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Interaction of a Néel-type skyrmion with a superconducting vortex
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Superconductor-ferromagnet heterostructures hosting vortices and skyrmions are a new area of the interplay
between superconductivity and magnetism. We study the interaction of a Néel-type skyrmion and a Pearl vortex
in thin heterostructures due to stray fields. Surprisingly, we find that it can be energetically favorable for the
Pearl vortex to be situated at some nonzero distance from the center of the Néel-type skyrmion. The presence
of a vortex-antivortex pair is found to result in the increase of the skyrmion radius. Our theory predicts that
a spontaneous generation of a vortex-antivortex pair is possible under some conditions in the presence of a

Néel-type skyrmion.
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I. INTRODUCTION

Topological objects have been remaining at the focus of
theoretical and experimental research for more than half a cen-
tury. The existence of topologically stable configurations in
ferromagnets with the Dzyaloshinskii-Moriya interaction has
been predicted by Bogdanov and Yablonskii [1]. Now these
topological excitations, termed as skyrmions, are intensively
explored in an emergent field of skyrmionics [2].

Research on an interplay between magnetism and
superconductivity in heterostructures has long history
[3-7]. Recently superconductor-ferromagnet bilayers hosting
skyrmions have attracted great theoretical interest. It was
understood that skyrmions in proximity with a supercon-
ductor can not only induce Yu-Shiba-Rusinov-type bound
states [8,9] but can also host Majorana modes [10-16].
It was found [17] that the presence of skyrmions affects
strongly Josephson current via superconductor-ferromagnet-
superconductor junction. It has been also shown [18] that
skyrmion configurations can be stabilized by a superconduct-
ing dot or antidot situated at the top of a ferromagnetic film. In
ferromagnet-superconductor heterostructures, superconduct-
ing vortices and skyrmions can form bound pairs either due
to the interplay of proximity effect and spin-orbit coupling
[19,20] or due to their interaction via stray fields [21-24].

In this paper, we study the interaction between a Néel-
type skyrmion and a superconducting vortex in a chiral
ferromagnet-superconductor heterostructure, see Fig. 1. We
assume that the proximity effect is suppressed by the presence
of a thin insulating layer between ferromagnet and super-
conductor such that the interaction between a skyrmion and
a vortex is due to stray fields only. At first, by solving the
Maxwell-London equation, we determine the Meissner cur-
rent induced by a Néel-type skyrmion in the superconductor.
Contrary to the previous work [23], we consider the case of
ferromagnet and superconducting films of arbitrary widths.
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Analysis of the general expression, cf. Eq. (6), in the case
of thin ferromagnetic and superconducting films yields that
the supercurrent has a maximum at distance of the order of
the skyrmion size from the center of the skyrmion. Secondly,
for thin ferromagnetic and superconducting films, we compute
the interaction energy between a Néel-type skyrmion and a
Pearl vortex due to stray fields. Contrary to previous results,
see Refs. [21-23], we find that in the case of a Néel-type
skyrmion with the positive and negative chiralities, it can be
energetically favorable for a vortex to settle at some distance
from the skyrmion’s center. At third, we study the effect of
the presence of superconducting vortex-antivortex pair on the
skyrmion size in thin heterostructures. We find that a Pearl
vortex leads to increase of a skyrmion radius. Under some
conditions, the spontaneous generation of a vortex-antivortex
pair in a superconducting film is possible in the presence of a
skyrmion.

The outline of the paper is as follows. In Sec. II, the so-
lution of the Maxwell-London equation is presented, and the
results for the supercurrent are given. The interaction energy
between a Néel-type skyrmion and a Pearl vortex is computed
and analyzed in Sec. III. In Sec. IV, the effect of a Pearl vortex
on the skyrmion radius is estimated. We end the paper with
summary and conclusions in Sec. V. Some technical details
of computations are presented in Appendix.

II. SUPERCURRENT GENERATED
BY A NEEL-TYPE SKYRMION

We start from calculation of the supercurrent in the chiral
ferromagnet-superconductor heterostructure which is gener-
ated by a Néel-type skyrmion (see Fig. 1). The width of
the chiral ferromagnet (superconductor) film is dr (ds). We
assume the presence of a thin insulating layer between the
chiral ferromagnet and the superconductor that allows us to
neglect the proximity effect. The magnetization profile of

©2021 American Physical Society
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FIG. 1. Sketch of a ferromagnet (green) - superconductor (blue)
heterostructure. There is also a thin insulating layer (black) which
suppresses the proximity effect. The ferromagnetic layer hosts a
Néel-type skyrmion. The magnetic profile of the skyrmion with the
positive chirality is schematically shown. The superconducting layer
hosts a vortex at some distance from the skyrmion’s center. The
vortex is shown schematically by blue lines, the yellow arrow points
towards the direction of its magnetic flux. dr and dgs denote the width
of the ferromagnet and superconductor film, respectively (see text).

a Néel-type skyrmion in the chiral ferromagnet film in the
cylindrical coordinate system with the origin at the center of
the skyrmion is given as follows [25]:

Mgy = M[e,nsinO(r) + e; cosO(r)]. €))

Here n = 1 denotes the chirality of the skyrmion, 6(r)
stands for the skyrmion angle, M, is the saturation magne-
tization of the chiral ferromagnet film, and e, and e, are unit
vectors along the radial direction and the z axis (perpendicular
to the interface), respectively.

The spatial distribution of the vector potential Agi is gov-
erned by the Maxwell-London equation:

V x (V x Agi) + A 20(—2)O(z + ds)Ask
= 470(2)O(dr — 2)V x Mgy, (2)

where ®(x) denotes the Heaviside step function (with ®(0) =
1) and X, stands for the London penetration depth. The
Maxwell-London equation should be supplemented by the
boundary conditions of continuity of the normal compo-
nent of Bgy = V X Agx and tangential component of Bgyx —
4ﬂMSk®(Z)®(dF - Z) [26]

Since the right-hand side of Eq. (2) is proportional
to the unit vector ey, the vector potential Agi has only
the azimuthal component Asy, that depends on r and z.

The component Agk, is continuous at z = —ds, 0, dp; its
derivative dAgi ,/0z is continuous at z = —ds and has the
jumps at z = 0 and z = dp: 0Ask,,/0z|°=F) = —4w Msy, and

dAsk.p/07|:—y dF+0 = 4 Msy ;.

The solution for Agy ,(r, z) can be cast as the sum of two

terms, Agy (1. 2) = A§ (r. 2) + nAG., (. 2). where
*© G (q)

A, Z)Z—/O dqJi(gr)
0y Deaz, 7> dp,
l+d+%F(U)eqz+%F(U) L dr>7>0,

X
f(a)eQZ—I—%S (0) QL, 0>z>—ds,

%‘1/’(”) —ds > z.

3
Here J,,(z) stands for the Bessel function of the first kind. Also

we introduced Q = ,/¢* + 1/ and the functions

G (qg) = —4n M, / ” drrJi(gr)o'(r)sin0(r),
0
-~ “4)
G(_)(q) = —471MS/ drrqJi(qr)sin6(r).
0

Here and afterwards, we use the following notation 6'(r) =
d6/dr. Using the continuity of the azimuthal component of
the vector potential, Asy ,, and the boundary conditions for its
derivative, dAsk /02, at z = —ds, 0, dr, we obtain (o = %),

sinh(Qds) Xy ()

V(G) qu_l _ ) =2 quX
2 (e ) q}\‘% ’ %1 Qe ’
1 sinh(Qds)X
%{7,(0) — e, %2F,(a) __9_ (st) 7
2 2 qry
47 = (Q+ e X, 57 =(Q—qe X,
_ g(1 — e ) 5
T (Q+qPe0h — (@ —qPe 0

The current density in the superconducting film, i.e., at
—ds < 7 <0, can be calculated by means of the London
equation, j = —Agy/ (4nk ). It is more convenient to trace
the total supercurrent flowing in the superconducting film,

Jp(r) = ffds dzj,(r, 2). Then, we retrieve J, = J{V + nJ{~,

where
I = / *Jigr) P (@)1 — e (1 — e %)
v 2 — — —Qds
0 drr;  Qlg+ Q0 — (Q — gle %]

We mention that this expression is similar to the expression
for the current induced by a domain wall [27]. In the limit of a
thick superconductor, ds > Ar, R, Eq. (6) transforms into the
result of Ref. [23]. Here R stands for the characteristic spatial
scale (radius) of a skyrmion.

Below we shall focus on the case of a thin chiral fer-
romagnet, dr < R, and a thin superconducting film, ds <
AL, R. As we shall demonstrate in the next section, the
asymptotic behavior of the supercurrent can be found for an
arbitrary smooth skyrmion profile with (0) = 7 and 6(r —
00) — 0. Commonly used variational examples with such
kind behavior are the exponential ansatz 0(r) = 6(r /R) where
6(x) = 7 exp(—x) and the 360° domain wall ansatz 6(x) =
2 arctan(sinh(R/§)/ sinh(Rx/8)). Also we shall consider the
linear ansatz with 0(r) =7 (1 —r/R) for r < R and zero
overwise.

., (6)
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FIG. 2. The dependence of Jvﬂi) and the total supercurrent J, on the distance from the skyrmion center for the cases of positive (top)
and negative (bottom) chiralities. The parameters are ds/A;, = 0.01, dr /A, = 0.005, and R/A, = 3. The supercurrent is calculated for the

exponential, domain wall (DW) and linear ansatz.

A. The case of a smooth skyrmion profile

The behavior of the supercurrent with the distance from the
center of the skyrmion is controlled by the functions G (g),
see Eq. (4). It is convenient to introduce the dimensionless
functions g, such that G*)(q) = 4 MR g*)(gR), where

Py =— foo dx xJy (yx)6' (x) sin 6 (x),
0

¢ =~y / T dx xJi (yx) sin 0 (x). 7
0

Then in the case of a thin superconducting film, ds < A, R,
and a thin chiral ferromagnet, dr < R, Eq. (6) can be drasti-
cally simplified,

Y801 (r/R)
1+2yA/R
Here A = A? /ds denotes the Pearl penetration length [28]. The

asymptotic behavior of the function g*)(y) is given as (see
Appendix A),

() dr >
J(p (r) = Ms? / dy 8)
0

2c3y, y<L1,
gy = { S . ©)
=96"(0)0"(0)/(2y™), y> 1,
where we introduced the numerical constants
1 [ _ _
o = _Z/ dxx*6'(x)sinf(x), k=—-1,0,1,... (10)
0

For example, in the case of the exponential ansatz, one finds
¢ ~ 0.51. The asymptotics of the function g(~)(y) can be
written as (see Appendix A),

_ _b2y2/27 y < 1’
g2 = { s (11)
=367(0)/(2y"), y> 1L
Here we introduced the numerical constants
o0
ka/ dxxFsinf(x), k=-1,0,1,... (12
0

We note that b, & 5.94 in the case of the exponential ansatz.

Let us first consider the case of the skyrmion size much
smaller than the size of the vortex, R < A. Evaluating the
integral over g in Eq. (8), we obtain asymptotic behavior of
the two components of the supercurrent (see Appendix A),

Mod c_1r/R, r <R,
J& = TF aR?/(2r?), R<&Lr <A, (13)
12e,02R*/r*, A <,
and
6'(0)r/(2R),  r <R,
 _ Mdr 3 2
I = /\ byR3/(8Mr%), R KL r <A, (14)
3bAR3/(2r%), A KT

We note that for 6(x) = 7 exp(—x) one finds c_; &~ 1.17.
The asymptotic expressions (13) and (14) suggest the non-
monotonous spatial dependence of the both contributions J;i)
to the supercurrent with the extremum at the distance of order
of the skyrmion radius R. As it is shown in Fig. 2, the value
of J(/(f) (J§7) at the extremum is positive (negative) in the
case of exponential and domain wall ansatz. Thus the total
supercurrent seems to be sensitive to the skyrmion chirality.
In the case of the exponential ansatz, the sign of the extremal
value of the supercurrent is opposite to the chirality. In the
case of the domain wall ansatz, the sign of the supercurrent at
the extremum depends also on the ratio R/3.

In the case of a large skyrmion and a small Pearl length,
R > A, the part of the supercurrent, J‘ff), which is related with
the z component of the skyrmion magnetization, can be found
to the lowest order in A/R as (see Appendix A),

J(+) - —-M dr al oD

o =M (r/R)sinf(r/R). (15)
We note that J{™ coincides with the current (V x Msy),
integrated over the width of the chiral ferromagnet.

If the function A(x) decays at x — oo faster than 1/x3,
the expression (15) determines J;Jr) at r < ry, only. Then at
distances r >> r, > R the asymptotic behavior of the super-
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current is given as [cf. Eq. (13)]

dpAR?

e

ISP = 12¢,M , <K (16)

The length scale r; can be estimated from the condition
|0(r,/R)|> ~ AR3/r}. In the case of the exponential ansatz,
one finds r, ~ RIn(R/A) > R.

The asymptotic expressions for component Jq(;) of the su-
percurrent read (see Appendix A)

e 3M,drr (6”(0)In(r/R),
¢ 4R? | 2b,R5/P°,

r <R,
r > R.

7)

We mention that in the case of R > A, the dependence of
the supercurrent on the distance is qualitatively similar to the
case of a skyrmion of a small radius R < . We emphasize
that there is a change of the sign of the supercurrent at some
distance from the center of the Néel-type skyrmion in some
cases, see Fig. 2. Such a change of sign can also occurs in the
case of a thick superconductor-ferromagnet-superconductor
structure [23].

B. The case of the linear ansatz

In the case of the linear ansatz, the expression (7) for the
function g™ (y) should be modified in order to have continu-
ous solution for A, at r = R,

! 4
g =g ) =y / dxxJo(yX)[cos (x) + ;]
0

= g(+) + 8g(+). (18)

Here the function g™ (y) is given by Eq. (7) and 8g*)(y) =
—4c¢,J1(y), where in the case of the linear ansatz, c; = 1/4 —
1/72. Therefore the function g(L+)(y) has the following asymp-

totic behavior:

77,'2—6 3
(+) 24 Yo y &,
g M =1,2 — 4 2cos(y 4+ 7 /4) 19
- . y> L
T Ty

We observe that the abrupt change of 6(r) at » = R results in
oscillating behavior of g™ (y) at y > 1.

With the help of Egs. (8) and (19), we obtain the following
results for the asymptotic behavior of the supercurrent in the
case of R < X (see Appendix A),

vd (mSi(m) — 1 +4/7%)r/R, r <R,
J = 36 — 72)RY (4, RKLr <A,
180(6 — m2)R*A2/(7*r®), 1<k

(20)
Here Si(z) stands for the sine integral. We note that in the case
of the linear ansatz the J;” component of the supercurrent
decays faster at r 3> R than in the case of smooth skyrmion
profile. This occurs due to the fact that the contribution to
the current from 8g*)(y) cancels the leading contributions
from g™*)(y). As in the case of a smooth skyrmion profile,
Eq. (20) suggests nonmonotonous behavior of J$™ with r.
There should be the maximum and the minimum in the su-
percurrent at the distances of the order of the skyrmion size
R. Contrary to the case of a smooth skyrmion profile, Eq. (20)

describes asymptotic behavior of the smooth part of Jq(,*) only.
On the top of the monotononic dependence, there is also weak
oscillating contribution to thf) with the typical length scale of
the order of R as shown in Fig. 2. This oscillating contribution
is the consequence of the abrupt boundary of the skyrmion
configuration.

The asymptotic behavior of Jé’) can be read from Eq. (14).
It suggests the existence of the minimum and the maximum at
the distance of the order of R. Similarly to Jé)*), the contribu-
tion J{~) has additional oscillations with the distance.

The dependence J$™(r) in the case of large skyrmion size,
R > X, is more intricate. This component of the supercurrent
is given as the sum of the contribution discussed above for the
case of the smooth skyrmion profile, cf. Eqs. (15) and (16),
and the contribution due to §g™(y). At short distance, » < R,
we find (see Appendix A),

Md 24
s =T = ”(1 _3”7T4 Te)' 1)

In the case of the long distance,  >> R the contribution to the
supercurrent is given as

7T2 -6 Msdp)\.R4
T4 76 ’

IS = —45 (22)
We note that in the case of the linear ansatz J‘/(f) is stronger
suppressed at r > R than in the case of a smooth skyrmion
profile. The asymptotic behavior of J{™) is given by the gen-
eral expression (17).

III. INTERACTION ENERGY BETWEEN SKYRMION AND
PEARL VORTEX

As above we focus on the case of a thin (dsy < Ap) su-
perconducting film with a superconducting vortex situated at
the distance a from the center of the Néel-type skyrmion (see
Fig. 1). In order to compensate the magnetic flux carried by
the vortex we assume that there exists antivortex located far
away from the skyrmion-vortex pair. The free energy of this
system, including the magnetic energy of the skyrmion can be
written as

F=Fsx +Fv+Fy+ Fskv+Fg v+ Fy_v.  (23)

Here Fgy denotes the magnetic free energy of the isolated chi-
ral ferromagnet that leads to the appearance of the Néel-type
skyrmion (see its explicit form in the next section). Fv and F5;
are the free energies of the isolated superconducting vortex
and antivortex, respectively. The electromagnetic interaction
between the skyrmion and the vortex is described by the
following free energy:

dzd’r )
Fsk-v = e [BskBy + A7 (V X Bsx)(V x By)

X O(—2)0(z + ds) — 4n M ByvO(z)O(dr — 2)],

24)

where By =V x Ay and Bgy = V X Agi are the magnetic
fields generated by the vortex and the skyrmion, respectively.

We note that the first two terms in the right-hand side of
the expression for Fgx_y compensate each other in virtue of
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Eq. (2). Therefore one can have an impression that the distri-
bution of the supercurrent does not influence the interaction
energy between the skyrmion and the vortex. In fact, Fgi_vy
is intimately related with the supercurrent, see below. In what
follows, we shall neglect the free energies of the interaction of
the antivortex with the skyrmion, Fg, _v, and with the vortex,
Fy_v.

The magnetic field of a Pearl vortex in a thin film, dg < Ay,
can be written in a standard form [29]

d*q e qHItiar—a)
@n)? q(1+2q1)°

Here ¢9 = hc/2e is the flux quantum, a@ is the coordinate
vector of the vortex center with respect to the skyrmion center.
Since Fgsk—v should depend on the distance a between the
skyrmion and the vortex only, we can average the magnetic
field By over directions of the vector a. This procedure im-
plies that

By = ¢osgn(z)V

(25)

00 dq q g—q\zl
B — — J J ,
v = —do /0 A qlsen()are

+ Jo(grie:]. (26)

We emphasize that the magnetic field By is directed along —e,
at the vortex center. The opposite case can be obtained by re-
versing the sign of the flux quantum ¢y — —¢y in expressions
below.

The free energy of the Pearl vortex (as well as antivortex)
in a thin superconducting film is given by [28]

2

%1 s 27)
1672) &
where the superconducting coherence length is assumed to be
much shorter than the Pearl length, £ < A.

Using Egs. (1) and (26), we express the interaction part of
the free energy (24) as

Fy=Fy=

[od] _ e—qdp o0
Fsk-v = Mypodr + Ms¢0/0 dé]mfo(qa)/o drr
x [nJ1(gr) sin0(r) + Jo(gr)(cos 6(r) — 1)]. (28)

We note that the first term in the right-hand side of Eq. (28)
corresponds to the homogeneous magnetization of the ferro-
magnetic film. Using the relation xJy(x) = d(xJ;(x))/dx and
the definition (4), the above expression can be rewritten as

bo /°° | ——
_v = Mpodp — — dog—S
Fsk-v s¢odr ar ), qq(1+2qk)10(qa)
x [GM(g) + nG(g)]. (29)

We emphasize that in the agreement with general expecta-
tions [29], the interaction part of the free energy can be
expressed in terms of the supercurrent as, Fsx—v = M;podr —
bo f dzrjq,(r)/ (2mr|r — a)). This implies that the derivative of
the free energy with respect to the vortex position yields the
supercurrent (6), J,(a) = ¢0’1(8}'5k,v/3a), cf. Egs. (6) and
(29). Consequently, when the sign of the current J,(a) is
positive (negative), the vortex placed at a distance a tends to
move towards (away from) the skyrmion center. Therefore the
equilibrium position of the vortex is determined by the zero

of the total supercurrent. We note that in the case of the linear
ansatz the function G in Eq. (29) should be modified in
accordance with Eq. (18).

Below we analyze the general expression (29) in the case
of a thin ferromagnetic film, dr < R, A.

A. The case of a smooth skyrmion profile

In the case of a smooth skyrmion profile, and for dp <
R, A, we find from Eq. (29),

f _ o0
SV +/ dy
Mpodr 0

Jo(ya/R)
(14 2yA/R)

X /OO dx x[ny + 6'(x)1J; (yx) sin 6 (x).
0
(30)

As in the case of the supercurrent, we start from the case of
a skyrmion of size R < A. Neglecting unity with respect to
2yX/R in the denominator of the integrand in the right-hand
side of Eq. (30), we obtain the following asymptotic expres-
sion for the interaction free energy at short distances a << A
(see Appendix B)':

]:Skfv R a
=1+—7f(=), 31
Mpodr +2Af"<R> (31

where the function f;(z) has the following asymptotic behav-
ior:

nby — 4ci + 2c_y + 16'(0))z?/2,

7K1,
f(@) = {_2c2/z — c4/(42%),

z> 1.
(32)

At very long distances, a > A, the free energy of inter-
action between the skyrmion and the vortex becomes (see
Appendix B),

Fsk—v _ 4C2R2)\.
M‘Y¢0dF N a3

. (33)

We emphasize that at long distances, a > R, Fgsx_y becomes
insensitive to chirality of the Néel skyrmion. The coefficient
c_1 is typically positive, whereas 6'(0) is negative, therefore
the interaction free energy may decrease with increase of a
for n = +1. Since the ratio Fgsx_v/(Ms¢odr) tends to unity
at a — oo irrespective of the chirality, one can expect the
existence of the minimum of Fg_y at some nonzero value
of the distance a. This situation is realized for the exponential
ansatz. In the case of 360° domain wall ansatz with n = +1,
the nontrivial minimum exists for §/R 2 0.64 only.

Next we consider the opposite case of the skyrmion with
the radius much larger than the size of the Pearl vortex, R >
A. The interaction free energy can be written as a series in

"We mention that Fgy_v/(M,¢podr) at large distances, a >> R, has
a subleading term that depends on chirality, —nb,R*/(8a)?). This
term does not affect the behavior of Fg,_v with the distance a for the
smooth ansatz but becomes essential in the case of the linear ansatz,
see Sec. III B.
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powers of A/R (see Appendix B),

1\% =1+ hnD(%) + %th(%) +... (3

The function h,, o that determines the magnitude of the inter-
action free energy has the following asymptotic behavior (see
Appendix B):

3 14 s Z2
hyo(z) =nb_y =2+ [ZHG (0)Inz +6"(0) + nfo 5

(35)
atz <« 1 and

b
hyo(2) = —Z—Zj, 2> 1 (36)

Here the parameter S is given by the following lengthy ex-
pression:

_ _ 142 :
Bo = %e/m) +e>”(0)[z S8 / —if (’“xz)
0

4 27 T
7T wx? 3 (% sinf(x)
- = - d
27 8 )} + 2/, T
3 ' T[sin6(x) 6(0) 6”(0)
= | d , 37
+2/0 x[ x3+x2+2x] (37)

where G ~ 0.916 denotes the Catalan’s constant and K(x)
stands for the complete elliptic integral of the first kind. The
function h, ;(z) that determines the dependence on distance
of the subleading contribution to Fgx_v has the following
asymptotic behavior (see Appendix B):

hy1(z) = 4Q2c_; +n6'(0)) + 306" (0)z — [%é’(O)é”(O) Inz

4 N3 N 2
+ gn((? (0)—67(0)) — ﬁl}z , Ik, (38)
and

4c
hy1(2) = —Z—f, 2> L (39)

Here the parameter $; is given as

9 all 11 1 ©dx all A
B = —(14+2G)8'(0)0 (O)——/ —0,(x8"(x) sin B(x))
2 2, X3

1 ! dx s N N2 2
- = — 0| x0"(x) sin B (x)+60“(0)x
2 0 x3

+ %é’(O)@”(O)f)

2

18, ., Udx s T WX
+ 08O [ x—3[1<(x -5 - T]

+07%(0) — gé/(O)é”(O). (40)

We mention two discrepancies with the case of a skyrmion
of a small radius. At first, the short distance behavior of the
interaction free energy in the case of R >> A is not parabolic
generically, see Eq. (35). Secondly, the asymptotic behavior
of Fsk_v ata > R depends on the skyrmion’s chirality.

Provided 8”(0) > 0, the analytic results (35) and (36), sug-
gest the existence of the global minimum of Fgi_v at a certain
nonzero distance a in the case of positive skyrmion’s chirality
n = +1. For negative chirality, n = —1, the minimum of the
interaction free energy is situated at a = 0. Interestingly, the
360° domain wall ansatz is special since 6”(0) = 0. Thus, for
the 360° domain wall ansatz, the existence of the minimum
in Fgk_vy is controlled by the sign and magnitude of By,
see Eq. (37). For § 2 0.63R (8 < 0.36R), the interaction free
energy, Fsk—v, has the minimum at nonzero value of a for the
case of positive (negative) chirality, n = +1 (n = —1).

In Fig. 3, we show the behavior of the interaction free
energy as a function of a/R for both chiralities, n = %1 and
for the skyrmion radius equal to the Pearl length. As one can
see, for positive chirality, n = +1, the minimum of Fgx_vy is
reached at nonzero value of the distance a.

We mention that the sign of interacting free energy is deter-
mined by the sign of the magnetic flux of the superconducting
vortex. If the direction of the magnetic flux at the center of
the vortex is opposite to the direction of magnetization at the
center of the skyrmion, i.e. magnetic flux is parallel to the
vector e,, the interacting free energy above will reverse its
sign. Then instead of the minimum at @ = 0 (at a finite value
of a) the minimum will occur at a = oo (at a = 0).

B. The case of the linear ansatz

As in the case of supercurrent, the interacting free energy

for the linear ansatz for the skyrmion profile needs a separate

treatment. The interaction energy can be written in the form
similar to (29),

— 44
g———
q(1 +2gA)

x [g7(qR) + ng ™ (gR)1. 1)

o0
Fsk—v,L = Mspodr — Ms¢0R/ d Jo(qa)
0

Here the functions g~ and g\ are defined in Egs. (7) and
(18), respectively. As it was described in Sec. II, the func-
tion g(L+)(y) is given by a sum of two terms: one identical
to the case of the smooth profile 8(r), g, and the other
one, 8¢, arising due to discontinuity of 6/(r) at r = R, see
Eq. (18). Accordingly we can represent the free energy as
a sum Fgx_v = Fsk-v + 8 Fsk—y. Here Fgc_vy is given by
Eq. (30) with 8(x) = 7 (1 — x) for x < 1 and zero overwise.
The second term for a thin ferromagnetic film, dr < R, A, is
defined as

Jo(ya/R)

(+)
y(1+2yA/R)5g . (42)

o0
§ Fer v = —Migods / d
0

We have studied the behavior of Fg_v in the previous sec-
tion, thus we can focus on examining solely the contribution
from 3]:51(_\/.

Similar to the previous sections, we begin with the case of
a small skyrmion radius, R < A. At short distances, a < A,
we present the free energy likewise Eq. (31),

(SfSk,V R a
=—8f,(= 43
Mpodr ~— 21 f"(R)’ “3)
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FIG. 3. The dependence of the normalized interaction free energy, Fsx_v, on a/R for the chirality n = +1 (left) and n = —1 (right). The
ratio of the skyrmion radius and the Pearl length is unity, /R = 1 (see text).

where 6 f;, behaves as follows (see Appendix B):

— 22/4,
/(2z2) + 1/(162°),

Collecting both contributions, Fgsx_y and 8Fsk_vy, to-
gether, we can determine the behavior of the free energy
Fsk—v,L =1+ (R/2)M)f;.(a/R). The function f,; has the
following asymptotic behavior at short distances z < 1:

Fon(2) = by — 4(cy — 2) + [c_1 — 2 + n0(0)/2]2%,
(45)

7K1,

1
5fn(z)=462{1 o> 1

(44)

whereas at z > 1, it becomes

Fon(2) = (c2 — c)/(42%). (46)

Therefore, at R < r < A, the interacting free energy in the
case of the linear ansatz can be written as

Fsk-v (c2 — c4)R _ nbyR?
Mpodr 8ra3 8ar?

Here, also, we add the term of the next order in R/A which
depends on the skyrmion chirality (see Ref. [30]). This term
dominates the second term in the right-hand side of Eq. (47)
for vRA < r < A. Since for the linear ansatz ) —C4 =
2(7* — 6)/m*, the second term proportional to 1/a> matches
with the corresponding asymptotic of the current J;Jr), cf.
Eq. (20).

Due to strict localization of the skyrmion and stronger
suppression of the supercurrent at distances, a > A, we expect
the interaction energy to decay faster as compared to the case
of a smooth profile. Indeed, the expression (42) yields (see
Appendix B)

5]:51(,\/ 46‘2R2)»
- . A<a, 48
Mgodr @ « @9

that cancels out contribution (33). Therefore the interacting
free energy at large separations a becomes sensitive to the
chirality of skyrmion opposed to the case of smooth profile,

(47)

Fsk-v | — bR’
MS¢0dF 2a3 ’

Different asymptotic expressions, Egs. (45), (46), (47), and
(49), suggest that the vortex resides at a distance a ~ ~/ R\

A< a. (49)

from the center of the skyrmion for n = 41 and at a = 0 for
n=—1.

In the opposite case of a large skyrmion radius, R > A, the
additional contribution § Fgx_v to the interacting free energy
can be expanded in a series in powers of A/R, much the same
as Eq. (34),

3 Fsk—v
Ms¢0dF

= 5h (“)+k5h (“)+ (50)
= n’() R R n’l R e

Asymptotic behavior of functions 84, (z), 8h,,1(z) is in-
vestigated in Appendix B. Combining them with contributions
from h,, 0(z) and h,,1(z) [see Egs. (35), (36), (38), and (39)],
we obtain

by —2+4e + (12 +nfls. <1,
h — 10-1 2
0 {—nbz/<2z3>, Ny
(51
and
7T 23
(52)
forz « 1, and
h’l,l,L(Z) =9y — 6'4)/(225)7 z> 1. (53)

The above asymptotic expressions suggest that for the positive
chirality, n = +1, the vortex have to be settled at a distance of
order R from the skyrmion’s center, whereas for n = —1 the
vortex is situated exactly at the center of the skyrmion, a = 0.

We illustrate the dependence of the interacting free energy
on the distance a in the case of the linear ansatz in Fig. 4. On
the left panel of Fig. 4, one can see the minimum of Fgx_v
(marked by the black dot) for the positive chirality and A/R =
0.1. For A/R = 10 (right panel of Fig. 4) and positive chirality,
the shallow global minimum of Fgk_v (also indicated by the
black dot) is located at @ & 2.8R, which is consistent with our
prediction, see Eq. (47).

It should be noted that, in contrast to the case of a smooth
ansatz, the transformation ¢p— — ¢ interchanges the qual-
itative behavior in cases of positive and negative chirality.
Namely, for n = +1, the free energy will have the minimum
ata = 0, whereas for = —1, the minimum of the free energy
will be shifted from a = 0 to some nonzero a.
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FIG. 4. The dependence of the normalized interacting free energy, Fsx_v, on a/R for the linear ansatz for the skyrmion’s profile. The plots
are for two chiralities and for two values of ratio of the skyrmion radius and the Pearl length: A/R = 0.1 (left) and 10 (right). Black dot near
a ~ 1.2R on the left panel marks the location of the global minimum of the interaction energy. For »/R = 10 (right), the global minimum is

resided at a &~ 2.8R (see text).

We note that in the case of the linear ansatz the existence of
the minimum of the interaction free energy on a finite distance
from the skyrmion’s center has been noticed in Ref. [31].

IV. THE EFFECT OF THE PEARL VORTEX ON THE
SKYRMION

The magnetic free energy of the chiral ferromagnetic film
is given by [1]

]:magn[m] =dp / d2"{A(Vm)2 + K(l — m?)
DY m— - Voml). (54

Here m(r) denotes the unit vector of magnetization di-
rection, A > 0 stands for the exchange constant, D is the
Dzyaloshinskii-Moriya interaction, and K > 0 denotes the
perpendicular anisotropy constant. The magnetic free energy
is normalized in such a way that Fp,, is zero for the ferro-
magnetic state, m, = 1. We note that we include the energy
of the magnetic field Bg; created by the skyrmion into the
definition of the anisotropy constant K (see Appendix C).
Substituting m = mgsx = Mgy /M;, see Eq. (1), into Eq. (54),
we find

Fsk = Fmagn[mSk]

00 102
— 271de drr{A|:9’2(r) + =0 f(r)]
0 r

sin(26(r))

+ Dn [9’(r) +
2r

] +Ksin29(r)}. (55)

Assuming a scaling form of the skyrmion profile, 6(r) =
0(r/R), we obtain

Fsk = dr(asA — apnDR + axKR*/2), (56)

where
[ee) _ s 2 é
ay = 2nf dx x|:0’2(x) + sm—z(x)]’
0 X
*© _ in(20
ap = —27'[/ dx x[@’(x) + M},
0 2X
o0 -
ax = 4n / dx x sin? 6(x). (57)
0

We note that a4 p g are positive constants in the case of the
linear and exponential ansatz and are positive functions of the
parameter R/§ in the case of the 360° domain wall ansatz.

It is worthwhile to mention that the free energy (54) does
not account for the dipole-dipole interaction. However, since
the dipole-dipole energy scales as the first power of the
skyrmion radius R (see, e.g., Ref. [32]), it can be taken into
account by modification of the magnitude of the parameter
ap.

Minimizing Fgx with respect to R, one can find the optimal
radius of the skyrmion

Ry = ap|D|/(akK) (58)

and the chirality n = sgnD. We note that the existence of a
skyrmion in a chiral ferromagnetic film is possible under the
following condition:

apA < axKRG/2. (59)

In order to simplify the presentation, we shall start our con-
siderations from the cases of the linear and exponential ansatz.
In the presence of vortex antivortex pair the skyrmion radius
is obtained by minimization of Fgsx + Fsk—v With respect to
R and a. Let us start from the case of a skyrmion of small
radius, R, < A. For the negative chirality, the optimal distance
between the skyrmion and the vortex is zero. Therefore, as
it follows from Egs. (31) and (56), for n = —1, the interac-
tion between skyrmion and vortex results in increase of the
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TABLE I. The parameters M;, A, K,,, and D for a number of thin chiral ferromagnet films. The estimates for the bare radius in zero external
field (Ry), change of skyrmion radius (SR = R, — R) and an anisotropic scale (¢x) for the exponential ansatz are given. In order to obtain the
estimate for change of radius R we choose A = 200 nm.

PtCoPt[33,34]  IrCoPt[35]  PtCoNiCo[36]  PdFelr [37,38] [IrFeCoPt]! [24]

Saturation magnetization M, (10°> A/m) 580 956 600 1100 1450

Exchange constant A (1072 J/m) 15 10 20 2.0 13.9

Anisotropy constant K, (10° J/m?) 0.7 0.717 0.6 2.5 1.4

DMI parameter D (1073 J/m?) +3 +1.6 +3 +3.9 +2.1

Bare radius Ry (10~° m) 4.1 2.1 4.8 1.5 14

Change of radius SR (10~° m) 0.06 0.09 0.07 0.03 0.07

Anisotropy scale £x (10~° m) 10 13 10 7.5 12

skyrmion radius, Since R, is larger than Ry this inequality can be fulfilled
rovided the condition (59) holds. We note that then the radius

R, = R+ (2c1 + bo/2)E3 /3. 6y P 9

of the skyrmion should satisfy A > Ry > fk. In particular,
Here £y = /M;¢o/(axK) is the length scale associated with ~ the vortex-antivortex pair cannot be generated spontaneously
the anisotropy energy. In the case of linear ansatz one needs in the absence of the Dzyaloshinskii-Moriya interaction, i.e.,
to make the following substitution, ¢; — ¢; — ¢, in Eq. (60), at D = 0. Indeed, in the latter case, R, < £x and the left-

see Eq. (45). hand side of the inequality (63) is positive. In fact, there is

In the case of the positive chirality, the optimal distance be-  a minimal value of the Dzyaloshinskii-Moriya interaction at
tween the vortex and the skyrmion for the exponential ansatz which the spontaneous generation of a vortex-antivortex pair
is proportional to the skyrmion radius, ay = {R, see Eq. (31). s possible,
Interestingly, we find that in the case of n = 41, the skyrmion
radius is also enlarged due to interaction with the vortex, v K 2 1n(r 172

) ID| [ 5 (aAA +axKe + M)]
R, = Ro — fr1(50)l5/20). (61) oD 8 rdy
agK 02

We note that f+1(§0).< 0. . . + £,(%0) k2% (64)

In the case of the linear ansatz with n = +1, using Eq. (47), 2apA

we can find the following result for the skyrmion radius:
Now let us assume that the skyrmion radius is large, R >

R =R+ 5bg/ : E%{Ri/z (62) A. Then, Egs. (34) and (56) result in the following equation
* =0 24(3(cy — ca))V/2 2572 for the skyrmion radius modified by the interaction with the
Although, the above equation predicts ehnancement of the vortex,
skyrmion radius due to interaction with the vortex, the nu- R R 202
merical constant 5b3/%/[24(3(c; — ¢4))"/?] ~ 0.04 such that R_§ - R—; = hn,1(§o)R—3K- (65)
the enhancement is extremely small. The results (60)—(62) are 0 0 0
applicable for 2. 2> max{Ro, £x}. For negative chirality, n = —1, the optimal distance be-

In Table I, we present estimates of the change of the
skyrmion radius due to interaction with the vortex for several
ferromagnet structures. As one can see from the Table I, the
increase of the skyrmion radius R = R, — Ry is typically
small (of the order of a few percent). Also we note that
the estimate of R depends on the form of the skyrmion
profile. We mention that the estimates of the bare skyrmion
radius Ry given in Table I on the basis of values of the pa-
rameters D and K can significantly deviate from the values

tween the skyrmion and the vortex is zero, {y = 0. We note
that 4_; 1(0) = 4[2¢c_; — 6'(0)] > 0, see Eq. (38). For posi-
tive chirality, n = 41, the interaction between skyrmion and
vortex has the minimum at finite distance, ¢, # 0. However,
as one can check [see Eq. (B9)], hy1,1(¢) > 0. Therefore,
for both chiralities, the skyrmion-vortex interaction leads to
increase of the skyrmion radius,

~1/3 1/3

actually measured in the experiment. For example, for the Re = Ro(1+ X717+ X173, (66)

[IrlFe0.5C00,5Pt1]IO/MgO/Nb heterostructure the skyrmion h

radius of the order of 50 nm has been reported [24]. This where

observation can indicate that in order to estimate SR in a 27u 202

realistic structure one needs to find the actual skyrmion profile X=1+ -+ 6v3u+81u?, u= hn,l(§0)4_R§~ (67)
0

in the presence of the vortex-antivortex pair.

In order for a vortex-antivortex pair to be spontaneously
generated in the presence of a skyrmion, the total free energy
(23) should be negative. This implies the following inequality:

axKR? z
K27 4 agK 03 + %

We note that for Ry < (A€%)'/3 and £g > A the skyrmion
radius is parametrically enhanced, R, ~ (A{%)'/? > Ry. For
Ry > (M%{)l/ 3, the radius of the skyrmion is only slightly
In & -o. 63) increased, R, ~ Ry. In this case Eq. (66) holds under assump-

e - 8noady € tion Ry > 1.
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A spontaneous generation of the vortex-antivortex pair re-
quires the negative total free energy (23),

axKR? A
A — KT +aKK£§([1+h,,,0(§o)+2h,,,1(§0)R—}
#3 A
_%0 _hZ <o 68
t8rd; "E ©®

Since R, > Ry the above inequality can be satisfied pro-
vided the condition (59) holds. However, it can occur only
for sufficiently large bare skyrmion radius, Ry > A > fk. In
the case £x > Ry > A, the skyrmion radius becomes R, ~
(M3 « L. Therefore the negative term —agKR2/2 is
much smaller than the positive term aKKﬁi and, conse-
quently, spontaneous generation of vortex-antivortex pair is
not possible.

In the case of the 360° domain wall ansatz Egs. (60), (61),
and (65) remain valid. However, the value of ¢, depends on
the ratio R, /8. The latter is determined from the minimum
of the total free energy with respect to 8. The corresponding
analysis can be performed numerically. As one can check,
the following inequalities hold f,(p) < 0 and h,1(&o) > 0.
These inequalities imply that the skyrmion radius increases
always in the presence of a vortex-antivortex pair.

V. SUMMARY AND CONCLUSIONS

To summarize, we have studied an interaction of a Néel-
type skyrmion and a vortex-antivortex pair due to stray fields
in a chiral ferromagnet-superconductor heterostructure. We
computed the supercurrent in a superconducting film induced
by a skyrmion. For thin ferromagnet and superconductor
films, we found that the supercurrent has the maximum at the
distance from the center of a skyrmion that is of the order
of the skyrmion radius. It is worthwhile to mention that the
supercurrent is sensitive to a profile of the skyrmion and its
chirality. For example, in the case of smooth profiles (expo-
nential and domain wall ansatzes), the supercurrent decays
monotonously at large distances from the skyrmion center.
For the case of a linear profile, there are decaying oscillations
of the supercurrent at large distances due to discontinuity in
0'(r) at r = R. Therefore measurements of dependence of the
supercurrent on distance can allow one to extract information
on the profile of a skyrmion. We mention that the behavior
of the supercurrent with a distance from the center of the
skyrmion is qualitatively similar to the behavior of the su-
percurrent induced in a thin superconducting film by a Bloch
domain wall in a ferromagnetic film [27]. The radius of the
skyrmion plays the same role as the width of a domain wall.

We have also computed the energy of interaction between
a Néel-type skyrmion and a Pearl vortex. We found that the
interaction with a Pearl vortex is sensitive to the skyrmion
chirality. In the case of a skyrmion with negative chirality,
typically, it is more energetically favourable for a vortex to
be attracted to the skyrmion center. This occurs in the cases
of linear and exponential skyrmion profiles and for a domain
wall ansatz with § 2 0.36R. In the case of positive skyrmion
chirality, a vortex is situated at a finite distance from the center
of the skyrmion. This happens for linear and exponential pro-
files and in the case of domain wall ansatz with § 2 0.63R. For

the exponential and domain wall profiles, the optimal distance
becomes of the order of the skyrmion radius whereas for a
linear ansatz the vortex is located at max{R, v/RA}.

It is worthwhile to mention that in the case of a Bloch-type
skyrmion, it is always energetically favorable for a vortex to
settle at the center of the skyrmion [21]. Such a behavior is
related with the absence of the radial component of magne-
tization in a Bloch-type skyrmion. Therefore the Bloch-type
skyrmion interacts with the z component of the magnetic field
of a Pearl vortex only. This leads to the absence of terms
proportional to the chirality n in Eqs. (32) and (35). As a
result, the function f,(z) and h,o(z) behave as increasing
parabolas at z < 1. Such a behavior implies the minimum of
the interaction free energy at zero distance between the center
of the Bloch-type skyrmion and the Pearl vortex.

The fact that it is energetically favourable for a Pearl vor-
tex to take place at a finite distance from the center of a
Néel-type skyrmion might have interesting implications for
skyrmion lattices [39,40] and dynamics of skyrmions [22] in
superconductor-ferromagnet heterostructures.

We have investigated how a Pearl vortex affects a Néel-type
skyrmion due to their mutual interaction. We found that a
vortex-antivortex pair leads to an increase of the radius of the
Néel-type skyrmion. We note that this result can be contrasted
with the case of a Bloch-type skyrmion for which a vortex-
antivortex pair can either increase or decrease the skyrmion
radius [21]. It is also possible that a vortex-antivortex pair
will be spontaneously generated in the presence of a Néel-type
skyrmion provided the skyrmion radius and Pearl penetration
length are large enough in comparison with the length as-
sociated with the anisotropy energy in a chiral ferromagnet,
A, Ry > k. In the opposite case of small bare skyrmion ra-
dius, Ry < ¢k, spontaneous generation of a vortex-antivortex
pair is not possible. Although, the relation, A, Ry > £k, does
not typically holds in chiral ferromagnets (see Table I), re-
cently, spontaneous generation of vortex-antivortex pairs in
the [Ir;Feq5Cog 5Pt ]'°/MgO/Nb heterostructure with Néel-
type skyrmions of large radius (about 50 nm) and positive
chirality2 has been observed [24].

For Ry <« (M%()l/ 3 & lg, we predict that a vortex-
antivortex pair existing in a superconducting film can
substantially increase the skyrmion radius: it becomes equal
to Ry, ~ ()\E%()m > Ry. The typical values of Ry, £k, and R,
are listed in Table I. Abrupt increase of the skyrmion radius
can be used as indication of appearance of vortex-antivortex
pairs in superconducting films. It is an experimental chal-
lenge to detect enhancement of the skyrmion radius in a thin
ferromagnet-superconductor heterostructure due to generation
of vortex-antivortex pair in a superconducting film.

Our analysis of the skyrmion stability in the presence of a
superconducting vortex was restricted to study of change of
the skyrmion radius under assumption that the vortex does not
affect the skyrmion profile. In fact, this is not necessary the

We draw a reader’s attention to the fact that in Ref. [24], the
geometry of the heterostructure differs from the one considered in
our work. In Ref. [24], the ferromagnetic layers are above the su-
perconducting film. Our results are applicable for the case of such a
geometry provided the chirality sign is reversed.
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case and one needs to find the skyrmion profile in the presence
of the superconducting vortex from minimization of the total
free energy Fsx + Fsk—v. In particular, we expect that the
superconducting vortex can lead to an elongated skyrmion
profile.

Finally, we mention that it would be interesting to general-
ize our results to the case of skyrmions confined to nanodots
[41] as well as to more exotic magnetic excitations, e.g. anti-
skyrmions, bimerons, biskyrmions, skyrmioniums, etc. [42].
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APPENDIX A: DERIVATION OF THE ASYMPTOTIC
EXPRESSIONS FOR THE SUPERCURRENT

In this Appendix, we present some details of derivation of
asymptotic expressions for the supercurrent.

1. The case of a smooth skyrmion profile

We start from the case of the smooth skyrmion profile.
According to Eq. (8), the supercurrent is determined by the
functions g (y), see Eq. (7).

To find the asymptotic behavior of the functions g&)(y)
in the case of a small argument, y < 1, we approximate the
Bessel function J; (xy) by xy/2 and find

o0
§P) = —y/2/ dxx?6'(x) sin B(x) ~ 2¢,y,
0
N ] (A1)
0 = 2 / dx x> sinf(x) >~ —byy* /2.
0
Asymptotic expressions at large arguments, y > 1, can
be found in the following way. Changing the variable x to
xy under the integral sign in the definitions of the functions
gF(y), see Eq. (7), one can then expand the function 6 in
powers of 1/y. Then, we obtain

00 _ 3x é/ 0 2
¢ = lim / del(x)eﬂx[G/(0)+ —x9”(0)i| O
B—+0 Jo 2y y3

~ —99'(0)0"(0)/(2y"),
o) 2
) — 1 -xlageon® o+ a7y | 2
g = ﬁlinloy/() dxJi(x)e [9 (O)y + 2y29 (O)] =

~ —30"(0)/(2y%). (A2)
Equations (A1) and (A2) are equivalent to Egs. (9) and (11).
We will now present derivation of asymptotic expressions
for the supercurrent in the case of a small skyrmion, R < A.
At the shortest distances from the center of the skyrmion, one
can neglect unity in the denominator of the expressions (8)
and, then, expand the Bessel function in series in /R < 1.

Then, we retrieve

drr [
I =M, / dy yg® (). (A3)
0

“4AR

The integral [;°dy yg'*)(y) can be simplified with the help
of the following identity yJ;(xy) = —0,(Jo(xy)). Then, we
obtain

/ dy yg® (y) = / dx xo,1(x) / dy Jo(xy)
0 0 0

for * +' sign,

for < —' sign, (Ad)

_ 4C_1 s

~ 2000,
where xo(x) = [xsinf(x)]’ and x;(x) = [x0'(x)sin6(x)]'.
This results in Eqgs. (13) and (14).

For the case of long distances, r > R, we rewrite the ex-
pressions for the supercurrent components, J(*)(r), in a more
convenient way, raising the denominator into exponent by
means of an additional integration,

dr [ o _ '
1 =% / dy / dt AR (), (yr/R).
0 0

(AS)
Let us first consider the integration with respect to the y
variable. Since for /R > 1, the integral over y is dominated
by small values of y, for g™+, we obtain

o0 X 00
f dy ye R J cey)y (vr /R) =~ 3 / dy y2e Y0P
0 0

32Art/r) R

(A6)

Ji(yr/R) =

| =

and for g,

oo X oo
/ dy y?e I ey (vr/R) = 3 [ dy yle™ 20
0 0

3x 1-4Qat/r)> R*

MO =T e
(A7)
Hence for the supercurrent, we find
drR?> [ 3(2ut/r)e”’
J§ = 2eM,= / dr—EHIne —.
rJo I+ @/t AS)

1 — 4Q2At /1)?

3by,  dpR® [
JO = 2y / dt e —————"—.
0 [14+ Qrt/r)2"

¢ 2 r4

In this integral forms for the supercurrent components,
J$, one can clearly figure out the behavior of J$(r) for
r < A and r > A. For r <« A, we can substitute e~" by unity
and, then, obtain the asymptotic behavior at intermediate dis-
tances Egs. (13) and (14), R < r < A. Otherwise, when r is
much larger than A, we neglect the term proportional to the
small parameter A/r in the denominator of (A8). Then, one
gets the last expressions in Eqgs. (13) and (14).

Now we consider the case of large skyrmion R > A. We
start from the limit of short distances r < r;. In this regime
we neglect the term proportional to A /R in the denominator in
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the right-hand side of Eq. (8). For J$, we can use the identity

/0 dy yJo(xy)u(zy) = 8(x — 2)/x (A9)
and find
I =— MS%F / dx6'(x)sin B (x)8(x — r/R)
0
=— Msd%é’(r/R) sinf(r/R), r <K r;. (A10)

Equation (A10) is equivalent to Eq. (15).

For the sensitive to chirality component of the supercurrent
J;‘>, the easiest way to derive the asymptotic expression at
closest distances is done by employing the relation J,(a) =
o '9(Fsk_v/da) and differentiating the expression (35) with
respect to z, inserting z = r/R. The derivation of (35) is pre-
sented in Appendix B.

The asymptotic expressions (16) and (17) for r > r, can
be easily derived from Eq. (A8).

2. The case of the linear ansatz

Let us start from the case of R < A and derive the asymp-
totic expression (20) for the nonchiral term in supercurrent,
J). At shortest distances, r < R, one can proceed similar to
the case of the smooth profile,

d o0
I = Msi / dy g ) (yr/R). (A1)
0

Since g(L+)(y) = g™ (y) + 8¢H)(y), for the first contribution
to J$*) we can use the expression (A4). While for the second

term, g (y) = —4c2J1 (), we apply the identity

o0 2R
/0 dyJy ()1 (yr/R) = ;[K(Rz/#) — ER*/r)]
~r/Q2R)+ O /R*), r <R.
(A12)

Here, K(z) and E (z) denotes the complete elliptic integrals of
the first and second kinds. Together, these two contributions
give the final result, cf. Eq. (20),

4\ d
IO = <7rSi(n) 1+ —2>M ar
T

g Al3
47R (AL3)

To find the behavior of the J, (/(f) at large distances we use the
method described near Eq. (A5) above. The only difference is
that instead of the expression for the smooth profile function
¢ (y) we need to use the expression (18) for g\*(y). Then,
we retrieve

o0
f dy y*e >R Jo(xy)J1 (yr/R)
0

2 [ele]
~ / dyy*e 2R ] (yr/R)
0
_ XPR2 1520t /r)(4(20t /1) = 3)

45 1+ @/

(Al4)

This leads to the following approximate expression:
dpR* 6 — 2 /°° _,30A1(4(201 /1) = 3)
_— dte
0

r 27t rlL+ Qar/r)2?
(A15)

Jé+) — Ms

In the case of R <« r < A, the exponent e~ in the right-hand
side of Eq. (A15) can be approximated by the unity. Then we
obtain, cf. Eq. (20),

3(7?—6) drR*
_ ( ) M, o
474 Ard
In the limit of longest distances r > A, we neglect the terms

(2At/r)? in the enumerator and denominator under the integral
sign in Eq. (A15). Then we find, cf. Eq. (20),

45(% — 6 AR?
. (m . )Mde6 ‘
T r

I = (A16)

I = (A17)

Finally, we derive asymptotic expressions for J{*) for the
case of a large skyrmion radius, R >> A. As it was explained
in the main text, we have to combine the contributions from
the term g™*)(y), given by Eq. (7), and due to 8gH(y) =
—4c¢,yJ1(y). Let us start from the limit » < R. We can use
Eq. (A10) for the asymptotic expression, corresponding to the
contribution from g (y). In the case of the linear ansatz it
reads (M,dp /R)m*(r/R). In order to find the contribution due
to the second term, 8g(+)(y), we replace the Bessel function
Jiyr/R) by yr/(2R) and expand denominator in powers of
yA/R. Then we find

r o 2y\ 22
—2¢r— li dv e P 1= =22 _
g Jim A ye le(y)[ R +0<R2)}
AT
~ —12czﬁ. (A18)

Bringing these two contributions together, we retrieve, cf.
Eq. (21),

2 2
Jéﬂ:nM&dpr(l_:;;r —4&

7 v R)’ r<R. (A19)

For r > R > A, one can repeat derivation following
Egs. (A14) and (A15). Then one arrives eventually at the
expression (A17).

APPENDIX B: DERIVATION OF THE ASYMPTOTIC
EXPRESSIONS FOR THE INTERACTION ENERGY

1. The case of a smooth skyrmion profile

In this Appendix, we present some details of derivation of
the asymptotic expressions for Fgx_vy.

We start from the case of a small skyrmion and a large
vortex, R < A. In the regime of short distances a < R, we can
neglect the unity in comparison to the large parameter A/R in
the denominator under the integral sign in the right-hand side
of Eq. (30). Expanding the Bessel function Jy(ya/R) in series
of ya/R, we obtain

Ty [ G
Mpodr 0 2yr/R
x Ji(yx) sin 6 (x). (B1)

/ dxx[ny +6'(x)]
0
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This expression can be easily simplified to the form of
Eq. (31).

For the intermediate distances, R < a < A, one can Sim-
plify Eq. (30) by using the following identities:

/0 dy Jo(y2)J1(xy) = O(x — 2)/x, (B2)

© d 2
/ 2 Ny = —[EG®) — (1 — K )]
o Y X

x O(1 —x)+ %E(x_z)G(x —1).
(B3)

After some simplifications, the expression for the interaction
energy can be brought to the form of Eq. (31).

The case of the longest distances, a > A, can be studied
in the following way. One can transform the expression in
the denominator under the integral sign in the right-hand
side of Eq. (30) into the exponent with the help of an addi-
tional integration, 1/(1 + 2yA/R) = [, dt e7'1+2*/R)_ Then
expanding the Bessel function J;(xy) in its argument to the
lowest order, we derive Eq. (33).

Now let us consider the opposite case of large skyrmion
radius, R > A. Making in Eq. (30) expansion in powers of
A/R, we obtain Eq. (34) with the functions &, ¢(z) and &, 1(2)
that are given as

hy.o = f dxdy xJo(y2)J1(yx)[ny + 6'(x)] sinf(x)  (B4)
0
and

[o.¢]
hya = —2/ dxdy xyJo(yz)Ji (3x)[ny + 8’ (x)] sin 6 (x).
0
(B5)
We shall start with the asymptotic behavior of the functions
hypo(z) and hy ((z) at z < 1. Using the following identities

d[xJy (xy)]l/dx = yxJo(xy), yJ1(xy) = —dJo(xy)/dx, the iden-
tity (A9), and the relation

= 2 [K(x?*/z%)/z, z>x,
/0 dyJ()(yZ)J()(yx) - ;{K(ZZ/XZ)/X’ 7 <x, (Bé)
we can simplify Egs. (B4) and (B5) as follows
~ 2n [*dx x2
hyo(2) = cosB) — 1+ = | Zyowk (S
T Jo < 4
2n [ dx 22
=y —xO<x>K(—2) B7)
7T J, x X
and
(z) 4 [“dx x2
hya@@) = 292 - 2 / —xl(x)K<—2)
Z T Jo <2 g
4 [ dx 72
-2 Sk G). (BS)
TJ, x x

where xo(x) = [xsin8(x)]’ and x;(x) = [x6'(x)sin(x)].
Next we rewrite the integrals over the region x > z
in the right-hand side of Eqs. (B7) and (B8) in the

following form:

2 [*dx z
—/ —X0,1(X)K(—2>
7)., x X
2 [ dx o n  nZ
= ;xw(x)[K(;) - (5 " gﬂ (B9)

Written in this way, each of the terms converges at z — 0 and
the asymptotic behavior of £, ¢(z) and h, (z) can be easily
extracted. Then we reproduce Eqgs. (35) and (38).

For large values of the argument, z > 1, it is enough to
consider the term in Eqs. (B7) and (B8) which is proportional
to the integral over the region x < z. We can also expand
the complete elliptic function of the first kind as K (x?/z?) =
/2 4 wx*/(8z%) + 9mx*/(128z*) + ... Then one can derive
Egs. (36) and (39).

dx 22 [®dx
—X0.1(x) + —/ — X0,1(x)
X 4 J. X

2. The case of the linear ansatz

For linear ansatz, we represent the free energy as a sum
Fsk—v.L = Fsk—v + 8Fsk—v, see Eq. (42). For the analysis of
Fsk—v, we refer to the previous section, while in this section,
we are examining exclusively 6 Fsx_y defined in Eq. (42).
We begin with the case of large vortex and small skyrmion,
A > R. For small distances, a < A, we neglect the unity in
the denominator of the expression under the integral sign in
Eq. (42) and employ the identity (B3). Expanding the ex-
pression (B3) in powers of x and 1/x, we obtain Eq. (44).
At longest distances one can repeat the derivation, following
Eq. (B3), eventually arriving at Eq. (48).

For large skyrmion radius, R >> A, it is convenient to
present 8 Fsix_v as follows:

8 Fsk—v *©
=4 dy J R)J
Mogodr 02/0 y Joya/R)J1(y)
A [ J R)J
—Scz—f 4y Y00/ RN Q) (B10)
RJo 1+ 2y2/R

The first term can be easily simplified using the identity
(B2). The second term turns into (A/R)dhy 1(a/R) after set-
ting A/R — 0 in denominator of the integrand. Its asymptotic
behavior at small distances, a < R, can be extracted by ex-
panding Jy(ya/R) in powers of a/R,
. oo By 22 2 3a’
Jim [ dy e Py =@ GRDAG) = T+ .
(B11)
At large distances, a >> R, the second term in (B10) is
dominated by very small y, thus one can substitute J; (y) with

(y/2 —y*/16 +...) and find

lim dy e Pylo(ya/R)(y/2 — y*/16)
p—+0 0

= —R*/(2a®) — 9R® /(164°). (B12)

The first term cancels out (39), thus, finding the next order in
the expansion of the function £, (z) (see the previous section)
and summing it up with (B12), we find (53).

174519-13



E. S. ANDRIYAKHINA AND I. S. BURMISTROV

PHYSICAL REVIEW B 103, 174519 (2021)

We notice that the second term in (B10) converges to a
discontinuous function in a = R with A/R — 0. However, for
all finite values of A /R, the function remains continuous.

APPENDIX C: MAGNETIC SELF-ENERGY OF THE
ISOLATED SKYRMION

The magnetic self-energy of the single isolated skyrmion
can be represented as (see, e.g., Ref. [31])

magn l dF
Fo &' = -3 /0 dz / d’rM g By (CD)

Inserting Bsx = V x Agk and using the exact solution for A gy,
cf. Eq. (3), we derive the asymptotic expression for Fg, © in
the case of a thin ferromagnetic film, dr < R,

For¥" = —2mdp M} / d’r(1 —m?). (C2)

Consequently, contribution from demagnetization field to the
total free energy of an isolated skyrmion can be included as a
rescaling of the perpendicular anisotropy constant: K — K —
271Mf, see Eq. (54).

[1] A. N. Bogdanov and D. Yablonskii, Thermodynamically stable
“vortices” in magnetically ordered crystals. The mixed state
of magnets, ZhETF 95, 178 (1989) [Sov. Phys. JETP 68, 101
(1989)].

[2] C. Back, V. Cros, H. Ebert, K. Everschor-Sitte, A. Fert, M.
Garst, T. Ma, S. Mankovsky, T. L. Monchesky, M. Mostovoy,
N. Nagaosa, S. S. P. Parkin, C. Pfleiderer, N. Reyren, A. Rosch,
Y. Taguchi, Y. Tokura, K. von Bergmann, and J. Zang, The
2020 skyrmionics roadmap, J. Phys. D: Appl. Phys. 53, 363001
(2020).

[3] V. V. Ryazanov, V. A. Oboznov, A. S. Prokofiev, V. V.
Bolginov, and A. K. Feofanov, Superconductor-ferromagnet-
superconductor m-junctions, J. Low Temp. Phys. 136, 385
(2004).

[4] I. F. Lyuksyutov and V. L. Pokrovsky, Ferromagnet-
superconductor hybrids, Adv. Phys. 54, 67 (2005).

[5] A. I. Buzdin, Proximity effects in superconductor-ferromagnet
heterostructures, Rev. Mod. Phys. 77, 935 (2005).

[6] F. S. Bergeret, A. F. Volkov, and K. B. Efetov, Odd triplet
superconductivity and related phenomena in superconductor-
ferromagnet structures, Rev. Mod. Phys. 77, 1321 (2005).

[7] M. Eschrig, Spin-polarized supercurrents for spintronics: A re-
view of current progress, Rep. Prog. Phys. 78, 104501 (2015).

[8] S. S. Pershoguba, S. Nakosai, and A. V. Balatsky, Skyrmion-
induced bound states in a superconductor, Phys. Rev. B 94,
064513 (2016).

[9] K. Poyhonen, A. Weststrom, S. S. Pershoguba, T. Ojanen, and
A. V. Balatsky, Skyrmion-induced bound states in a p-wave
superconductor, Phys. Rev. B 94, 214509 (2016).

[10] W. Chen and A. P. Schnyder, Majorana edge states in
superconductor-noncollinear magnet interfaces, Phys. Rev. B
92, 214502 (2015).

[11] G. Yang, P. Stano, J. Klinovaja, and D. Loss, Majorana bound
states in magnetic skyrmions, Phys. Rev. B 93, 224505 (2016).

[12] U. Giingordii, S. Sandhoefner, and A. A. Kovalev, Stabilization
and control of majorana bound states with elongated skyrmions,
Phys. Rev. B 97, 115136 (2018).

[13] E. Mascot, S. Cocklin, S. Rachel, and D. K. Morr, Dimensional
tuning of majorana fermions and real space counting of the
chern number, Phys. Rev. B 100, 184510 (2019).

[14] S. Rex, I. V. Gornyi, and A. D. Mirlin, Majorana bound states
in magnetic skyrmions imposed onto a superconductor, Phys.
Rev. B 100, 064504 (2019).

[15] M. Garnier, A. Mesaros, and P. Simon, Topological supercon-
ductivity with deformable magnetic skyrmions, Commun. Phys.
2,126 (2019).

[16] S. Rex, I. V. Gornyi, and A. D. Mirlin, Majorana modes
in emergent-wire phases of helical and cycloidal magnet-
superconductor hybrids, Phys. Rev. B 102, 224501 (2020).

[17] T. Yokoyama and J. Linder, Josephson effect through magnetic
skyrmions, Phys. Rev. B 92, 060503(R) (2015).

[18] V. L. Vadimov, M. V. Sapozhnikov, and A. S. Mel’nikov,
Magnetic skyrmions in ferromagnet-superconductor (f/s) het-
erostructures, Appl. Phys. Lett. 113, 032402 (2018).

[19] K. M. D. Hals, M. Schecter, and M. S. Rudner, Composite
Topological Excitations in Ferromagnet-Superconductor Het-
erostructures, Phys. Rev. Lett. 117, 017001 (2016).

[20] J. Baumard, J. Cayssol, F. S. Bergeret, and A. Buzdin, Genera-
tion of a superconducting vortex via Néel skyrmions, Phys. Rev.
B 99, 014511 (2019).

[21] S. M. Dahir, A. F. Volkov, and 1. M. Eremin, Interaction
of Skyrmions and Pearl Vortices in Superconductor-Chiral
Ferromagnet Heterostructures, Phys. Rev. Lett. 122, 097001
(2019).

[22] R. M. Menezes, J. F. S. Neto, C. C. de Souza Silva, and
M. V. Milosevié, Manipulation of magnetic skyrmions by
superconducting vortices in ferromagnet-superconductor het-
erostructures, Phys. Rev. B 100, 014431 (2019).

[23] S. M. Dahir, A. F. Volkov, and 1. M. Eremin, Meissner currents
induced by topological magnetic textures in hybrid super-
conductor/ferromagnet structures, Phys. Rev. B 102, 014503
(2020).

[24] A. P. Petrovié, M. Raju, X. Y. Tee, A. Louat, I. Maggio-Aprile,
R. M. Menezes, M. J. Wyszynski, N. K. Duong, M. Reznikov,
Ch. Renner, M. V. Milosevi¢, and C. Panagopoulos, Skyrmion-
(Anti)Vortex Coupling in a Chiral Magnet-Superconductor
Heterostructure, Phys. Rev. Lett. 126, 117205 (2021).

[25] Y. Kawaguchi, Y. Tanaka, and N. Nagaosa, Skyrmionic
magnetization configurations at chiral magnet/ferromagnet het-
erostructures, Phys. Rev. B 93, 064416 (2016).

[26] L.D. Landau and E.M. Lifshitz, Course in Theoretical Physics
(Pergamon Press, Oxford, 1984), Vol. 8.

[27] 1. S. Burmistrov and N. M. Chtchelkatchev, Domain wall ef-
fects in ferromagnet-superconductor structures, Phys. Rev. B
72, 144520 (2005).

[28] J. Pearl, Current distribution in superconducting films carrying
quantized fluxoids, Appl. Phys. Lett. 5, 65 (1964).

[29] A. A. Abrikosov, Fundamentals of the Theory of Metals (North-
Holland, Amsterdam, 1988).

[30] We mention that Fgsx_v/(M,¢odr) at large distances, a >
R, has a subleading term that depends on chirality,
—nbyR?/(8ar?). This term does not affect the behavior of

174519-14


http://www.jetp.ac.ru/cgi-bin/e/index/e/68/1/p101?a=list
https://doi.org/10.1088/1361-6463/ab8418
https://doi.org/10.1023/B:JOLT.0000041274.35465.56
https://doi.org/10.1080/00018730500057536
https://doi.org/10.1103/RevModPhys.77.935
https://doi.org/10.1103/RevModPhys.77.1321
https://doi.org/10.1088/0034-4885/78/10/104501
https://doi.org/10.1103/PhysRevB.94.064513
https://doi.org/10.1103/PhysRevB.94.214509
https://doi.org/10.1103/PhysRevB.92.214502
https://doi.org/10.1103/PhysRevB.93.224505
https://doi.org/10.1103/PhysRevB.97.115136
https://doi.org/10.1103/PhysRevB.100.184510
https://doi.org/10.1103/PhysRevB.100.064504
https://doi.org/10.1038/s42005-019-0226-5
https://doi.org/10.1103/PhysRevB.102.224501
https://doi.org/10.1103/PhysRevB.92.060503
https://doi.org/10.1063/1.5037934
https://doi.org/10.1103/PhysRevLett.117.017001
https://doi.org/10.1103/PhysRevB.99.014511
https://doi.org/10.1103/PhysRevLett.122.097001
https://doi.org/10.1103/PhysRevB.100.014431
https://doi.org/10.1103/PhysRevB.102.014503
https://doi.org/10.1103/PhysRevLett.126.117205
https://doi.org/10.1103/PhysRevB.93.064416
https://doi.org/10.1103/PhysRevB.72.144520
https://doi.org/10.1063/1.1754056

INTERACTION OF A NEEL-TYPE SKYRMION WITH A ...

PHYSICAL REVIEW B 103, 174519 (2021)

Fsk_y with the distance a for the smooth ansatz but becomes
essential in the case of the linear ansatz, see Sec. III B.

[31] S. Dahir, Ferromagnetic superconducting heterostructures with
magnetic skyrmions, Master’s thesis, Bochum, 2018.

[32] M. Ezawa, Giant Skyrmions Stabilized by Dipole-Dipole In-
teractions in Thin Ferromagnetic Films, Phys. Rev. Lett. 105,
197202 (2010).

[33] P. J. Metaxas, J. P. Jamet, A. Mougin, M. Cormier, J. Ferr¢,
V. Baltz, B. Rodmacq, B. Dieny, and R. L. Stamps, Creep and
Flow Regimes of Magnetic Domain-Wall Motion in Ultrathin
Pt/Co/Pt Films with Perpendicular Anisotropy, Phys. Rev. Lett.
99, 217208 (2007).

[34] J. Sampaio, V. Cros, S. Rohart, A. Thiaville, and A. Fert, Nucle-
ation, stability and current-induced motion of isolated magnetic
skyrmions in nanostructures, Nat. Nanotechnol. 8, 839 (2013).

[35] C. Moreau-Luchaire, C. Moutafis, N. Reyren, J. Sampaio,
C. A. F. Vaz, N. Van Horne, K. Bouzehouane, K. Garcia,
C. Deranlot, P. Warnicke, P. Wohlhiiter, J.-M. George, M.
Weigand, J. Raabe, V. Cros, and A. Fert, Additive interfacial
chiral interaction in multilayers for stabilization of small indi-
vidual skyrmions at room temperature, Nat. Nanotechnol. 11,
444 (2016).

[36] K.-S. Ryu, S.-H. Yang, L. Tomas, and S. S. P. Parkin, Chiral
spin torque arising from proximity-induced magnetization, Nat.
Commun. 5, 3910 (2014).

[37] N. Romming, C. Hanneken, M. Menzel, J. E. Bickel, B. Wolter,
K. von Bergmann, A. Kubetzka, and R. Wiesendanger, Writ-
ing and deleting single magnetic skyrmions, Science 341, 636
(2013).

[38] N. Romming, A. Kubetzka, C. Hanneken, K. von Bergmann,
and R. Wiesendanger, Field-Dependent Size and Shape of Sin-
gle Magnetic Skyrmions, Phys. Rev. Lett. 114, 177203 (2015).

[39] E. Balkind, A. Isidori, and M. Eschrig, Magnetic skyrmion lat-
tice by the Fourier transform method, Phys. Rev. B 99, 134446
(2019).

[40] J. F. Neta and C. C. de Souza Silva, Mesoscale phase separation
of skyrmion-vortex matter in chiral magnet-superconductor het-
erostructures, arXiv:2104.09619.

[41] S. Rohart and A. Thiaville, Skyrmion confinement in ultrathin
film nanostructures in the presence of dzyaloshinskii-moriya
interaction, Phys. Rev. B 88, 184422 (2013).

[42] B. Gobel, 1. Mertig, and O. A. Tretiakov, Beyond skyrmions:
Review and perspectives of alternative magnetic quasiparticles,
Phys. Rep. 895, 1 (2021).

174519-15


https://doi.org/10.1103/PhysRevLett.105.197202
https://doi.org/10.1103/PhysRevLett.99.217208
https://doi.org/10.1038/nnano.2013.210
https://doi.org/10.1038/nnano.2015.313
https://doi.org/10.1038/ncomms4910
https://doi.org/10.1126/science.1240573
https://doi.org/10.1103/PhysRevLett.114.177203
https://doi.org/10.1103/PhysRevB.99.134446
http://arxiv.org/abs/arXiv:2104.09619
https://doi.org/10.1103/PhysRevB.88.184422
https://doi.org/10.1016/j.physrep.2020.10.001

