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1. Introduction

Anderson localization [1] and superconductivity are two fundamental quantum phenomena.
Semiclassically, i.e., without taking into account the quantum interference effects (and also dis-
carding the influence of disorder on interaction), superconductivity is not affected by the electron
scattering on non-magnetic disorder that is compatible with the symmetry of the superconducting
order parameter (so-called “Anderson theorem” [2-4]). However, at the next level of sophisti-
cation — with quantum effects included, the Anderson theorem meets Anderson localization. At
this level, superconductivity and Anderson localization were considered as antagonists: strong
localization [5-8] or interplay of weak disorder and Coulomb interaction [9-18] was predicted to
destroy superconductivity.! This view was supported by a discovery [19] and the further study of
the superconductor-insulator transition (SIT) in thin films (see Refs. [20-22] for a review).

The paradigm of suppression of superconductivity by Anderson localization has been challenged
in Refs. [23,24], where the enhancement of the superconducting transition temperature, T, due to
the multifractal behavior of wave functions near the Anderson transition (e.g., in three-dimensional
disordered systems) has been demonstrated for the situation when the long-ranged Coulomb
repulsion between electrons is not effective. Later, the multifractal enhancement of T, in thin
superconducting films has been predicted by the present authors [25,26]. Recently, these theoretical
predictions have been supported by numerical solution of the disordered attractive Hubbard model
on a two-dimensional [27] and three-dimensional [28] lattices. Recently, an enhancement of the su-
perconducting transition temperature by disorder observed in monolayer niobium dichalcogenides
has been explained by the multifractality [29,30].

The hallmark of the multifractally-enhanced superconductivity in disordered systems is strong
mesoscopic fluctuations of the local order parameter and the local density of states [24]. The
point-to-point fluctuations of the local density of states have been observed in many experiments
on tunneling spectroscopy on thin superconducting films [31-36]. Recently, these fluctuations
have been retrieved from numerical solution of disordered attractive two-dimensional Hubbard
model [37,38].

For temperatures above the critical temperature, T > T, the point-to-point fluctuations of the
local density of states observed in the tunneling experiments are in qualitative agreement with
the theory [39] developed by the present authors for the mesoscopic fluctuations of the local
density of states in the normal phase of disordered superconducting films. Our theory employs the
renormalization-group (RG) framework within the non-linear sigma-model (NLSM) formalism. The
advantage of such approach is the possibility to take into account mutual influence of disorder and
interactions in all channels (particle-hole as well as particle-particle) and to describe systems with
short-range and Coulomb interaction on equal footing.

The experimental data on the fluctuations of the local density of states below T, as well as
recent numerical data on the disordered Hubbard model represent a new challenge for an analytical
theory. In the present paper, we develop a theory of the mesoscopic fluctuations of the local density
of states in the multifractal superconducting state. For the sake of concreteness, we shall focus on
the case of thin superconducting films. We assume the absence of long-range (Coulomb) interaction,
which can be achieved in structures put on a substrate with a high dielectric constant, and consider
the regime of an intermediate disorder strength [25,26], in which the superconducting transition
temperature is parametrically enhanced by multifractality compared to the conventional Bardeen-
Cooper-Schrieffer (BCS) result. We calculate the average density of states and its mesoscopic
fluctuations in the low-temperature limit in the presence of the interplay between disorder and
interactions.

We demonstrate that the gap in the disorder-averaged density of states at zero temperature is
proportional to the superconducting transition temperature, i.e., it is also enhanced by multifractal-
ity. In spite of the enhancement of the spectral gap, we find that the combined effect of disorder and
interaction results in the suppression of the coherence peaks. Their height is finite and controlled

1 It is worth mentioning that in Refs. [5-8] there was an interval of disorder in which superconductivity and localization
coexist. However, superconductivity was monotonically suppressed with increasing disorder.
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by the ratio of a bare disorder and interaction. We also show that the mesoscopic fluctuations of
the local density of states in the superconducting state are enhanced in the same way as in the
normal phase for temperatures above T..

On the technical side, in order to describe the superconducting state, we derive the Usadel
equation modified by renormalization effects due to interplay of disorder and interactions (in both
particle-hole and particle-particle channels) at short scales. This modified Usadel equation can
be reformulated as a standard Usadel equation, but with an energy dependent gap function, and
yields the same estimate for the superconducting transition temperature as the one derived by
means of the renormalization group in the normal phase. We discuss the relation between the
approaches based on the renormalization of the sigma model and the self-consistent solution of
the gap equation in the presence of multifractal correlations of matrix elements.

The structure of the paper is as follows. In Section 2 we overview the formalism of the
Finkel’stein NLSM as applied to superconducting systems [15,18,25,26]. The mean-field description
of the superconducting state is briefly outlined in Section 3. The description of the superconducting
state beyond the mean-field approximation is developed in Section 4. The developed theory is used
to estimate the superconducting transition temperature (Section 5) and the energy dependence of
the gap function (Section 6). The results for the local density of states and its mesoscopic fluctuations
in the superconducting state are presented in Sections 7 and 8, respectively. Finally, our results and
conclusions are summarized in Section 9.

2. Formalism of Finkel’stein NLSM
2.1. Finkel’stein NLSM action in the normal state

The action of the Finkel'stein NLSM is given as the sum of the non-interacting NLSM, S,, and
contributions resulting from electron-electron interactions, Slnt (the particle-hole singlet channel),
sto) (the particle-hole triplet channel), and st (the particle-particle channel) (see Refs. [40-42] for

int int
a review):

S=5,+5% 4slo) 4 g

int int int? ( 1 )

where

Se = —E/drTr(VQ)ZvLZZw/d"TréQa (22)

s = —71" >y fdrTrI“troQTrI t0Q, (2b)

a,n r=0,3

=S Y Y X [armrneige. 9

a.n r=0,3j=1,2,3
s — ——FCZ > / dr Trt,oL2Q Trt,0L%Q. (2d)
a,n r=1,2

Here, Q(r) is the matrix field in the replica, Matsubara, spin, and particle-hole spaces. The
trace Tr acts in the same spaces. The matrix field obeys the nonlinear constraint, as well as
charge-conjugation symmetry relation:

Q*r)=1, TrTQ=0, Q=Q'=-Q'C, C=ity. (3)
The nonlinear constraint on the matrix field Q suggests the following parametrization:

Q=T'AT, Ti=T"", I"=T7'C, A%’ =sgne; s, too, (4)

&ns€m

where o, 8 = 1,..., N, stand for replica indices and integers n, m correspond to the Matsubara
fermionic frequencies &, = wT(2n+1). The representation (4) implies that the diffusive fluctuations
in the normal state are associated with smooth variations around the metallic saddle point Q = A.
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The action (1) contains three constant matrices:
B = €08 endPto0, (I Vo = Seneman 8787 00, (L] Yoy = Secntem.n 8" 8“7 oo - (5)

The sixteen matrices,

€n,€m

ti=o®sj, r,j=0,1,273, (6)

operate in the particle-hole (subscript r) and spin (subscript j) spaces. The matrices 1o, 71, T2, T3
and sg, S1, Sz, S3 are the standard sets of the Pauli matrices.

The bare value of the coupling constant g coincides with the Drude value of the conductance (in
units e?/h and including spin). The parameter Z, describes the frequency renormalization upon the
renormalization group flow [40]. The bare value of Z, is equal to wv /4, where v denotes the bare
density of states at the Fermi level including a spin-degeneracy factor. The interaction amplitude
I'; (I) encodes interaction in the singlet (triplet) particle-hole channel. The interaction in the
Cooper channel is denoted as I¢. Its negative magnitude, I, < 0, corresponds to an attraction
in the particle-particle channel. In what follows, it is convenient to introduce the dimensionless
interaction parameters, ys¢c = Is.c/Z,. If Coulomb interaction is present, the following relation
holds: ys = —1. This condition remains intact under the action of the renormalization group
flow [26,40]. In the case of the BCS model and, under an assumption of strong disorder, wpt < 1 (wp
is the Debye frequency), the bare values of interaction amplitudes are related as —ys0 = Yr0 = Yco-
In what follows, we shall refer to such a relation between interaction amplitudes as the BCS line.

2.2. Finkel'stein NLSM action in the superconducting state

The symmetry breaking that leads to the appearance of the superconducting state changes the
saddle point of the NLSM [43-46]. We shall follow the approach of Ref. [46] which allows us to take
into account the effects of disorder and residual quasiparticle interactions beyond the mean-field
level.

Let us single out the term with n = 0 from the expression for Sl(;t) Eq. (2d). Then, upon the

Hubbard-Stratonovich decoupling by spatially dependent fields A%(r), r = 1, 2, we find
s = fdrz > [axm)] +2z, /drz > AU Triol§Q + S5, 7)
a r=1,2 a r=1,2
where
© _ 1} 3 /dr Tr tyol® Q) . 8)
a,n#0r=1,2

Since, by construction, the action depends quadratically on A(r), we can solve the equation of
motion instead of performing the functional integral. The equation of motion reads

T
AX(r) = T|Vc| Tr tr oLy Q(r), r=1,2. (9)

We note that the charge-conjugation symmetry, Eq. (3), guarantees that Af,(r) are real functions.
The presence of nonzero A”‘( ) changes the saddle-point equation for Q Performing variation

of the NLSM action (1) with st replaced by 519 we derive the following saddle-point equation:

int mt ’

—DV(QVQ)+[2.Q1+ Y > AXr)ltolf. Q1 — Z > Zy,[l,ntn, QITr I t;Q

a r=1,2 a,n r=0,3 j=0
7TT]/
<)) ol QI TreliQ =0, (10)
a,n#0r=1,2
Here, yo = ys; and y4 = y» = y3 = ¥, and we have introduced the diffusion coefficient

D = g/(16Z,). We mention that in the absence of interaction Eq. (10) is nothing but the Usadel
equation, well known in the theory of dirty superconductors.
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Substitution of A¥(r) from the self-consistency equation (9) into the Usadel equation (10) results
in the nonlinear matrix equation for Q(r). In general, such equation has many spatially dependent
solutions for Q(r) which mimic fluctuations of a disorder potential in the original microscopic
formulation of the problem. To enumerate all these solutions and to perform summation over them
seem like a daunting task. In order to circumvent this difficulty we shall use the smallness of the
bare resistance, 1/g < 1. Then, we can sum over spatially dependent solutions for Q(r) by treating
the fluctuations around the spatially independent solution of the Usadel equation by means of the
renormalization group. We start from splitting A into constant and spatially dependent part,

A%(r) = A% + 5A%(r), /dr 8A%(r) = 0. (11)

The spatially varying part, A%(r), contains information about the mesoscopic fluctuations of
the superconducting order parameter. These mesoscopic fluctuations turn out to be large (see
Appendix A) [24,37,38,47]. In order to take them into account, we perform a formally exact
integration over §A¥(r). As a result, the spatial fluctuations of the Hubbard-Stratonovich field
corresponding to the order parameter get fully encoded in additional correlations of the Q field.

This procedure results in a modification of Smt,

4z,v
S =y 2 24 22 30 Y ATl 55 )

T
Ye 1o o r=1,2

where V denotes the volume of a superconductor,

o= %/er(r), (13)

and

}ft——ff > Zfdr [treors (@ - ano)] . (14)

a,n r=1,2

After integrating over § A%(r), the saddle-point equation (10) gets modified,

—DV(QVQ)+[2,Q] +[A, Q] - —Z > Zy] I t;, Q1 TrIt,Q

a,n r=0,3 j=0
n'Ty o —
S0 Il QITrtroLi(Q — Qn0) =0, (15)
a,n r=1,2
where
A T —
A=) Altolf, AT = lrel TriolgQ (16)
a r=1,2

It is worth noting that the information about the disorder-induced spatial fluctuations of the
Hubbard-Stratonovich field A%, and, hence, about the spatial fluctuations of the order parameter,
is not lost after the integration over § A%?(r) and remains encoded in Eq. (15) through the coupling
of A and Q and the fluctuations of field Q. Before considering the effect of such fluctuations, in the
following section we analyze the mean-field solution of the modified Usadel equation.

3. Mean-field description of the superconducting state

Let us seek the solution of the Usadel equation (15) and the self-consistency equation (16) in
the following form

Q:fl = (cos Oc,, SEN En8eyy e + Ly SIN 98,,88",_8,") 89 ty = COS@ t1o + sin ¢ tyo,

A7 = Acos ¢, AY = Asing. (17)
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Here, we assume that the spectral angle 6,, is an even function of &,. We note that the above ansatz,
Q, satisfies the charge-conjugation condition. Substituting Eq. (17) into the Usadel equation (15),
we obtain

D

5vzesn — |en| sin@,, + Acosb,, = 0. (18)
The self-consistency equation (16) transforms into the following relation:
A=nrTly| ) sinb,,. (19)

&n

Since the superconductor order parameter A is spatially independent by construction, we consider
a spatially independent solution for 6,,. Then, we find:

|&n] A

050, = ———,  sinf,, = — (20)
’ Ve + A2 ° Ve + A2
where A satisfies the self-consistency relation
(21)

)
= (o y———
- it a2

This is nothing but the standard self-consistency condition for the gap A in the BCS theory [48].
The saddle-point solution (17) can be conveniently written as rotation around the matrix A,
Q=RTAR, R = [5

(RT)2E = [53,1,5,“ C0S(0e, /2) — b8 —em SEN En sin(@sn/Z)]Saﬁ .

COS(Be, /2) — tsSey. ey, SEN Em SIN(B, /2)]5“/3 . (22)

€n,€m &n,—Em

We note that the matrix R satisfies the relation, CRT = R~!C. We emphasize that although the
spatially independent saddle point ansatz (17) solves Usadel equation (15), the solution (17) is
completely insensitive to disorder and residual interaction between quasiparticles in accordance
with the “Anderson theorem” [2-4].

4. Beyond the mean-field approximation

In order to see the effect of disorder and residual interactions between quasiparticles, one needs
to go beyond the mean-field approximation of the previous section. The fluctuations of the matrix
Q around the saddle-point ansatz (17) modify the effective potential for the spectral angle 6,. In
what follows, we establish a perturbative renormalization group approach for accounting these
fluctuations.

4.1. Perturbative expansion

Taking into account the fluctuations of Q, we renormalize the NLSM action. For this purpose,
we shall develop a perturbation expansion around the saddle point Q, using the square-root
parametrization of the matrix field Q:

Q= R‘1<W + A1 - WZ)R, W= (% lg) . (23)
We adopt the following notations: Wy n, = wy,n, and Wy,n, = Wy,,,, where n; > 0 and n, < 0.
The blocks w and w satisfy the charge-conjugation constraints:

w=—-Cw'C, w=-Cw*C. (24)

These constraints imply that some elements (wgfnz )i in the expansion wﬁfnz = Zﬂ(wﬁfnz )it are
purely real and the others are purely imaginary.
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In this paper, we restrict our considerations to the expansion of the renormalization group
equations to the lowest order in residual electron-electron interactions. This is justified in the case
of weak short-ranged interaction, which corresponds to small magnitudes of the bare interaction
parameters, |vsol, |10l |Ycol < 1. Then, in order to study the effect of fluctuations, we shall need
the propagators for diffusive modes in the nonmteractmg theory In other words, the propagators
are determined by the NLSM action in which terms st and Smt are omitted. Within this
perturbative-in-interaction scheme, one finds

ll'lt ’ 1nt ’

2 . . .
(AT )]ﬂ2“2)=§5“1“26f‘“"25 8enyeny Dplien; s i€ny), 1, =0,...,3,

ngns &nq,€n3 “€ny,Eny
1
Dy(iey,,iep,) = ————, 25
p( " HZ) Dp2 +E£n1 +E8n2 ( )
E., = len| cosb,, + Asinéb,, . (26)

We note that we have not yet fixed 6,, at this stage.

4.2. Renormalization of the NLSM action

The interaction of the diffusive modes encoded in W renormallzes the NLSM action. Since we
consider the spatially independent saddle point, Q, and Smt, lm, and Slnt are zero at this saddle
point, we are interested in modifications of these terms in the NLSM action by the quantum
corrections that can be expressed through the diffusive propagators (25). To the lowest order in
disorder it is enough to approximate Q as

Q > Q+R 'WR
This results in
S +s) - / <Z > Z r[RISt;R™TW] Tr[RI%, t5R™ w]> (27)
a,n r=0,3 j=0
Then, using Eq. (25), we retrieve

o 32NV diq
Smt + Sl(nt =-— Z/ 18”1’ 18”2)

niny

xS [ (13 + 3110800, ey on + (I + 3108, —en, con = Senyony.m) { cos? (0.,,/2)
n

X COS? <0€n2/2) + sin® (08,11 /2) sin? 05,12 /2 j| —(Is = 311)8e,, +enyon SINOe,, SING;, }

327N,V dq .,
— T( —3I) Z sin @, sin 6,/ /(2 )qu(lé‘,—ls ). (28)

£,6/>0

Here, in the last line, we omitted the term proportional to I+ 31 that involves 6., in the diffusion
propagator only, as it yields a negligible correction with respect to the term we retain. In a similar
way, one can renormalize the interaction in the Cooper channel,

o, Tl XY / dr ((Tr[ReoLzR~'W])’)

a,n r=1,2

[(favtme

7

nTI"

o r=1,2
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647 TI.VN, dq .
T g Z / (2w)d Dq(ien;  ien, ) Z 88“1_5"2""" + (85”1""9"2-“’" - 85"1_5"2~w")

ny,ny n
x |:cosz (egnl /2) cos? (egnz /2) + sin? (98,,1 /2) sin? (06,12 /2)} [1 —@n )da(q)a,,,o/v] }
327 TILN,
> —% 3" Dyolie. —ie)sin? . (29)
e>0

As above, we have neglected here the terms that involve 6,, in the diffusion propagator only. As
one can see, the renormalization of §f§2 results in the non-extensive term, proportional to V°. In
what follows, we shall safely neglect this term in the thermodynamic limit V — oc.

We mention that the above computation is similar to the background field renormalization in
the normal state but with the specific slow field Q (see Supplemental Materials of Ref. [25] and
Appendix A of Ref. [26] for details). We also note that to the lowest order in interactions y; . . the
renormalization of the parameter Z, coincides with the renormalization of the Q matrix, i.e., with
the Z factor that determines the renormalization of the average density of states.

Egs. (28)-(29) determine the correction §Sg[Q] to the classical action due to quantum fluctua-
tions (treated to the lowest order in 1/g). Including this correction, we obtain the perturbatively
modified action in the following form:

2

SIQ] + 8SalQ] =167rTZriVi + Z[s cos 6, + Asin 08]
0

An Ty,
d

27T (ys — 3 d
+ w 3 sine. Singg/fﬁpq(i& —ie’)}. (30)

This action will serve as a basis for the modified equations of motion with the quantum interference
and interaction effects included.

£,6/>0

4.3. Modified usadel equation

Minimizing Eq. (30) with respect to 6, and A, we find (¢ > 0)

-3 d¢
—esinf,+ { A +2nrw 2%/ ﬁ [Dq(is, —ig')
&>

+Dgie’, —ie)] sin 6, } cos6, =0,

A=2xT|y|) sin6, . (31)
/>0
It is convenient to introduce the energy-dependent quantity
(s —=3n) [ d'q . L .
A, = 27T /X;){yc B g 2n ) [Dq(ls, —ig") + Dy(ie’, —18)] sinf, , (32)
&>

that we shall term the gap function. Then, we can write the modified Usadel equation in the
following concise form (¢ > 0),

—esinf. + A, cosf, =0. (33)

Solving Eq. (33), we find the spectral angle,
A, e

_— O = —— .
Vet + A2 cosve Vet + A2

8

sinf, = (34)
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Supplemented by Eqs. (34), (32) becomes a self-consistent equation for the gap function. We note
that, contrary to the gap function, the Hubbard-Stratonovich field (the order parameter) A remains
independent of the energy,

A=2nT
n |n|§m

A few remarks are in order here. First, we note that a similar form of the modified Usadel
equation has been derived in Refs. [47,49] in the case of a residual Coulomb interaction and without
the exchange interaction, i.e., for y; = —1 and y; = 0, by means of the diagrammatic technique.?
Second, the accuracy of our approximation does not allow us to see that A in the definition of E,,
Eq. (26), is changed to A,. However, there is an argument in favor of such transformation from
A to A,. Let us make a shift in the spectral angle 6, — 6, + 80,. Then, on one hand, §6, can be
reabsorbed into some W matrix. Therefore, the propagator for 86, is related with the propagator for
diffusive modes, Eq. (25). On the other hand, the very same propagator can be obtained from the
linear variation of the modified Usadel equation. The latter fact implies the presence of A, in the
expression for the propagator of diffusive modes. Therefore, we make the following substitution in
the diffusive propagator,

./ 2 -2
—ig') > q°+1L
’ )= a Neltat+ 242"

where L, = 4/D/e. We note that for energies larger than the spectral gap edge the transformation
from A to A, is not essential.

Finally, the form of the second term in the curly brackets in the right hand side of Eq. (32) coin-
cides exactly with the perturbative correction to the interaction in the Cooper channel originating
from the interplay of disorder and interactions in the particle-hole channel. Since this correction
appeared in a procedure similar to the background field renormalization, we are allowed to rewrite
Eq. (32) as the following self-consistency equation for A,,

(35)

D, \(ie (36)

Ay
A, ==27T Y . ( - ) 2 , (37)
2 \"VeRrat+ fe2 a2, oz 4 A2 T
where the dependence of y. on L is governed by the following equation
dy. t
— = —=(¥s — 3¥) . 38
dy 5 (s 7) (38)

Here y =InL/¢ and t = 2/(7rg) denotes the dimensionless resistance. Comparison of Egs. (37) and
(35) suggests that the order parameter A coincides with the value of the gap function at energy of
the order of 1/7,i.e. A = A,q/z.

5. Critical temperature for the transition to the superconducting state

The modified self-consistency equation (37) allows us to determine the superconducting transi-
tion beyond the mean-field approximation. The latter yields the BCS result,

TPS ~ v exp(—1/lycol), (39)
see Eq. (21).

5.1. Estimate for T, from the renormalization group equations in the normal phase

We start by reminding the reader on how the superconducting transition temperature can be
estimated from the renormalization group equations in the normal phase. In the case of weak

2 The Cooperon screening factor of Ref. [47] is given as w(e) = A./A.
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short-range interactions, these renormalization group equations, to the lowest order in t, read
[25,26,50]

de
ay - (1= /2 = 3%/2 — ), (40a)
dys t
E = _E(Vs + 3y + 2Vc)7 (40b)
d t
7); =—5(n—r—2x), (40c)
dy, t
& =3 -2 (400
dinz, t
220 — Ly + 3%+ 270).- (40e)
dy 2

It is worthwhile to mention that, within the lowest order in t, the dependence of the
renormalization-group functions on the interaction parameters can be computed exactly [40,41].
There are subtleties (extensively discussed in the past, see e.g. Ref. [16-18]) related with the
renormalization of the Cooper-channel interaction. Recently, the difficulties with the Cooper-
channel renormalization have been resolved within the background-field renormalization scheme,
and the renormalization-group functions for interaction parameters y; ;. have been computed
exactly (including dependence on y,) within the lowest order in t [26] (see also Ref. [46]). For
the purpose of this paper, it will be sufficient to use Eqgs. (40a)-(40e) which are of the lowest order
in ysr.c (and are not affected by the above subtleties).

The renormalization group equations are supplemented by the initial conditions t = ty, 5 = Y0,
Yt = Yo, and . = Yoo at y = 0 (L = £). We assume that the initial values of resistance and
interaction parameters are small, to <« 1 and |ysl, |11ol, |Yc0ol < 1. In addition, we limit our
discussion to the case of ty > |y.0|. We mention that for t < |yc0| disorder modifies the BCS
transition temperature only slightly. Under the above assumptions, we can neglect the y? term in
the r.h.s. of Eq. (40d) at the initial stage of the renormalization group flow. Then, the interaction
parameters flow towards the BCS line,

—Vs=Vt=Vc=VY-

The initial value of y is equal to yo = (3¥:0 + 2¥c0 — ¥s0)/6. We assume that y, < 0. Projecting
renormalization group Egs. (40a)-(40d) onto the BCS line, we find

dt 5 dy 5

dy =t°, dy =2ty —2y“/3. (41)
Let us emphasize that the disorder-induced correction to the renormalization group equation
(the term 2ty in Eq. (41) is intimately related to the multifractality of wave functions in the
noninteracting theory. The coefficient 2t coincides with the lowest-order term in the expansion
of the absolute value of the multifractal exponent |A,| in powers of the resistance t [51]. As
known [52], the exponent A; < 0 governs the scaling behavior of the disorder-averaged fourth
moment of the wave functions. In the NLSM formalism, the scaling of the fourth moment of the
wave functions is governed by an operator bilinear in Q. Therefore, to the linear order in interaction,
the renormalization-group equations of the interacting theory are controlled by scaling dimensions
at the noninteracting fixed point [25,53].

According to the renormalization group Eqs. (41), y flows towards negative values and diverges

eventually at a finite length scale L.. For |yo| > tg one can estimate this lengthscale as [25]

L = texp(1/to — 1/t5°), (42)
where
t5¢ =35 /(2lyol). (43)
10
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The divergence of y at the finite length scale signals instability of the normal phase towards
superconducting order at temperature TR® = D/I2. Hence, we obtain

RG 1 2 2
T, . exp( 0 + tfc) . (44)
We emphasize that TCRG is enhanced parametrically in comparison with the clean BCS transition
temperature TCBCS given by Eq. (39). This enhancement occurs due to the positive sign of the
disorder-induced term 2ty in Eq. (41). As explained above, this is a consequence of the multifrac-
tality in the noninteracting theory. Therefore, the origin of the enhancement of the superconducting
transition temperature is deeply rooted into the multifractality of two-dimensional disordered
electrons. Also we note that at ty ~ +/[y| transition into the insulating phase occurs [25].

5.2. Relation between renormalization group flow and the modified self-consistency equation

We note that Eq. (38) has a striking resemblance with the renormalization group equation for y.
in the normal state, Eq. (40d). As we shall demonstrate below, this fact is not occasional. As usual,
in order to estimate the superconducting transition temperature, we can linearize Eq. (37). Then
we find

Ay
A = =27T 3 vellers) - - (45)
e/>0

In order to make connection of Eq. (45) with the renormalization group equations in the normal
state, following Refs. [47,49], we substitute L., by min{L,, L./}. We also substitute the sum over
Matsubara energies by an integral over continuous energies (see below for arguments as to why it
is possible). Then Eq. (45) can be reduced to the following differential equation,

da*r,
dy?

d’r,
dy?

din7;
=0, d = 2Yc0 , (46)
Ve

e=nT e=1/t

= —f(Vs - 3Vt)[T8 - TS:HT] s

where A, = —(1/2)dY,/dy. and y. = InL. /L. Eq. (46) is worthwhile to compare with the equation

d*r dinT
—— = —t(ys = 3y)T, dy

= ZVCO ’ (47)
y=0
that can be obtained from Eq. (40d) upon the substitution y, = (d7T°/dy)/(27). Eqs. (46)-(47)
become identical if we impose the additional condition 7,—_,t = 0. Such condition for 77 in Eq. (46)
is needed in order to have one-to-one correspondence between 7, and A,. For 7" in Eq. (47), the

condition T = 0 appears automatically, since y. diverges at the length scale L.. Therefore, we can
identify 7, with T°(L,):

T.=7(L). (48)

Then the condition Y,—,r = 0 determines a certain temperature T. for which L,;, = L.
Temperature T. defined in this way is given by Eq. (44). Thus, the superconducting transition
temperature determined from the self-consistency equation coincides with the one found from the
renormalization group equations in the normal phase. It is worthwhile to mention that there is a
subtle difference between Eq. (46) and (47). The variables t, y;, and y; in Eq. (47) are governed by
renormalization group equations (40a)-(40d), whereas in Eq. (46) they obey Eqs. (40a)-(40c) and
(38). In the arguments given above we neglected this subtlety.

5.3. Estimate for T, from the modified self-consistency equation

Now we shall compare the prediction for the transition temperature (44) that stems from the
renormalization group flow in the normal state with the one obtained from the accurate analysis

11
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Fig. 1. (a) Dependence of the inverse maximum eigenvalue, 1/)»%& on ¢. The dots are numerical values, the red solid
line is a fit. Extrapolation to the infinite size of the matrix M is performed. (b) Comparison between the function f(z)
Eq. (56), (red curve), the function f(z) (blue dot-dashed curve) and the eigenvector (blue dots) corresponding to the
maximal eigenvalue of the matrix M for t, = 0.14 and y, = —0.05.

of the modified self-consistency equation (45). In order to analyze this equation, we project the
renormalization group equations onto the BCS line —ys = 31 = ). = y and neglect interaction
corrections to the renormalization of ¢ (see Section 5.1). This implies substitution of y. by y in
Eq. (45), where the length-scale dependence of y is governed by the following renormalization
group equations:

dt 5 dy
— =t — =2yt. 49
dy @y~ (49)
Solving the above equation for t(L) and y (L), we find
to t(L)
t(l) = —— L —. 50
(L T y(L) = yo 2 (50)

Eq. (45) can be viewed as an eigenvalue problem, such that the transition temperature is
determined by the maximum eigenvalue of a corresponding matrix. We parametrize the transition
temperature as T, = 2zt~ ")exp(—2/to + 2/t.) where t, satisfies inequality 1 > t. > to. Then,
rewriting Eq. (45) with the help of Eq. (50), we obtain

4lyol 1 1
Ap = Mo w(2/t)Aw,  Muw(Z) = . 51
= z;mu/an R T T A Y (51)

The above approximate analysis of the self- con51stency equation suggests that in the case ¢ > 1, the
maximum eigenvalue of M(¢) behaves as kmax o 1/¢. The numerical data for )\%L can be viewed in
Fig. 1a. The numerical results support the above expectation. For ¢ >> 1, one finds Amax =upy/(2¢)
with uy &~ 1.26. We note that this result satisfies the Perron-Frobenius bound at ¢ > 1,

AW < mmZMnn =1/¢. (52)
n’'=0

Therefore, the self-consistency equation (51) results in the following expression for the supercon-
ducting transition temperature, cf. Eq. (44):

1 2 2
T~ ;EXP< o' tsC) . RS =umtg/ vl 53

We note that the assumption ¢ = 2/t. > 1 is indeed satisfied.

The fact that ¢ is large allows us to find the eigenvector A, that corresponds to the maximum
eigenvalue Amax Let us use the Euler-Maclaurin formula for the summation over n’ in Eq. (51). This
is justified by the condition ¢ >> 1. In addition, we approximate In(n+n’+ 1) by In(max{n, n'} + 1)
(as we shall see below, such simplification provides qualitatively correct results). With these

12
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approximations, we arrive at the following equation:

A 52 ‘0 du i tg 2
(up) = 2u;, — A(u) + 2 du A(u) + —u;A(ug) , (54)
un u Uso |V0|

where
_ 2]yol
t212/tc +In(n + 1)1

The quantity ts = |po|/to < 1 corresponds to u, with the maximally allowed indexn >~ 1/(27 T.t).
Let us parametrize A(u,) as A(u,) = A(ug)f(u,), where a function f(u) satisfies the normalization
condition f(up) = 1. Then the function f(u) satisfies the following differential equation,

uf () = fw) +4fw) =0,  flu)=Cup, ()= 2f(oo)/ticc , (55)

where C = 2t§/|yo| <« 1. Using the smallness of u.,, the solution of the above equation can be
written as

flu)=

n

F(u)
F(uo)

Here, J>(x) denotes the Bessel function of the first kind. The yet unknown parameter ug can be found
from the boundary condition at u = ug, f'(ug) = Cuyg. To the lowest order in C « 1, the parameter
ug can be found as

Cu?

Up = e — — =, (57)
where u, ~ 0.92 is the solution of the equation F'(u.) = 0. Hence, neglecting the difference between
Up and u, (proportional to tg /lvo|l < 1), we find that the superconducting transition temperature
is given by [cf. Egs. (44) and (53)]

2

1 2 )
Ter~—exp|l——+— |, te=ucty/lvl. (58)
T to tc

. F(u) = uh(4vu) . (56)

We note that the 25% discrepancy in the numerical values of u. and uy, indicates that the approx-
imation In(n + n’ + 1) by In(max{n, n'} + 1) is not justified by any small parameter. Nevertheless,
our approximate solution for the eigenvector with the maximum eigenvalue, Eq. (56), is in good
agreement with the eigenvector determined numerically, as shown in Fig. 1b.

The estimate (44) for the superconducting temperature from the analysis of the renormalization
group equations in the normal phase and the estimates (53) and (58) on the basis of the self-
consistency equation are essentially the same except for different numerical values of the constant
u. In all three cases its value is of the order of unity (1.5, 1.26, and 0.92, respectively). We emphasize
also that significant dependence of the gap function A, on the Matsubara energy ¢ appears just at
the superconducting transition temperature.

6. The energy dependence of the gap function
6.1. The gap function near T,

The non-trivial energy dependence of the gap function at the transition temperature suggests
that A(zp) vanishes at T = T,. The dependence of the gap function on temperatures at T. — T < T,
can be found in a way similar to the BCS theory. We expand the modified self-consistency equation
(37) to the third order in the gap function:

Ag/ A?,
A= Z”T,ZO'”L””'T —nT/ZOW(LMMS—B. (59)

13
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We note that the expansion of y (L Ay \/m) in powers of A, and A,/ leads to the terms

which are proportional to a small factor to/ yo <« 1. Such terms can be safely neglected. Let us
parametrize the gap function as A, = Ay(T)f (u.) where u, = |yo|t(L ,)/tz Then taking into account
that the sum over ¢’ in the last term of the right-hand side of Eq. (59) is dominated by & ~ T, we
find

23 (1 | 74(3)A)(T)

Ut d Us C
fu) = 207 / w2 / aftu)+ 52, C= 8 el f3(zr)),(60)

where ur = |y0|t(L,,T)/t§. The above integral equation is reduced to Eq. (55) but with ur instead
of ug. Using Eq. (57) and expressing ur and ug in terms of T and T, respectively, we obtain the
following well-known result of the BCS theory:

8 2
o1 = [74723)

We note that the corrections to the BCS-type temperature dependence are controlled by the small
parameter 7 /|yo| < 1.

1/2
T(T, — T)j| ., T.-T<T.. (61)

6.2. The gap function at low temperatures T < T

Let us first analyze the energy dependence of the gap function A, at the zero temperature. We
expect that the function A, has a form similar to the one at T = T, see Fig. 1b. We introduce
the energy o which is given by the solution of the equation &g = A,,. Then, we assume that for
& < go the gap function A, is close to its value Ag at € = 0. For ¢ > g the gap function A; is a
monotonously decreasing function that reaches the value A at e ~ 1/7.

At ¢ < g the self-consistency equation (37) can be approximately written as

A _f”f de’ Ay et Al
e = \/m A0+\/£’2+7 Ay + \/m A0+‘/m
1/t "A, ‘V 2 2/ ’ ” 2’)
=29 — [\Je? + A2 — Ao]/ de’ 4 DotyeA T e (62)
0

e? + A2, Ag+,/e? + A2,

Since the dependence of y on L, governed by Eq. (50), is only logarithmical, the integral over &’ in
Eq. (62) is dominated by &’ ~ go. We then find:

ty o dx
Ap >~ Ag — 203 [,/82+A2—A]/ ) (63)
0= )/02 Ag+v2¢e9 e 0 o N1+x2(Ao/e0 + 1+ x2)

This result implies that A, is constant at & < g up to corrections of the order of t;/yZ. With the
same accuracy the energy scale &y coincides with Ag. Further, we can substitute u,, for u Ao-++Ze0
in Eq. (63). Therefore, at ¢ < Ag the gap function behaves as

l'4
Ay > Ag — y—"zui\o [,/52 + A% - Ao] ) (64)
0

At ¢ > g9 >~ Ay we approximate the self-consistency equation (37) as follows:

e "A, 1/t "'A,
A = | !/ il IV(Ls>!/ dSTA+/ A ). (65)
&0 &

!
&%+ A} €

Here, the dependence of y on L is governed by Eq. (50). We note that Eq. (65) is justified for & > &.
For ¢ ~ &, a more accurate treatment of the self-consistency equation (37) results in corrections
of the order of tg /|vol. Parametrizing the energy dependence of the gap function at ¢ > ¢gg as

14
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In(£/49)

Fig. 2. Dependence of ratio A,/Ag on In(e/Ag) at T = 0 for Y, = —0.005 and t; = 0.03. The monotonously decreasing
part of the curve corresponds to the function f(z.).

A, = gof (u,), we find that the integral equation (65) results in Eq. (55) with u,, entering in place of
ug and with the value of the constant C = 2¢; tg /|vol, where c; = arcsinh(1). We note that, in order
to find the precise value of c;, one needs to take into account the tg /lyvo| corrections to Eq. (65).
However, we are not interested in such accuracy and set C to zero. Then, we find that the function
f(u) is given by Eq. (56) with u, replacing ug. With the same accuracy, we have g¢g = Ag >~ T, cf.
Eq. (58).

Expressing the right-hand side of Eq. (65) in terms of the function f(z) and setting ¢ ~ 1/7, we
retrieve

e du

a=caw/fde. =2 [ G54, (66)
0

We note that A < Ag. All in all, we can summarize the energy dependence of the spectral gap at

T=0as

1 , £€<Ap,

5 = a0 1 2|yol

A = Ag § F(lyolt(L)/t3) Ag~ —exp|—— 2y > ) - (67)
—— , &€2=Ap, T to Uty

F(uc)

The overall dependence of the gap function A, on ¢ is shown in Fig. 2.

We emphasize that within our approximate treatment, the values of A and T, coincide with the
exponential accuracy, i.e. the exponential factor in Eq. (67) coincides with the exponential factor in
Eq. (58). However, we cannot exclude a possibility that the magnitude of the ratio Ay /T, differs
from the one in the BCS theory. This can result from the corrections of the order of tg /1vo| that
determine the coefficient C in Eq. (55), see Eq. (57).

In order to consider the effect of nonzero but low temperatures, T < T,, we need to perform
summation over Matsubara frequencies in the interval 0 < &, < Ao more accurately. We assume
that the parameter Ay becomes temperature dependent, Ag — Ag(T). Then Eq. (65) should be
modified as follows:

Ao(T) VT de’ A ° de'
8= |8 s - 2 [ Eha
e+ AHT)  Jagm &2 + AX(T) o €

1/t de’
4 / A (68)
&

Using the parametrization, A, = Aq(T)f (u,), one can check that the function f(u) satisfies Eq. (55)
with ug replaced by ug(T) = |y0|t(LAO(T))/t§. The constant C becomes a T-dependent function given
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by
4 _ 2 2t2 27T
C(T) ~ (T o / BAaT _ 0T =0)— =0 [0 0=20/T  (69)
ol /Ez N Az 1ol
Using Eq. (57), we can express up(T) in terms of ug, yielding
Ao(T) = Ag — 27T Ag) e/, T KT . (70)

Therefore, the dependence of the magnitude of the gap function on temperature T << T, at ¢ < Ag
is the same as in the BCS theory. We note that there are corrections to this result which are of the
order of t3/|yol.

7. Disorder-averaged density of states

In this section, we analyze the disorder-averaged density of states of single-particle excitations
in the superconducting state. Within the NLSM formalism, the average density of states can be
obtained as

p(E) = ZResp( ) s (71)

where the analytic continuation to real energies, &, — E+i0, is performed. Here symbol ‘sp’ denotes
the trace over particle-hole and spin spaces. Plugging in the parametrization (23) into Eq. (71), one
finds

&
o(E) = vReZ!? cos#, =vReZ/?——— ) (72)
Y i /o2 2
&—>—IiE+0 e”+ Ag e—>—iE+0
The factor Z, can be written as Z, = Z(Lm), where [39]
iz 34y (73)
diny = Uys Ve T Vel
Projecting Eq. (73) to the BCS line, one finds that
Zo~1+ 2)/(Lm). (74)

This factor encodes the interaction-induced corrections to the density of states of the type that leads
to the zero-bias anomaly in the normal state [39].

As one can see, in order to compute the average density of states, we need to make an analytic
continuation for the gap function A, from Matsubara energies to real energies. We emphasize that
the nontrivial dependence of A, on ¢ implies that the spectral gap at real energies, A(E), has both
real and imaginary parts. The symmetry implies that Re A(E) is an even function of E whereas
Im A(E) is an odd function of E.

7.1. The real and imaginary parts of A(E)

We restrict our consideration to the case of zero temperature, T = 0. Performing analytic
continuation in Eq. (64), we find that the gap function at E < Ay is purely real,

4
A(E) ~ Ag — ty— [,/A2 E2 — AO] ) (75)
0

At energies E > Ay, the imaginary part of A(E) appears. To show that the nonzero imaginary part
does exist, one can consider the perturbative expression (32). Performing analytic continuation to
the real energy, we find that Im A(E ~ 1/7) ~ Aty. We note that the imaginary part of A(E) is
nonzero due to the imaginary part of the renormalized interaction in the Cooper channel, y., which
corresponds to the superconducting fluctuation propagator.
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For ¢ > Ag, we energy dependence of the gap function is described by Eq. (67). After analytic
continuation, is — E + i0, in Eq. (67), we obtain

A(E) = Aof(iig) , (76)
where

- Inlile) lyol/to N ity

e T T (to/2)In(Er) — into/A (1 + 4|y0|”E> ' (77)

Here, we have used the fact that t(Lg) <« 1. The real and imaginary parts of A(E) read:

Re A(E) =Aof (""":#) : (78a)
0
2

Im A(E) :Aoﬂyi;(mf’<|y°|tt2(LE)> . (78b)
0 0

Expression (78a) has the same range of validity as Eq. (67). It provides us with an estimate for
the real part of the gap function at E > A, with corrections of the order of tg /|70l neglected.
The situation with the imaginary part of the gap function is more delicate. Eq. (78b) means that
Im A(E ~ Ag) ~ Aot(‘]‘/yoz. We note that the contribution of the same order will be given by the
continuation of Eq. (75) to energies larger than Ag. This fact implies that, in order to compute
Im A(E) at energies E ~ Ag, one needs to retain terms of the order of t(‘)‘/)/o2 in the solution of
Eq. (37). However, at large energies, E > Ay, Eq. (78b) provides the leading result to the imaginary
part of the gap function. For example, at E ~ 1/, Eq. (78b) yields Im A(E ~ 1/t) ~ Aty that
matches with the perturbative result. Additional argument that the more accurate (to the order
tg/yoz) expression for the real part of A(E) is needed in order to determine Im A(E) is given by the
Kramers-Kronig relations for imaginary and real parts of A(E) (see Appendix B).

The above results suggest that there is an energy E; such that Im A(E) = 0 for E < Eg and
Im A(E) > 0 for E > Eg. Making analytic continuation to the real frequencies in the self-consistency
equation (37), we obtain

Ay
A(E) =2=T Z ’y(LJAZ(E)—E2+\/s’2+A2,)

/>0 1/ g’ + A?/

For energies close to the energy E;, we can expand the right hand side of Eq. (79) as

AE) = A(Eg) — |:\/A2(E) — E2 — [ A(E,) — E2 } , (80a)

(79)

=277 |y(L )| t(L )4 (80b)
o=en Y AU E)-E3+ [+ 22, AU E)-E3+ [+ 22, &2+ A2

/>0

We shall demonstrate below that the parameter o ~ t(‘)‘/yo2 <« 1. Solving Eq. (80a) for @ « 1, we
find the dependence of the gap function for real energies close to Eg,

A(E) = A(Eg) —a JE2 —E2,  A(E) = E(1+0¢%/2), |E—Eg <Eg. (81)

In agreement with our assumptions, Im A(E) = 0 for E < E;. We note that A(E) > E for E < Eg.
For E > E, the imaginary part of the gap function is non-zero, Im A(E) = —i« /E* — Eé. We note

that negative sign of Im A(E) at energies E > E, is needed for positivity of the density of states
(see below). However, away from E, the imaginary part of Im A(E) has to change sign in order to
be consistent with the asymptotic at large energies, Eq. (78b). The change of the sign of Im A(E)
occurs at the energy of the order of a few Eg.

17



LS. Burmistrov, L.V. Gornyi and A.D. Mirlin Annals of Physics 435 (2021) 168499

Now we can estimate the parameter «. The comparison of Eq. (81) with Eq. (75) implies that E,
is of the order of Ag. The sum over ¢’ in Eq. (80b) is dominated by &’ >~ A, >~ Ag. Then we find

® deg’ Ag Ty t]

2 2
8/2 + AO 2 VO
Here, we have taken into account that ,/A%(Eg) — EZ = aE; < Ao.

7.2. The average density of states

o = [y (Lang)|(L2ag) / (82)
0

With the help of the above results for A(E), we can derive the expression for disorder-averaged
density of states as a function of energy. For large energies, E > A, the imaginary part of A(E)
can be neglected in comparison with its real part, see Eqs. (78a) and (78b). Since for E > A the
energy is always larger than the real part of A(E), we find

p(E)=v d . A KESTT. (83)
JE? = 232 (1nole(Le)/)

Here and hereinafter we neglect the factor Z,, see Eq. (72), since it provides negligible corrections
of the order of tg /|yo| in the parametric regime that we consider.

In order to compute p(E) at energies close to E; ~ Ag, we use the expression (81) for A(E).
Introducing AE = E — Eg, we find for |[AE| < Eq,

o AE <0,
p(E) = — -3 (84)
« lm[1—%g—zi/§2%]z, AE>0.

As expected, the energy E, determines the gap edge in the disorder-averaged density of states. Using
Eq. (84), we derive a square-root dependence of the density of state near the gap edge:

V2 |E—E
v

2
o Eg

o(E) = ., O0<E—E <a’E. (85)

The square-root growth of p(E) turns into the maximum at E = Eppx = Eg(1+a2/2). The magnitude
at the maximum is given as p(Emax) = v/(2a) ~ uyoz/t(‘,l > v. For energies larger than Ep,., the
density of states decays,

v E;
V2VE-E’

We note that Eq. (86) matches the high energy asymptotics, Eq. (83), at energy of the order of E,.

The dependence of the disorder-averaged density of states on energy is shown in Fig. 3. (See
Section 8.2 for discussion of the mesoscopic fluctuations of the local density of states.) We note that
the profile of p(E) is very similar to the density of states in the presence of the depairing term in
the Usadel equation, introduced, e.g., by the scattering off magnetic impurities [54]. The comparison
of Eq. (85), as well as the position of the maximum and its magnitude, with the Abrikosov-Gor'kov
theory suggests that the effective depairing parameter 1 ~ «>. We note that the depairing term in
the Usadel equation appears also in the model with a spatially varying, random interaction in the
Cooper channel [55] and with a spatially varying random order parameter [56].

o(E) = o’E; K E—Eg < Eg . (86)
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Fig. 3. Sketch of the dependence of the local density of states p(E, r)/v on the energy E for |yy| < to < +/[yol- The red
solid curve corresponds to the disorder-averaged density of states (see text in Section 7.2). The dashed red curves and
the shaded region illustrate the mesoscopic fluctuations of the local density of states. There are no quasiparticle states
below E,. The energy Eg, separates the region of strong and weak mesoscopic fluctuations. The energy E, demarcates
the energy regions where the mesoscopic fluctuations are cut off by the length scale L, (E, < E < E,) and the dephasing
length L, (E. < E) (see text in Section 8.2). Inset: the region close to the gap edge E;. The curve corresponds to Eq. (84).

8. Mesoscopic fluctuations of the local density of states in the superconducting state
8.1. Perturbative approach

We start analysis of the mesoscopic fluctuations of the local density of states from the calculation
of its dispersion. It can be expressed in terms of bilinear in Q operators [57],

vZ
([3p(E, D)) = o RePalien,  ien,) — Palien,  ien,)| , (87)

32 ieny,ng —~E-+0
ienz —E—i0

where §p(E,r) = p(E,r) — (p(E, r)) and

Py(ien, iem) = ((Sp Qui®' (1) - Sp Quz2(r))) — 2(sp[ QA (1)Quz (r)]) - (88)

Here a7 # «, are some fixed replica indices and ((A - B)) = (AB) — (A)(B). Using parametrization
(23) for Q in Eq. (88) and expanding to the second order in W, we obtain

256 [ d¢ Ocn Ocy
Py(ign,, ign,) = —— 44 ) G2 ( ! ) cos? (823> Dylieny, —itn,)

g J @n)y 2
+ cos? (921> sin? (923> Dy(ien,, —icn,) (89)
and
Py(ien, . ien,) = —2?/ (gj:’)d cos? (921> cos? (922> Dy(ien, . ien,)
+ sin? (621) sin? (082”2 ) Dy(—ieny, —ien,) | - (90)
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By means of Egs. (34) and (36), we find (for arbitrary signs of ¢ and ¢’)

Py(ie, ie') =

128]‘ diq € g D

_22 1 ,
g J (@2n) Ve + A2 2+ A2 | D@2 + 82+Ag+m
(91)

Making an analytic continuation to real frequencies in accordance with the prescription in Eq. (87),
we obtain the following result for the dispersion of fluctuations of the local density of states:

(o(E, 1) = 2 Re | d'q (1 B ) =
p(E, =—
g (27 ) |A2(E) — E?| ) Dg? + 2Re \/A%(E) — E2
E? D
—(1+— - . (92)
A*E)—E* ) Dg? + 2/ A2(E) — E?
At energies below the gap edge, E < Eg, the gap function is real and satisfies A(E) > E. Therefore,
the fluctuations of the local density of states are zero identically,
(Bp(E.T)2) =0, E<E. (93)
Above the superconducting gap, E > E; the mesoscopic fluctuations are non-zero. At energies
close to the gap, 0 < E — E; <« Eg, we find
min{Lg, L}
£

where L stands for the system size and the average density of states, p(E) is given by Eq. (84). The
length L, is defined as

Le = v/D/(aEg) ~ (170]/t5)L2aq- (95)
Finally, at large energies, E > A, the general expression (92) can be simplified as

([80(E, 1)) = 2top*(E) In : (94)

. 2 .
[8p(E. FIP) = 200%(E) (m min(L,. Ly, [}  (Re A(ZE)) 1 min(L. Ly, 1) ) (96)
¢ 2E Lz./EZ—(ReA(E))Z

We have neglected Im A(E) everywhere except the denominator of the first diffusive propagator on
the right-hand side of Eq. (92). Here, the length L, is defined through

D/I2 = [Im A%(E)|/+/E% — (Re A(E))2. (97)

Since Im A(E) is small, the length scale L, is large, L, > Ly,,. In particular, at E ~ Aq one can find
the following estimate: L, ~ Lo, |yol/tg ~ Lg.

We note that the diffusive propagators in Eq. (92) are affected by dephasing due to electron-
electron interactions [39]. This results in appearance of the dephasing length L4 in Eq. (96). For
energies E > Ay the dephasing length can be estimated as

D/LE ~ t(Le)y*(LgE. (98)

At the spectral edge, E = Eg, L, diverges due to restriction of the phase volume for quasiparticles
(there are no quasiparticles below Eg ). Therefore, for energies close to the spectral edge, E—E; < Eg,
the dephasing length exceeds the length Lg. This is the reason why L, is absent in Eq. (94).

The above results (93)-(96) can be summarized as

min{L, L, Lg, Ly}
7 .

We remind the reader that the lengths Lg, L,, and Ly are defined in Egs. (95), (97), and (98),
respectively. We mention that, with a logarithmic accuracy, to In(min{L,, L, Ls}/£) ~ 1 for energies
of the order of Ap. This indicates that the perturbative treatment of mesoscopic fluctuations has to
be extended to a more elaborated renormalization group approach.

([8p(E, )I?) = 2top*(E) In (99)
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8.2. Renormalization group approach

The perturbative result (99) has exactly the same form as the perturbative correction to the
dispersion of the local density of states above the superconducting transition. Essentially, the
superconducting state leads to the specific infrared cut off length scale, min{L,, Lg, Ls}, only. This
suggests that one can use the one-loop renormalization group equation for my; = ([p(E, r)]?)/p?(E)
derived in Ref. [39],

dlnm,
dy
up to the length scale min{L,, L, Ls}. Solving Egs. (100) and (49), we find

([p(E.")?) _ [t(min{L, L*,Lg,L¢})]2

PpHE) to .

We note that the length scale L, starts from the value of the order of L, and, then, it grows

with increasing E. The dephasing length Ly has the opposite behavior: it decreases with increasing

energy. Therefore, there is an energy E, at which the lengths L, and L; become of the same order.

Using

D _ A3t , , D _ g s

== 20 0 20 ug) . = = WE, 102

7= F T el ) = hup (102)

=2t + O(t?) (100)

(101)

where ug = |y0|t(LE)/t§, we can find the following estimate,

1/2
E. ~ A (@ In @) . (103)
t, t,
0 0
We note that E, 3> Ay. Substituting expressions (102) for the length scales L,, and Ly, into Eq. (101),
we obtain the following energy dependence of the disorder-averaged second moment of the local
density of states (in the case L = 00),

2 14 QuctZ /lyol) In(lyol /£2) , E~ A,
u
([o(E. 1)) = ;72‘)1)2(5) 1 — (uct2/1yol) In[Aouf (ug )f '(ue)t2 /(Elyol)l . Ao < E < E,
0 -2
(14 [wetd/Clyo DN InlGu3E /(o A0)l) . B <E< 1/t

(104)

Interestingly, in accordance with Eq. (104), the disorder-averaged normalized second moment of
the local density of states has the maximum at E = E,. The magnitude of this maximum can be
estimated as

([p(E., 1)) p*(E ~ Ap)
P*Es)  (lp(E ~ Ao, 1))
Since the right hand side of the relation (105) is much smaller than one, we can approximate the
disorder-averaged second moment of the local density of states at E; < E < E, as
([p(E, 1)I*) = (u2t3 /v )p*(E) . (106)

This indicates the strong mesoscopic fluctuations of the local density of states at energies E; < E <
E.. With further increase of energy, the disorder-averaged second moment of the local density of
states decreases. Using Eq. (104), we find

([p(E ~ 1/7, 7)) =~ p*(E ~ 1/7). (107)

— 1~ (uctd/Ivo) In(yol /£3) . (105)

Thus, the mesoscopic fluctuations of p(E, r) are suppressed at the ultraviolet energy scale, E ~ 1/t.
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The dependence of ([p(E, r)]?) on the energy is illustrated in Fig. 3, where the functions p(E) %+

([p(E, r)]?) are shown by dashed orange curves. The fluctuations (not normalized) decrease with
increase of the energy. They are strong in the energy interval, E; < E < E,. At E, the dependence
of ([p(E, r)]%) on the energy is changed, as it was explained above. We note that there is a certain
energy Eg, which is the solution of the following equation: \/{[p(E, r)]?) = p(E). Using Eq. (104),
we find that

A\ 1 1
Ey ~ —°> ~ Zexp(——+ |y°l> . (108)
T T to ucts

As shown in Fig. 3, for energies E < Eg, the fluctuations of the local density of states are strong.
For energies E > E,,, the mesoscopic fluctuations are not enough to reduce significantly the local
density of states below its average value.

8.3. Distribution function for the local density of states

In a similar way as it was done for the temperatures above T, [39], one can generalize the result
(104) to the higher moments of the local density of states,

([p(E, 1)Y= pUEYAE)] 2 AE) = (Ip(E, 1)) /pX(E) . (109)

We note that according to Eq. (104), the function A(E) > 1 in the energy interval E; < E < Eg,,
i.e. for region of strong mesoscopic fluctuations. The expression (109) implies the following log-
normal distribution for the normalized local density of states, p = p(E, r)/p(E), (see Ref. [58] for
the case of a normal metal)

_. A 1 .3 2

The log-normal distribution (110) predicts that the most probable value for the local density of
states is given as
4
p*(E)
E)=—F——>—7~. 111

pmode( ) ([,O(E, r)]2)3/2 ( )
This result implies that the most probable height of the coherence peak can be estimated as
Pmode(E ~ Ag)/v ~ |0’ /t]. We note that for |yp| < to < |yo|*/7 the magnitude of the coherence
peak in pmede is much larger than v. In the region |y*7 < to < |y0|Y? the coherence peak is
absent.

We also introduce the typical value of the normalized local density of states, py, = exp(ln p)
where (...) denotes the average with respect to the distribution (110). Then we obtain,
2
p°(E)
pyp(E) = ————=7> . (112)
ST lp(E, 1)
This result leads to the following estimate: pwp(E ~ Ag)/v ~ |y0|3/tg. For |po] < ty < |y
the magnitude of the coherence peak in pgpe is much larger than the bare value of the density of
states. For |yo|>° « to < |yol'/?, the coherence peak is absent. We note that, strictly speaking,
the typical value of p should be determined not from the distribution (110) but from the modified
distribution in which rare events of extremely small or extremely large values of p are suppressed
(see Ref. [59]). However, as one can check, such a modification does not significantly modify the
result (112).
We mention that the following relation holds:

Pmode(E) <K pryp(E) K p(E) . (113)

This means that for energies E; < E < Eg,, an experimentally measured local density of states
will be typically much smaller than its average value given by Eqs. (83) and (84). Nevertheless, for

3/5
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lvol < to < |y0|*’> a measured local density of states will typically have a high coherence peak and
the spectral gap of the order of E,. For ||*”®> < to < |y0|"/?, the coherence peak in a measured local
density of states will be completely suppressed and the density of states will have a soft spectral
gap of the order of E.. In both ranges of ty, a measured local density of state at some spatial points
will have much higher coherence peak than in the typical spatial regions. For energies E > Eg,,
an experimentally measured local density of states will be close to the disorder-averaged density
of states (83). In this energy interval, E > Eg,, the mesoscopic fluctuations of the local density of
states are small. This physical picture for the local density of states is illustrated in Fig. 3.

Following Ref. [39], one can also generalize the result (104) to correlation functions of the local
density of states at different spatial points and different energies [60]. Finally, we note that the
fact of strong mesoscopic fluctuations of the local density of states is consistent with the strong
mesoscopic fluctuations of the superconducting order parameter, see Appendix A.

9. Summary and conclusions

To summarize, we have developed the theory of the multifractal superconducting state in thin
films. Treating the fluctuations around the mean-field spatially homogeneous solution, we derived
the modified Usadel equation that incorporates the interplay of disorder and interactions at energy
scales larger than the spectral gap.

Our key findings are as follows:

(i) The modified Usadel equation, in combination with the self-consistency equation, yields
parametrically the same estimate for the multifractally enhanced superconducting transition
temperature as the one derived by considering the instability in renormalization group
equations in the normal phase.

(ii) The mutual effects of disorder and interactions result in strong dependence of the supercon-
ducting gap function on energy (see Fig. 2): at energies of the order of the spectral gap the
gap function A, is parametrically enhanced in comparison with its magnitude at ultraviolet
energies ~ 1/t.

(iii) The spectral gap at zero temperature is multifractally enhanced in the same way as the
superconducting transition temperature.

(iv) The energy dependence of the gap function in the Usadel equation results in the profile of the
disorder-averaged density of states that, near the spectral gap, resembles the one derived in
the model of a spatially random superconducting order parameter (see Fig. 3). We stress that
the interplay of disorder and interactions leads to two opposite effects. On the one hand, it
results in the enhancement of the spectral gap, but on the other hand, it induces the effective
depairing parameter that cuts off the coherence peaks in the average density of states. The
corresponding depairing parameter is estimated as ~ (tg /vt < 1.

(v) The mesoscopic fluctuations of the local density of states in the superconducting state are
strong at E < Eg, (see Eq. (108)). In the energy interval E; < E < E, (see Fig. 3 and Eq. (103))
their relative amplitude is of the order of t5/|y| >> 1 that is similar to the estimate in the
normal phase at temperatures close to the superconducting transition temperature [39]. It is
worth emphasizing that strong spatial fluctuations of the local density of states (including the
local value of the gap and the amplitude of coherence peaks) emerge in our theory despite
the fact the model does not involve any macroscopic inhomogeneities. Indeed, our starting
point is a model with short-range disorder and with all parameters being spatially uniform.
Emergent strong fluctuations are a mesoscopic effect resulting from quantum interference in
a disordered system.

Based on these findings for the statistics of fluctuations of the local density of states in thin films
with multifractally-enhanced superconductivity, we conclude that disorder-induced interference
effects dramatically affect spectral properties of these superconducting films, by fully governing the
physics in a wide energy interval where the spectral gap for single-particle excitations establishes.
Specifically, we have identified a parametrically large energy range, E;, < E < Eg,, where the
quasiparticle spectral gap can be zero in some spatial regions and non-zero in the other. The
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distribution function of the local density of states has a log-normal form, such that the typical value
of the density of states is lower that the average value. In other words, the system may locally look
as superconducting at energies much higher than E,.

Our results for strong mesoscopic fluctuations of the local density of states are in qualitative
agreement with tunneling spectroscopy data on thin superconducting films [31-36] and with
numerical solution of disordered attractive two-dimensional Hubbard model [37,38]. The strong
mesoscopic fluctuations of the local density of states are accompanied by strong mesoscopic
fluctuations of the superconducting order parameter.

On the technical side, within our approach, we have integrated over the spatial fluctuations of the
§u?erconducting order parameter from the very beginning. Therefore, they are hidden in the term
sfgt that describes the interaction in the Cooper channel. The renormalization group analysis of the
NLSM in the normal phase suggests that such a procedure is more convenient, since it allows one
to take into account the interplay between the spatial fluctuations of the superconducting order
parameter (the interaction in the Cooper channel) and charge and spin fluctuations (interaction
in the particle-hole channel). This interplay leads to strong renormalization of the NLSM action
at length scales of the order of Ly.. In our approach, the mesoscopic fluctuations of the local
superconducting order parameter manifest themselves in the course of the renormalization group
flow as the energy dependence of the gap function.

Since we considered a macroscopically homogeneous sample, it was natural to address fluc-
tuations around the spatially homogeneous mean-field solution. The emergent fluctuations of the
order parameter encoded in the mesoscopic fluctuations of the density of states, as observed in
experiments of the “gap tomography”, are due to mesoscopic quantum interference effects above
the gap-edge energy. At the same time, it is interesting to see whether nonperturbative tails of the
density of states inside the gap would appear in spatially homogeneous disordered films studied
within the NLSM formalism. For this purpose, one should consider a possibility of existence of non-
trivial saddle-point solutions of the NLSM action. A more straightforward way to obtain such tails
would be through the introduction of macroscopic inhomogeneities (say, in the local concentration
of impurities) that could induce “background” fluctuations of the superconducting gap.

We restricted our consideration to the case of a weak short-ranged interaction (suppressed by,
e.g., high dielectric constant of the substrate), for which a strong effect of the enhancement of
superconductivity by multifractality was predicted. The approach developed in this paper can be
generalized in several directions. Our theory can be extended to include a strong short-ranged
interaction, as well as the Coulomb interaction. In particular, it would be interesting to study
how the multifractality affects the BCS-BEC crossover [61,62]. One can also study the multifractal
superconducting state that occurs in the system that without superconducting instability is near the
interacting metal-insulator transition. Our theory can also be extended to the case of an applied
magnetic field that destroys the superconducting state and may produce an intermediate phase
with giant magnetoresistance [63] (for studying the giant magnetoresistance near the transition
within the NLSM formalism, see Ref. [26]). Finally, our approach does not take into account phase
fluctuations of the order parameter, giving rise to the Berezinskii-Kosterlitz-Thouless phenomena
in superconducting films, as well as the existence of the vortices with a normal state in the core.
Such fluctuations can be incorporated into our theory in the way similar to the one in Ref. [46]. We
note, however, that for sufficiently high conductance of the normal state, such effects are expected
to influence the results described in this article only slightly.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relation-
ships that could have appeared to influence the work reported in this paper.

Acknowledgments

The authors are grateful to M. Skvortsov and K. Tikhonov for useful discussions. 1.S.B. is grateful
to M. Stosiek and F. Evers for collaboration on a related project. The research was partially
supported by the Russian Foundation for Basic Research (grant No. 20-52-12013) - Deutsche
Forschungsgemeinschaft, Germany (grant No. EV 30/14-1) cooperation and by the Basic Research
Program of HSE.

24



LS. Burmistrov, L.V. Gornyi and A.D. Mirlin Annals of Physics 435 (2021) 168499

Appendix A. Mesoscopic fluctuations of the superconducting order parameter

In this Appendix we estimate the mesoscopic fluctuations of the superconducting order pa-
rameter. While the quantity that is actually measured in experiments on the tomography of the
superconductors is the local density of states (Section 8), the results of the scanning-tunneling-
microscopy measurements are frequently translated into the maps of the fluctuating local order
parameter by fitting the density of states with the BCS “ansatz”. Here, instead of translating our
results for the mesoscopic fluctuation of the density of states into the fluctuations of the order
parameter, we calculate the latter directly within the NLSM formalism. The relation (9) suggests
that the variance of the order parameter can be written as follows:

2
(542(r)) = <”ZVC) |:<<Tf[tr0Lng(")] Tl Q(r])) = 2(Tr[tol QP )l Q(r)])}

(A1)

where o1 # «; are some fixed replica indices. We note that the operator in the brackets in Eq. (A.1)
is the eigenoperator under renormalization group flow. This can be easily checked with the help of
the following identities:

(Tr AW Tr BW) = 2Y Tr[AB — AAAB — ACB'C + AACBTCA], (A2a)
(Tr AWBW) = ZY[TrA TrB — Tr AATr AB + TrACB'C — TrAACBTCA], (A2b)

that follow from Eq. (25). Here, Y = (t/2)In(L/¢) and we have neglected the energy dependence of
the diffusive propagators at scales L > L.

Using parametrization (23), expanding the right hand side of Eq. (A.1) to the second order in W,
and applying Eq. (25), we obtain the following perturbative result:

2 -2 d
% = 2 (Z sin96> > sing, sin6, f (;T")dpq(ie, —ig’) (A3)

e>0 e,e/>0

Here we have used the self-consistency equation (31). We note that the fluctuations § A do not lead
to a finite single-particle density of states below the gap edge E, but rather correspond to the spatial
fluctuations of the superconducting condensate. The hard spectral gap for the quasiparticles results
from an effective averaging over such fluctuations with the self-consistency or renormalization
group procedure. With the logarithmic accuracy, we can estimate the right-hand side of Eq. (A.3)
as

{(84)) ~ 2t In min{Lr, LA(,}'
A2

(A4)

Using Egs. (53) and (67), the perturbative result (A.4) implies that for temperatures T < T the
mesoscopic fluctuations of the superconducting order parameter are large, ((§A)?) ~ A2, This is
consistent with our results from Section 8.1, where the mesoscopic fluctuations of the density of
states were calculated, cf. Eq. (99). Including renormalization effects as in the calculation of the
mesoscopic fluctuations of the density of states in Section 8.2, one can generalize Eq. (A.4) in a
similar manner, to obtain yet stronger fluctuations of the superconducting order parameter in thin
films with multifractally-enhanced superconductivity [60].

Appendix B. Kramers-Kronig relations for A(E)
In this appendix, we demonstrate how the Kramers-Kronig relations for A(E),

Im A(E) = —p.v.foo d—w Re A() , Re A(E) =p.v./OO di) M .
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are satisfied by the approximate expressions for the real and imaginary parts of A(E). Let us rewrite
the Kramers-Kronig relation for Re A(E) as

o0
d
Re A(E) :p.v./ 2 [im A(w + E) + Im A(w — E)]. (B.2a)
0 Tw
Expressing the imaginary part of A(E) in terms of its real part in accordance with Eq. (78b),
Im Al(w) = —(7/2)wd, Re A(w) , (B.3)
we find
®dow 1 0
ReA(E) = —pv. | =2 [ -=[Re Aw+E)+Re Al — E)]
0 2 Jw

Ed
= [ReA(w—i—E)—ReA(w—E)]]
T 0
= Re A(E) + ZE = Im A(E). (B4)

We note that here we have neglected the contribution to Im A(E) from energies close to the spectral
gap E;. As one can see, when the approximation (B.3), which is valid for E > Ao, is used for
all energies, an additional contribution to the real part of A(E) appears, which is of the order of
(td/v$)z*(z*f'(z)). The latter is of the order of tj/y¢ at E ~ Aq. This implies that, in order to be
able to compute the imaginary part of A(E) from the Kramers-Kronig relation, one needs to derive
expression for Re A(E) with the accuracy of the order of t(‘,‘/yoz.
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