NLo M
that is the low-energy effective theory only. However, as one can check [22], the contribution from
the ballistic scales has exactly the same form (of course with the ballistic fluctuation propagator)
such that the 1/(iw) term (50) vanishes identically. This fact is intimately related with the gauge
invariance (see Refs. [37,38] for detailed discussion). Indeed the expression (50) can be written as
the second derivative of the contribution to the thermodynamic potential from superconducting
fluctuations with respect to a constant vector potential. Since the thermodynamic potential is
independent of the constant vector potential in virtue of the gauge invariance, the expression
(50) should be zero. We note that the result for quantum correction to the ac conductivity due
to interaction in the Cooper channel reported in Ref. [23] diverges as 1/(iw) in the limit w — O.

Gathering together the contributions (25), (37), (41), and (47) (disregarding the terms which
sum up to zero as discussed above), we find the following final form of the correction to the ac
conductivity due to the interaction in the Cooper channel:

885 () = 8g"*"(w) + 88" (w) + g™ (@) + 88° (). (51)

Here we introduce §g°(w) = g% (w) + 8g°%*(w) + 82°%>(w) that can be rewritten as the following
lengthy expression:

D
5% (w) = / 3, { 0.£82) [4zsga>_2m(m +Bg [vﬂ(xq‘g) - w/(xq,mm)]
q,82

" 4ndTw
+|:B_Q — Bg,w]
/ ! DZ 2 ~R " "
X[W (Xg2)— ¥ (Xq,Zm—Q)] +m /Q q ‘Cq(Q)B.Q 3y ( Xy 2) + ¥ (Xg.2120)
q,

47T\’ D? .
+2 (7) [¢(Xq,2w+:z)—1ﬁ(?fq.9+w)—1!'(Xq,:z)+¢(?fq.9—w)] +7/ q°L,(£2)

1) 8d(nTPw Jg o

1w

x[Ba-o — Ba [w”(xq,w) Y 0) o [0,(@) — 0,20 - 9)]}

Dz ! ’ ’
ST /,, el { LRI (X0.0)[4020(2) = ¥/ (g 2120) — T¥ (X.2)

+2L8(2 — ) A2 — 0, 2, )] }

DZ

ST /q @) Be - o] { LHRW (X2 (Kg.0) = ¥ (Xg20-0)]

—ch2 - w)[(A';RR(:z — 0, 2,0) +iA"(Q — 0,2, 0)Im A2 — 0, 2, a))]

AR w)[Af;RR(Q -0, 2,0)Re AFNQ -0, 2,0) - (A2 -0, 2, w))z] } ) (52)

We note that the first term on the right hand side of Eq. (52) is the full derivative with respect to
momentum and, thus, as discussed above should vanish being supplemented by the corresponding
contribution from the ballistic scales. Therefore, we shall disregard the corresponding term below.
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3.4. Corrections to the conductivity in the dc limit due to superconducting fluctuations

Although corrections to the static conductivity due to superconducting fluctuations were dis-
cussed many times in literature, it is instructive to check that our result (51) for an arbitrary
frequency correctly reproduces the well-known corrections in the static limit. In particular, the
static anomalous Maki-Thompson correction becomes

8gMTNw = 0) = 4/ CR(0)0eBe Im £5(2)Im (X, ). (53)
2
The DOS correction in the ;c limit, @ — 0, acquires the following form
58"%(w = 0) = 78;% Im /qg ngg((z)xp” (Xq_g)fﬁ /qg 90 Bo Im ﬁg(.(z)lm V¥'(Xg2). (54)
At w — 0 the Aslamazov-Larkin correction can be written as follows
5g™(w = 0) = _%2’272 /w 005 Im zg(:z)lm[cq"(.(z)l//(xq,g)] Re ¢/'(Xg.0). (55)

Finally, the contribution §g%¢ in the dc limit becomes
DZ

550 = 0) = sim [ @Bac@ (%a) ¥ (t0)
q,82

2d(27T
- L/ 90 B lm[ﬁRz(.Q)t//’ (x 9)]lm v (Xo.0) (56)
d2rT? J, o a e K

We note that Egs. (53), (54), (55), and (56) coincide with the zero magnetic field limit of correspond-
ing fluctuation corrections found in Ref. [21] and with the fluctuation corrections in the diffusive
regime computed in Ref. [22].

4. Corrections to the ac conductivity due to superconducting fluctuations

Now we discuss the dependence of corrections to the ac conductivity due to superconducting
fluctuations. It is convenient to introduce the following dimensionless variables, ¢ = InT /T, and
o =w/(4rT).

4.1. Anomalous Maki-Thompson contribution

We start from the anomalous Maki-Thompson correction, Eq. (25). We note that the integral
over momentum in Eq. (25) diverges in the infra-red. Therefore, we need to introduce a finite
dephasing rate 1/t, which cuts off the pole in the cooperon propagator. In what follows we shall
use dimensionless variable y = 1/(4nTty).

The asymptotic behaviour of §gM™¥"(w) at large frequencies, « > 1, and for an arbitrary distance
from superconducting transition temperature, ¢, is given as follows (see Appendix A)

_#7?—8ml2 1
47 e+Ina’

The anomalous Maki-Thompson correction vanishes in the limit of large frequencies, w > T. Away
from the superconducting transition, € >> 1, and for small frequencies, « <« 1, the anomalous
Maki-Thompson contribution becomes

b4 2rio 1
sgMT (@) = [ — — 1 : 58
g <6€2 3e ) g y — o (58)

We note that the first term on the r.h.s. of Eq. (58) dominates over the second one at @ <« 1/e.
At small frequencies, @ <« 1, and in the vicinity of the superconducting transition, ¢ < 1, the

(57)
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Fig. 1. The dependence of the real (left panel) and imaginary (right panel) parts of the anomalous Maki-Thompson
correction on the frequency at different temperatures. The ratio of the dephasing rate to the temperature is fixed to the
value y = 0.01.

anomalous Maki-Thompson correction reads

1 1 €
M) = — = — In —, (59)
2me—y +ia  y —iu

og

where € = 2¢/m? = 1/(4xTtg). We note that we omit subleading terms proportional to Ine€ in
Eq. (59) (see Refs. [22,23] for details).

The overall behaviour of §gMT3(w) as a function of the dimensionless frequency « at different
values of ¢ is shown in Fig. 1. The real part of §gM"¥(w) has non-monotonous behaviour for
temperatures close to T, i.e. for ¢ « 1 (see the left panel in Fig. 1). For temperatures away
from T, i.e. for ¢ > 1, Re8gM™2"(w) is also non-monotonous function of w. In the case T > T,
provided 1/74 < T/In(T/T.), the real part of §gM"¥"(w) has the minimum at @ ~ T/In(T/T.).
The dependence of the imaginary part of §gM""(w) on the dimensionless frequency « at different
values of ¢ is figured on the right panel of Fig. 1. Exactly at zero frequency the imaginary part
vanishes, Im 6gMT¥(w = 0) = 0. The imaginary part of §g"%(») demonstrates non-monotonous
behaviour with w. At ultra small frequencies, @ < 1/7,, the imaginary part of §gM"¥"(w) increases
linearly with w. For T >» T, Im§gM"3"(w) has the maximum at the frequency of the order of

(T/74)/In(T/T;). For temperatures near T, i.e. for € < 1, the imaginary part of §gM™*"(w) has
the maximum at w ~ 1/, /T4 %cr-

4.2. DOS correction

Next we turn our attention to the DOS correction to the conductivity. We note that the integrals
over momentum and frequency in Eq. (36) diverge at the ultraviolet. Therefore, we shall introduce
a cut-off corresponding to the inverse elastic mean free time, 1/7. Then, we can single out the part
of 8gP%(w) that depends on the cut-off,

1
——Inln

DOS _
(@)= T 4nT.T

58 +5gP%(w), (60)
such that 8gP%(w) is finite in the ultraviolet. We mention that the first term on the right hand side
of Eq. (60) corresponds to the one loop DOS correction in the renormalization group equations for
the conductivity [39].

At large frequencies, « > 1, and for an arbitrary magnitude of ¢ the asymptotic behaviour of

8g7%(w) is given as (see Appendix B)

1 i 1
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Fig. 2. The dependence of the real (left panel) and imaginary (right panel) parts of the DOS correction on the frequency
at different temperatures.

In the case of high temperatures, ¢ > 1, but small frequencies, « <« 1, the DOS correction
becomes

1 In2 2rwia
w)=—Ine4+ — —

b4 e 3e
Near the superconducting transition, ¢ < 1, and at small frequencies, « < 1, one can derive the
following expression

887 %(w) = — (]4723) + imx) In g (63)

The overall dependence of the real and imaginary parts of ngDOS(a)) on frequency is shown in
Fig. 2. The real part of 8gP°*() grows monotonically with increase of the frequency. The imaginary

part has the minimum.

58P

(62)

4.3. Aslamazov-Larkin contribution

Next we consider the Aslamazov-Larkin contribution to the conductivity. We note that this
correction is finite both in the infrared and the ultraviolet. We start from the case of large
frequencies, @ > 1, and arbitrary temperature above T.. Then we find (see Appendix C)

A ot
sgMw) = ——, 64
&) = ey (64)
where numerical constant c?* &~ 0.17 — 0.89i. In the case of small frequencies, @ <« 1, and
temperatures away from the superconducting transition, € >> 1, we obtain

AL _ : AL
Cy icg o

5g™(w) = ; (65)

where magnitudes of the numerical constants are c;- ~ 1.44 and c2" ~ 9.23. For temperatures close
to superconducting transitions, ¢ < 1, and for small frequencies, @ <« 1, the Aslamazov-Larkin
contribution becomes

T o in3a o
sght =—W|l—)-—W| —}. 66
g(@) 8 ( 2¢ ) 32¢? 2( 2e ) (66)

Here the functions W; ,(z) are defined as follows

e3

Wi(z) = ;[arctan(z/Z) — % In(1 +22/4)],
2

8 3z
Ws(z) = —[arctanz — 2arctan(z/2) 4+ z arctan 7]
2(2) (2) (z/2)+ s o

73
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Fig. 3. The dependence of the real (left panel) and imaginary (right panel) parts of the Aslamazov-Larkin correction on
the frequency at different temperatures.

We note that the part of Eq. (66) proportional to the function W; coincides with the result derived
in Ref. [3] and with the contribution Re af‘z'” of Ref. [23]. We note that there is also subleading term
proportional to In € (see Eq. (41) of Ref. [23]).

The overall dependence of the real and imaginary parts of §g”(w) on frequency is shown in Fig. 3.
The real part of 8g*(w) decreases monotonously with increase of «. The imaginary part of 8g*'(w)
has the minimum at some frequency for all temperatures above the superconducting transition. For
T close to T. the maximum is at o ~ €.

4.4. The correction §g°(w)

Finally, we turn our attention to the contribution §g*‘(w), cf. Eq. (52). Similar to the Aslamasov-
Larkin contribution, the correction 8g°‘(w) has divergencies neither in the infrared nor in the
ultraviolet. At first, we consider the case of large frequencies, « >> 1, and arbitrary temperatures
above the superconducting transition. Then we find (see Appendix D)

2 1+3In2

885 (w) = — —. 68
g () 37 €e+lna (68)
In the case of small frequencies, & < 1, but high temperatures, € >> 1, we obtain
1 1472
5 (@w) = — 1— *). (69)
2me 3

In the vicinity of the superconducting transition, € < 1, and small frequencies, ¢ <« 1, we find

im3a Ta 28¢(3)
g (w) = —=W3| — ) — Ine, 70
g (@) 24€2 3( 2¢ ) 73 ne (70)
where
3 arctanz
Wi(z) = s [2 +In(1+2%) — 2] ) (71)

The overall dependence of the real and imaginary parts of §g°(w) on frequency is shown in Fig. 4.
Both the real and imaginary parts of §g°(w) have non-monotonous behaviour. For temperatures
away from the superconducting transition, € >> 1, Re §g°‘(w) is positive and has the maximum at
some frequency o ~ 1. The imaginary part of §g°(w) has the minimum at some frequency « of the
order of unity. Near the superconducting transition, ¢ < 1, the real (imaginary) part of §g*(w) is
positive and has the minimum (maximum) at o ~ €.
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Fig. 4. The dependence of the real (left panel) and imaginary (right panel) parts of §g*(w) on the frequency at different
temperatures.

4.5. The asymptotic expressions for §gC(w)

Now we are ready to present the asymptotic expressions for the correction to the ac conductivity
due to superconducting fluctuations, i.e. due to interaction in the Cooper channel. It is convenient
to single out the term which depends on the ultraviolet cutoff 1/z,

cC 1 cc
3g (w) = —;1n1n[1/(4nTcr)] + 98 (). (72)
The contribution §g(w) is finite in the ultraviolet. For large frequencies in comparison with the
temperature, w > T, we find from Eqgs. (57), (61), (64), and (68),
372 + 8 — 6rmi
127 In[w/(4n T.)]

As expected the real and imaginary parts of the conductivity correction is dominated by the
DOS contribution, Eq. (61). At small frequencies, @ <« T, but for temperatures away from the
superconducting transition, T > T, using Eqgs. (58), (62), (65), and (69), we obtain
2241 1 (i 7\ Inl(z, " —iw)/(47T)]
27 In(T/T.) 6 In(T/T.)

37 (@) = — Inlnlo/(4xT)] + 73)

8gf“ (0) = %lnln(T/Tc) + (74)

T In(T/T.)
The real part of the conductivity correction is dominated by the DOS contribution as in the static
case. The imaginary part of the conductivity correction is dominated by the anomalous Maki-
Thompson term. In the region close to the superconducting transition, T — T, <« T, and for small
frequencies, w < T, with the help of Egs. (59), (63), (66), and (70), we find

« 2Tt lwtgL

IH[TGL/T¢ - incL] + T [ Wi(ote) — Wa(wte1)

- 1-— ‘L'(;L/‘L'¢ + ithL

Ws(wteL) ] . (75)

The dependence of real and imaginary parts of (ngcc(w) on frequency for different temperatures
is shown in Fig. 5. For all temperatures above T. the real (imaginary) part of ngcc(w) has the
minimum (maximum). At temperatures T > T, the minimum of Re (ngcc(a)) occurs at frequency
w ~ 1/In(T/T.) whereas the maximum of Im ngcc(w) is at w ~ /T /[ty In(T/T.)]. In the vicinity
of the superconducting transition, T — T, < T, the real part of 8gf“(w) has a shallow minimum
at frequency of the order of T.. The maximum of the imaginary part of 8gfcc(a)) is at frequency
w ~ 1/,/T47c. The frequency dependence of the real and imaginary part of (ngcc(w) shown in
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Fig. 5. The dependence of the real (left panel) and imaginary (right panel) parts of ngcc(w) on the frequency at different
temperatures. The ratio of the dephasing rate to the temperature is fixed to the value y = 0.01.

Fig. 5 is in qualitative agreement with the measured conductivity near superconducting transition
in thin films (see, e.g. Refs. [11,13,40]).

5. Conclusion

To summarize, we reported the general analytical expression for the quantum correction to the
ac conductivity of a disordered electron system in the diffusive regime. In addition to the well
established weak localization and Altshuler-Aronov corrections, we computed the contributions to
the ac conductivity due to superconducting fluctuations above the transition temperature.

In the static case, ® = 0, the weak localization, Altshuler-Aronov, and DOS corrections can
be resumed in the form of the one-loop terms in the renormalization group equation for the
conductivity [39]. The fluctuation propagator (14) is also subjected to renormalization. In particular,
the diffusion coefficient D and dimensionless Cooper interaction y, become scale dependent.
Therefore, the contribution ngcc should be computed with the properly renormalized fluctuation
propagator. For ngCC(w = 0) such calculation results in the substitution of InT /T, by 1/y.(Lt). Here
Lr = 4/D/T stands for the length scale associated with the temperature (see Refs. [41,42] for details).

Present work can be extended in several ways. Our analysis can be extended to the pairing ac
conductivity in the presence of a static magnetic field [21,43]. Also it would be tempting to study
the effect of superconducting fluctuations on the physical observables in non-standard symmetry
classes [44]. The ac Nernst effect measured recently in thin superconducting films [45] suggests an
interesting problem for computation of ac thermoelectric and thermal responses.
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Appendix A. Anomalous Maki-Thompson contribution

In this Appendix we present derivation for the asymptotic expression of the anomalous
Maki-Thompson correction. Let us introduce the function
Gz)=e+yY(z+1/2) —¥(1/2), (A1)

where z = x + iy. Then, we can rewrite Eq. (25) as follows

an sinh(2ra) [ dx o dy 1 G(z) — G(z* — 2ia)
sgMTan(y) = / / )
0

2o x—ie +y J_o sinh(2wy) sinh(27(y 4+ «)) G(z)

(A2)

Here we introduced the following notations, x = Dq?/(4xT) and y = 2 /(4nT).
In the case o >> 1 it is convenient to rescale the integration variables as x — ax and y — ay.
Then, we find

by MT,an( ) ~ Sinh(27rot) < dx oo dy 1 lH[Z/(Z* - 21)]
&)™ / x—1i f sinh(27ay) sinh(2ra(y + 1)) € + Ina + Inz — y(1/2)

/0 dy /O" dx Infz/(z* — 2i)] _a?—8in2 1 (MT.an

~ — , A3
x—ie+Ina+Inz—y(1/2) 54 €e+Ina (e+Ina) (A3)

where cMT3" & 0.81 — 0.54i. We note that the main contribution to the integral comes from the
regionx ~y~a > 1.

In the case of small frequencies, « <« 1, but away from the transition temperature, € > 1, we
can expand Eq. (A.2) in 1/e:

sgM (@) = l—lq +- 1< (A4)
Here the first integral on the r.h.s. can be computed as follows

[oe] d e8]
K :/ 7)(/ dy coth(2mry) Imy"(1/2 + x + iy)
0 0

X—la+y
1 d [e] 3 i hi
_ / & / dy coth(2ry)—SmTY)
0o X—ila+y Jo cosh*(ry)

1 00 0 *©
[ 5[ aycotm@aymlpzex i - v+ i)+ [ [ aycomizay
s x Jo 1 X Jo

272 1
) Imy"(1/2 +x +iy) = <ln _ c?’”*‘"), (A5)
3 y —ia

where the numerical constant is to equal ¢c; ~ 1.62. The second integral on the r.h.s. of Eq. (A.4)
can be evaluated as

. 4/«00 dx /00 dy[Imy(1/2 + x + iy)]2 . 72 /] dx /°° dy tanh?(zry)
2Ty x—ia+y sinh®(27y) B 4 Jo x—ia+y sinh?(27ry)

= dx dy[ lm¢1/2+x+ly dx
/ / sinh?(2ry) / / Smhz(zny) [[lm ¢(1/2+x+1y)]

2l 1 MT,an
~[Imy(1/2 + iy)] ]}_6<1ny_ia c ) (A6)
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Here the numerical constant is equal to CMT 4" 2 2.19. Finally,
2 1 1
SgMT,an(w) 37‘70[ (11] _ MT an) + — (l _ Cé\/lT,an). (A7)
ie y —la 6e y — o

Finally, we consider the region ¢ « 1 and ¢« <« 1. Then we can split the anomalous
Maki-Thompson correction into four parts

sgVT M) ~ It + L In(y —ia) + 15 + Iy (A8)
The first contribution can be estimated as follows

. _/1 dx /1 dy Y(1/2+x+1iy) — Y(1/2 + x — iy — 2ia)
e o X—ioe+y J_qsinh(2ry)sinh(27(y + «)) €+ Y(1/24+x+1iy) — ¥ (1/2)

1 1 €
— In s
2712[ (x—ux—i—y)/ooye—i-x—i—ly 2né—y+ia y —ia

where € = 2¢/m2. We note that there are also subleading terms proportional to Ine. The other
three contributions can be approximated by their values at e = o = 0,

/oo, - ’ Iml/’(,l/z_“y) ~ —1.7-107%, (A.10)
1 sinh*(2ry) | ¥(1/2 +iy) — ¥(1/2)

, _4/%&/00 dy ‘ Imy(1/2 +x + iy) 2
T x )i sinn?@ay)| v (/2 x+iy) — ¥(1/2)

~—1.4-107°, (A11)

| / dx/ Imy(1/2 +x+iy)
4= smh227ry Y(1/2 +x+iy) — ¥ (1/2)

Appendix B. DOS correction

(A9)

2

L=-4

2 Imy(1/2 + iy)

‘¢(1/2+iy)— ¥(1/2)

and
2
~ 0.0021. (A12)

In this Appendix we present derivation for the asymptotic expression of the DOS correction. We
start from splitting the expression (36) into two parts

88"%(w) = 8875 (w) + 885" (@), (B.1)
where
G(z*)— G(z — 2ia)
G(z*)

)

Ara
2% G'(z*) — G(z* — 2ia)
/ Ina / dy coth(2y) o) . (B.2)

Here we introduced the dimensionless ultra-violet cut off A = 1/(47Tt) > 1. Next we split
8g0%(w) into three terms

o0 d o0
g% (w / = / dy[coth 27 (y — &) — coth(2y)]

88,9 (0) = 88T () + 885 (0) + 8873 (w). (B.3)

The first two terms are organized in such a way that one can integrate over x exactly,

A dy | G(—iy — 2ix)G(iy) 2o dy
DOS,, \ _ v _ —
S821 (@) = /0 are N GGy — 2i0) /0 2 O (B4)
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The other two contributions are given as

2 gy G(z*) — G(z* — 2ix)
DOS _ _ _
2 (@)= /(; 2o InG(=1y) / dra / dy ] coth(Zny)] [ G(z*)

G'(z) — G(z — 2ia)
_ &) ] (B.5)

and

567%(w) = /°° dx / G(z" —2ia) G(z* —2ia) Gz — 2@ G(z — 2ia) _
2,3 4o G(z* — 2ia) G(z*) G(z — 2ia) G(2)

DOS( )

The integral over y in the expression for §g, can be performed exactly,

A2 ly A dy 1 1
8gy (@) = f —— InG(—iy) — / - InG(—iy) = —— InG(—iA) = ——In(e +In A).
A 4o A—2a 4o b4 T

(B.7)

Then we obtain Eq. (60) in which 8gD°5(a)) = 527 %(w) + 8879 (@) + 853 ().
In the case of large frequencies, o >> 1, it is convenient to perform rescaling x — ax and y — ay.

Then we obtain
dx (! In2 1
f y / dy[lny —In(2 — y)] = —— ) (B.8)
0

DOS(
7 €+ Ina

)=

€+ Ina
Neglecting the second integral on the right hand side of Eq. (B.5), we find in a similar way

1

1 i

DOS b

88,5 (w) = 7_[l (e +Ina) T rna (B.9)
Next, we find
g% (w / / In[z* /(z* — 2i)]
—2i(e+Ina+Inz*)e + Ina + In(z* — 2i))

3 1 In[z/(z — 2i)]

z—2i(e +Ina+1Inz) e+ Ina + In(z — 2i))

1 [ o 1 21 [®dr 1 11
N —— dx dylm| ———— | ~ — - - =
7 Jq ~ z(e +Ina +Inz) 7)o r(e+na+Inr? we+lna

(B.10)

In the case @ <« 1 and € > 1, we expand the integrand in SgDOS( ) in series in 1/¢ and obtain
i o dy o T

5gP0s _——/ 7f dxa[ 12 +x— iy)Imy(1/2 +x — i ]:——.

820 =25 | cam ) v y)Im y(1/ Y)| = -5

(B.11)
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In a similar way, we find

1 1 o
8808 (w) = — Ine — —/ dy[1 — cothQrwy)| Im¢'(1/2 +iy) — — -l— 0471 dy[1 — coth(2rry)]
’ T e Jo 0
1 In2-1 2mi
< IMy"(1/2 +iy) = — Ine 4+ — _ e (B.12)
b4 me 3e

Next, we can write

G/ < dr 1 1
8859 (w _7/ d/ dyIm 7/ - = B.13
&2 X 7)o 1t (e+Inr)2 me (B.13)

Finally, we consider small frequenc1es o < 1, and temperatures close to the superconducting
transition, € < 1. At first, we split §gP%(w) into three parts

5gP%5(w) = Smh(z”“) / / dy [C'(z*) — C(z — 2ia)] / /
1 Sinh(2w (y — o)) sinh(27y)G(z*) 0 smh2(27ry)

Imy'(1/2 +2)Imy(1/2 +2) Z/de/w dy  Imy/(1/2 +2z)Imy(1/2 +2) B
[W(1/2 +2) - y(1/2) vosinh’2ry)  Jy(1/2+2) - y(1/2)]

Here we neglected o and € whenever it is possible. Next, we omit the terms independent of « and
¢ and expand the integrand in the first line of Eq. (B.14) to the lowest order in x, y, and «. Then we
find with the logarithmic accuracy,

DoS (4 dy iy"(1/2) +ay”(1/2) 7¢(3) ima), 1
8g; ~ 4n 2/ / e+v(1)2)(x —iy) < 3 + ) >1n€. (B.15)

14)

Next we find

2a 1 00 . o )
5859w ):/ d—yln[e—iw’(l/z)yH/ ﬂ/ 1 — corhizmy)] | G(z*) - G(z* — 2ie)
0

2 G(z*)
G/(z) '(z — 2ia) / / G'(z)
d 1 — coth(2 Im
G(z) y[ (27y)] 0
1 1 ie ima ¥v'(1/2) —in a/ /
~ —1 —{14+—=)In{1—- — B.1
nne+ﬂ( +7r2a>n( € >+ 2’(1/2) e+x)2+y (B.16)
Hence, we find with the logarithmic accuracy
7¢(3 1 i 1 1 i i 2
5809 (w) = — AC) LA T UL P ey, (B.17)
73 g 2 € 20 €

Also, we obtain with logarithmic accuracy

8859 (w) = ——/ dx/ dylm[c(z)] = ——/ dy/ dxlm[ +x+ly}
1 [ G271 1 (' 11
_;/o dx/1 dylm[G(Z)] _;/o 62+y / dx/ dylm[G(Z)] =z

(B.18)

Appendix C. Aslamazov-Larkin contribution

In this Appendix we present derivation for the asymptotic expression of the Aslamazov-Larkin
contribution. This correction can be written as

5" () smh 2w a) / / ImG(z — i) G(z* + i) — G(z* — i)
w) =
g T 2nad + sinh(27y) smh (271( — ) Gz — ia)? G(z")

x Im[G(z* tia) - G(z* — ia)]. (C.1)
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In the case of large frequencies, o >> 1, it is convenient to perform rescaling x — ax andy — «y.
Then we obtain

1 1 o ! -1 —iy+i 1—
sgMw)= ——— dx x | dyarctan Y nX=Y + !l arctan [ —2
3
7 (e +Ina) J, 0 X Xx—iy—i bY

1+y it
arctan ~ s C2
* ( X ) :| (e +Ina) (c2)

where the constant c;* ~ 0.17 — 0.89i.
In the case of small frequencies, o <« 1, and high temperatures, € >> 1, we can approximate the
function G(z) in denominators of the integrand in Eq. (C.1) by e,

5g™M(w) =~ g/ooo dxx/oo dy of(x,y)Imf(x,y — a)Re y/'(1/2 + x — iy), (C.3)

where f(x,y) = ¥(1/2 4+ x — iy)/sinh(2ry). Expanding in « on the right hand side of Eq. (C.3), we
obtain

AL AL;
A eyt — cetia

g™ (w) ~ : (C.4)

€3
where cf" ~ 1.44 and /' ~ 9.23.

In the vicinity of the superconducting transition, ¢ < 1, and for small frequencies, « < 1, we
can expand the integrand in Eq. (C.1) in y and x,

s )N_L/de/”dl X RN E AW ST
S Y Ve P+ —arle+x—iy] 8 '\ 2¢ ) e\ 2 )
(C5)

where the functions W1(X) and W,(X) are defined in Eq. (67). We note that there are also subleading
terms proportional to Ine.

Appendix D. The correction §g°°(w)

In this Appendix we present derivation for the asymptotic expression of the correction §g*(w).
It is convenient to split the expression (52) into four parts, §g°(w) = 8g;(w) + 8g; (@) + 8gj(w) +
gy (w), and discuss each of them separately.

D.1. 8gi(w)

The first contribution §g(w) can be expressed in terms of the dimensionless parameters in the
following way

1> © g 2
585 (w) = —— / dx x / = coth(2y) { 36"(2) + G'(z — 2i0) + = [ Gz — 2ia) — G(z — ia)
4o Jo _oo G(2) o

—G(z)—i—G(z—i—ia)]}. (D.1)
In the case of large frequencies, o > 1, we perform rescaling x — ax and y — «y. Then we find

1 1 o o 3 1 (z —2i)(z +1i)
585 (w) ~ — d d N C ) G )
& (@) 47 € + Ina /0 xx/;oo ysgny|: 22 (z=2i? tein (z—i)z

15—-2In2+ir
67 €e+lna

(D.2)
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At low frequencies, o <« 1, and at high temperatures, € > 1, we expand Eq (D.1) in o and obtain

g (w) ~ —— / dx x/ dy coth(2ry) G""(z) + dx X dy coth(2ry) G""(z)
27 C
__27nia n 50t ’ (D.3)
9¢ €

where cg &~ 3.83.

Near the superconducting transition, € < 1, and for small frequencies, « <« 1, the correction
8g;(w) does not diverge in the limit ¢ — 0.
D.2. égjf(w)

The contribution §g;‘(w) reads

8g( =iz / f G—y coth (2n(y —a)) — coth(Zny)] { G'(z —ia) — G'(z*)

G(z*) — G(z* + i)

: — G(z — 2ia) —
[0

2i G(z — 2in) — G(z — i
+=[eE+ ( )~ )] } . (D.4)
o i
In the case of large frequencies, & >> 1, it is convenient to rescale integration variables x — «x and
y — ay. Hence, we obtain

1 1 o0 1 1 1 2i 2i 7%z — i)
S8 (w) A~ — — d dyd ——  + 42 21
8ir () 2ne+lna_/o ”fo y{ Cc—ip Tt At " e riz—

1 14In2—-4—i
_ et m (D.5)
6 €e+Ina
In the case of small frequencies, « <« 1, but well above the superconductivity transition tempera-

ture, € > 1, we expand 8g;(w) in . Then we find

5 (o) ~ STNCT) [ dy i“[ A2 =)+ 20 (1/2+ )]

i) e /_Oo sinh (27(y — @) sinh(27y) | 3 v az-mrydze
2 : 2

—%[Wm/z—iy)—11¢”(1/2+iy)] }=—”;:‘+C‘5:l. (D.6)

The correction 8g;‘(w) becomes a constant in the limit « <« 1 and € <« 1.
D.3. égji(w) And égps(w)

The contributions 8g;f(w) and égj;(w) are given as

s =~ [ [T & com y){ Gz >[3G<z)+c< )W}
T dna () i
[G(z+ia)—c(z—ia)]
+2 a?G(z + i) (D7)

and
G'(z*)

& [G’(z*) — Gz - 2ia)]

waly o[ e

G(z* + i) — G(z*
@?G(z* + ia)

coth (2ry—a) - COth(ZTTJ’)} {

— i) [G(z* +ia)— Gz* — i) + Re G(z* + i) — Re G(z* — ia)]
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G(z* + i) — G(z* — ia)
i02G(z — i)

[G(z — i) — Gz — 2ia) + G(z*) — G(z* — ia)]’ }

Im [G(z* +ia)— G(z* — iot)]

(D.8)

a2G(z — i)

It is convenient to split the contribution 8g;/(w) into two parts. The first part is given as

_ sinh(2ra) G'(z*) G'(z*) — G(z — 2ia)
Sew.a() = / dx x/ Y G2(z+) sinh(27(y — «)) sinh(27y) (D.9)

The second part of gy (w) can be combined with the term 6gj(w). Then we find

G(2)
G(2)

1

o0 o0
Sglll( )+ 8g1v 2( ): _m A dXX/:OO dycoth(Zny) {

|: 3G'(z) + G(z — 2ia)

+2

a?G(2)G(z + iar) a2G(z*)G(z* + ia)

G(z) — G(z — 2iax) } [Cz +ia) - Gz — )] Gz* +ia) - G(z* — ia)
i

x [G(z* +ia) — G(z* — ia) + Re G(z* + iar) — Re G(z* — ia)]
Gz* + iat) — G(z* — ia)
 ia2G(z*)G(z — ia)
[G(z — ia) — Gz — 2ia) + G(z*) — G(z* —i@)]"  G(z*) — G(z* — 2ia)
B a2G(z*)G(z — iar)  a2G(z* — ia)G(z¥)
x [c(z*) — G(z* — 2ia) + Re G(z*) — Re G(z* — Zia)]
G(z*) — G(z* — 2ia)
i02G(z* — i )G(2)
[G(z) — G(z — i) + G(z* — iat) — G(z* — 2ia)]2
+ a?G(z* — ia)G(z) '

Im [G(z* tia)— GzF — ia)]

Im [G(z*) — G — Zia)]

(D.10)

At first, we consider the regime of large frequencies, @ > 1. It is convenient to make the rescaling
x — ax and y — «ay. Then we obtain

52 () ~ i /"Od f]d 1 1 9In3—4In2 -2 (D.11)
—_— x x — = . .
g a(@)~ e . , V22 —20) T 87 (e +Mnap

Also, we find

sgny 1r3 1 . z
1) w—— dx x d 7[— —— —2iln ]
98ii () + 88w o() / / V(e +Ina +Injz|? { PR T z-2i
¥+ z—1i)z* z* z(z* —1i
fom? 2 -+ 21n? AL el AP |2 2E =D
z— z¥ —1i (z* —i)(z — 2i) z* —2i (z* = 2i)(z —1i)
1  dr 1 1 1

N — — = — . (D.12)
27 Jo; 1 (e+Ilna+Inr)? 27 e+ Ina

Next, we consider the case of small frequencies, « < 1, and high temperatures, € > 1. Then,
expanding in «, we find

ImG () o
XN —— d — D.13
8iva(@) / x / smh2(2ny) S e (D.13)
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where ¢; & 0.047. For the contribution égj(w)+ (Sg,V ,(w) the integrals over x and y are dominated
by their large values of the order of exp €. Therefore, after expansion in ¢, we obtain

coth(2y) , " .
8gpi () + 8gy 5(w / dx x / Y e IR ImG(z)[3G (z) +2G"(z )]

1 [®dr 1
~— | - = (D.14)
27 Jo; 1 (e+Inr):  2me

We note that the terms of the next order in « has additional smallness in 1/¢.
Finally, we consider the vicinity of the superconducting transition, ¢ < 1, and small frequencies,
o < 1. Then expanding in x and y we find

v'(1/2) [ f x(e+x) 74“(3)l
m2y’(1/2) Jo [(€+x2+y22 =3
Here we neglected the dependence on « since it does not lead to terms divergent for ¢ — 0. In

order to analyse the term dgj;(w) + 8gj, ,(w), at first, we perform expansion of enumerators in o
on the right hand side of Eq. (D.10),

gf\?](w) ~

ne. (D.15)

5255 (0) 4 5255 () ~ / / dy 8G?(z) _ 4G(z)ReG(z) 8G?(z)
gii(@) + 8w o)~ —g 0 Gz)  Gl)C(z +ia)  Gz)C(z — ia)
4G (z)Re G (z) 2iaG(2)G"(z) . 2G(z)G"(z) +iG"(z)ImG'(z) + G'(z)Re G'(z)
G(2)G(z — i) G2(2) o G(2)G(z — i)
4[3G"(z) + G"(z*)]Re G'(z) — G"(z)Re G'(z) — iG'(z2) Im G"(z)
i (D.16)
G(z*)G(z — ia)
Expanding the function G in powers of its argument, we obtain
s« N _i o0 o0 dl 1
i) + 081y o(w) ~ 2/ dxx/ y (E+2PE+z+ia)E +2z—ia)
5iy"(1/2) dy 1 i ay\  35¢(3)
 872y/(1/2) f / (€ +2)? WM& <g) EE Ine, (D-17)

where the function Ws(z) is given by Eq. (71). Here we neglected terms of the order of « /€.
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