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Controlling quantum transport in a superconducting device via dissipative baths
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Within the quantum field-theoretical approach describing the evolution of a quadratic Liouvillian in the basis
of Keldysh contour coherent states, we investigate the spectral and transport properties of a dissipative supercon-
ducting system coupled to normal Fermi reservoirs. We derive a generalization of the Meir-Wingreen formula
and Onsager matrix for a superconducting system subject to an arbitrary number of fermionic baths. Following
Kirchhoff’s rule, we obtain an expression describing the dissipation-induced loss current and formulate modified
quantum kinetic equations. For wide-band contacts locally coupled to individual sites, we find that each contact
reduces the degeneracy multiplicity of the nonequilibrium steady state by one. These results are numerically
verified through several cases of the extended Kitaev model at symmetric points with a single contact. Further-
more, in the linear response regime at low temperatures, we demonstrate that (non)degenerate nonequilibrium
steady states correspond to (non)quantized conductance peaks. Revisiting a paradigmatic problem of resonant
transport in the Majorana mode of the Kitaev model, we demonstrate that dissipation accounts for the zero-bias

peak suppression and its asymmetry.
DOI: 10.1103/2361-9rxg

I. INTRODUCTION

Quantum transport is a universal method for studying the
properties of new nanostructures that can shed light on funda-
mental issues in condensed matter physics and have potential
applications in electronics [1-3]. Its significance stems from
the fact that the observed features of charge and heat currents
in a Fermi reservoir (lead) interacting with a sample (device)
are directly determined by the spectral characteristics and
density of states of the latter [4—6]. The theoretical description
of transport phenomena differs depending on the physical
processes occurring in the device. The most general approach,
capable of accounting for many-body effects and nonlinear
response, involves examining the time evolution of quantum
mechanical operators along the Keldysh contour and calcu-
lating current in terms of nonequilibrium Green’s functions
[7-13].

Although significant progress has been made in developing
the nonequilibrium Green’s function method since the semi-
nal paper [7], its primary application until recently has been
limited to dissipationless systems [14,15]. In particular, the
previous development neglects particle exchange processes
between the external environment (henceforth referred to as
the “bath”) and the nonequilibrium system comprising leads
and device, which makes the total system open-like [16].

It is worth noting that phenomenological approaches for
describing the effect of incoherent interactions within devices
on the quantum transport have been previously proposed. In
particular, for modeling phase-breaking electron scattering
processes within the Landauer-Biittiker framework [17-19],
which describes a specific case of nonequilibrium problems
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with coherent carrier propagation, additional fictitious Fermi
reservoirs (the so-called Biittiker “probes”) were introduced
into the transport scheme [20]. These probes carry zero net
current while exchanging particles with the device.

Since energy loss represents a ubiquitous phenomenon,
extending the nonequilibrium Green’s function formalism
to dissipative processes constitutes an important theoretical
challenge. The significance of this task has grown substan-
tially in recent decades due to technological advances in
cold atom systems and the consequent expanded possibilities
for controlled dissipation engineering [21]. A major obsta-
cle in solving this problem lies in properly accounting for
the nonunitary evolution of the density matrix for the com-
bined system (the device and the reservoirs) induced by bath
interactions. In the general Markovian case, this dynamics
is governed by the Gorini-Kossakowski-Sudarshan-Lindblad
(GKSL) equation [22,23]. The effects of non-Markovianity
on the density matrix dynamics, which can be relevant for
experiments, are also actively discussed [24-27].

The derivation of the Keldysh partition function for open
bosonic systems [28,29] demonstrated that the action of
a system whose density matrix satisfies the GKSL equa-
tion contains not only the conventional Hamiltonian but
also a dissipator determined by Lindblad fields that induces
nonunitary evolution. This finding triggered developments in
transport theory for nonsuperconducting devices with decay
and decoherence inside [30-33], as well as for dissipative
superconducting quantum point contacts [34]. Another active
research direction in nonequilibrium physics, driven by ad-
vances in quantum optics, concerns quantum transport theory
with Markovian-type leads whose evolution timescales are
much shorter than those of the device [35-38]. Recent results
in this area have also been obtained using a quantum field-
theoretical approach [39].

©2026 American Physical Society


https://orcid.org/0000-0001-9774-3852
https://orcid.org/0000-0003-3177-2698
https://ror.org/00z65ng94
https://ror.org/029bjdf19
https://ror.org/055f7t516
https://crossmark.crossref.org/dialog/?doi=10.1103/2361-9rxg&domain=pdf&date_stamp=2026-02-20
https://doi.org/10.1103/2361-9rxg

AKSENOV, SHUSTIN, AND BURMISTROV

PHYSICAL REVIEW B 113, 075428 (2026)

Some studies of dissipative superconducting quantum
point contacts and Josephson junctions have appeared recently
[34,40]. Despite these advances, to the authors’ knowl-
edge, there is currently no comprehensive theory of quantum
transport in superconducting devices with dissipation. Nev-
ertheless, the field of superconducting nanostructures has
experienced remarkable growth in recent decades [41-44].
This development has been largely driven by efforts to estab-
lish scalable quantum information processing schemes [45],
including those based on novel principles of topological qubit
protection [46,47].

Hybrid semiconducting/superconducting nanowires have
emerged as one of the most promising platforms for re-
alizing topological quantum computing [48,49] and related
search for Majorana states [50-53]. However, despite nu-
merous experimental studies [52,53], conclusive evidence for
Majorana-type subgap quasiparticles remains elusive [54-56].

One potential explanation for this challenge may lie in
the presence of fermionic baths interacting with the super-
conducting wire. In practice, several dissipation mechanisms
can be identified: (a) scattered radiation, cosmic rays, and
disorder in the parent superconductor responsible for above-
and subgap states at the semiconductor/superconductor in-
terface. These states may be interpreted as a fermionic bath
if weak interaction and/or finite temperature are present
[57,58]. (b) Disorder in the semiconducting core can produce
multiple subgap states within the bulk. Transported parti-
cles undergoing Andreev reflection at the wire’s edge states
may scatter into these bulk excitations through different in-
teraction mechanisms [59,60]. Relevant interactions include
phonon scattering and charge noise from gate electrodes,
which become particularly significant when the hybridization
of Majorana mode wavefunctions is nonnegligible [61-63].
(c) Subgap states may emerge in vortices in the parent super-
conductor in the presence of a strong enough magnetic field
[58,59].

When analyzing spectral and transport properties of su-
perconducting wires, the influence of fermionic baths is
often phenomenologically modeled through the introduction
of a Dynes parameter in the Hamiltonian [59,64,65]. In
this work, we develop a microscopic quantum field theory
of charge and energy transport in a superconducting sys-
tem (or device) subject to dissipative processes (see Fig. 1).
Our results exhibit considerable universality for several rea-
sons and are applicable to a broad class of nonequilibrium
systems described by quadratic Liouvillians. First, our treat-
ment accounts for hybridization between the device and an
arbitrary number of Fermi reservoirs (i.e., leads) with vari-
ous configurations. Second, we consider coupling to a finite
number of fermionic baths with spatially varying particle
gain/loss amplitudes. Third, although for concreteness the
device region is described by an extended Kitaev model
[66,67] incorporating both normal and anomalous interac-
tions between arbitrary neighbors, our methodology can be
applied to an arbitrary fermionic system with superconducting
correlations.

The paper is organized as follows. In Sec. II, the model
of the considered superconducting dissipative system is for-
mulated. We present the main results for transport in a
superconducting dissipative system in Sec. III. The effect of
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FIG. 1. Sketch of the model. A p-wave superconducting device
interacts with an arbitrary number of fermionic reservoirs (or leads)
and baths. The transport problem is analyzed in a general situation
when each lead and bath are coupled with all chain sites. The inter-
action parameters at the nth site are ¢j, and [, vy, for the jth lead
and vth bath, respectively.

wide-band leads on the zero-energy excitations in the system
is considered in Sec. IV. In Sec. V, our general theory is
applied to study the transport features of topological super-
conductors affected by dissipation. Section VI is devoted to
discussions and conclusions. Appendix A is focused on the
detailed derivation of currents in a normal lead connected to
the superconductor that exchanges carriers with other leads
and fermionic baths as well. In Appendix B, we analyze the
conditions for nondecaying excitations in the case of a few
leads and baths coupled to the device.

II. MODEL

Let us consider a superconducting system of spinless
fermions (device) coupled to an arbitrary number of single-
band normal leads and baths. The sketch of the system is
shown in Fig. 1. We suppose the device is described by a
quadratic tight-binding Hamiltonian of the most general form
[67,68]

N
Hs = Z (%‘nméjém + Anméném + Azmé,-;@:), (1)

n,m=1

where &,_,, = ¢, — i stands for an electron energy at the nth
site, &, 1s a hopping amplitude between sites n and m, A,
denotes a superconducting pairing parameter for electrons
located at the sites n and m. The Bogoliubov-de Gennes matrix
of the device Hamiltonian is written as

Y
Hs - 2<A _sT) - 2hsv (2)

where the diagonal and off-diagonal blocks obey & = &,
A = — AT respectively.

We assume noninteracting leads that are described by the
following diagonal Hamiltonians

By =Y &pdidi = Hy, 3
k K

where d ik denotes an electron annihilation operator for a state
labeled by k and with the energy & = & — u; in the jth
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lead, t; = p + eV is an electrochemical potential in jth lead,
V; is a bias voltage applied to the jth lead (it is assumed that
the superconducting system is directly grounded), and u is the
chemical potential.

The interaction between the dissipative system and the jth
lead is described by the following Hamiltonian:

N
H ;= Z leknciﬁén +Hec, 4)
n=1 k

where tj, is an amplitude characterizing quasiparticle’s
tunneling between the jth lead and the nth site of the su-
perconducting system. Thus the Hamiltonian of the system
coupled to Ny, leads is given by

N
A=H+Y (H+H,). ()
j=1

The presence of dissipative processes in the system leads
to a situation where the total density matrix of the system
and leads, p, no longer satisfies the von Neumann equation,
but rather obeys the GKSL equation (or Lindblad master
equation),

A~ Ng
dp oA PN | R
=—z[H,p]+Z(vaLj—§{Lij,p}), (6)

dt —

where the second term on the right side of (6) represents the
dissipator responsible for nonunitary dynamics. Its properties
are determined by the jump operators (or Lindblad operators).
Since our goal is to construct a widely applicable quadratic
dissipative-transport theory for superconducting systems, we
focus on the most general form of the linear dependence of L,
on ¢, and é;f [67,69]. In other words, we consider

i‘v = Z(Munén + ané:)v (7)

where (,,, vy, € C - amplitudes of electron loss and gain at
the nth site due to interaction with vth bath. Unless stated oth-
erwise, in what follows we will assume that these amplitudes
vary randomly from site to site. In numerical calculations,
the real and imaginary parts of u,, and v,, obey a standard
uniform distribution (see the details in Sec.V). Note the right
side of the GKSL equation can be formally treated as an
action of a Liouvillian superoperator on the density matrix,

dpjdt =L p

III. TRANSPORT THEORY IN SUPERCONDUCTING
DISSIPATIVE MEDIA: QUANTUM-FIELD
THEORY APPROACH

A. Generalization of the Meir-Wingreen formula for the device
with dissipation

In order to characterize charge and energy transport for the
system described by the GSKL Egq. (6), we need to derive ex-
pressions for the corresponding currents in the ith lead, ;. =
([.c(1)) = e(f;) (where f; =Y difdy) and I, = ([ . (1)) =

(ﬁi). We benefit from the following relations [30]:

: d A
(i) = i {rip ()} = —i(lAi, H1), ®)

A

d - SN
(Hi) = —-Tr {Hip()} = —i(lH;, H]). ®

They hold due to the absence of the leads’ operators in the
jump operators L, (7). In other words, as in the dissipationless
regime, the currents are determined by the unitary evolution
of the density matrix. It implies that one can use exactly the
same counting fields for the charge and energy currents as in
the case of unitary dynamics. Taking this remark into account,
we employ the quantum-field theory approach to calculate
the averages of charge and energy current operators /; . and
I; . using the action corresponding to Eq. (6) on the Keldysh
contour [29]. Then, considering fields in a basis of coherent
states [15] and after the Larkin-Ovchinnikov rotation [70]
action can be expressed in the following form:

| e
58:5/ dt 3 W(id, - Iy — iL)W

o0
NL o
+ Z Z[@,-k(ia, Ay — Hp)® e
- CDJkT,k( zajg S)

— (S, + iaj;,é"/iSX)Y}'_l‘c_@jk] } 8

S=c,e. (10)

In Eq. (10), we introduced 4N-component Keldysh-Nambu
spinors to describe quasiparticles in the superconducting part
of the system

U= (W, Ve, W= (_ v’ G Jwthy,
=@l v, =) (11)

where i = 1, 2, and 4-component spinors for the jth lead,

—2 —1\T = —1 —2
q>jk:(¢j1'k’ ¢jk’ ¢/2'k’ ¢jk) ’ ¢/k:(¢jk’ ¢12'/<’ ¢jk’ ¢Jl'/<)'
(12)
In turn, the spinors involve Grassmann variables /!, ¢;k and

J;, Eik, i = 1, 2. The parameter {; in the right-hand side of
Eq. (10) is determined by the index §:

1, §=z¢;
Cé = {0’

§=c. (13)
Also it is convenient to define &5 = 1 — 5.

We note that to obtain the formula of currents in the lead,
we have extracted from the Liouvillian in Eq. (10) the terms
containing degrees of freedom of the reservoirs. The remain-
ing part, £,, describes the superconducting dissipative system
alone. L has a standard block structure in the Keldysh space
and has been found earlier in Ref. [67],

LR = —ih ;ZQv/z (14)

- ZDU. (15)
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The contribution from the vth bath to the retarded and ad-
vanced components of L, are given by a matrix Q,, see
Eq. (A15) in Appendix A. In turn, the Keldysh component
is determined by a matrix D,, see Eq. (Al5). We empha-
size that O, and D, are the Bogoliubov-de-Gennes matrices
corresponding to the operators {ﬁj ,L,} and [[A,v+ , L,]in agree-
ment with the operator definition of retarded, advanced, and
Keldysh Green’s functions, respectively [14].

The degrees of freedom of the leads are contained in the
last three terms of Eq. (10). The first of these terms describes
isolated reservoirs. The other two terms characterize tunneling
between the leads and the superconductor and are propor-
tional to the tunneling coefficient matrices Tj; (Tj}:), which
are direct sums of the rows (columns) of the parameters #j,,
n=1,...,N,

T ot o T ot 4x4N
T =13 ®L; @1 &1y € C7,

T
Stin)' . (16)

The matrices S, . are constructed using the standard Pauli
matrices oy ando,: Sy =0, Q Ly S; =L Q@ 1,1, = 0, Q Iy.
The terms proportional to quantum components of sources, a;,
are inserted to facilitate the calculation of the physical observ-
ables. Thus the total action can be split as S5 = Sp + Ss.4-

It is worthwhile to mention that the averaging in the
Green’s function definition, Gy = —i(\IJE), is performed with
respect to the bare action Sy (Al). Then, the corresponding
density matrix is Gaussian unless the nonequilibrium steady
state (NESS) is degenerate [71,72]. However, following the
results of Ref. [69], one can check that an arbitrary number
of zero-energy excitations in the open system renormalizes
the density matrix in such a way that it does not affect the
averages of single-particle observables (see Sec.V B).

After a series of standard transformations detailed in
Appendix A, we obtain the following expression for the sta-

J

Ly = Wik, -

why —hy— ¥, A (@) + 5[ X, Ti@) + 3, 0]

G, (w) =
s (@) ( 0

The effect of the reservoirs on the system is expressed
through the self-energy matrices. In the diagonal blocks, they
contain the Lamb shifts (A13) and the level broadening,
see Egs. (A8)~(A10): R4 (w)= Zj(Aj(a))+iFj(a))/2). The
Keldysh component of the Green’s function carries informa-
tion about the distribution functions of the leads, Eq. (A7):
EK((I))Zi Zj Fj(a))Fj(a)).

It is important to emphasize the fundamental difference
between the self-energy blocks of the baths and those of the
leads in the matrix (18). The former, unlike the latter, are local
in time, as the GKSL equation is derived within the Marko-
vian approximation. This statement remains valid even in the
popular wide-band limit for the leads, where I'; # I' j(w).
In that case, the frequency dependence still persists in the
Keldysh block of the self-energy function coming from the
leads.

From the form of Eq. (18), it follows that the Dyson and
Keldysh equations acquire a modified form (compared to

tionary charge and energy currents in the jth lead:
ie% [T° dw

b=t [ Gt a - (6 - 6}
)

For ¢5—. =0 and N, =2, Eq. (17) provides a general-
ization of the Meir-Wingreen formula [12] for the charge
current through the superconducting device with dissipation.
Equation (17) describes the charge current in the jth lead,
characterized by the matrices of the reservoirs’ distribution
functions, Fj, and broadening parameters, I';, see Eqs. (A7)—
(A10). We emphasize that although in this paper we consider
the case of noninteracting quasiparticles in the supercon-
ductor, Eq. (17) is applicable for an interacting system as
well (similar to the original Meir-Wingreen formula) [13,73].
Moreover, we suppose that the many-body effects can be
caused not only by the well-known internal mechanisms (e.g.,
electron-electron and electron-phonon interactions) but also
by the bath. For example, quadratic jump operators, L, ~
¢nCm, might mimic many-body effects in the Keldysh effective
action.

Information about both the coupling to external reser-
voirs and the internal processes within the device is encoded
in Green’s functions G®* (retarded and advanced) and GX
(Keldysh), which satisfy the Dyson and Keldysh equations,
respectively. As will be shown in Sec. IIIC, even when
accounting for the supercurrent I;, Kirchhoff’s rule is vio-
lated due to the presence of baths, i.e., Zj I — I #0 [see
Fig. 2(a)].

At first glance, Eq. (17) seems to be similar to the main
result of Ref. [12]. However, dissipation leads to a number
of important subtleties, which will be discussed below. The
Fourier transform of the inverse Green’s function matrix, cor-
responding to Sy takes the following form:

i[ X, Ti(@Fj@) + ¥, D] ) a8)
why —hy— Y, Aj@) = [, Ti@) + X, 0,])

(

those considered in traditional nonequilibrium nondissipative
problems) due to the contribution of the baths, namely,

. -1
Gf: (wIZN_hJ_ZAJ—i_%[ZF]—i_ZQv]) )
J J v

(19)
Gy = —in(Z IjF+ ZDU) 4, G =(GM". 0
J v

Given the structure of Eqgs. (19) and (20), the currents I; 5
can be formally decomposed into contributions from leads and
baths, i.e., [see Fig. 2(a)],

Lis =I5 + 17 21

Then, taking into account the symmetry properties of the
blocks of the retarded Green’s function and the broadening
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FIG. 2. Transport processes in a dissipative superconducting system. (a) The charge current in the ith lead is determined by the contributions
from all leads, Ifc, and all baths, Ifc. To satisfy Kirchhoff’s rule in the system, one has to take into account both the supercurrent in the directly
grounded superconducting device, Iy, and the loss current, /s, in the total Markovian-type reservoir. (b) There are three transport processes
contributing to the current If,. Local Andreev reflection (LAR) of an electron incident on the superconductor from the ith lead results in
the appearance of a hole in the same lead but moving in the opposite direction, while a Cooper pair transmits into the superconductor. The
probability of such a process is Y'e(Pli”'). In the case of crossed Andreev reflection (CAR), the electrons comprising the transmitted Cooper pair

are taken from different leads (i # j) and the corresponding probability is 7:_,(}1’/ ). An electron can also cotunnels (EC) from ith to jth lead via

a virtual state in the superconductor with the probability 7.0/). (c) The contribution of vth bath to the current Ifc represents a superposition of
electron inflow and outflow processes between this subsystem and the ith lead with the rates l;(“’) and (l(i'”), respectively.
e e

function matrices, these components can be written as [see
discussions below Eq. (A19) in Appendix A]

_ +o00 do .
=&Y [ SRR T~ )
oo

Jj a=eh®

=R+ I+ IR, (22)

1B — ob Z/+Oo d_wwé“s[T (i’v)nie - T (i’v)(l—nie)].
i,6 - - 27T e e
(23)

From Eq. (22), it follows that the contribution of electronlike
(a0 = e) or hole-like (o« = k) carriers of the jth reservoir to the
current in the ith lead is determined by an effective transmis-
sion coefficient [see Fig. 2(b)],

Teg!j) = Tr{rieGeaFjaG::x}, (24-)

where G,, denotes a block of the retarded Green’s function

matrix, Gf = ((G;:: g:;) in the Nambu space. The electron

(hole) distribution function in the jth reservoir is given by
mq:er

Njey = (1 + 77 )~ where T - equilibrium temperature, 7;
- deviation from 7 in the jth lead.
For i = j, the contribution to I*; comes only from the local

Andreev reflection processes [74], I'{*® [see Fig. 2(b)],

IR = b / — b T (nie — nap). (25)

w 27

For i # j, in the general case (|V;| # |V;|), there are contribu-
tions to the current from both the elastic electron cotunneling

(a = e), If§ [75], and the crossed Andreev reflection (« = h),

ISR [76,77),

EC _ G " do 5 (i f) EC
Ly =e § an T,; " (nie—nje) = § :Iij,a’
o0

J#i YT J#i
+o00
JCAR _ & dw IET(i’j)(n~ —ng) = CAR
is = 2 : —znw eh ie—Mjn) = E : ij.6 -
j#i YT J#i

(26)

It should be emphasized that expressions (22), (25), and (26),
formally has a structure similar to the known results for
dissipationless transport in N/S/N structures [75,76,78,79].
However, a key difference here is the renormalization of Teff,’ )
(24) via the Dyson equation (19), which now includes correc-
tions due to the dissipative baths.

As seen from expression (23), the contribution of the
vth bath to 155 represents a superposition of electron in-
flow and outflow processes between this subsystem and the
ith reservoir [see Fig. 2(c)]. The corresponding rates are
given by

Tgi’v) = Tr{rie b ev b Z}}?
=N S
(];iivv) = Tr{rie gev (2:;}’ (27)
where
_b)ev = Uee Ej + Geh 27;7 (b_ev = Gee V, + Geh Ev' (28)

Thus it follows from Eqs. (27) and (28){ that, as in the case of
the reservoirs, the rates l;f?”“) and (7;2””) are determined by
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both normal and Andreev processes. Taking into account the
expressions in Eq. (28), one can conclude that for a Hermitian
or anti-Hermitian vth bath, f,v = :I:ﬁ;r , the inflow and outflow
rates are equal, T (") = T ("),

We find that when the voltage sign at the ith lead is
reversed, in the general case, only the component associ-
ated with local Andreev reflection processes (25) exhibits the
symmetry, i.e., [R(—V;) = —I:*R(V;). However, similar to
the dissipationleés case if the tefnperatures in the i- and jth
leads are the same, T; = T;, the corresponding summands in
Eq. (26) can disappear,

IS5R(=Vi) = —I55R V),

_ vy . JEC _
Vj =Vi: Iij,a =0, ij,8 ij,8

Vi= Vit It =0, LG(=Vi) = —I5(V). (29)
Simultaneously, it is easy to see from Eq. (23) that in the cases
under consideration, I’ (—V;) # —I7(V;) unless the coupling
with all baths is weak (see Sec. V).

B. Thermoelectric effects in the linear response

Restricting to first-order terms in the expansion of the
Fermi functions, we obtain

37’10 - w .
o= i % (=20 ) (eAVED + ZATD), 30
n nj ( aw) (8 ex + T ( )

where Viexny = FVj, np = (1 + e®/T)~1 stands for the Fermi-
Dirac distribution function, AV,() = Via — Vieand AT @) =
T; — T; are differences of voltages and temperatures in the ith
and jth leads, respectively. Then, the relation between the L-
contribution of the current in the ith lead, (Il-’jc, Ii’jE )T, and the
vector of thermodynamic forces acting between the ith and
jth leads, (AVS, AT@N)T | is determined by the Onsager

matrices L7,

() =22 (i i) (3rs)
. ) \ares

j a=eh
(31)
+
L(i,j) =efa+1/ Ood_wwéa _% TG0 (32)
oV e 2 dw )
+ +1
L =eE'5/ AR ) P
T oo 2 T ow )

As it follows from Eqgs. (31)—(33), the Onsager relation holds,
L) =TLE), | for given pairs (i, e) and (j, ).

Using Eq. (23), we derive (in the linear approximation)
the relation between the B contribution of the current in the
ith lead, (1%, I%,)", and the vector of thermodynamic forces,

(_Vie’ Y})T:
(i,v) (i,v)
BLITI") Vi + IOva
B(isv) T I(ivv) ’
e, T t 0,¢

(i,v)

(Illi> - Z [(BC’V

B | iv

Ii.,S v BE,V)
(34)

where the Onsager matrices are given as

. _ +o0o do n ' -
(i,v) s+1 ‘ 0 , ’
iy = [ g2 (<5 )LL),

o]

+ 1
00 _ e& o d_w bt _% ( TGy T (i,v))
T oo 2 T dw )= & )

i _ & [TA0 s (i)
Ly =e” /_oo 7 ? ’S[I)e’ no—1 . (1-np)]. 35

Assuming that the electrochemical potentials of the leads
are controlled independently and the system is in the thermal
equilibrium (i.e., 7; = 0 for all reservoirs), the contributions
to the differential conductance of the ith lead, d1;/90V; = G; =
GF + G?, from the leads and baths in the linear response
regime acquire the following form:

Gl =Goy Y. /md 0N 4 5,)TED (36
i 0 o aw J 7/ ea

Jj a=eh®

and
GE = Gy E /+OO dw _% [T (i) + T (l',U)] (37)
l v YT dw )¢ < ’

where the conductance quantum Go = e?/h arises if the
Planck constant 7 is restored in the denominators of Egs. (36)
and (37). We note that the current components determined
by the equilibrium distribution function, Iéf’c”), see Eq. (35),
do not affect the conductance. At low temperatures, T — 0,
we find —dny/dw — 6(w), and the conductance, as is well
known, is determined by quasiparticle transport at the energy

w=0.

C. Loss current and quantum Kinetic equations

As we mentioned above, neglecting the loss current Ijogs,
induced due to the presence of dissipation, gives rise to a
violation of Kirchhoff’s rule in the system under considera-
tion, Zj I —I; # 0 [see Fig. 2(a)]. To determine /ios5, We
write the equation of motion for the average charge in the
superconducting part of the system, (Q) = e > (N,)), where
N, = &'é,, using the GKSL equation (6),

(0) = — i[O, A1) + % ;«ij@, L) — (10, LIL,)).

(38)

Taking into account the commutation relation N, L,] =
— MynCpn + vvnéj, the straightforward manipulations with the
right-hand side of Eq. (38) yield

(0) = =Y I +2eTr{Re{AGH (¢, 1)})
J

+e ZTr{i(yUGj[(t, t) — ?fG;hf ,1)}. (39

Equation (39) is expressed in terms of the blocks of the lesser
Green'’s function matrix G7 (¢, 1) = —i(Tc W ()W (¢)) in the
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Nambu space, where W = (&1, ..., ¢y, &, ..., &5)". From
this definition, it follows that N, = —i[Gje’(t, t)]n.n repre-
sents the electron occupation of site n, and G, h’ (t,t)=ily —
(G @, t)", ie., 1 =N, = —i[G/; (t,1)],, is the probabil-
ity that site n is unoccupied by an electron. The anomalous
averages are determined by the off-diagonal block Geh (t,1),
with (G} (¢, 1))t = =G}~ (1, 1).

The frequency dependence of the blocks G~ can
be determined based on the Keldysh equation GX =
—GR(G;1)X G and the relations between different triangular
representations [14],

G- =1 +a -GN

_I\R 1A _I\K

= %G§[(G3 1) - (Gs 1) - (Gs 1) ]Gf‘ (40)
Using the explicit form of the blocks of the inverse
Green’s function matrix (18), we obtain the following kinetic
equations:

Giy = 1| Y (Guel Gl nje + GanT nGynjn)
J

+§:£m£}},mﬂ=eﬁ- @1
v

Then, taking into account Eq. (41) and the definitions for
(2 «v> S€e Eq. (A22), one can demonstrate that the last two
terms in Eq. (39) are real [it is also related to the Hermitian
property of Eq. (39)], i.e.,

Tr{iy,G, "} = Tr{iy, G5},
Tr{l)/*G+_} = Tr(iy G Y. 42)

The second term in Eq. (39) represents the -current
carried by the superconducting condensate, I ~
2eY"  Im{A,,(6,¢n)) [80]. In the steady state, (Q) = 0.
Thus, 7taking into account Eq. (42), we obtain that the loss
current fipss = Y i1j.c — Is is equal to

m_emzf MG @)~ 7 Gy )]
@3

In the special case of a nonsuperconducting quantum dot
(A =0, N=1) with N, =2 and Ng = 1, we find Jjo5s =
I+ 5L,.= —eyN; that coincides with a result obtained
in Ref. [31]. By analogy with Ref. [39], the loss current,
Eq. (43), can also be interpreted as the current flowing into
all Markovian-type (dissipative) leads.

IV. ZERO-ENERGY EXCITATIONS IN THE PRESENCE
OF WIDE-BAND LEADS AND DISSIPATION

In comparison with closed electron systems, the open ones
are characterized by two gaps, a spectral gap and a purity
gap [81,82]. The absence of former in superconducting media
is an indication of the existence of zero kinetic modes, su-
perpositions of Majorana modes wave functions stable to the

effect of dissipation [69]. The absence of the purity gap im-
plies a mixed nature of NESS. The tunnel quantum-transport
measurements allow to probe directly the spectral gap and, in
general, the device spectrum which is given by an effective
Hamiltonian located in the Gf denominator, see Eq. (19). For
example, the detection of the Majorana state in a setup with
a single wide-band lead [83,84] is based on the observation
of the zero-bias conductance peak implying that the effective
Hamiltonian contains an eigenvalue with a zero real part and
a nonzero imaginary part (that determines the peak width and,
in other words, the lifetime of the damped Majorana mode)
as well as one zero eigenvalue corresponding to a zero kinetic
mode [see, e.g., Eq. (68) at [}" = 0]. Below, we briefly demon-
strate how the presence of an arbitrary number of reservoirs,
treated in the wide-band approximation, and baths affects the
realization of the zero kinetic modes.

In the wide-band approximation, when analyzing the self-
energy functions, one can neglect the Lamb shifts of the
system levels caused by the coupling to the Fermi reservoirs
and treat the corresponding broadening matrices as frequency-
independent, i.e.,

A J == O,

Tie=2ntitlp Tu=ThL (44

S = Fimp; (G1] ©1,27), 45)

where p; =), 8(w — &j;) = const denotes the density of
states of the jth lead, which is assumed to be exactly the same
for electron and hole states.

As a result, Eq. (18) suggests that the spectral properties
of the system in the presence of dissipation are determined by
the effective Hamiltonian

Hefp = hy — =

Zr +ZQU . (46)

It is instructive to discuss a description of the system in
terms of the self-conjugate A, B-type lattice Majorana opera-
tors, i.e., Pan = &y + &, Ppn = (€5 — &,). It can be derived
by the transformation of H.s with the help of the rotation

matrix
U= ( Iy .IN), 47)

—lIN lIN

such that the spectral properties in the Fock-Liouville space
are described by a matrix

X =i ")V Ht™ = =24+ €,L0 +> 1,77,
- .
(48)

where (U~')* = 14/2. To highlight the presence of the leads,
here and below, we use the tilde symbol “~” to indicate a
modification of the quantities of interest as compared to the
case of the dissipative system without the leads. In Eq. (48)
the matrix A = —i(U~")*hdd~'/2 is a real skew-symmetric
matrix, AT = —A, representing the Hamiltonian in the space
of Majorana operators. The matrix £, = (I, I') characterizes
the dissipative field of the vth bath in the Majorana basis. It
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consists of two column components,

- Re(,u +v,)

-v Im(u —v))

; Im(pc +v,)

I = (Re( o) (49)
In each component, the first N elements represent the coupling
amplitudes of the bath to Majorana fermions of type A, [V},
while the next N elements correspond to the coupling with
Majorana fermions of type B, [

Finally, the last term in Eq. (48) describes the influence

of the leads on the spectrum in the Fock-Liouville space.

Analogously to the baths, the contribution of the jth reservoir
is determined by the following two-component matrix:

. 1 Ret . Im¢ ;
= () = = ; j j
T, = (gj gj) = 2,/27‘(,0, (—I L Relj) (50)

As it was done for [, it is convenient to organize vectors L;”
in accordance with the A and B sublattices, i.e.,

ot
1= ( ) (51
=\

Note that a direct comparison of the matrix X with the sim-
ilar one in Ref. [69] requires taking into account the factor 2,
which distinguishes the dissipators of the GKSL equations in
these works.

As seen from Egs. (49) and (50), Y'; has the same structure

as the dissipative field £, in which M is substituted by 7 ; while
v, is identically zero. Physically, “the difference between the
ﬁelds of the leads and the dissipative baths in the Majorana
operator representation is related to the fact that the Lindblad
operators L,, effectively account for both electron and hole
creation processes (a superconducting-type bath). If n,o= 0
ory, = 0, then the fields [ ;'i and LL’" are qualitatively identical.
It follows that, unlike the case L, = L}, for which I/ =0,
the Hermiticity of the tunneling Hamiltonian (4) does not
lead to £; =0 or g; = 0. For example, when H =D, and
Imp =Imp, =0, wehave [;, # 0, [;; =0, and Li}A,B =0.
In contrast, in the case Im t;= 0 we find L;A = LjB =t while
Lip =t ia=0.
! In Ref [69], we have shown that the number of zero
eigenvalues, B = 0, of the matrix X, which correspond to
the zero-energy excitations, is equal to (we assume Ny >
Np + Np)

Ny = dimker BT = 2Ny, — 1k B. (52)

Here the 2Ny, x (2Ng+2N; ) matrix B describes the hybridiza-
tion of Ny, pairs of Majorana modes with Np pairs of bath
fields and Ny, pairs of lead fields,

- T

B=BgB.)=(x, ~-12NM) £1) (53)
where  we introduce the 2N x2Np matrix {=
a1, ... ,L,r\,B, L}\,B) and the 2N x2N; matrix Y=
(ﬂ,g’i,...,g,’vpﬁ\&). The vectors x , a=1,...,2Ny,

represent the wave functions of Majorana zero energy states
in the isolated system, i.e., they solve the following equation:
A X, = 0.

When considering the lead fields, it is natural to assume
their local nature. In other words, in the common method of
tunneling spectroscopy, where different leads are connected,
for example, with the opposite ends of a one-dimensional
structure, we have ¢, , ~ 8, , and t, , ~ &y, (a similar struc-
ture of £, also appears in the scanning tunneling microscopy
experiments). Taking this fact into account, the number of the
zero-energy states in the open system, Ny, is determined by
the expression (under the assumption Ny, > Np + Np)

Ny = —ind Bg + dimker Bz — N, 54

where —ind B = 2(Ny; — Np) gives the number of robust
zero modes and dim ker By = 2 min(Ng, Ny ) — rk Bp deter-
mines the number of weak zero modes appearing due to
fine-tuning of the parameters of the dissipative baths. A
detailed derivation of expressions (52)—(54) is presented in
Ref. [69]. In Appendix B, we discuss several examples of ap-
plying general expression (54) to the case where Ng + Np < 2
and Np # 0.

We mention that one can refuse the wide-band assump-
tion for the leads and deal with the frequency-dependent
Hg (including the lead-induced Lamb shift). In this case,
the eigenenergies have to be found via the solution of tran-
scendent equation det[Heg(w) — why] = 0. Apparently, the
behavior of the solutions is able to demonstrate intriguing
features related to a finite cut-off energy of the spectrum in
the leads and to the explicit form of the dispersion law [31].

V. APPLICATIONS

A. Standard Kitaev chain with a weakly coupled lead and bath

Let us apply the general theory developed above to one
of the currently popular transport problems concerning super-
conducting wires. That is the standard Kitaev chain interacting
with a single wide-band lead and with a bath. We will focus on
the charge transfer that implies § = ¢; i, j, v = 1 in Egs. (21)—
(28) (the results for the thermal transport will be reported
elsewhere). We are interested in the bias-voltage dependence
of conductance in the zero-temperature limit Gy;(V'), where
the index j = L(R) when the lead is coupled to the left-
most (rightmost) site of the chain. The broadening matrix
blocks I'y, I'1; (44) have the only nonzero element, [I';.];; =
[Tiali; = Tidiiandjaav if j = L(R).

In terms of Hamiltonian (1), we set &, = —u, &un =
t8mp—1 =8y pt1 and A,y = —Aby n—1 = Aby p41 With real
parameters t and A: Imz = ImA = 0.

Then at the symmetric point, # = —A and p =0, the
skew-symmetric matrix A has the following nonzero elements
ApiiniN = —AnsNa+1 =1t/2,n=1,..., N — 1 such that the
closed system hosts a single Bogoliubov excitation with zero
energy. The wave functions of the corresponding Majorana

modes
Xia 0
= = 55
0=() n=(s,)

are localized at the left and right ends of the wire, respec-
tively: x1,, = 8,,1 and X2, = 8p.2n. This scenario is illustrated
in Fig. 3(a), where the red dashed and blue dotted lines
(the curves coincide) show the spatial distributions of the
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FIG. 3. The effect of a single weak bath with real amplitudes L ypon the low-energy excitations and local tunnel transport in the standard
Kitaev chain model. The top (bottom) row corresponds to the case of a non-Hermitian (Hermitian) bath. [(a) and (d)] Spatial distributions of
the probability densities of the states in the closed system |¢; »|* (dashed curves) and in the open system |y ,|?, corresponding to energies
with zero real part (solid curves). [(b),(c) and (e),(f)] Voltage dependence of the conductance of the lead attached to the left (right) end of the
wire, G1.(V) (Giz(V)). In (b), (), (e), and (f), the dotted curve, G¥(V), corresponds to the situation of the single-lead transport in the absence
of dissipation (¢, = v, = 0). The red dashed curve shows the contribution from the local Andreev reflection to the conductance G%; g, while
the blue dash-dotted line represents the contribution from the bath G%, .. Inset of (a) and (d): spatial distribution of the dissipative fields
K5 vy Inset of (f): zero-bias dip of G2, when the bath is Hermitian. We use the following parameters: N =10, u = 0,¢ =1, A = —0.95,

and Ty = 0.1.

probability densities for the electronlike and holelike Bogoli-
ubov excitations with zero energy, |q§1,2(n)|2, where [ 13=
%(f:i iii ). Deviation from the symmetric point causes spa-
tial oscillations of |x1.2(n)|? in addition to exponential decay
into the bulk. As a result, |¢; 2(n)|*> becomes nonzero at n #
1, N pressing towards the edges as the system size increases
[85]. One can expect similar behavior of the lowest-energy
excitations in the open system, v », if the bath and lead fields
are weak enough [see Eq. (69)]. We note in passing that the
attempts to detect Majorana modes x  , in tunnel transport
experiments with hybrid superconductiﬁg wires, which have
yielded controversial results, have been ongoing for more than
a decade.

Taking the derivative with respect to V in the expressions
(22) and (23), we find

G =G, +G',, j=L.R (56)

Here we split the contributions from the lead and from the
bath. They are given as

Gy = Go[ T,/ V) + T (= V)]

= Gol'{llg;(V)I* + Ig;(=V)I*], (57)

Gl; = Go[ Lo V) + T3 (V)]
=Gl b ;(V)+ b V)], (58)
where

gL (V) = [Gen(V)]iany, 10v)
bw = [_b)el(v)_b):](v)]l(N),l(N)v (59)

biw = [<b_e1(V)£j1 My, 1v)- (60)

Then, the conductance contributions (57) and (58) are de-
termined by blocks of the retarded Green’s function, G,
and G,;. To find them, it is convenient to use the spectral
decomposition,

G (w) = [why — Hegr] ™'
2N
=U"'UEP (w+2iB)"'UU, 61)

a=l1

where B, = B, + ip, stands for an eigenvalue of the non-
Hermitian Hamiltonian X (48).

The matrix U is responsible for the transformation from the
fermion operator basis to the Majorana operator basis in real
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space and is given by the expression (47). The matrices U and
U~ consist of the right and left eigenvectors of X,

U=I[R),.... IR, U ' =[Lil,..., {Lonl1",
XIR,) = BulRa),  (LalX = BulLal,  (LalRp) = 8up. (62)

Their structure in the Majorana representation is

Ro) = (I:Zﬁ;)’ L) = (:52;) (63)

Next, we assume that the coupling to the lead and bath is
weak, i.e., I'1, [01];; < |t], |A]. To achieve this regime in
the quantum-transport numerical calculations in Fig. 3, we
set I'y =0.1. Also we draw pu,, and v,, from a standard
uniform distribution on the open interval (0, 0.25). A typical
spatial dependence of 1t ,, Vi, € R is displayed in the inset
of Fig. 3(a). Thus, in this case, the spectrum corrections are
weak and still retain a considerable gap |Bqz1,2] — |B1,2] ~ 2t.
We are interested in the subgap response, |eV| « 2¢, then
only the first two terms can be left in the decomposition (61).
Consequently, the following approximation for the blocks of
GR is valid:

o) (al
Gee%_ZL(.lv e
2u:12w+21ﬂa

|7a) {lal

2 Z w + 21,3,1 ©4)

where
(lal = (laal + i{lapl,
(la] = (laal — i{luBl. (65)

Finally, the contributions Glfj and G¥ . become

[ra) = |raa) + ilrap),

[ra) = |raa) — ilraB),

2

(eV): + 4B.B;
GY, o = 2Go(T1/2)? "
IL(R) o(T/2) a,bz=1 ((eV)* +4B2)((eV )2 + 4(BH)?)

x [ra) allian, vy - Ure) ol liavy, 1v)

2
5 (LoUQ\U|Ly)
Giw = 2Go<r1/4>a§l @V + 2PV — 2D

x [ra){rolliovy, 1v)s (66)
where
U U = (ﬁg* ;Iené@) — 40T, (67)

and O+ = y1 + §1 £ 141

The eigenenergies B, and eigenvectors |R;2), (L1 2| can
be found within the first-order perturbation theory for a per-
turbation operator M = £,£] + Y, Y] . As the lowest-energy
excitations in the closed system are twofold degenerate, the
corrections to the energies are eigenvalues of the perturba-
tion operator restricted to the subspace of the degenerate
states x | . As a result, one deals with the product BB [see
Eq. (53)] for Np = 1. Then, the eigenvalues B, are roots
of a secular equation det[BBT — BL,] = 0. For the sake of
simplicity, we consider the case of real lead and bath fields.
Then, due to the relations (49) and (50), the matrix BB7 is
diagonal, [Z’S’BT]LZ = 0. Hence, the energies of the initially

degenerate Majorana modes are modified by the bath and lead
fields as follows:
; ~2 I
V= (x15) + ZXIZ,15_,'.L,

i i\2 I .
V= (L) + T xiawdik J=LR(68)

Here the subscript j = L(R) indicates the magnitudes of
eigenvalues for the case of a lead coupled to the left (right) end
of the chain. Also in Eq. (68) we used the explicit form of the
lead fields (50), i.e., /0 = YTig, 1), (7D = Tisyon,.)
if the lead is attached to the left (right) 51de of the chain.
Additionally, the bare wave functions of the Majorana modes
remain unperturbed,

IRi2) =X, 5 (69)

where we have neglected the contributions to |R; ) from the
states above the gap, as the same approximation has been used
for Gf in Eq. (64). This situation is clearly seen in Fig. 3(a)
in which weights of the two lowest-energy right eigenstates
of the effective Hamiltonian, |y » |2, are displayed by red and
blue solid curves, respectively.

With the help of Eq. (66), the conductance contributions
can be written as

rZ
Gt — T Xie)10n)
IL(R) —
O v 4Bty
XL o QX r
GB _ 21A02B) =T 142B) 2 70
IL(R) —(eV)2—|—4/31(2) 7 Xi@.eny (70)

This result leads to GlfR(L) = 0 if the bath is (anti-)Hermitian,
i.e., when y; + 91 = £n,;. This effect is shown in Fig. 3(f)
where G z(V) is shown by the blue dash-dotted curve. We
note that the small nonzero values of G5, < 2Gyp atV # 0and
a weak asymmetry, GfR(V) #* G »(—V), are due to a contri-
bution to the GZ,(V) from the h1gher-energy states which have
been omitted in the analytical approach above.

To advance further, we consider the symmetric point for
which xi(2).» = 812n).n. Then, the eigenvalues become j =
L,R

,3{12) = (k1w £ viaw)® + Tidjem)]- (71)
Taking it into account, we obtain the following results:
2GoTI?
L 1
GlL(R) =

(2eV)* + (T + (i1 £ viaw)*)?

2GoT (1 1wy £ viaw)?
(2eV)? + (T + (w110v) £ viin)?)?

The result (72) means the suppression of the Majorana zero-
bias peak [83,84,86] by the dissipation. This phenomenon is
clearly visible in Figs. 3(b) and 3(c) (see black solid curve).
As follows from the expressions (72), the quantization
of the right (left) zero-bias conductance can be achieved if
the bath is (anti-)Hermitian, v;, = +u; ,. For example, in
Fig. 3(f), one can see that Gig(0) = GfR(O) =2G, for L, =
l:f“. Qualitatively, this effect is explained by the presence of
the zero kinetic mode (i.e., the state which is immune to the

GYow) = (72)
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FIG. 4. The effect of the NESS degeneracy on the local transport in the extended Kitaev model in the linear response and low-temperature
regimes. The first column shows the dependence of the number of nondecaying zero-energy excitations (Np) on the magnitude of the topological
invariant of the isolated Kitaev chain (N)), evaluated near the symmetric points, and on the number of baths (Np) in the presence of the lead.
The second column displays the corresponding dependence of the conductance G of the lead connected to the leftmost site of the chain. [(a)
and (b)] All bath Lindblad operators are non-Hermitian. (c), (d) Only the Lindblad operator of the first bath is Hermitian. Parameters: N = 20,

n=0.001,t=1A=-0999,andI'; =0.1.

dissipation) in the absence of the lead, i.e., Bo(I'y =0) =0
in Eq. (71), which dwells at the right edge. From the trans-
port point of view, this case is identical to the dissipationless
regime (L; = 0) displayed by the cyan dotted curve in Fig. 3.

On the other hand, if the lead is connected to the leftmost
site of the chain (j = L) the transport is mediated by the only
state with already finite lifetime ~1/8,(I"y = 0) due to the
bath. As a result, the quantization is destroyed as shown in
Fig. 3(e).

To summarize, we considered a single-lead tunnel transport
in the Kitaev chain with weak dissipative fields @ ,, vi, €
R, which are randomly varying in space. If the bath is nei-
ther Hermitian nor anti-Hermitian (see the upper panel of
Fig. 3), one cannot observe the zero-bias peak, Gi1r) # 2Go.
If I, = :I:lA,T (v1,, = 1, in the lower panel of Fig. 3) the
quantized conductance resonance at V = 0 appears. Accord-
ing to Eq. (72) the dependence of the conductance on the
connection point, i.e., Gi (V) # Gr(V), is explained by the
assumed spatial inhomogeneity of the dissipation.

We note that if the bath fields are complex, () ,, Vi, €
C, then |R; ) becomes a linear superposition of x 1 since

[BBT];, # 0. This case provides an additional opportunity
to control the quantum transport by dissipation (the study of
the corresponding effects is beyond the scope of the present
work).

Thus the analysis performed above allows us to assert that
the ubiquitous drawbacks of experiments aimed at detecting
the Majorana mode, in particular, the asymmetry of the zero-
bias peak and its nonquantized magnitude [87], can be caused
by the interaction of the hybrid wire with some fermionic bath.

B. Manifestation of NESS degeneracy
in local transport measurements

Finally, let us demonstrate how the NESS degeneracy af-
fects the local transport in the case of N, = 1, Ng =0, ..., 5.
We consider the extended Kitaev model, where more than one
pair of Majorana modes can emerge in the closed system.
To ensure the presence of the required number of zero-
energy excitations in the isolated system, we consider regions
of the parameter space near the symmetric points of the
extended Kitaev model with topological invariant Ny, . In par-

ticular, in the Hamiltonian (1) we assume &, = —u &~ 0 and
Snm = t8m,n+NM = tSm,n—NMa Appy = ABm,n-k—NM = _A(Sm,n—NM
with r &~ —A [88]. In this regime, N, pairs of Majorana

mode wavefunctions Xo and Xy wherel =1, ..., Ny, are
localized at opposite ends of the chain.

In Fig. 4(a), a numerical verification of the relation (54)
for the case N, = 1 with t;, = #,8,, n is presented. The depen-

dence of the number of zero-energy states Ny on the value of
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the topological invariant Ny, and the number of the baths Np
demonstrates exactly the same behavior as predicted by the
theory of Ref. [69]: in a generic case (where the bath fields on
each site are random complex numbers, i.e., Re{ity n, Vy.u},
Im{u, ,, vy.n} € (0, 1)), increasing the number of baths by 1
reduces the NESS degeneracy by 2 when Ny, > Np + Np. If
Ny < Ng + Ni, the NESS is nondegenerate [see the triangular
region with Ny = 0 in Fig. 4(a)].

The two regions of degenerate and nondegenerate NESS
in the dissipative system under consideration can be detected
using tunnel spectroscopy by connecting a single-band normal
paramagnetic lead to the edge of the wire. The corresponding
conductance map in the linear response regime at low temper-
atures is shown in Fig. 4(b). When the condition Ny, — Ng = 1
holds, the system without the lead has two nondecaying zero-
energy excitations. By connecting to the lead, as demonstrated
in Appendix B, we remove one such state. The lifetime of this
state is determined solely by the parameter I'y = 2w p|t, |2,
whereas the Lamb shift is absent in the wide-band approx-
imation. As a result, at small bias voltages, the quantum
transport is governed exclusively by the resonant local An-
dreev reflection processes on the Majorana mode localized
near the lead/chain boundary yielding G = 2Gy [83,84,86].
The conductance quantization indicates the absence of loss
currents due to dissipative processes.

Thus, according to Eq. (54), the boundary between degen-
erate and nondegenerate NESS in the space (N, Np) is the
same for both Ny = 0 and Ny, = 1. In the degenerate case, the
conductance is quantized; otherwise, it is not. We emphasize
that the degree of degeneracy does not affect the quantization
of the conductance.

As noted in Sec. V A and Appendix B, the Hermiticity of
the Lindblad operator corresponding to the bath increases the
number of the nondecaying excitations in the open system.
Figure 4(c) shows the map of M (N, Np) for the special case
when the Lindblad operator of one of the baths is Hermi-
tian, ie., [, = I:fr; while for v # 1, L, # L}. In this case,
in Eq. (54), we have dim ker 1’3‘3 =1, and the NESS is non-
degenerate when Ny, < Np. In other words, the size of the
region with Ny = 0 does not change compared to the map
in Fig. 4(a). However, the area of the quantized conductance
plateau in Fig. 4(d) increases, since at Ny = Np there now
exists a zero-energy excitation immune to dissipation due
to the first bath Hermiticity, which contributes to resonant
transport processes.

VI. DISCUSSIONS AND CONCLUSIONS

In this work, the quantum transport in a superconducting
device connected to an arbitrary number of normal single-
band Fermi leads and subjected to dissipative processes is
studied. The open nature of the device, due to interaction with
an arbitrary number of fermionic baths, manifests in the fact
that the system’s density matrix (describing the device and the
leads) exhibits nonunitary dynamics described by the GKSL
equation with quantum jump operators, which are linear in
creation and annihilation fermionic operators. Based on the
quantum field-theoretical approach on the Keldysh contour,
an effective action is derived for the nonequilibrium open-type
device. It is shown that the self-energy functions of the leads,

unlike those of the baths, are nonlocal in time (even in the
wide-band limit), i.e., they incorporate memory effects.

Expressions describing the stationary charge and energy
currents are obtained. In particular, we derived the extension
of the Meir-Wingreen formula for the description of the par-
ticle current in the superconducting device with dissipation.
This current is determined by the device’s retarded Green’s
function, which satisfies the Dyson equation incorporating
the self-energies due to both contacts and baths. Without
many-body effects, the currents in the ith lead can be for-
mally represented as the sum of two contributions: the first
is the sum of currents from all leads, and the second is
the sum of currents from all baths. Each term in the first
sum contains local components (local Andreev reflection) and
nonlocal components (crossed Andreev reflection and elastic
cotunneling). Each term in the second sum is the superposition
of processes involving electron transfer from the individual
bath to the ith lead and back. We have additionally assessed
the loss current due to dissipation.

In the linear-response regime and at low temperatures, a
general form of the Onsager matrices characterizing thermo-
electric effects is derived. Considering the presence of two
contributions to the current in the ith lead discussed above,
one can distinguish two such matrices, each of which repre-
sents the sum of contributions from each lead and each bath,
respectively.

Essentially, although the dissipative quantum-transport
equations are obtained for the arbitrary w,, and v,,, the
GKSL equation was derived in the assumption of a weak (tun-
nel) coupling between the system and the environment. This
circumstance must be taken into account when considering
specific models as Eq. (6) may not be accurate if the smallness
of w,, and v, is not enough [89-93].

The developed theory is applied to the widely known
problem of charge transport in the Majorana modes in the
Kitaev chain interacting with a single lead. It is shown
that the dissipation causes the suppression of the conduc-
tance zero-bias peak. Additionally, we note that the stronger
the coupling with the fermionic bath, the more pronounced
the asymmetry of the Majorana resonance. These results may
be useful for improving the data quality in the Majorana-state
probing experiments.

In the case of leads acting locally at single separate sites
of the superconducting device, we demonstrated that under
the assumption of the wide-band approximation, each lead
reduces the NESS degeneracy by 1. These results are con-
firmed by numerical calculations for several cases of the
extended Kitaev model at symmetric points with the sin-
gle lead. Additionally, in the linear-response regime and at
low temperatures, it is found that a (non)degenerate NESS
corresponds to the (non)quantized conductance peak. One
can expect an observation of these effects in an array of
superconducting quantum dots—the system which has re-
cently become popular in light of the poor man’s Majorana
bound state formation [94-96]. In such systems, the ability
to precisely control interactions between the dots has already
enabled the realization of the symmetric point of the Kitaev
model in the simplest double-dot case (also called the sweet
spot). One of the intriguing questions here is the possibility
to implement long-range interactions in such a system and
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to reach the multiply degenerate NESS in the corresponding
sweet spots by means of the dissipative bath but not via
the tuning of the inter-dot interactions (e.g., drawing on the
idea of Ref. [97] where the Lindblad operator was chosen
as the bulk Bogoliubov operator). If such a bath-engineered
extended Kitaev model is possible, will it give rise to violation
of the relations (52) and (54)? Another potential testbed to
check the correlation between Ny g and G(V =0) is a
system of atomic fermions in a 1D optical lattice coupled to
baths and particle reservoirs [21].

The obtained results open new opportunities for advancing
the physics of nonequilibrium phenomena in low-dimensional
normal and superconducting systems with dissipation. In par-
ticular, our theory allows to take into account the possible
presence of fermion baths (affecting quantum transport) at the
microscopic level. Their coupling with subgap states in super-
conducting devices, e.g., in the experiments searching for the
Majorana state in the hybrid nanowires, can have a significant
impact on the measurements. From this point of view, one
of the further directions would be to compare the response
of Majorana and Andreev bound states in the conductance of
the dissipative wire. The latter are ubiquitous in the realistic
samples due to disorder and nonuniform electrostatic potential
[98,99]. A study of thermoelectric effects in an openlike trans-
port scheme with topologically-ordered or strongly correlated
media also seems promising.

Another direction is to study NESS properties and NESS
design based on the obtained quantum kinetic equations (41).
For example, one can analyze how a change in the NESS
degeneracy affects the spatial behavior of the particle density
and anomalous correlators. Finally, a fundamental problem
that appears to be understudied is the coexistence of many-
body effects and dissipation in the context of transport and
NESS engineering.
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APPENDIX A: DERIVATION OF THE MEIR-WINGREEN
FORMULA FOR A DISSIPATIVE DEVICE

In this Appendix, we provide a detailed derivation of the
Meir-Wingreen formula adapted for a superconducting device
with dissipation.

Integration of the lead states in the initial action (10) results
in the following effective action:

1 +o00 o
Ss.eff = S0 + S50 = 5/ dtW(io; - Iyy — iL,)V

1 +oo _
-3 Z f/ didty U (1)(S: + ia;(h )gjisx)
j —00

X (11 — 0)(S. — iaj(t)5S:) W (02), (A1)
where So = S;cfr(a; = 0) denotes a bare action that includes
couplings to the Fermi reservoirs and dissipative environ-
ments. In Eq. (Al) we have introduced the self-energy
matrix of the jth lead, defined through its corresponding bare
Green’s function, i.e., T;(r — ) =Y, TjZij(tl —0)Tjy =
> i Zjk(ti — 1). In the frequency representation, the compo-
nents of the latter in the Keldysh space are given as

o _ (@& +is 0 -
k= 0 o+ &j +i8

= diag{gje. gn}, G = (G%)", (A2)

G;{k =Jj (G;{k - Gj'\k)
(1= 2m080 — ) 0
0 (1 —=2n)8(w+ &) )’
fi = diag{fje, fin}s Fiemy =1 = 2njey,

mq:f‘// 1

njey = (14 €77) (A3)

where T denotes the equilibrium temperature, 7; stands for
the deviation from T in the jth lead.
The  generating function

Zg[al, ...,aNL] = fD

[E,ll’z, 1.2 ‘1_5;13 q&}]‘cz]e’sa allows us to compute the
average currents 1n ith lead as
! ie% 825[(11, o, aNL]
i8 e ————
2 8a;(t) wo
ie% & 12 21
== (€5 [tin (Vb + Vi)
nk
w12 —1
= (@t + GV ]) (A4)

where {5 = 1,0if § = c, ¢. Inserting S; .7 into the generating
function Zs[ay, ..., ay,], taking the functional derivative in
Eq. (A4) results in

eb 12

+00
he =i [P0 e Y [ arsiwos,
k —0Q

X Tt —1)S V(') = W(t)S T (t' — 1)SW(D)].
(A5)

Using relations WSLEL'SZ\IJ =Tr{S, ;5. WW¥} and WS,
2S5V =Tr{S,X;S, WV}, one can obtain after the Fourier
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transform:
e [+ dw
lis = = S Tr{[S5 %, 8.]G, )

e +00
_ [T (i [GE -,

R A

In the first equality in Eq. (A6), the system’s Green’s function
is introduced G, = —i(WW), where averaging is performed
with respect to the bare action Sy. Accordingly, the second
equality in (A6) employs the blocks of this matrix in the
Keldysh space, GR4-K Using Eqs. (A2) and (A3), the matrices
of the distribution functions and the level broadenings of the
system due to coupling with the ith lead are expressed in the
Bogoliubov-de Gennes form as

F; = diag{Fe, Fn} = fi ® Iy, (A7)

I; = diag{Ti, T}, Tal() =T (-w), (A8)
. =i(Sk =2 erkt S(w—Ex), (A9
T =i(Sk - =) =2n Ztlkt S(w+Ex).  (ALO)

k

The expression (A6) with ¢5—. = 0 and N, = 2 generalizes
the Meir-Wingreen formula [12] to the case of a supercon-
ducting device with dissipation. It describes the charge current
in the ith lead, which is connected to a region where both
dissipation processes and many-particle interactions may be
present. Let us now examine how Eq. (A6) transforms when
the many-body effects are absent, i.e., in the case of quadratic
Liouvillians.

In this situation, the Fourier transform of the bare effective
action S yields the inverse Green’s function G;l (w),

1 [+*dq
Soz—f B AR TRV
2 ). 2

o [Py N
0 why — 3 Xf —iL]
\pl
—2
5 $2 , (A11)
7
where
i .
Ef,A _ Aj ¥ Erj’ Ef = —leFj. (AIZ)

The self-energy (A12) involves the energy level shifts of the
system induced by its interaction with the jth lead,

Aj =diag{Aje,  Aj}, Ajp(w) = —Al (—w),

JE—ZPV G ZP

w — é jk
Building on the results of Ref. [67], which similarly
analyzed linear Lindblad operators (7), we finally obtain
the following diagonal, (G;1)®4, and off-diagonal, (G; )X,

—]k—]k

. (Al3
o+ En (A13)

blocks of the inverse Green’s function of the device:

(60" =t == % (zr +ZQU>
=i<;F]~Fj+;Dv>.

The explicit form of the matrices Q, and D,, which
characterize the influence of dissipative processes on the su-
perconducting system, was previously derived in Ref. [67],

yv+77v Y];} Vv_j;u n;ru
QU = T,~T1|’ DU = ~T T
Nsv )’v +Vv Nav )’v _yv

(A15)

(A14)

Here we introduced

Yo = E:EZ’ Vo= EUE:)L’ My = Biﬂf’ Nus@ =T T 7]1{,
YW = yu+’ = ?,;La Nsay = :I:nST(u)v, (Al6)
Where Ev = (:u'vlv ey /"LUN)T9 Hu = (lev ey l)UN)T~

Based on the structure of the matrix G;l, we can arrive at

the following relation:
Gf(Z r;+ ZQU>G§‘ =i(GR - GY).
J v

As a result, taking into account the Keldysh equation, G¥ =
—GR(G;1)XGA, the stationary average currents in the ith lead
are given by

e [t dw

L= PR ¢ R . A
o= | ZﬂmTrirsr |:GS <Xj:FJF,+2v:DU)GS
—E-Gf(ZFj+ZQv>G§‘:|},

i v

where the retarded Green’s function obeys the modified
Dyson equation,

(A17)

Gt —<a)12N—h —ZA += [ZF +ZQUD :

G = (GM)". (A18)

From Eq. (A14), it is evident that the dissipation causes
the appearance of new terms, ~) D, and ~ )  Q,, in
the self-energy functions, respectively. As a result, additional
components arise in current (A17). Taking this into account,
we will distinguish the contributions to the current in the
ith lead from the Fermi reservoirs and from the baths (while
keeping in mind that both contributions themselves depend on
the characteristics of the leads and the baths),

Ls =1 +17%. (A19)

Then, taking into account the block structure of the matri-
ces appearing in Eq. (A17) in the electron-hole space, for

example, GF = (G”" G;Z ), it is not difficult to show that the
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contribution to the current due to the leads is equal to
_ +o0 dow
Ify=e"Yy" / 2 @ Tr{TieGee oG} (e = nje)
j —00

+Tr{rleGehFJhG }(ie — njn)l

do
S / @ —ON T e —nja). (A20)

j a=eh

In the derivation of Eq. (A20), the symmetry properties
of the Green’s function, G.(w)= —Gj,(—w), Gup(w) =
—Gj,(—w), and the matrices of the broadening, Eq. (A10),
were used. In the first equality, the first term describes nonlo-
cal electron propagation (elastic cotunneling), IIE(SC, while the
second term corresponds to the local (i = j), I[$*%,
cal (i # j), I}, Andreev reflection processes. In the second
equality, effective transmission coefficients are formally in-
troduced, characterizing the probabilities of the described
transport processes.

The contribution to the current in the ith lead due to the
dissipative processes is given as

153:72[

(tlk<_ev |tlk<_€v )(] nie)]a(w — &)
—(=D%[(t} b b |f,k b Y
- (E?;; b hw |£,-k b Y1 — )18 + &) }

00
_ e{a Z/ dwwg (z v) Nie

and nonlo-

dwwtg{[< t5< ev | tlk_)ev >nie

(@i,v)
— 7090 = )],

(A21)
where
_b>ev = Gee Ej"‘Geh Ei’ (b_ev = G BU"'Geh o
b = Ghe WGy vy, b =Grev, +Gunpp . (A22)

The rates of the transport processes for electrons and holes
in Eq. (A21) are understood in the context of the Hilbert—
Schmidt scalar product, i.e.,

l;g(;:)) =2n Z(L‘Tk_b)e(h)v |£iTk_b>e(h)v }8(w F i)
k

= Tr{Tietn) B ety b F ks (A23)

Se(hv
(7_121(;)) =27 Z (i b Detnp |ty b b ey }8(w F i)
k

= Tr{Tien) D ety P b

Dl (A24)

Again, taking into account the symmetry properties of the
Green’s functions and the broadening matrices, we ob-
tain the relations 7 iV(@w)y=T ("”)(—a)) and T (””)(a)) =

_>;Z ")( —w), that were used in the formulation of the second

equality in Eq. (A21).

APPENDIX B: EFFECT OF THE LEADS ON THE
SPECTRUM OF THE DISSIPATIVE SUPERCONDUCTING
SYSTEM FOR Ng + N, < 2

In this Appendix, we examine the influence of leads on
the spectrum of the open one-dimensional superconducting
system consisting of N sites, for several representative cases
with Ng + N; < 2. This choice is motivated by the fact that in
the tunneling spectroscopy of one-dimensional systems, it is
common to use one or two normal leads (probes) [53,100].

Let us assume that for Nz ;, = 0 the isolated wire described
by the Hamiltonian (1) realizes a topological phase with a
topological invariant equal to £Ny,. In other words, for open
boundary conditions, there exist 2N, Bogoliubov excitations
with zero energy, &, =0, m =1, ..., 2Ny (the factor of 2
reflects the particle-hole symmetry of the model).

The wave function of any Bogoliubov excitation with en-
ergy & (I =1,...,2N) can be represented as a superposition
of a pair of Majorana-mode wave functions x. a1 Xy [85].
The spectral properties of the nonHermitian Hamiltonian ma-
trix X (48) are analyzed in the basis X, a= 1,...,2N.
Hence, for a single lead connected to the ec edge site, i.e. tl =
t1.,01.n, and in the absence of baths Ny = 0, the constant term
of the characteristic equation P, (B) =det(X — Bhy) =0 is
equal to [we took into account Eq. (50)]

2
N
P1(0) = 1_[8,2 Zdetc(l) l_[ss
I=1 i oy
N 2
:l_[512 Z|f11| Xoi- 11X2[11—[8§ , (B
=1 sl

where Cl(l) is the matrix describing the hybridization of the

lead fields L?i with the wave functions of the Majorana modes
associated with the /th Bogoliubov excitation,

T r
X 5]
W _ [ 221
¢ _<

T i

X5 4
T == )eRM. (B2)
Xt

T (i
X5k

Then, for Nyy < Ng + Ny, = 1, there are no zeros, Ny = 0,
which also follows from Eq. (53) since B =0.If Ny, = 1, then
according to Eq. (54) the single zero is possible because Bp =
0, that is accompanied by the disappearance of the constant
term,

PiB=0) = ltal*xt o, [ ] (B3)
s#1

The latter is guaranteed precisely in the nontrivial phase, since
x11—>0 (21— 1) or x21 >0 (11 —> 1) as N — oo.
Thus, in the conventional Kitaev model with the nearest-
neighbor interactions, nonequilibrium induced by the pres-
ence of lead connected to only one Majorana mode of the
excitation with &, = 0 leaves the ground state doubly degen-
erate. This fact is a consequence of the topological protection
of the Majorana state. It is known that lifting this degeneracy
in the absence of dissipative processes induces destructive
interference processes in the quantum transport [84,101].
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For Nyy > 1 and N — oo, the rectangular matrix B (53)
has the following structure:

X1 ff.,l)(l,l
0 0
5 1 X211 0 X1
B=| M . 1,1 A B4
0 0 (B4)
i XoNy—11 1 XoNy—1.1
0 0

where the vanishing of the even-numbered rows is due to
the spatial separation of the Majorana modes forming the
Ny electronlike edge states (upon shifting the phase of the
superconducting order parameter by 7, the parity of the zero
rows changes). Consequently, 2N, — 1 zero-energy excita-
tions remain in the open system.

The constant term in the general case of two pairs of
arbitrary fields (i.e., Ng + Np = 2, Np ;. 2> 0) and the arbitrary
number of zero modes in the closed system takes the form

P2(0)

N
e+t Y zdetcwna
=1 n,m=1 s#l
2
Jdy v ey der €0 der P [ e,
l];élz lnmkp_ S#l] 12
(BS)

where &, is the Levi-Civita symbol. The matrices Cl("’m) are

a generalization of the definition in Eq. (B2). They describe
the hybridization between the Majorana modes of the excita—
tion with energy &; and arbitrary dissipative fields ln s

Zn,m l;(;)w t:t(;)w
T 7 T 7
Xop bn o X5 L
Cl(n,m) — (—ZITL n —2[;}( m) c szz. (B6)
XL Xoilm

It follows again from Eq. (B5) that NESS degeneracy occurs
only when Ny, > 0.
Let us now consider the case of two normal leads (i.e.,
= 0) coupled to the opposite ends of the wire, £; = t;,61.,
and t, = £ 40y, In turn, it means that

0] i(r) T
Loy=Y - 0,F47.,0,...,0),

Ly =(0,.... , 0, :Ft“”) .

Then, for any spatially nonlocal Bogoliubov excitation with
g = 0, we have

detc{"?

detc{") =

0.154.0, .. (B7)

=detCY =0,
= F 11‘2NX21 1,1X21.N>
2,34
det Cz( @) = $tlylt2’NX2171,1X2z,N' (B3)

Thus P>(0) # 0 for Ny =1 and N — oo, i.e., unlike the
single-lead case, the NESS remains nondegenerate.

TABLE I. The number of zero-energy excitations in open 1D
superconducting system for Ny + N, = 1.

NBZI NLZI

Ny =0 0 0
2(Ny — 1) 2Ny — 1)+ 1

For Ny =2, one obtains 752(0) =0, since
det "V det €7 = det ¢!V det (Y. To estimate the
degeneracy of the NESS, we turn to the matrix B,

X fyxu 0 0
. 0 0 —th XN SN XoN
B ' 2N 2N (B9)
faX31 B X3 0 0
0 0 _lé,NX4,N tzr’NX4,N

From the structure of the matrix in Eq. (B9), it follows that for
Ny > 2, we have tkB = 2. According to Eq. (52), it results in
2(Ny — 1) zero-energy excitations in the open system.
Consider the case with a single lead interacting only with
the first site of the chain and one bath affecting the entire
system. In other words, in Eq. (B7), the second pair of fields
is replaced by i3 4 =1"". As a result, in contrast to the lead
fields, the hybrldlzatlon of the bath fields with the Majorana
modes associated with ¢; = 0 generally yields C 7& 0,

detC(l’z) =0,

3,4 [ qr
detC() (lAllllfN Uirlg n) Xar—1.1X21N

134
det /P = =1 ll’(ny L1X21.Ns

det Cl(z’3(4)) f 1ZB(NX21 L1X2I.N- (B10)
As a result, for Ny = 1, based on Egs. (B5) and (B10), the
NESS is nondegenerate.

_ Next, for Ny =2, degeneracy is achieved since
P>(0) =0 again due to the relation dethl"” detCEZ’S) =

det C!""¥ det C{**. In this case, we find

Liaxin lf;,le,l X1 t{JXl,l

~ lgnxon  lgnxon 0 0

B=|"2" BN . . (Bl
oaxsn  Logxsan fHixs1 1 1Xsa
lpnXan s nxan 0 0

Therefore the NESS degeneracy is equal to 2 if no additional
constraints are imposed on the bath fields. Generalization to

TABLE II. The number of zero-energy excitations in open 1D
superconducting system for Ny + N, = 2.

N3:2 NL:2 NBZI,NLZI

Ny <1 0 0 0
Ny > 1 2(Ny —2) 2Ny —2)+2 2Ny —2)+ 1
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the case of Nyy > 2 and N — oo results in 2Ny, — 3 zero-
energy excitations in the open system.

One scenario in which the degeneracy of the NESS in-
creases further is the case of a Hermitian bath, L, = L. As
a result, v = u* and, according to the definition (49), we

have [/ = 0. In this case, the rank of B decreases by 1 [see

Eq. (B11)]. The properties of B are analyzed in detail in
Ref. [69].

Summarizing the results presented in this Appendix, we
provide two Tables I and II corresponding to the cases Np +
Np =1 and Ng + N, = 2, respectively. As in the discussion
above, the distinction between the lead and bath lies in the
fact that the former acts only on the edge site of the sys-
tem, while the latter acts on the entire system. No additional
conditions are imposed on the amplitudes of the fields. The
presented results illustrate the applicability of the general
expression (54).

[1] D. Bercioux and P. Lucignano, Quantum transport in Rashba
spin—orbit materials: a review, Rep. Prog. Phys. 78, 106001
(2015).

[2] P. Arseev, V. Mantsevich, N. Maslova, and V. Panov, Tunnel-
ing features in semiconductor nanostructures, Phys. Usp. 60,
1067 (2017).

[3] K.-H. Jin, W. Jiang, G. Sethi, and F. Liu, Topological quantum
devices: A review, Nanoscale 15, 12787 (2023).

[4] S. Datta, Electronic Transport in Mesoscopic Systems
(Cambridge University Press, New York, 1995).

[5] H. Haug and A.-P. Jauho, Quantum Kinetics in Transport and
Optics of Semiconductors (Springer, Berlin, 1996).

[6] J. P. Pekola and B. Karimi, Quantum heat transport in
condensed matter systems, Rev. Mod. Phys. 93, 041001
(2021).

[7] L. V. Keldysh, Diagram technique for nonequilibrium pro-
cesses, J. Theor. Exp. Phys. 20, 1018 (1965).

[8] C. Caroli, R. Combescot, P. Nozieres, and D. Saint-James,
Direct calculation of the tunneling current, J. Phys. C: Solid
State Phys. 4, 916 (1971).

[9] C. Caroli, R. Combescot, D. Lederer, P. Nozieres, and D.
Saint-James, A direct calculation of the tunneling current. II.
Free electron description, J. Phys. C: Solid State Phys. 4, 2598
(1971).

[10] R. Combescot, A direct calculation of the tunneling current.
Lii. Effect of localized impurity states in the barrier, J. Phys. C:
Solid State Phys. 4, 2611 (1971).

[11] C. Caroli, R. Combescot, P. Nozieres, and D. Saint-James,
A direct calculation of the tunneling current: IV. Electron-
phonon interaction effects, J. Phys. C: Solid State Phys. 5, 21
(1972).

[12] Y. Meir and N. S. Wingreen, Landauer formula for the current
through an interacting electron region, Phys. Rev. Lett. 68,
2512 (1992).

[13] A.-P. Jauho, N. S. Wingreen and Y. Meir, Time-dependent
transport in interacting and noninteracting resonant-tunneling
systems, Phys. Rev. B 50, 5528 (1994).

[14] P. Arseev, On the nonequilibrium diagram technique: Deriva-
tion, some features and applications, Phys. Usp. 58, 1159
(2015).

[15] A. Kamenev, Field Theory of Non-Equilibrium Systems, 2nd
ed. (Cambridge University Press, Cambridge, 1996).

[16] H.-P. Breuer and F. Petruccione, The Theory of Open Quantum
Systems (Oxford University Press, Oxford, UK, 1996).

[17] R. Landauer, Spatial variation of currents and fields due to
localized scatterers in metallic conduction, IBM J. Res. Dev.
1, 223 (1957).

[18] R. Landauer, Electrical resistance of disordered one-dime-
nsional lattices, Philos. Mag. 21, 863 (1970).

[19] M. Biittiker, Four-terminal phase-coherent conductance, Phys.
Rev. Lett. 57, 1761 (1986).

[20] M. Biittiker, Role of quantum coherence in series resistors,
Phys. Rev. B 33, 3020 (1986).

[21] L. Corman, P. Fabritius, S. Hausler, J. Mohan, L. H. Dogra, D.
Husmann, M. Lebrat, and T. Esslinger, Quantized conductance
through a dissipative atomic point contact, Phys. Rev. A 100,
053605 (2019).

[22] V. Gorini, A. Kossakowski, and E. C. G. Sudarshan, Com-
pletely positive dynamical semigroups of n-level systems,
J. Math. Phys. 17, 821 (1976).

[23] G. Lindblad, On the generators of quantum dynamical semi-
groups, Commun. Math. Phys. 48, 119 (1976).

[24] A. Rivas, S. Huelga, and M. Plenio, Quantum nonMarkovian-
ity: Characterization, quantification and detection, Rep. Prog.
Phys. 77, 094001 (2014).

[25] H.-P. Breuer, E.-M. Laine, J. Piilo, and B. Vacchini, Collo-
quium: Non-Markovian dynamics in open quantum systems,
Rev. Mod. Phys. 88, 021002 (2016).

[26] 1. de Vega and D. Alonso, Colloquium: Non-Markovian dy-
namics in open quantum systems, Rev. Mod. Phys. 89, 015001
(2017).

[27] H.-L. Zhang, P--R. Han, F. Wu, W. Ning, Z.-B. Yang, and S.-B.
Zheng, Experimental observation of nonMarkovian quantum
exceptional points, Phys. Rev. Lett. 135, 230203 (2025).

[28] L. M. Sieberer, S. D. Huber, E. Altman, and S. Diehl,
Nonequilibrium functional renormalization for driven-
dissipative Bose-Einstein condensation, Phys. Rev. B 89,
134310 (2014).

[29] L. M. Sieberer, M. Buchhold, and S. Diehl, Keldysh field
theory for driven open quantum systems, Rep. Prog. Phys. 79,
096001 (2016).

[30] A.-M. Visuri, T. Giamarchi, and C. Kollath, Symmetry-
protected transport through a lattice with a local particle loss,
Phys. Rev. Lett. 129, 056802 (2022).

[31] A.-M. Visuri, T. Giamarchi, and C. Kollath, Nonlinear trans-
port in the presence of a local dissipation, Phys. Rev. Res. 5,
013195 (2023).

[32] S. Uchino, Comparative study for two-terminal transport
through a lossy one-dimensional quantum wire, Phys. Rev. A
106, 053320 (2022).

[33] S. Sur and T. Giamarchi, Interplay of noise and reservoir-
induced decoherence in persistent currents, arXiv:2510.17982.

[34] A.-M. Visuri, J. Mohan, S. Uchino, M.-Z. Huang, T.
Esslinger, and T. Giamarchi, Dc transport in a dissipative

075428-17


https://doi.org/10.1088/0034-4885/78/10/106001
https://doi.org/10.3367/UFNe.2017.01.038055
https://doi.org/10.1039/D3NR01288C
https://doi.org/10.1103/RevModPhys.93.041001
https://doi.org/10.1088/0022-3719/4/8/018
https://doi.org/10.1088/0022-3719/4/16/025
https://doi.org/10.1088/0022-3719/4/16/026
https://doi.org/10.1088/0022-3719/5/1/006
https://doi.org/10.1103/PhysRevLett.68.2512
https://doi.org/10.1103/PhysRevB.50.5528
https://doi.org/10.3367/UFNe.0185.201512b.1271
https://doi.org/10.1147/rd.13.0223
https://doi.org/10.1080/14786437008238472
https://doi.org/10.1103/PhysRevLett.57.1761
https://doi.org/10.1103/PhysRevB.33.3020
https://doi.org/10.1103/PhysRevA.100.053605
https://doi.org/10.1063/1.522979
https://doi.org/10.1007/BF01608499
https://doi.org/10.1088/0034-4885/77/9/094001
https://doi.org/10.1103/RevModPhys.88.021002
https://doi.org/10.1103/RevModPhys.89.015001
https://doi.org/10.1103/jk6y-55xp
https://doi.org/10.1103/PhysRevB.89.134310
https://doi.org/10.1088/0034-4885/79/9/096001
https://doi.org/10.1103/PhysRevLett.129.056802
https://doi.org/10.1103/PhysRevResearch.5.013195
https://doi.org/10.1103/PhysRevA.106.053320
https://arxiv.org/abs/2510.17982

AKSENOV, SHUSTIN, AND BURMISTROV

PHYSICAL REVIEW B 113, 075428 (2026)

superconducting quantum point contact, Phys. Rev. Res. 5,
033095 (2023).

[35] B. Bertini, F. Heidrich-Meisner, C. Karrasch, T. Prosen, R.
Steinigeweg, and M. Znidaric, Finite-temperature transport in
one-dimensional quantum lattice models, Rev. Mod. Phys. 93,
025003 (2021).

[36] A. R. Kolovsky and D. N. Maksimov, Resonant transmission
of fermionic carriers: Comparison between solid-state physics
and quantum optics approaches, Phys. Rev. B 104, 115115
(2021).

[37] G. T. Landi, D. Poletti, and G. Schaller, Nonequilibrium
boundary-driven quantum systems: Models, methods, and
properties, Rev. Mod. Phys. 94, 045006 (2022).

[38] D. N. Maksimov, S. V. Aksenov, and A. R. Kolovsky, Non-
Markovian master equation for quantum transport of fermionic
carriers, J. Phys.: Condens. Matter 36, 045301 (2024).

[39] T. Jin, M. Filippone, and T. Giamarchi, Generic transport
formula for a system driven by Markovian reservoirs, Phys.
Rev. B 102, 205131 (2020).

[40] C.-A. Li and B. Trauzettel, Exceptional Andreev spectrum and
supercurrent in p-wave nonHermitian Josephson junctions,
Phys. Rev. B 112, 184504 (2025).

[41] J. Linder and J. W. A. Robinson, Superconducting spintronics,
Nat. Phys. 11, 307 (2015).

[42] M. Nadeem, M. S. Fuhrer, and X. Wang, The superconducting
diode effect, Nat. Rev. Phys. 5, 558 (2023).

[43] J. Maggiora, X. Wang, and R. Zheng, Superconductivity and
interfaces, Phys. Rep. 1076, 1 (2024).

[44] M. Amundsen, J. Linder, J. W. A. Robinson, 1. Zutic, and N.
Banerjee, Colloquium: Spin-orbit effects in superconducting
hybrid structures, Rev. Mod. Phys. 96, 021003 (2024).

[45] G. Wendin, Quantum information processing with supercon-
ducting circuits: A review, Rep. Prog. Phys. 80, 106001
(2017).

[46] A. Y. Kitaev, Fault-tolerant quantum computation by anyons,
Ann. Phys. 303, 2 (2003).

[47] C. Nayak, S. H. Simon, A. Stern, M. S. Freedman, and S. D.
Sarma, Non-Abelian anyons and topological quantum compu-
tation, Rev. Mod. Phys. 80, 1083 (2008).

[48] J. Alicea, Y. Oreg, G. Refael, F. von Oppen, and M. P. A.
Fisher, Non-Abelian statistics and topological quantum infor-
mation processing in 1D wire networks, Nat. Phys. 7, 412
(2011).

[49] S. Plugge, A. Rasmussen, R. Egger, and K. Flensberg, Majo-
rana box qubits, New J. Phys. 19, 012001 (2017).

[50] R. M. Lutchyn, J. D. Sau, and S. D. Sarma, Majorana
fermions and a topological phase transition in semiconductor-
superconductor heterostructures, Phys. Rev. Lett. 105, 077001
(2010).

[51] Y. Oreg, G. Refael, and F. von Oppen, Helical liquids and
Majorana bound states in quantum wires, Phys. Rev. Lett. 105,
177002 (2010).

[52] V. Mourik, K. Zuo, S. M. Frolov, S. R. Plissard, E. P. A. M.
Bakkers, and L. P. Kouwenhoven, Signatures of Majorana
fermions in hybrid superconductor-semiconductor nanowire
devices, Science 336, 1003 (2012).

[53] M. Aghaee, A. Akkala, Z. Alam, R. Ali, A. A. Ramirez, M.
Andrzejczuk, A. E. Antipov, P. Aseev, M. Astafev, B. Bauer, J.
Becker, S. Boddapati, F. Boekhout, J. Bommer, E. B. Hansen,
T. Bosma, L. Bourdet, S. Boutin, P. Caroff, L. Casparis, et al.,

InAs-Al hybrid devices passing the topological gap protocol,
Phys. Rev. B 107, 245423 (2023).

[54] S. D. Sarma, In search of Majorana, Nat. Phys. 19, 165 (2023).

[55] S. M. Frolov, P. Zhang, B. Zhang, Y. Jiang, S. Byard, S. R.
Mudi, J. Chen, A.-H. Chen, M. Hocevar, M. Gupta, C. Riggert,
and V. S. Pribiag, “Smoking gun” signatures of topological
milestones in trivial materials by measurement fine-tuning and
data postselection, arXiv:2309.09368.

[56] S. V. Aksenov, Features of the response of Majorana quasipar-
ticles in superconducting wires (brief review), JETP Lett. 120,
56 (2024).

[57] D. Rainis and D. Loss, Majorana qubit decoherence by quasi-
particle poisoning, Phys. Rev. B 85, 174533 (2012).

[58] C.-X. Liu, J. D. Sau, and S. D. Sarma, Role of dissipation
in realistic Majorana nanowires, Phys. Rev. B 95, 054502
(2017).

[59] S. D. Sarma, A. Nag, and J. D. Sau, How to infer nonAbelian
statistics and topological visibility from tunneling conduc-
tance properties of realistic Majorana nanowires, Phys. Rev.
B 94, 035143 (2016).

[60] W. S. Cole, J. D. Sau, and S. D. Sarma, Proximity effect
and Majorana bound states in clean sevisuronductor nanowires
coupled to disordered superconductors, Phys. Rev. B 94,
140505(R) (2016).

[61] C. Knapp, T. Karzig, R. M. Lutchyn, and C. Nayak, De-
phasing of Majorana-based qubits, Phys. Rev. B 97, 125404
(2018).

[62] P. P. Aseev, J. Klinovaja, and D. Loss, Lifetime of Majorana
qubits in Rashba nanowires with nonuniform chemical poten-
tial, Phys. Rev. B 98, 155414 (2018).

[63] T. Karzig, W. S. Cole, and D. I. Pikulin, Quasiparticle poi-
soning of Majorana qubits, Phys. Rev. Lett. 126, 057702
(2021).

[64] R. C. Dynes, V. Narayanamurti, and J. P. Garno, Direct
measurement of quasiparticle-lifetime broadening in a strong-
coupled superconductor, Phys. Rev. Lett. 41, 1509 (1978).

[65] I. A. Day, A. L. R. Manesco, M. Wimmer, and A. R.
Akhmerov, Identifying biases of the Majorana scattering in-
variant, SciPost Phys. Core 8, 047 (2025).

[66] A. Y. Kitaev, Unpaired Majorana fermions in quantum wires,
Phys. Usp. 44, 131 (2001).

[67] FE. Thompson and A. Kamenev, Field theory of many-body
Lindbladian dynamics, Ann. Phys. (NY) 455, 169385 (2023).

[68] N. N. Bogoliubov, Collected Scientific Works in 12 volumes
and Statistical Mechanics in 4 volumes, Classics of Science
Series; N. N. Bogoliubov and N. N. Bogolyubov, Jr., Intro-
duction to Quantum Statistical Mechanics. Aspects of Polaron
Theory (Moscow, Nauka, 2007), Vol. 7.

[69] M. S. Shustin, S. V. Aksenov, and I. S. Burmistrov,
Dissipation-induced steady states in topological superconduc-
tors: Mechanisms and design principles, arXiv:2508.11242.

[70] A. I Larkin and Y. N. Ovchinnikov, Nonlinear conductivity of
superconductors in the mixed state, Sov. Phys. JETP 41, 960
(1975).

[71] T. Prosen, Third quantization: A general method to solve mas-
ter equations for quadratic open Fermi systems, New J. Phys.
10, 043026 (2008).

[72] T. Prosen, Spectral theorem for the Lindblad equation for
quadratic open fermionic systems, J. Stat. Mech. (2010)
P07020.

075428-18


https://doi.org/10.1103/PhysRevResearch.5.033095
https://doi.org/10.1103/RevModPhys.93.025003
https://doi.org/10.1103/PhysRevB.104.115115
https://doi.org/10.1103/RevModPhys.94.045006
https://doi.org/10.1088/1361-648X/ad0351
https://doi.org/10.1103/PhysRevB.102.205131
https://doi.org/10.1103/58vd-b181
https://doi.org/10.1038/nphys3242
https://doi.org/10.1038/s42254-023-00632-w
https://doi.org/10.1016/j.physrep.2024.05.001
https://doi.org/10.1103/RevModPhys.96.021003
https://doi.org/10.1088/1361-6633/aa7e1a
https://doi.org/10.1016/S0003-4916(02)00018-0
https://doi.org/10.1103/RevModPhys.80.1083
https://doi.org/10.1038/nphys1915
https://doi.org/10.1088/1367-2630/aa54e1
https://doi.org/10.1103/PhysRevLett.105.077001
https://doi.org/10.1103/PhysRevLett.105.177002
https://doi.org/10.1126/science.1222360
https://doi.org/10.1103/PhysRevB.107.245423
https://doi.org/10.1038/s41567-022-01900-9
https://arxiv.org/abs/2309.09368
https://doi.org/10.1134/S0021364024601192
https://doi.org/10.1103/PhysRevB.85.174533
https://doi.org/10.1103/PhysRevB.95.054502
https://doi.org/10.1103/PhysRevB.94.035143
https://doi.org/10.1103/PhysRevB.94.140505
https://doi.org/10.1103/PhysRevB.97.125404
https://doi.org/10.1103/PhysRevB.98.155414
https://doi.org/10.1103/PhysRevLett.126.057702
https://doi.org/10.1103/PhysRevLett.41.1509
https://doi.org/10.21468/SciPostPhysCore.8.3.047
https://doi.org/10.1070/1063-7869/44/10S/S29
https://doi.org/10.1016/j.aop.2023.169385
https://arxiv.org/abs/2508.11242
https://doi.org/10.1088/1367-2630/10/4/043026
https://doi.org/10.1088/1742-5468/2010/07/P07020

CONTROLLING QUANTUM TRANSPORT IN A ...

PHYSICAL REVIEW B 113, 075428 (2026)

[73] Y. Meir, N. S. Wingreen, and P. A. Lee, Low-temperature
transport through a quantum dot: The Anderson model out of
equilibrium, Phys. Rev. Lett. 70, 2601 (1993).

[74] A.F. Andreev, Sov. Phys. JETP 19, 1228 (1964).

[75] G. Falci, D. Feinberg, and F. W. J. Hekking, Correlated tun-
neling into a superconductor in a multiprobe hybrid structure,
Europhys. Lett. 54, 255 (2001).

[76] J. M. Byers and M. E. Flatte, Probing spatial correlations
with nanoscale two-contact tunneling, Phys. Rev. Lett. 74, 306
(1995).

[77] G. Deutscher and D. Feinberg, Coupling superconducting-
ferromagnetic point contacts by Andreev reflections, Appl.
Phys. Lett. 76, 487 (2000).

[78] N. M. Chtchelkatchev, Superconducting spin filter, Jetp Lett.
78, 230 (2003).

[79] J. P. Morten, A. Brataas, and W. Belzig, Circuit theory
of crossed Andreev reflection, Phys. Rev. B 74, 214510
(2006).

[80] G. E. Blonder, M. Tinkham, and T. M. Klapwijk, Transi-
tion from metallic to tunneling regimes in superconducting
microconstrictions: Excess current, charge imbalance, and su-
percurrent conversion, Phys. Rev. B 25, 4515 (1982).

[81] C.-E. Bardyn, M. A. Baranov, C. V. Kraus, E. Rico, A.
Imamoglu, P. Zoller, and S. Diehl, Topology by dissipation,
New J. Phys. 15, 085001 (2013).

[82] M. F. A. Altland and S. Diehl, Symmetry classes of
open fermionic quantum matter, Phys. Rev. X 11, 021037
(2021).

[83] K. T. Law, P. A. Lee, and T. K. Ng, Majorana fermion induced
resonant Andreev reflection, Phys. Rev. Lett. 103, 237001
(2009).

[84] K. Flensberg, Tunneling characteristics of a chain of Majorana
bound states, Phys. Rev. B 82, 180516(R) (2010).

[85] V. V. Val’kov, M. S. Shustin, S. V. Aksenov, A. O. Zlotnikov,
A. D. Fedoseev, V. A. Mitskan, and M. Y. Kagan, Topologi-
cal superconductivity and Majorana states in low-dimensional
systems, Phys. Usp. 65, 2 (2022).

[86] P. A. Ioselevich and M. V. Feigel’man, Tunneling conductance
due to a discrete spectrum of Andreev states, New J. Phys. 15,
055011 (2013).

[87] S.Zhang, W. Song, Z. Li, Z. Yu, R. Li, Y. Wang, Z. Yan, J. Xu,
Z.Wang, Y. Gao, S. Yang, L. Yang, X. Feng, T. Wang, Y. Zang,
L. Li, R. Shang, Q.-K. Xue, K. He, and H. Zhang, Robust zero
modes in PbTe-Pb hybrid nanowires, arXiv:2502.07477.

[88] W. DeGottardi, M. Thakurathi, S. Vishveshwara, and D.
Sen, Majorana fermions in superconducting wires: Ef-
fects of long-range hopping, broken time-reversal symme-
try, and potential landscapes, Phys. Rev. B 88, 165111
(2013).

[89] A. Levy and R. Kosloff, The local approach to quantum
transport may violate the second law of thermodynamics,
Europhys. Lett. 107, 20004 (2014).

[90] P. Hofer, M. Perarnau-Llobet, L. Miranda, G. Haack, R. Silva,
J. Brask, and N. Brunner, Markovian master equations for
quantum thermal machines: Local versus global approach,
New J. Phys. 19, 123037 (2017).

[91] G. D. Chiara, G. Landi, A. Hewgill, B. Reid, A. Ferraro,
A. Roncaglia, and M. Antezza, Reconciliation of quantum
local master equations with thermodynamics, New J. Phys. 20,
113024 (2018).

[92] L. Reis, S. Silva, and E. Pereira, Beyond the Lindblad master
equation: Heat, work, and energy currents in boundary-driven
spin chains, Phys. Rev. E 101, 062107 (2020).

[93] S. Gauthameshwar, N. Jaseem, and D. Poletti, Quantum ther-
mal machines and the emergence of different thermodynamic
functioning regimes from finite coupling to a load, Phys. Rev.
A 112, L.050201 (2025).

[94] A. Tsintzis, R. S. Souto, and M. Leijnse, Creating and detect-
ing poor man’s Majorana bound states in interacting quantum
dots, Phys. Rev. B 106, L201404 (2022).

[95] T. Dvir, G. Wang, N. van Loo, C.-X. Liu, G. P. Mazur,
A. Bordin, S. L. D. ten Haaf, J.-Y. Wang, D. van Driel, F.
Zatelli, X. Li, F. K. Malinowski, S. Gazibegovic, G. Badawy,
E. P. A. M. Bakkers, M. Wimmer, and L. P. Kouwenhoven,
Realization of a minimal Kitaev chain in coupled quantum
dots, Nature (London) 614, 445 (2023).

[96] S. L. D. ten Haaf, Q. Wang, A. M. Bozkurt, C.-X. Liu, L.
Kulesh, P. Kim, D. Xiao, C. Thomas, M. J. Manfra, T. Dvir,
M. Wimmer, and S. Goswami, A two-site Kitaev chain in
a two-dimensional electron gas, Nature (London) 630, 329
(2024).

[97] S. Diehl, E. Rico, M. A. Baranov, and P. Zoller, Topology by
dissipation in atomic quantum wires, Nat. Phys. 7, 971 (2011).

[98] E. Prada, P. San-Jose, M. W. A. de Moor, A. Geresdi, E. J. H.
Lee, J. Klinovaja, D. Loss, J. Nygard, R. Aguado, and L. P.
Kouwenhoven, From Andreev to Majorana bound states in
hybrid superconductor—semiconductor nanowires, Nat. Rev.
Phys. 2, 575 (2020).

[99] S. V. Aksenov, Probing Majorana bound states through an in-
homogeneous Andreev double dot interferometer, Phys. Rev.
B 107, 085417 (2023).

[100] P. Yu, J. Chen, M. Gomanko, G. Badawy, E. P. A. M.
Bakkers, K. Zuo, V. Mourik, and S. M. Frolov, Non-Majorana
states yield nearly quantized conductance in proximatized
nanowires, Nat. Phys. 17, 482 (2021).

[101] A. Vuik, B. Nijjholt, A. R. Akhmerov, and M. Wimmer, Re-
producing topological properties with quasi-Majorana states,
SciPost Phys. 7, 061 (2019).

075428-19


https://doi.org/10.1103/PhysRevLett.70.2601
https://doi.org/10.1209/epl/i2001-00303-0
https://doi.org/10.1103/PhysRevLett.74.306
https://doi.org/10.1063/1.125796
https://doi.org/10.1134/1.1622037
https://doi.org/10.1103/PhysRevB.74.214510
https://doi.org/10.1103/PhysRevB.25.4515
https://doi.org/10.1088/1367-2630/15/8/085001
https://doi.org/10.1103/PhysRevX.11.021037
https://doi.org/10.1103/PhysRevLett.103.237001
https://doi.org/10.1103/PhysRevB.82.180516
https://doi.org/10.3367/UFNe.2021.03.038950
https://doi.org/10.1088/1367-2630/15/5/055011
https://arxiv.org/abs/2502.07477
https://doi.org/10.1103/PhysRevB.88.165111
https://doi.org/10.1209/0295-5075/107/20004
https://doi.org/10.1088/1367-2630/aa964f
https://doi.org/10.1088/1367-2630/aaecee
https://doi.org/10.1103/PhysRevE.101.062107
https://doi.org/10.1103/dr9b-5ryh
https://doi.org/10.1103/PhysRevB.106.L201404
https://doi.org/10.1038/s41586-022-05585-1
https://doi.org/10.1038/s41586-024-07434-9
https://doi.org/10.1038/nphys2106
https://doi.org/10.1038/s42254-020-0228-y
https://doi.org/10.1103/PhysRevB.107.085417
https://doi.org/10.1038/s41567-020-01107-w
https://doi.org/10.21468/SciPostPhys.7.5.061

