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Abstract

The interplay between electron—electron interactions and weak localization (or anti-
localization) phenomena in two-dimensional systems can significantly enhance
the superconducting transition temperature. We develop the theory of quantum
fluctuations within such multifractally enhanced superconducting states in thin
films. In conditions of weak disorder, we employ the Finkel’stein nonlinear sigma
model to derive an effective action for the superconducting order parameter and
the quasiclassical Green’s function, meticulously accounting for the influence
of quantum fluctuations. This effective action, applicable for interactions of
any strength, reveals the critical role of well-known collective modes in a dirty
superconductor, and its saddle-point analysis leads to modified Usadel and gap
equations. These equations comprehensively incorporate the renormalizations
stemming from the interplay between interactions and disorder, resulting in the non-
trivial energy dependence of the gap function. Notably, our analysis establishes a
direct relation between the self-consistent gap equation at the superconducting
transition temperature and the known renormalization group equations for
interaction parameters in the normal state.

Keywords Superconductivity - Anderson localization - Multifractality - Collective
modes

1 Introduction

Superconductivity and Anderson localization [1] are pivotal topics in quantum
mechanics, and their interplay has long been a subject of interest. At a basic level,
without diving into quantum interference or how disorder impacts interactions,
s-wave superconductivity seems resilient against electron scattering caused by
non-magnetic disorder, leaving some important parameters, such as the critical
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temperature 7, or the order parameter A, unaffected. This observation is commonly
referred to as the “Anderson theorem” [2—4].!

However, when we incorporate quantum interference effects, the situation
becomes more intricate. Some theories suggest that strong localization [7-10] or
even a blend of weak disorder with Coulomb interaction [11-20] could undermine
superconductivity. This perspective is bolstered by a discovery [21] and later
research on the superconducting-insulating transition (SIT) in thin films [22-24].

Yet, recent studies challenge this view. There are indications that the
superconducting transition temperature, 7., might increase due to multifractal
properties of wave functions near the Anderson transition, especially when long-
ranged Coulomb repulsion is not dominant [25, 26]. This idea has gained attraction
both theoretically [27-30] and through numerical tests [31-33] in two-dimensional
disordered systems.

A notable feature of this multifractally enhanced superconductivity is the
significant mesoscopic fluctuations in the local order parameter [26, 34] and giant
fluctuations of the local density of states (LDOS) [29, 30]. These fluctuations
have been consistently observed in various experiments [35—43] and numerical
studies [32, 33, 43]. Additional established feature of a multifractally enhanced
superconducting state is strong energy dependence of the gap function [29, 30].

it is widely acknowledged that important characteristics of superconductors are
subgap collective modes. Although the collective modes have been intensively
studied in the past (see Refs. [44—48] for a review), a permanent interest in their
behavior in clean [49-55] and disordered [56—59] superconductors still persists.
Usually, the collective modes are studied atop the BCS-type mean-field solution
for the superconducting phase. This approach often assumes an energy-independent
gap function. However, this assumption breaks down in the case of a multifractally
enhanced superconducting state. Given that the collective modes themselves
influence the gap equation, it is necessary to formulate a self-consistent scheme for
simultaneously computing both the collective modes and the gap function.

In this paper, we extend the previous studies of the multifractally enhanced
superconducting state in several interrelated directions: (i) we investigate the
effects of short-ranged interactions on the superconducting gap function beyond
the assumption of their weakness; (ii) elucidate the relation between modified
Usadel and self-consistent equations and the collective modes in disordered
superconductors; (iii) propose a self-consistent scheme for simultaneous solution
for the gap function and collective modes. Notably, unlike previous approaches that
restricted themselves to weak interactions [27, 29, 30], we achieve an exact solution
for the transition temperature for arbitrary magnitudes of the interaction parameters.
We also present fluctuations-modified Usadel and self-consistency equations that
explicitly involve contributions from the collective modes in a superconductor.

! We would also like to acknowledge Fomin’s extension of the “Anderson theorem” to p-wave states in
the presence of columnar defects [5], which was recently experimentally verified in the polar phase of
*He in aerogel [6]. However, the exploration of these unconventional pairing mechanisms falls beyond
the scope of our current analysis.
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The structure of the paper is as follows. Section 2 introduces the Finkel’stein
nonlinear sigma model formalism, incorporating superconductive pairing, which
is crucial to our approach in tackling the problem. In Sect. 3, the mean-field
solution is discussed. This solution neglects quantum fluctuations that lead to the
interplay between disorder and interactions. Section 4 is dedicated to introducing
Gaussian quantum fluctuations around the mean-field solution. Specifically,
we detail the propagators for diffusive modes in the spin-triplet (Sect. 4.2) and
singlet sectors (Sect. 4.3). The modified action obtained by integrating out these
Gaussian fluctuations is presented in Sect. 5. From this action, Sect. 6 derives
the spectrum of collective modes in superconductors based on a simplified BCS
saddle. Section 7 investigates how the inclusion of fluctuations alters the BCS
saddle equations. The saddle and its behavior near the critical temperature T,
accounting for these modifications, are explored in Sect. 8, expressing 7T, in terms
of renormalization group equations. Finally, discussions and conclusions are
presented in Sect. 9. Technical details we delegate to Appendices A, B, and C.
Appendix D discusses the relationship between the Finkel’stein parameter Z, and
the corresponding parameter Z, that arises in our work.

2 Finkel’stein NLSM Formalism with Superconductivity

The Finkel’stein nonlinear sigma model (NLSM) formalism provides an insightful
perspective into quantum systems governed by interactions and disorder. Employing
this approach, we gather a comprehensive formulation of the NLSM which encom-
passes the non-interacting component, S,, along with distinct contributions from the

three quasiparticles interaction channels: the particle-hole singlet channel, Sfl’; t) the
particle-hole triplet channel, Si(:[)’ and the particle-particle channel, Sl(s: [60-62].
The action of this system is succinctly described as

S=8,+87 +8 459, 1)

Each component in this sum has a definitive role and is elaborated upon as follows.
The non-interacting component (S,) captures the primary behavior of the system
without considering the intricacies of quasiparticles interactions. It is expressed as

S, = _;;2 / dr Tr (VQ)* + 2z, / drTrQ, 2

where g is the dimensional (in the units of ¢?>/h) bare conductivity and the trace
operation, Tr, encompasses replica (indices «,f =1,...,N, with the replica
limit being N, — 0), Matsubara (indices n that correspond to fermionic energies
g, =nT(2n+1) for integer n), spin (subscript j=0,1,2,3), and particle-hole
(r=0,1,2,3) spaces.

Central to our formalism is the matrix field, Q(r), characterized by its behavior
across different spaces. It is bound by specific constraints that ensure the system
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adheres to symmetry under time reversal and spin rotational (in the absence of
spin-relaxation mechanisms) symmetries. The constraints are:

Q*n=1, TrQ=0, 0=0"=-CQ"C, C=it, 3)
Here the matrix 7,; acts on spin and particle-hole spaces and equals to
1, =7, Q5 r,j=0,1,2,3, 4)

with 7,5 and s, , ; being the usual Pauli matrices in the particle-hole and spin
spaces, respectively. The second part of S, contains the constant matrix £, whose
entries are given by

ézg, = 5n5£,l,£,”5aﬂt00' (5)

The parameter z,, introduced by A. M. Finkel’stein, characterizes the frequency
renormalization during the renormalization group action [60]. The initial value of
z,, 1s given by zwv/4, with v representing the intrinsic density of states at the Fermi
level, factoring in spin degeneracy.

The particle-hole singlet channel (Sfr’;)) and triplet channel (Sf:l)) are the result of
electron—hole interactions that arise from different spin configurations. Specifically,
the particle-hole singlet channel (Si(s t)) originates from interactions where quasiparticle
pairs have opposite spins, forming a singlet state. It is given as follows,

T @ "
S0 = —TFSZ > / dir Tr 194, O Tr I% 1,00, )

a,n r=0,3

where I'; describes strength of the interaction in the singlet channel and the constant
matrix I is
aNY =6, . 861, w,=2xTk (k€ 2). 7

Here and throughout the paper, no implicit summation over the repeated indices is
assumed.

The particle-hole triplet interactions (Si(:t)) come from quasiparticle pairs that share
the same spin direction, forming a triplet state. Within the NLSM formalism, it is given
by the following expression,

o _ =nT J . .
St = _TF’ Z Z Z/d rTre e, 0Trl? 1,0, )

a,n r=0,3 j#0

where I', denotes the coupling constant in the triplet channel. Here, the summation
encompasses j # 0, corresponding to massless triplet modes exclusively. It is
noteworthy that in the fully spin-symmetric scenario, all modes j = 1,2, 3 remain
gapless. Conversely, the introduction of spin—orbit coupling or the addition of a spin
relaxation mechanism, such as the one suggested by M.I. D’yakonov and V.I. Perel’
[63], alters the picture by making some of the channels with j # 0 massive. To
distinguish between these possible scenarios, we introduce the parameter N, which
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counts the number of massless triplet diffusive modes. We emphasize that A/ may
take the values 0, 1, or 3. For an overview of possible relaxation mechanisms and an
explanation of the possible values of NV, see [61, 64, 65] and [66].

Lastly, the particle-particle channel (Si(;z) represents the interactions of two electrons
or two holes. It is also responsible for the emergence of the superconducting pairing for
which the Cooper interaction’s zero frequency transfer plays a crucial role. Specifically,
at the zero-frequency transfer (n = 0) we employ the Hubbard—Stratonovich transfor-
mation, introducing the real field A%, that is further delineated into static and fluctuat-
ing components:

AT =AY+ 5A%(r), )

which ensures that while the A” is spatially independent, its fluctuating counterpart
SA%(r) varies in real space, but on average it is zero: / ddréA‘;’ (r) = 0. Details of this
method are elaborated upon in [29].
After all the steps described above, the interaction in this channel takes the following
form:
$©@ =3O 4 §© (10)

nt nt nt

The first zero-frequency term is

Sl(;l) 7rTF Z Z[A“]2+2z VZ Z A"’/ddrTrt,oLgQ, (11)

a r=1,2 a r=1,2

where V is the volume of our system. The remaining finite-frequency interaction is

e T «
Sl(n: _”TF 2 Z /ddr[Trtﬂ)LnQ]z' (12)

a,n#0r=1,2
The last constant matrix L%, that enters the expression for Si(f]:, is equal to

AIDP =6, o 0 6P6 10y, @, =2aTk (k€ Z). (13)
Before proceeding, it is important to mention that our theory is constructed under the
assumption that g > 1, which translates into the physical assumption of our sample
being a good conductor. Now, under this condition, we can develop a perturbation
theory based on the condition that1/g < 1.

For convenience, we introduce the dimensionless coupling constants
Ysic =g1c/% It is relevant to note that in the presence of Coulomb interaction,
the relation y, = —1 holds. Additionally, in the Cooper channel, the interaction is
characterized by a negative magnitude, with I', < 0 (or y, < 0) indicating an attraction
in the particle-particle channel.
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3 Mean-Field Description of the Superconducting State

At the first level of sophistication, the mean-field approach provides a crucial
approximation. Leveraging this method, we find the solution to the saddle-point
equations—that are derived from the variation of the action with respect to Q(r) and
A%(r)—in the proposed structure:

0% = (tyycos b, sgne,b

Znm EnrEm + t¢ sin 05,: éem_fm)aaﬂ’ (14)
and
A" =Acos¢, Al =Asing. (15)

Here, 1, aligns with our specific choice of the superconducting order parameter
defined as 7, = 1, cos ¢ + 1, sin ¢p. For future convenience, we choose to express

gas

Q=RAR, (16)
where
AP = sgne, s, , 51y, a7)
and
R™ = (199 c0s(0,,/2)8, . — 1y 5gne;sin(@, /D)5, _, )6, (18)

(R‘I)Zi = (fgo cos(8,, /2)5,, . —1,58n¢,,sin(0, / 2)6%_%)5"’] . (19)

We emphasize that R~ = R" and CR” = R~!C. At this saddle point, the sigma
model action, represented by S ,[0,, A], can be decomposed as

A2
Syl6,,A] = 4zvN, / d%r Ty, + Z[A sinf, + ecosf,] », (20)

>0

where y, = 4I", /(wv) < 0. Again, we remind that N, in the expression above denotes
the number of replicas. Provided we assume the angles 6, to be spatially homogene-

ous and neglect the derivative V26, /2, this leads to the familiar Usadel equation:
—le,|sinf, + Acos, =0, 1)

complemented by the self-consistency equation:

>0

These two equations (21) and (22) form the well-known BCS system of equations.
The solution to this system is given by
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. A _ Y
sing, = ——, A=t"lexp(-1/lr]), Tyes=7" EMexp( /17D

V€2 + A2
(23)

where ypy; =~ 0.577 is the Euler—-Mascheroni constant and we have assumed the dirty
limit, z=! > A, as ensured by |y,.| < 1. Here 7 stands for the elastic mean free time.
We note that the bare value of the attraction parameter y, that enters Eq. (23) is
defined at the energy scale 1 /7 (see Ref. [28]). It makes the corresponding solutions
resilient to disorder, consistent with Anderson’s theorem.

4 Effect of Quantum Fluctuations in d = 2: Gaussian Approximation

In understanding the interplay of disorder and interactions between quasiparticles, one
cannot solely rely on the mean-field approximation discussed in the previous section.
The fluctuations of the matrix Q around the saddle-point ansatz (16) are pivotal, as they
modify the effective potential for the spectral angle 6,.

To factor in the fluctuations of Q, we aim to renormalize the NLSM action. Our
methodology involves a perturbation expansion around the saddle point Q and compu-
tation of the correction to the mean-field action that arises due to Gaussian fluctuations.
To achieve this, we employ the square-root parametrization of the matrix field Q:

Q=R'W+AVI-WIR, W, =w,0)0(—¢)+, . 0(—)0(E). (24)

It is worth highlighting the structure of W in the Matsubara space. The blocks w and
w function as matrices in both the replica and spin, particle-hole spaces, and they
adhere to specific symmetry constraints:

w=-Cw'C, w=-Cw*C. (25)

It is also useful to decompose all fields in terms of generators ¢, according to

af _ af — af _ Pa T
e, = ;[w,ﬁr)]gnl%r,j, ey, = ;[wr,(r)]gnzgnl CiiC. (26

These constraints imply that some elements w,;(r) in the expansion are purely real
and the others are purely imaginary. Our next step is to input (24) into the action (1)
and expand it to a quartic order in fluctuations W. Subsequently, our aim is to com-
pute the effective action S,¢[6] up to the one-loop order:

Ser[6, Al = In / DW exp(Spl0,. A, W) = ) / dg(SE216,., A, W),

i=o,p,c

27)
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where the average (... ), is computed with respect to the action’:

SO0, A WI+E D SE210,, A, W1,

i=0,p,c

(28)

Here the superscript “2” denotes the quadratic terms in W. In the subsequent
subsections, we will outline each step required to determine the effective action and
the associated correlation functions.

4.1 Gaussian Action

To find the effects fluctuations around the mean-field solution have on the system, it
is vital to express the Gaussian action in a form that reveals its underlying structure.
This can be achieved with the following representation:

2 _ F e () o030, 03
Sfl - / 6 ,—€5,b (q)[A xl(q)]51£4 3€0€330D"
e >0 r—O 3

I @

(1

S(ry)
X (8 11,5 + 8y )@ (),

£4,—E3,b

where f = f d*q/(2r)?, D=g/(16z,) is the diffusion coefficient, and

m,; = Tr (1, CtTC] (6,23 — 6,3)(6jp — 629)- Here, Sﬁ) is a functional of three

fields: Sg) = Sg)[ .. A, W]. We emphasize again that the contribution from j # 0 to
the above expression is provided solely by massless triplet modes (enumerated using
N, which can assume values 0, 1, or 3). Contributions that possess a gap will be
suppressed at low momentum; for a complete discussion, see [66]. To further
simplify the expression for the Gaussian action, we have introduced vector functions

T T
@70 = <[W 17 w12 ) . el = <[W31]e o w1 ) ’

e,—¢€' e,—¢' —&! e,—¢€'

(30)
aB.(04) ap \' = af.(3,) _ ap \
T = (w1, 1%, ) B = () )
(31)

These vectors’ components have been indexed with new coordinates b,b’ = 1,2.
The matrix in Eq. (29) is detailed as

2 If we express the replica structure of the action as w* (a + 6*/b)w?*, this translates into the fluctuation
action as N, Tr In(a + b) + N,(N, — 1) Tr Ina — N, Tr In [(a + b)/al, in the replica limit N, — 0. How-
ever, the latter logarithm can be alternatively derived via integration over the variable ¢, as suggested in
Eq. (27).
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4 0oy 050005
[A, (g5

£1£436,63:0D
= D(O)(|.€1| 201716, . B¢ ¢, By 8% 6%2%
167L'T

( Ors + 5]_#01—*[) ZX(NI)(EI, 82)[Xf,r2,/r)(84a 63)]*5111(146&2(135(1102

16xT (2;:)25(11)6,,0
5ol Y (1 -

) Y(r)( £, 2)[ nbl(64’ £3)] 5(110!460!20!3505102

(32)
Here, the functions X( /) and Y (r) , are dependent on the Matsubara energies and the
angles 6,. Their exact expressmns are elaborated in Appendix A.

As we venture further, our next step is the inversion of the A matrix mentioned
above. Before diving into that, it is convenient to introduce the correlation function
of the ® fields. Given that the @ fields appear quadratically in (29), we can directly
determine their correlation functions:

OH1® (r) HB (rJ)
< £1,—& b( ) —€3,64 b’( q)>

. 33)
= ?(5@1’"4 + 8,2mo)|[A, (@17

A0y 03
£1€4:6,63:bD (517’71 M+ 6b"2mof)'

It is also worth emphasizing that the bare diffusion propagator (which is not
influenced by the interplay of disorder and interactions) is represented as
< Hr (FJ)( )q)az()m (VJ)( q)>0 . D(O)(IEI | |£2 |)5a1a46a2a3 55]5455253 5bh”

£1,—€y,b —€3,64,b
1 (34)

DO(le ,le)]) = ———, = |le|cosB, + Asinb. .
el = po e l€] cos 6, )

Clearly, in the normal region (when both A and 6, are equal to zero), this expression
coincides with the usual diffusive propagator in a disordered metal.

4.2 Correlation Functions: Triplet Sector

First, we consider the triplet sector j # 0. In this case, inverting the matrix entering
Eq. (29) yields

a]az (VJ) a3a4s(71f)
( ey )@_53,64,b,<—q))
0 >
= 22D ey |52|)5a1a45a‘a3{55154552535%'

4T a o I~ r
- HgnepOe,l e Y T o, o)X e 6| m,,/(e4,e3>}

j=1,2,3.
(35)
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28 = 2 2w

Iy Iy Iy I

Fig. 1 Diagrammatic representation of the equation determining the amplitude in the triplet channel, T',.
The solid black lines denote fermionic Green’s functions, and the direction of the arrows determines their
specific type (in this channel, only the normal Green’s functions enter the spin-polarization bubble I1®
dressed with the impurity ladders). The explicit numerical prefactors in front of each diagram are omitted

The summation extends over all bosonic Matsubara energies, w,, = 2zTm, where
m € Z. The first line corresponds to the bare expression given in (34) while the sec-
ond line account for changes in the interaction in the relevant channel amidst super-
conductivity and disorder. We also introduced the modified vertex

8 r
r 5 = L )
Aol q) =7 TTOGo] 9 (36)
T
N%(o,l,q) === Y. D(lel,1e') Y,
@O £e/>0 s==+
(37)

1+ scos(8, —s6,)].

|'55+s£’,|wn| + 5£+ss’,—|mn|

The diagrammatic representation of T, is pictured in Fig. 1. We mention that
[ (|w,|, q) determines the dynamical part of the spin susceptibility via a straightfor-
ward relation I',(|o, |, 9)T1(|w, |, ¢)/T,. Thus, the denominator of I',(|m,|, q), after
analytic continuation to real frequencies, determines the spectrum of spin waves in a
disordered superconductor.

It is instructive to inspect expression (35) in the limit of a weak superconducting
background in the vicinity of 7, and compare it with the well-established results derived
for the normal-state metal.

4.2.1 Limiting Case:T > T,

When superconductivity is suppressed, 8, — 0, Eq. (35) can be significantly simplified:

£1,—€3,b —£3,64,0 £16, 76,85

(@ @) = 22D el lea b5, {‘5 ’
(38)

— %R §

£+€,.631E, 5[71

81T
» tDé”(|el|,|e2|)},

where

1
Dg* + (1 +y)(le,| + &)

DO, le,)) = (39)

Notably, this result coincides with Eq.(A14) in [28].
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o 30 =S T+ SR S
f‘2 Fc Fu f2 Fc f3 Fc f‘4
= + 2T e
fS Fc 1~_‘2 Fc f‘3 Fc 1f:‘4
(= QT QT e
0 280 = > > w >.-<

Fig. 2 a Diagrammatic representation of the system of coupled equations determining the effective inter-
action amplitudes [",,[";, and T',. b The decoupled equation determining the amplitude T";. The solid black
lines denote fermionic Green’s functions, and the direction of the arrows determines their specific type
(i.e., normal or anomalous). All polarization bubbles are appropriately dressed with the impurity ladders.
The explicit numerical prefactors in front of each diagram, as well as any dependence on the particle-
hole index r = 0, 3, are omitted

4.3 Correlation Functions: Singlet Sector

We now turn our attention to the singlet channel j = 0. This scenario presents
a greater challenge due to the mixture of the singlet particle-hole and the Cooper
channels, as evident in (32). We emphasize that such mixing occurs in the
superconducting phase only: in the normal state, these channels are independent at
the Gaussian level. Upon inversion, the result is expressed as:

ayo,(r,0) a3a,,(r,0)
<q)e,,—ez,b ( )q)—£3 £4, b’( C])>

2D o Q, aH (-
= —D§1°>(|gl|, le,])8%% 5% 3{55154552535%,

- L 5nepO, s D er- el By e
4 aa r
o :DO(|e5., |64|)ZF()(|CO l, q)[Y( ,,(el,ez)] ,,,(64,63)}
(40)
For brevity, we introduce the following notations:
r,0
(r0) _ X( )(51,52)
(e e) = i)
Ymb (1, &)
’ (4D

(") ()
M(r)(|a)m|’q) = < Fl (lwml’ q) Sgnwmr4 (lwﬂ‘ll’q))

sgnw, IV (w,l.9)  TV(o,l )
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Further details pertaining to the new vertices fﬁr; 545 are elaborated in Appendix B
and their diagrammatic representations are illustrated in Fig. 2. We conclude this

section by examining the expression in the limit §, — O or equivalently 7 > T..
43.1 Limiting Case:T > T,

Considering the limits 8, — 0, the preceding comprehensive expression simplifies
to:

(@ (@@ (—g)) = %DD‘;’)qel | leayaese 6,,;,/{66 5

£1,—€,b —€3,64.0 164 €23

8T

a FS (s)
—6%%5 N Dq (el lea )

5b1

€ 1Ey.E31E,

=595,y e, 0T D (51, e DL (e — 52|)}.
(42)
The functions
1

D@ + (1 +y)(le;| + l&;])
1 43)

Tocs 1\ _(eted | 1
In =7 +W(2) W( 4T +2>

represent the diffusions renormalized by the interaction in the singlet channel and
the fluctuation propagator, respectively. It is worth noting that (42) aligns with the
normal-state expressions as shown in Egs. (10) and (13) of [67].

DY(eyl, ley)) =

L (o) =

5 One-Loop Effective Potential

Building upon Eq. (27) and the results from the prior section, we can derive the
effective action that captures the effect of quantum fluctuations beyond the mean-
field superconducting state. After intensive calculations, we propose the subsequent
streamlined expressions:

NN,
SO0, Al = - > / > In(1 + I,19), 44)
9 w,

‘ N ‘
S0, A1 = - / > in {1+ T+ L0 + ) - 41T P |
4 o

eff
Nr C C
- /qun(l + FC[H(“) ).

(45)
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Here, o, = 2xTn, where n € Z, and we have introduced a suite of polarization func-
tions H;’) = H](.l)(|con [, @), for which the exact expressions are given as

; T
n(w,l,q) = == Y DO(lel,le']) Y

@ g.e'>0 s=+

(46)
|:6£+S8’,|a)n| + 58+S£’,—|w”|:| [1 + SCOS(BE + Sag/):| 5
c T
w9 = 2= Y DOel, ') Y,
O £e/>0 s=+ (47)
[5E+s£,7|wn| + 5E+se’,—|wn|] [1 —scos b, cos 95,] s
c T
(e, === Y, DOel, 1D Y,
® ge'>0 s==+
> + (48)
[55 +se o, | T Oc Hg,,_lwnl] sinf, sinf,,,
c xT
0w, = 5= 3, DOel. I’ X s
W e >0 sS==+
> + (49)

[55 tser o, + e +sa’,—|wn|] sgn (e+s¢’) sin(6,+s6,,).

We note that the polarization operators introduced in Egs. (46)—(49) have clear
physical meaning in terms of diagrams (see Fig. 2). We also note that the diagram
for HZ") resembles the process of Andreev reflection and for that reason, we use sub-
script ‘A’.

It is crucial to underscore that Eqgs. (44)—(49) represent central outcomes of
this study. Armed with these expressions, we can probe the impact of quantum
fluctuations to any order in interaction constants (and to the lowest in 1/g < 1).
A noteworthy aspect is the modification to the saddle solution. Section 3 touched
upon the mean-field solution that sidesteps these fluctuations, while the subsequent
sections will illustrate that quantum fluctuations can profoundly influence the mean-
field solution. But before diving into the modification of the saddle-point equations,
we discuss the collective modes within the mean-field solution.
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6 Collective Modes Within the Mean-Field Solution

Before employing the Eqgs. (44)—(49) for computation of the fluctuation correction
to the Usadel equation, we discuss the relation of the fluctuation-induced action
with the collective modes in superconducting phase. We start from expressing the
polarization operators (46)—(49) on the mean-field solution, Eqgs. (21)—(22),

n“(|w,|, q)
Egs.C1-QD) 1T 1 [ g€+ |w,]) £ A2] (50)
—) — 2 - 9
Zp F Dg” + E, + Ef+|wn| EE

e+|w,|

I (|w,l, @) £ 1|, . 9)
Egs.@1-QD) 1T 1 e(e + |w,|) £ A? 51
_— = 1+ ,
Ze = Dq2+E£ +E£+|wn| EE

eHet|w,|

(o, )
Egs.2D)-21) 7T 1 |, |A (52)
, L - )
2Z(u £ Dq + Ee + E£+|wn| E5E£+|wn|

Here E, = \/A? + €2 is nothing but £, evaluated on the mean-field solution.

We mention that the polarization operators I1¢), H(”c) - H(f), H(”C )+ H(f) , HE;) com-
puted at the mean-field solution, Egs. (21)—(22), coincide with the operators
4(v — pr)/(ﬂvz), 4,5/ (mV), H¢¢/(7rv2), and 2Hp¢/(7rv2) of Ref. [56],
respectively.

It is instructive to discuss the fluctuation action (44)—(45) in a more detailed man-
ner. Its structure in the form of ‘Tr In’ suggests that each contribution can be written
as a result of integration over some bosonic mode (see Appendix A). On the other
hand, these bosonic modes are nothing but collective modes.

6.1 Gapless Collective Modes

The first line of Eq. (45) describes the contribution from Carlson—Goldman mode
[68, 69] that is the result of hybridization between the Plasmon mode and the
Anderson—-Bogoliubov mode [70-72]. The latter corresponds to fluctuating phase of
the superconducting order parameter.

In the absence of interaction in the singlet channel, I'; = 0, (i.e., for neutral parti-
cles), the computation of the combination H(lf)(lwnl,q) + H(f)(lconl, q) at g,w, - 0
on the mean-field solution, Eqs. (21) and (22), suggests that the Anderson—Bogoli-
ubov mode is gapless,
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14T, (0 (w,], ) + H(f)(la)n|,q)]

Egs. 21)-(21) 1 Dq? 3ﬁ5wi (53)
_— 1+27[TYC;E_'£_”YC|}62T+—4A2 .
—

=0
Here we introduced a notation g, =T Y, A"!/E¥. We note that the frequency
and momentum independent term in the first line of Eq. (53) vanishes in virtue of
the mean-field self-consistency condition (22). Making analytic continuation to real
frequencies iw, = @ + i0 and nullifying the above expression we obtain the sound-
like dispersion of the Anderson-Bogoliubov mode [46]

1/2
DA tanh(A /2T)> | 54

35
The presence of non-zero interaction in the singlet channel transforms gapless

Anderson-Bogoliubov mode into gapped Carlson-Goldman mode. Indeed,
computations of the following polarization functions at ¢ = 0 and @ — 0 yield

Wpg = CagY> CaB = <

Egs.@D-@1) 2Bsw?

°(|a,|.0) .y
VA (55)

9w, 1.0) Egs. @D-2D) 2[5, |

A b vA

We note that l'[if)(lwnL 0)/|w,| in the limit @, — O is proportional to the fraction
of superconducting electrons. Indeed, the ratio of the density of superconducting
electrons to the density of total electrons is given as n,/n = 2z f; [73],

(4 LI+ LT + TPD - 41T

Egs. 21)-(21) Dg? w? (56)
—_— —7y, ﬂzT + (3/35 + 4”7’sﬂ32)4A2 .

Making analytic continuation to real frequencies iw, = w + i0 and, then, nullifying
the above expression, we obtain the dispersion of the Carlson—-Goldman mode [46]
_ CaBYq

[1+4727,/GP)/2 (57)

[ele

Since 47rﬁ32/(3ﬂ5) <1 and, in the case of short-ranged interaction y, > —1, the
Carlson—-Goldman mode remains sound-like but with renormalized velocity
due to interaction in the singlet channel. A special situation occurs for Coulomb
interaction when there is an estimate y, ~ —1 4+ gag at ¢ — O for a thin film. Here
ag=1/ (2ze?v) denotes the effective screening length (Bohr radius). Then, since
47rﬁ32 /(3fs) = 1 at T = 0, the cancellation in the denominator of Eq. (57) happens,
and the Carlson—Goldman mode acquires Plasmon-like dispersion, wqg ~ \/5
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6.2 Gapped Collective Modes

The term in the last line of Eq. (45) comes from the so-called Schmid-Higgs
mode [74], corresponding to fluctuations of amplitude of the superconducting
order parameter (see Appendix A). Employing Eq. (51), we find at g — O,

1+ [0, 9) - 1Yo, ], 9)]
Egs. 21)-(21) 1
—e— 1 + ZHT)/C e _y{;

— ——
=0

2
Ho,| TEE+|0,)) — A

{2”ﬁ3+ﬂDqZTz (; T

£+|w,

e+|wn|
—IL'TZ EE., +&E+|o, |)— _i]}
(Ee + Eeijo, DEEeio,) E}
=0 \/ @2 +4A2
Y
e
|o,,| @2+4A% | 02+4A% \ w2+4A2 42+, |

(58)
Here E(x) = ”/2 dp\/1 = xsin® ¢ and K(x) = ”/2 d¢/\/1 — xsin® ¢ stand for the
complete elhptlc integrals. We note that the ﬁrst two terms in the r.h.s. of the first
line of Eq. (58) cancel each other due to the mean-field self-consistency condition
(22). The last line of Eq. (58) contains square-root singularity that is a hallmark
of the Schmid-Higgs mode with the gap 2A. We are not aware of the results for
the momentum dependence of the frequency of the Schmid-Higgs mode in a dis-
ordered superconductor (for the clean case see recent work [75]). As evident from
Eq. (58), the expansion in a series in terms of Dg? actually includes denominators of
the form (a)ﬁ + 4A?), which diverge upon analytic continuation to real frequencies at
|ow| = 2A. Consequently, a direct expansion in a series in Dg? is not justifiable when
|o| ~ 2A.
Fortunately, at 7 =0, we are able to compute the expression
H(ﬁ‘)(lwnl,q) —H(f)(la)nl,q) analytically and then perform the necessary analytic
continuation. Taking the imaginary part, we obtain
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Fig.3 Imaginary part of the inverse Schmid-Higgs susceptibility va[Hfl‘ MR (w, q) - H(I)’R(a), @latT =0
within the mean-field solution, for two values of Dg*/A = 0.1and 0.5

Im [T (@, ¢) - T (@, 9)]

_ _4sgn(a))0(|a)| —2A)(4A% + D’q* + o?) {D2 41{(('“' _ 2A)2>
- (|w| +24)2

mvDg*(2A + |o|)(D*q* + w?)
4N — (Dg* + ?)’ [ (o] =287 (D*¢* + @) | (|| — 28)°

(|o| +2A)? ’
(59)

4A? + D?g* + w? D2g*(4A2 — D2g* — 00?)
where II(x|y) = 0”/2 de/(( — xsin? P/ 1 - ysin2 ¢) is the complete elliptic
integral of the third kind. The corresponding behavior of Eq. (59) is depicted in
Fig. 3. In addition, one can also expand vIm [H("C )’R(a), q) — l'[(f)’R(a), q)] in powers of
two small parameters Dg*/A < 1and (Jw| — 2A)/A < 1 assuming |w| > 2A, while
keeping the ratio D*¢*/(|w| — 2A) fixed. In this limit, we obtain the following sim-
ple expression

4A2 A 2A
(60)

We observe that the square-root non-analyticity near |@| ~ 2A adds complexity to
determining the momentum dependence of the Schmid-Higgs mode. The result in
Eq. (60) indicates that the deviation of the Schmid-Higgs mode frequency from 2A
is proportional to D?g*/A, that is, |wgy| — 2A « D?g*/A. The calculation of the
exact numerical coefficient, however, will be the subject of future work.

The term S([)f[eg, A] describes the effect of the collective mode corresponding to

f
spin density ogcillations. Using Eqgs. (21)-(22), we obtain at g — 0

: : D24 - Dq?
VIm[I19%(@, ) ~ 1% (@, g)] ~ 25gn(@)0(|oo] - 2A)< T ol =28 _q),
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Fig.4 a Imaginary part of the spin susceptibility —vImII®%(@, ) at T = 0 within the mean-field solu-
tion, for two values of Dg?>/A = 0.1 and 0.5. b The same as in (a), but the overall prefactor Dg?/A is

removed. The green curve corresponds to the limit of —vAImII®R(w, q)/Dg* at g = 0 (Color figure
online)

1+T1(|w,|, )

Egs. 21)-(21)
—_—

E.E,_,, | — €+ |0, + A
1 +27p5y, — ny,Dg*T 2 >
50 EetEo, S EcEcy,)

2
RO (s @2 +4A2 | @2 +4A2 \ @2 +4A2
(61)

The analytic continuation of [1(|w, |, ¢) to the real frequencies can be obtained
in the standard way, and its imaginary part corresponds to the spectral function in
the spin channel. Remarkably, at T = 0 it can be expressed in the closed form even
without expanding in powers of Dg?/A:

ImIN* (o, g )r=0

4Dgsgn(w)0(|w| — 2A) { 5 4 3 ((|w| —2A)? >
= AA( DG (A + |o]) + |o|” | K| ————=
zv(2A + |co|)(D2q4+co2)2 < ) (|o| +24)?

402 (Db + 207 (D2g" - 287) + ')
D2g* 4+ w? — 4A?

(lo| = 28)*(D*q* + @*) | (Jw| - 24)>
D2 (442 — D¢t — w?) | (o] +24)

_ 2( P24 2 (lo| —2A)?
QA + |]) <D i+ o >E<(|w| +2A)2>},

+

I

(62)
The corresponding behavior of the spectral function given by Eq. (62) is depicted in
Fig. 4. Similarly to Eq. (60), one can also expand Eq. (62) in powers of two small
parameters Dg* /A < 1and (|o| — 2A)/A < 1for |w| > 2A, while keeping the ratio
D?*q*/(Jw| — 2A) fixed. This leads to the following expression
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Dg> Dg?/2A
hnH@ﬂ@uqhﬁozngWﬁﬂﬂwl—2ATJL'———ili____"l' (63)
VA D | |o|-2A
4A2 A

The equation presented above exhibits a square-root singularity at |w| ~ 2A.
Analogous to the situation with the Schmid-Higgs mode, this characteristic
complicates the calculation of the spin wave spectrum in dirty superconductors.
Addressing this issue is left as a subject for future work.

7 Modified Saddle Equation

After incorporating the effects of fluctuations around the mean-field solution (21)-
(22), the saddle point is modified to satisfy the following system of equations:

0 0
E(de&’ A]+ S¢[0,, AD =0, a_A(SC‘wf’ A+ S0, AD =0.  (64)

In these expressions, the mean-field action S[6,,A] is given by Eq. (20). The
first equation is commonly referred to as the Usadel equation, while the second is
called the self-consistency equation. Variation of the effective action with respect
to a variable x, which can be either the field 6, or the constant A, can be succinctly
expressed as follows:

Nr
5xSeff[06’A]=_7/qwz

[/\/'F,(SXH(’) + 6,1 + 206, 1 — 206 11 + 4F§°’5XH§)],
(65)
where 6, = % if x=0, or 6,= % if x=A, and the vertices [,(|o,l,q),
f(10;3 4(l@,|, g) are the same as those introduced in Sect. 4.1.

It should be noted that the modified part of this equation is small, owing to
Serl0,, A] being a 1/g-order correction to Sy[6,, A]. However, this seemingly
small correction can lead to interesting physics, as we will demonstrate later in
this paper.

7.1 Modified Usadel Equation

The solution to the first (Usadel) equation of the system (64) can be sought in a
form that mirrors the bare equation (21). This involves introducing an additional
frequency renormalization Z, and the energy-dependent gap function A,. The
Usadel equation can then be reformulated as (we remind that we consider the
spatially homogeneous saddle-point solution):
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—|elZ, sin6, + A, cos, = 0. (66)

To avoid any confusion, we emphasize that z, = zv/4 and dimensionless Z,
introduced in the later expression are different, albeit related (see below), objects.
We also note the even parity of the aforementioned functions in energy €: 6_, = 6,,
Z_,=Z7,and A_, = A,. By comparing the exact expressions (64) with the newly
introduced parametrization (66), we deduce:

A, = A+3AY + AT, €7, =&+ €67 + £6Z1°F0. (67)

Here, in the triplet channel, we find:

84 = MT Z/D“”(Iel e |>2r<|e+se| g)sin,,

>0

+ AT 2NT /DW (el ¢’ |)Zr,(|e+se L o)|1+ s cos, s95,)]
£'>0

(63)
Additionally, we obtain:

6z = _2NZ z /DEIO)(|5|, l€']) Z sT,(|e + s€’|, q) cos 6,
s=+

v >0
2./\/T

>0

/D(0)2(|£| €’ |)ZF(|e+se [, q)[l + scos(8, — s, )]

(69)
The expression for I',(|w,|,q) is detailed in Eq. (3637). For all other vertices
appearing in this section, the expressions are provided in Appendix B. It is
imperative to note that when only the lowest-order contributions in [y, .| < 1 are
retained, the first line of (68) corresponds to equation (2) from [30]. However, the
second line of Eq. (68), being of the second order in small coupling constants, was
omitted in [29, 30]. This contribution is second-order in the interaction constants,
as A, which precedes the remaining part of the expression, is proportional to y,,
see Eq. (22). When combined with f,(lwnl, q) under the integral sign, it results in
a second-order contribution, assuming that |y,, .| < 1. Likewise, the first and the
second lines of (69), which are solely quadratic in y,; ., were omitted in earlier
research, [29, 30]. Similar logic applies to both singlet and Cooper channels.
Renormalization of Z,_ and A, in their combined channel brings
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5A<S+C> 2 z /D(O)(|el 4 |)Z [F(O)(le + s€’|, q)+2F(0)(|£ + s€’|, q)] sinf,,

>0

+ — /D(O)(|5| e’ |)2ssgn(e+se )F(O)(|£ + s€’|,q)cos 0.,
£>0

S=+
4T (0)2 sinf,,
+— / (lel, 1€']) (sin 6, cos6,) K(e. €', q) COS(;,
>0
2T
+ — /D(O)Z(lsl 34 |)Z [F(O)(|£+se [, +2F(O)(|£+ss B q)]
>0
(70)
and
65Z(5+c)
(3
= /D(O)(|£| =) 2 [F(O)(|£+se [, q)+2F<0)(|6 + s€’|, q)] cos @,
>0 s==+
+ — /’D(O)(|£| |€’ |)Z sgn (& + se )F(o)(ls + s€’|,q)sin@,,
>0

+ 4—Te /D(0)2(|.9| le']) (sin 6, cos6,) K(e,€',q) <s1n06,>

=~ cos 0,

2T = -
+=2e Y [ DOl e X [Fle +5el. )+ 28 (e + 5¢'L )|
s=+

7”/2 e>0749
(71)
Where for conciseness we introduced the matrix
K(e,e',q)=— Z
s=+
f(lo)(s +e,9)/2+ fgo)(le +s€'|,q) ssgn(e+ se’)l;io)(le + s€’|,q)
sgn(g+se’)l~“io)(|£+se’|,q) sf(zo)(|£ —s€'|,q)
(72)

and a number of vertices F() that are discussed in Appendix B. Again, at the
lowest order in |y, ; .|<1, the first line of Eq. 70 converges to Eq. (2) of [30] and the
subsequent terms provide only quadratic corrections. Conversely, Eq. 71 approaches
zero in the linear order of y,.
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7.2 Modified Self-Consistency Equation

It is essential to note that, in addition to the saddle condition with respect to the
angle 6., we also need to consider the condition of extreme action in the A. This
results in the following modified self-consistency equation:

A =—-2xTy, ) sin6,

>0

ANT
- 27TT7/CF Z

£,e/>0

/D;O)z(leL |£/|) Zfrue +s€’|,6])[1 +SCOS(0£ - SHE/):I SinQE

q sS==x
8T
— 2Ty 22
w7, — 2;0 (73)
/DLO)Z(|5|, l€]) (sin 6, cos 95) K(e €. q) <2§;%1> sin 6,
q £
4T
- ZHTYCW Z
£,6,'>0
[P0 el 1) 3 [0+ 5.+ 20 + 5] sin,
q s=%

These corrections arise in the variation of D;O)(Iel, |€'|) with respect to A, which
enters into its denominator, as explicitly shown in Eq. (34).

Equations (66) and (73) form a close set of equations for 6, and A. These equations
can be viewed as Eliashberg-type equations for a dirty superconductor.

This concludes our discussion about the general expressions for modifications on
the saddle brought up by fluctuations. As we delve deeper into our study, a critical
consideration emerges when examining the new saddle at temperatures approaching 7.
This topic will be further explored in the subsequent section.

8 Saddle Structure Near T,

In the vicinity of T, the intricate nonlinear Usadel and self-consistency equations can
be drastically simplified. This simplification arises due to the vanishing A_ and 6,.. After
careful linearization and taking logarithmic integrals over momentum, see Appendix C
for details, we obtain the following equation for A,

A, = -2xT Z

>0

L A !
{JQ- B e [(1 + 700, = Ny) = 22 + 277 + 2Ny, (v, — In(1 + 7,))] }—5
g 4 ¢ ¢ g
(74)
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where we defined A, = A, /Z,. We also introduced a diffusive length L, = \/D/e
and the mean-free path in our diffusive system, #. Q = max(e, ') arises if in the
diffusions we take the maximum of € + &’ or |¢ — £’| and only leave max(e, €"). This
is justified by the shallowness of the In-function. The frequency renormalization
parameter Z, also receives a logarithmic correction as given by

1 Lg 2
Z =14+ —In—(y, + +2y. +27%).
‘ g ¢ (v, + N+ 27 +277) (75)

It is instructive to compare the right-hand side with what appears if we consider the
renormalization group (RG) flow within the same model above T.. In [28] a full set
of RG equations is presented in Eqs. (23-27). Notably, the right-hand side of (74)
coincides with the expression for y.(L) mentioned in Eq. (26) in [28] (or Eq. (79) of
the present paper) and Eq. (75) matches with Eq. (27) (or Eq. (80) presented below).
Additionally, it is worth mentioning that the standard term, —yf, associated with
Cooper instability in the clean case, is absent from Eq. (74). The reason is that this
term is encompassed within the definition of the field A¥. For a detailed discussion,
refer to [29].

For a clear comparison, we present the aforementioned renormalization group
equations above 7, [28]%:

g—;=t2[N—2_l +f(y.g)+f\0”(y,)—n], f@) =1=+1/9n1+x0, (76)

dy, t 2
re -5 + 1)1 + Ny, + 27, + 277, (77)
d}/t t
—~ ==+, - N=2)y, - 2r.(1 +27, - 7). (78)
dy 2
dy, t
b - =27, = [+ 70 = Ny = 272 +210 + 207 (= In(L+ 1)) (79)
danw t 2
=1 2y +2y2).
o S5+ Ny +2y.+2y)) (80)

Here, y =InL/¢, where L is a characteristic RG length scale, and t = 2/(7g) < 1,
which represents dimensionless resistance. However, it is important to bear in
mind that in the present research, we limited our perturbative calculations to the
lowest order in 1/g < 1, while in [28], it is also a running constant as described by
Eq. (76). Nonetheless, we propose that near T, the actual kernel in the right-hand

3 Note that there were multiple misprints in [28]. In Eq. (27), the coefficient in front of yf was twice as
it should have been, which resulted in errors in Egs. (24)-(26) in terms corresponding to the order of yf.
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Fig.5 Left panel: Typical behavior of the spectral-gap function h(e) = A, /A, near the critical tempera-
ture for different numbers of gapless triplet modes: A'= 3, 1, or 0, obtained from solving Eq. (83) with
ty=0.2, y,, =-0.08, y,, = —0.005, and y,, = 0.05. As expected, accounting for disorder-induced inter-
actions leads to a strong dependence of A, on Matsubara energy &, contrary to the BCS scenario where
A is energy-independent. Right panel: Multifractally enhanced critical temperature 7T, as a function of
dimensionless resistance f,. The parameters used are again y,, = —0.08, y,, = —0.005, and y,, = 0.05.
Remarkably, disorder-induced renormalizations significantly increase 7., in agreement with predictions
in [29, 30]. Open markers (circle, triangle, and squares) indicate the solutions for A, and 7, obtained
from the self-consistency Eq. (81) provided that in Eqgs. (76)—(80) we retained only the linear order of
Vs i the right-hand side. These markers serve to compare and highlight the impact of collective modes.
We note that for small values of #, and . the differences between the two solutions are marginal.
However, as any of these constants increase, these differences grow pronounced

side of (74) will contain the running constant y.(Lg). Also, comparing Eq. (80) and
Eq. (75), we observe that the frequency renormalization parameter z,, introduced
by Finkel’stein is related with the logarithmically divergent part of Z, through
Zp = 2,2, (see Appendix D for details).
To shed light on the behavior of 7, let’s consider the following set of equations:
AE’ dyc
As = _2”szc(Lmax(5,e’))?’ dlnL/f =ﬂy(.’ (81)

>0

where B, is the r.h.s. of Eq. (79), not including the —yf term for the reasons

mentioned before. By applying the Euler—Maclaurin formula to the first equation
and expressing A, as Ayh(g), we derive:

I3 h ’ /7 h ’
o=ty [ a2 - [T ar 10" —anen @

where g, = #T, corresponds to the lowest positive Matsubara energy. The value
of a, given by 1+ Y°, By 2%V /k ~ 1.27, arises from the infinite sum in the
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Euler—Maclaurin formula. This integral equation can be reformulated as a Cauchy
problem on some interval u, < u < 7

2h(u)
D (u)’

R (u) = W (ug) = =a, h(rg) =hro)/ro hug) =1,  (83)

where the variable change from € to u is defined by u = y,.(L,). v, corresponds to
the bare value of the coupling constant, y., = 7.(¢), and u; = y (L, ). We introduced
®.(u) = B, , resolved as a function of . Finally, this would lead to:

Uy

T, ~77! exp[—Z/ d>dzlu) ) (84)

Yeo

This implies that the behavior of T, will be governed by the RG expression for y.(L)
derived from the normal-state calculations. Typical plots illustrating the behavior of
h(e) and the enhancement of T, as a function of ¢ are presented in Fig. 5. There are
several factors limiting the magnitude of In(7,/Tg) from above. Firstly, as disor-
der strength increases, a point is eventually reached where strong localization effects
come into play, naturally limiting the magnitude of In(7,./Tgg). A detailed phase
diagram of this phenomenon can be found in [28]. Additionally, while we have for-
mally shown that the renormalization of y, on the right-hand side of the self-con-
sistency equation (74) coincides with a similar expression from the renormalization
group analysis, Eq. (79), to the first order in 1/g < 1, the question of substituting the
constant g with the running g(L,) remains open.

A discussion on the relationship between T, as extracted from Eq. (84), and TFG,
derived from the solution of the renormalization group equations above TC,' is
detailed in [29, 30]. In essence, while these solutions exhibit similar behavior in
terms of their dependence on the dimensionless parameter f, and the effective
coupling strength in the Cooper channel y, (refer to the aforementioned works for
details), the exact numerical constant in the exponent of In(z7,) cannot be precisely
determined from solving the renormalization group equations. Indeed, the transition
temperature 7. in this approach can be approximated using the relation |y.(Lzxe)| ~ £,
at which the coupling strength y, rapidly diverges indicating the transition, see [30]
for details, leading to

RG
0

TR ~ =l exp [—z / @d?u)]’ ~uFS =~y (Lysa) ~ ty. (85)

u

Yeo

While this expression bears resemblance to Eq. (84), it is important to note that the
precise value of Mgc in the exponent may differ (and it does differ, as demonstrated
in early works [29, 30]) from u, as obtained from Eqs. (83). We also mention that
in the works [29, 30], the expression for T, was obtained in the lowest order in qua-
siparticle coupling strength as opposed to Eq. (84). For comparison, we demon-

strate the results of this weak coupling approximation in Fig. 5 (indicated by open
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markers) alongside T, and A, obtained from Eq. (84) for the same values of the bare
parameters £, and y, ;- From this, one can see that the higher-order terms in the
gap equation result in an appreciable reduction in the magnitude of the spectral-gap
function and T, already for the coupling constants that are much smaller than one,
with the difference between approximate and exact values increasing rapidly as the
coupling strength increases. We also note that this suppression becomes more pro-
nounced when the number of the gapless triplet modes is reduced.

9 Discussions and Conclusions

In this work, we have developed a theory of quantum fluctuations in disordered
superconducting thin films, accounting for the interplay between electron—electron
interactions and weak localization phenomena. We demonstrated an intimate
relation between contributions from collective modes to the effective action for the
order parameter and quasiclassical Green’s function in a superconducting phase, on
the one hand, and the modified Usadel and self-consistent equations, on the other
hand. In particular, the latter equations involve the very same vertices 1:§0)’ whose
denominators determine the spectrum of collective modes. However, we note a sub-
tlety here: in the modified Usadel and self-consistency equations, the corresponding
vertices depend on Matsubara frequencies rather than frequencies on the real axis.

The fluctuation corrections to the effective action technically arise from fluctua-
tions, W, of the Q matrix around the superconducting saddle point. These fluctua-
tions of the Q matrix contain modes corresponding not only to fluctuations of the
order parameter magnitude but also to its phase fluctuations. It is these phase fluc-
tuations that are responsible for the mixing of Anderson—-Bogoliubov and Plasmon
modes (the Hﬁf) polarization operator).

Applying the modified Usadel and self-consistent equations at 7 = T, we investi-
gate the effects of short-ranged interactions on the superconducting gap function and
T. itself beyond the assumption of their weakness. We emphasize that the correspond-
ing self-consistency equation for the gap function can be interpreted as a standard gap
equation but with a scale-dependent interaction in the Cooper channel, y.(L,). Within
logarithmic approximation, y.(L,) obeys an RG-type equation that aligns with the cor-
responding one in the normal phase. The scale dependence of the Cooper channel
attraction leads to the energy dependence of the gap function. In the regime of multi-
fractally enhanced T, the gap function increases toward small Matsubara energies of the
order of T, see Fig. 5. Future work will address the solutions of modified Usadel and
self-consistent equations at 7 < T,.

The other interesting question that remained beyond the scope of the present man-
uscript is the effect of the energy-dependent gap function on the spectrum of collec-
tive modes in disordered two-dimensional superconductors. What characteristics of
collective modes are present in the multifractally enhanced superconducting phase?
To answer this question, one must compute the effective action beyond the Gaussian
approximation. This task is reserved for future work.
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It is also important to discuss the applications of our theory. While this study focuses
formally on d = 2 materials, e.g., epitaxial monolayers of superconductors on semicon-
ducting surfaces, our approach can be extended to superconducting thin films, provided
that the film’s width, d., satisfies d,, < &4;¢¢(0), restricting the motion of Cooper pairs
in the third direction. Here, &4;¢(0) represents the superconducting coherence length in
the dirty limit at zero temperature. We also note that &g (0) ~ = +/D/T,, where

r.1s the diffusive length scale associated with the critical temperature T.

In conclusion, we have accounted for quantum fluctuations at the Gaussian level and
derived the effective action for the superconducting order parameter and Green’s func-
tion. The saddle point of this action corresponds to the Usadel and self-consistency
equations, modified by these fluctuations, which essentially represent collective modes
in a superconductor. Our formalism has been applied to extend previous studies on the
multifractally enhanced superconducting state. Notably, we achieved an exact solution
for the superconducting transition temperature that is valid for arbitrary magnitudes of
interaction parameters, albeit in the regime of weak disorder strength.

A One-Loop Effective Action

In this appendix, we provide some details for the calculation of the effective fluctua-
tions action. We begin with the expression Eq. (29). In this expression, the vectors Xﬁl"’)
and Yi’) that are used in Eq. (32) are given as follows:

0, +m0j !

0.7 ( ()  + 5_ /)
) S CY O] _mojg A P (86)
sin (my;6 o, e’ +5(u eeer)

6+m0,0
. cos —( ,+6 /)
3 3 + —,,E+
) GO B mo, PP F (87)

isin (m3i6_, e—er + 64 e—e)
0 Gin %5 0 gin % 5
YO(e. ey =2 cos ? sin ) o, e cosg; smg >0, e 88)
n 9 . © . 9
COS =~ COS -5, o — SIN —- SN 75—@,,5—5'

—icos % sin & 6
3) "N o_ Y -, E+€'
Yn (6, & ) = 2 0/2 "

6, i 6
COS —= €08 —‘5w eme TSIN-SIN=S6

. 0, . 0.
— (€08 = 8IN =6, 4o

(89)

Recall that m,; = (6,43 — 6,3)(6;) — 0,19). We also note that these vector functions
satisfy the followmg relations: X(_r;{)(e )= X("f)(g €'). Furthermore, the com-
plex conjugate of Xf:}f)(e €')is given by [X(r")(s e’)] =(- 25r36b2)X(r”)(e €'), and
the complex conjugate of Y(r)(e £') by [Y(r)(e Nl = - 25,35b2)Y b(e e.

To decouple the fields CD“ﬂ 9 (or (w17 o E,) in Eq. (29), we can use the Hub-
bard—Stratonovich transformatlon This involves adding auxiliary bosonic fields d)" "(r)
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and A%"(r). While it seems necessary to introduce complex-valued fields d);":,."(r) to
decouple the [w, ;(r)]?* -fields in Eq. (29), in reality, we remind the reader that the

w, J(r)]zlﬁn2 fields can only be either real-valued or purely imaginary. This distinction

can be demonstrated as follows:

[w, @137, = mylw, 1"

I ; (90)
my=—7 Tr [1,;,Ct,,C] = (8,43 = 6,3)(8j9 — Bjzg)-

Consequently, we only need to consider either purely real or purely imaginary
auxiliary fields ¢fﬂ‘/.”(r). Nonetheless, the simplest way to address this decoupling is

to enforce all the w-fields to be real by applying the transformation:

WO = @, 1 +i8,, _Dlw O] 1)

niny”
After this transformation, we can express the resulting action in terms of the old
field [wrj(r)]z’ﬂ_ .» the new fields ¢ff(") and 2z,A%"(r), alongside the ¢ and A

-dependent current Jf’j’"(e, €'). The action is represented as follows:

S P

r= 0’3 aff €,e'>0
j=12,3 (92)

/ (D (e N1 Dwy@1 . w0
q

(0.,2)
Sint = Z Z Z Z
a,n>0r=0,3 j£0 ee'>0
2p( 2 2 7\ 93
axn aq  gan ’
/d r<,rT1“t (@, 1"+ Dwyl o T, (e, € )) —NTr In <—7rt>,

(p.2) (e2) _
Sinl +Sint - 2 2 Z
a,n>0r=0,3 />0

2 4z
2 a,nq2 (< a,nq2 a,—ny2 aa an
/d r( 71T, (¢, + FF‘.([A’ I+ IATT ) + w22, T3 (e,e'))
T
—Trln (—7F5> — Tr In (-=TT,).

94)
Traces are taken over a, for n > 0, and they include integration over r. The Cooper
channel was decoupled using the field 2z,A%" to maintain consistency with the
decoupling at the static energy level where n = 0. It is important to note that while

a,n e : . a,—n __ gan PR

the fields qb”. for positive and negative energies are related by d)rJ = quJ , this is
not the case for the A%" fields. Therefore, we explicitly divide them into the n > 0
and n < 0 components.
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In the triplet sector, where j # 0, the ¢-dependent currents are given by

a.n (04)
JO,/' =_-8 Xn,l' ¢05Jl
Jen X(Oé/) 0,
n,

<J“”” —ix%) ©>
2j > =8 n2 (I)a,n . ;é 0

a@n 3J) 30 JTY

J3:/ Xn,l /

Note that here, for brevity, we did not explicitly indicated the dependence of the
current JZ}" on the energies &, £'.

In the singlet sector (j = 0), the picture becomes more intricate. The currents
hybridize and become dependent on both ¢ and A fields. Furthermore, the n > 0 and
n < 0 components of A%" intermingle. The currents are expressed as follows:

Jon X(O,O) Y(O)
0,0 — .1 B sn,1 S
(70) =5 ( oo ) oz + 52, 3y ) as 6)
1,0 n,2 s=+ sn,2
Ja,n> _iX(3,0) Y(3)
2,0 =8 n2 a,n + 87 sn,2 All,S’l 97
an (3,0) 3.0 ® -v,(3) 3 €0
<J3,0 Xn,l s==+ len,l

Next, we integrate out the w-fields. This leads to the following action in terms of the
¢ and A fields,

nt

SP1p. Al = y] Sy s~ NTr In (-%Trr)
~Trin(-Z0r,) - Tr n (-27T,) o
7t ¢)s
where the vector y, o consists of
Won = (850 50 05 975 20,007 22,087 22,8577 22,857) L 09)
In the triplet sector, (I)f“;' is a vector composed of d)‘r”:j" for all j # O that correspond to

some massless triplet mode. In this basis, the matrix Sis

R L 0 0 0 0 0 0
0 F+21” 0 0 0 0 0 0
0 0 F+219 0 2y o -a19 0

1| 0 0 0 F+210 0 2y o -—oamy
T 0 0 21y 0 g4Iy 0 -nY o

0 0 0 21 0 z+Oy 0 -
0 0 -2 0 - 0 F+0OP 0

0 0 0 -1y 0 -nY 0 z+my

(100)
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Finally, upon integrating this quadratic action over the d)"” and A*" fields, we
obtain Eq. (44) and Eq. (45). To determine the correlation functlons for the (I>Zﬂ )

fields, it is necessary to introduce auxiliary d-dependent currents into the initgial
action and compute the corresponding generating functional. Following some
algebra, one can derive Eq. (35) and Eq. (40).

This representation of the effective action allows us to explicitly observe the
collective modes as discussed in Sect. 6. For instance, it is evident that the triplet
(j # 0) sector forms a distinct block, which can be associated with spin density
fluctuations. Furthermore, the intertwining of A%" and A%~ with qS reveals the
Carlson—Goldman mode. Additionally, it is clear that the mode assomated with the
amplitude fluctuations of the superconducting order parameter can be easily isolated
within the A%" and A%~ subspaces through simple transformations.

B Vertices Izir)

In this appendix, we provide the exact expressions for the renormalized vertices
l:‘gr)(|a)n|,q) as introduced in the main text and illustrated in Fig. 2. The precise
expressions are as follows:

-

I(1+T, [H(C) +119)), i=1

L (14T I104T, n(f>+r T, {n‘”nm 2n Py )
- o 1=

F(.O) =~ %! 1+ [T I -I17]
i (ol 9) 2O+, (MOnO-2[R))) L (101)

1+r(.[H(Hp>—HY)] s 1=
(©) -

—2r,r1, i=4

\

where the common denominator is defined as A = (1 + [ ,[I®)(1 +T [H(C) H(f)])
—4FSFC[H§)] . For conciseness, we omitted the explicit dependence of the

polarization functions on |w,| and ¢ in the right-hand side of the above expression.

The polarization operators I1¢), H(”C), H(f), HZC) are elaborated in Eqs. (46)-(49). Addi-

tionally, the relations between the » = 0 and r = 3 vertices are given by:

=) _ ) G 0 O RO N30 ) \r/370)
=10 T0=10, TV =m0 =mo(-iyPrP, 10 =iy
(102)
It is noteworthy that F(r) found in Eq. (41), is expressed in terms of fio) and is

therefore not shown in Fig. 2.
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C Linearized Self-Consistency Equation

In this appendix, we detail the procedure for linearizing the saddle-point equations near
the critical temperature 7. Our approach is outlined as follows. First and foremost, we

observe that the formal solution to Eq. (66) is given by sin 8, = AE /1/€2+ ﬁg, where

A, = A,/Z,. Rather than using the bare A_, we will precisely formulate the self-con-
sistency equation for this modified quantity, A,. To this end, we recognize that the
equations (67) can be interpreted as a modified self-consistency equation. Indeed, if we
divide A, by Z_, we formally obtain:

A, =A—AGBZY +6Z5%9) + 6AY + 5ALTO. (103)

It is important to note that in the above expression, we have retained only the one-
loop corrections as represented by the first order in 1/g < 1. Furthermore, we can
replace A with the expression provided in Eq. (73).

We can now simplify this equation. The corrections proportional to D;0)2(|£|, l€']),
arising from the variation of D;O)(lsl, |&’|) with respect to A and 6, as introduced in the
polarization operators (see Eqs. (46)—(49)), are precisely canceled out when we include
1/Z, in the definition of A,. As an illustration, consider the second lines of Egs. (68)
and (69), and their combination in (103). Clearly, these terms eliminate each other.

Next, we apply certain approximations to further simplify this equation and isolate
the logarithmic contributions. As mentioned in the main text, in the case of diffusions,
we consistently use the maximum of either € + €’ or |¢ — €’|, retaining only max(e, £’),
in the expressions. Moreover, we substitute £, (|w,|), as defined in Eq. (43), with y,.
This leads to the following equation:

~ A,
A =-2xT .
20y, = N7 + 27 Ny, + 3
. (rs = Nro) + 2y Ny, + 1)) DD, (max(e, £'))
c g q 1

4y o (104)

c = =~ =

+ — Z ZnT/DDq(s + 6”)[./\/;/th O yCZDq(s”)
£">0 q

g
> 22T / D@z(e’ + e”)}.

4y?
+ C
8 &30 q

Here, D (lw,))™! = Dg* + |w,| and T)f;)(|a>n|)‘1 =Dg* + |w,|(1 +y,) represent
the corresponding diffusive correlators in the absence of superconductivity. It is
also important to note that the final contribution to the above equation, originating
from the renormalization of A as detailed in Eq. (73), does not formally include the
energy €. On the other hand, the contribution that stems from the renormalization
of Z_, see Eqgs. (69) and (71), as demonstrated in the first expression of the second
line, does not depend on €’. However, at low energies, which are critical in determin-
ing the temperature 7, this detail becomes less significant. Consequently, we will
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also apply the cutoff max(e, €’) to the energy in this term. Following these steps,
we proceed to evaluate the sums over Matsubara frequencies and the integrals over
momentum, ultimately deriving the expression (74) presented in the main text.

D Relation of Z, with the Finkel’stein Parameter z,
In this section, we demonstrate how Z, is related to the Finkel’stein parameter z,,.

For simplicity, we consider the contribution from the triplet channel only, Eq. (69).
Setting 8, = 0, we obtain (for € > 0)

Do _NT "
eoz =~ /q [Z DO@) - Y DV +26)— Y DV(2e - w)] Iy(.q)

(< W>€ >0 e>w>0
+e— D(O)z o)l (o,
o / mZ (@) (@, ).
(105)
Performing analytic continuation to real frequencies ie — E + i0*, we find
6z tanh “—= | DO (@) + DO (@ - 2E
€0 2vz //47[1{ an 2T [ (@) (@=2E)
- D | HOR A, _
coth T [Dq (w+2E)+D (@ 2E)] (106)

+2iEtanh £—= D<°>R2(a>) }FR(a) q).

Expanding the above equation in series in small E, we obtain

o _, _ W (O)R R
e6Z — // [ oth 22 — tanh ZT] Re Dq (0)ImI" (@, q)
+ E— / / [ oth — —tanh ﬁ] Re D<°>R2(a>) Im ™ (w, ¢)
N do DOR FR
+1E7//4—t h2T0 [ p (@)Rel’/(w,q)|.

(107)
The term in the first line of Eq. (107) survives at E = 0. This term represents the
contribution to the dephasing rate 1/7,(T) at E = 0* that arises from interaction in
the triplet channel in the normal phase [76-78].
On the other hand, the last line of Eq. (107) yields the logarithmically divergent
contribution,

4 We note that in order to obtain the full energy dependence of 1/ 7,(T, E) one has to first compute the
Cooperon self-energy X, . as a function of two independent Matsubara frequencies ¢ and &', and only
then perform the analytic continuation as ie — E + i0", ie’ — E —i0*. This calculation is beyond the
scope of our present analysis, and we leave it for future work.
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Ny, L
670 = —iEﬂ—;’ L. (108)

Therefore, we can state that Z, contains information on both the Finkel’stein param-
eter z,, and on the dephasing rate.
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