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Abstract

The search for conditions supporting degenerate steady states in nonequilibrium topo-
logical superconductors is important for advancing dissipative quantum engineering, a
field that has attracted significant research attention over the past decade. In this study,
we address this problem by investigating topological superconductors hosting unpaired
Majorana modes under the influence of environmental dissipative fields. Within the
Gorini-Kossakowski-Sudarshan-Lindblad framework and the third quantization formal-
ism, we establish a correspondence between equilibrium Majorana zero modes and non-
equilibrium kinetic zero modes. We further derive a simple algebraic relation between
the numbers of these excitations expressed in terms of hybridization between the single-
particle wavefunctions and linear dissipative fields. Based on these findings, we propose
a practical recipes how to stabilize degenerate steady states in topological superconduc-
tors through controlled dissipation engineering. To demonstrate their applicability, we
implement our general framework in the BDI-class Kitaev chain with long-range hopping
and pairing terms — a system known to host a robust edge-localized Majorana modes.
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Notations

* Lowercase characters will denote scalars: real and complex.

* Capital letters denote matrices, the dimension of which is clear from the context.

Symbols with caps denote operators operating in the Fock space. For example, H is a
many-body Hamiltonian of the system, and p is a many-body density matrix. Moreover,
in the Fock-Liouville operator space /X, such operators (for example, P) are vectors and
are sometimes denoted as | P ).

Standard bra and ket symbols denote vectors in the Fock space (for example, | 1)), while
symbols containing operators (for example, | P)) stand for vectors in the Fock-Liouville
space.

Superoperators operating in the Fock-Liouville space are indicated by symbols with in-
verted caps. For example, ¢; and 5; are fermionic superoperators satisfying the canonical

anticommutation relations {¢;, EJJF } =06, {¢, ¢} = 0inthe space K. At the same time,
depending on the context, such operators act either in Fock space, mapping operators
to operators: A : P — P, or in the Fock-Liouville space K, mapping vectors to vectors:

Underlined symbols represent vectors of the corresponding scalar or operator values.
For example, w is a column vector of Majorana operators acting in the Fock space.
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1 Introduction

Progress in the experimental implementation of cold atom systems and quantum optics has
attracted considerable attention to dissipative engineering [ 1-8] of quantum low-dimensional
systems [9-11]. Within that framework, complex many-body states are realized due to the con-
trolled action of the external dissipative environment on the subsystem under consideration.
At the same time, the realized non-equilibrium steady states (NESS) can differ significantly
from equilibrium ones, demonstrate exotic effects and non-intuitive phase transitions, see e.g.
Refs. [12-20]. If the dissipative environment affects a nontrivial topological phase, the real-
ized NESS might also acquire features of topological order and exhibit protection to external
perturbations [21-27]. If the density matrix corresponding to such a state is pure, then the
so-called dark state [1,2] is realized; in the degenerate case such steady states become the
dark space. There is an interest in the dark states and spaces as promising objects for storing,
deleting, and transmitting quantum information [1,28-32].

The main theoretical tool of NESS research is the analysis of stationary solutions of the
Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equation, the most general equation for the
density matrix of the system under study, in which memory of interaction with the environment
is neglected [33-35]. The effect of the environment is modeled by introducing the so-called
Lindblad (or jump) operators which describe one-, two-, etc. processes of particle transfer
from the subsystem to the environment and back. Effective theoretical methods have been
developed to describe the steady states of the GKSL equation. They include the Keldysh con-
tour functional integration method [9, 10,36] and the third quantization formalism [37-40].
It has been shown that for free bosons or fermions (implying that jump operators are linear
in terms of fermionic or bosonic creation/annihilation operators), the description of the dy-
namics governed by the GKSL equation is equivalent to solving a non-Hermitian single-particle
problem.

An important issue of dissipative quantum engineering is the NESS dimension analysis. In
the case of the GKSL equation, a series of theorems were proved defining algebraic conditions
for the Hamiltonian of the system and jump operators for which the stationary solution is
unique [41-48]. Further interest in the formation of dark spaces led to the emergence of
theorems that set sufficient conditions for existence of degenerate NESS. So, for example, it
was shown that if the GKSL equation has the so-called strong symmetries, given the existence
of unitary operators with which both the Hamiltonian of the system and the jump operators
commute, the number of NESS is determined by the number of invariant subspaces of operators
of such symmetries [48-52]. An analog of the Lieb-Schultz-Mattis theorem has recently been
proved for open systems with translational invariance and strong U(1) symmetry, which states
that it is impossible to implement a single NESS with an odd total charge of the system [53].
We emphasize that the described necessary conditions for the existence of degenerate NESS
require a special class of dissipative fields: either reflecting the symmetry of the Hamiltonian,
or corresponding to a homogeneous system preserving the total charge.

Recently, Majorana states, possessing spatial non-locality and obeying non-Abelian ex-
change statistics, have been actively studied for potential applications in topological quantum
computing [54-59]. Considering this, as well as the existing problems with the detection of
Majorana states [60, 61], it is natural to ask about the implementation of the phase of topo-
logical superconductivity within dissipative dynamics. In particular, the relevant question is
to what extent the interaction of topological superconductors with the external environment
can contribute to the implementation of Majorana modes suitable for quantum computing,
and when and how these interactions act in the opposite direction. We note that as in the
non-dissipative case, such issues are mainly focused on the Kitaev chain model [54] and its
generalizations.
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Certain results have been achieved in the study of the dark states in topological supercon-
ductors with linear dissipative fields, in which the jump operators of the GKSL equation are
linear combinations of the fermion creation and annihilation operators. In Ref. [62-64], the
problem of obtaining an explicit form of linear Lindblad operators for a Kitaev chain tunnel cou-
pled with several equilibrium Fermi reservoirs was considered. Also jump operators were de-
rived for description of the low-energy dynamics of the so-called Majorana box qubit [65,66],
i.e. two Majorana nanowires connected by a superconducting bridge, whose Majorana modes
interact with quantum dots [67]. The possibility of realizing dark states and spaces in such a
system that have common properties with the spaces of qubits formed by Majorana excitations
has been demonstrated. In this case, the characteristics of such states can be controlled by the
gate voltages at the quantum dots. It was later shown that in systems containing several Majo-
rana box qubits, nontrivial braiding of non-equilibrium Majorana modes can be achieved [68].

It was shown in [69-72] that non-equilibrium Majorana modes can also occur in an ensem-
ble of localized fermions, those hybridization is provided by dissipative fields alone (there is no
Hamiltonian in the GKSL description of the evolution of the system density matrix). To achieve
the regime of a symmetric point of the Kitaev chain, a special type of Lindblad operators was
used, the structure of which is given by gapped Bogolyubov excitations at a special point of
the model. Also, for such a case (a dissipative system without unitary dynamics), a topologi-
cal invariant based on the properties of a Gaussian density matrix was proposed, the values of
which allows predicting the existence of non-equilibrium Majorana modes [71]. In addition, it
was noted in Ref. [71] that each Lindblad operator, not being Hermitian or anti-Hermitian, in
a general case leads to hybridization of a pair of Majorana modes, reducing the multiplicity of
NESS degeneracy by two (a fact that is also shown in the present work). However, no analysis
of how one might affect the dimensionality of NESS has been performed.

It is worth noting that dissipative topological superconductors are sometimes described in
the framework of the non-Hermitian Hamiltonian approach, which considers only the Hamil-
tonian and dissipative dynamics of the density matrix by neglecting the quantum jump term
of the GKSL equation. As well-known [73-80], the latter induces stochastic processes in the
system. Within the framework of non-Hermitian Hamiltonian approach, the spectrum of ex-
citations of the Kitaev chain was studied and the conditions for the occurrence of stable zero
modes that share properties similar to Majorana modes were analyzed. It has been shown
that non-unitary evolution of the density matrix expands significantly the conditions for the
realization of such excitations. However, it should be noted that taking into account the quan-
tum jump term in the GKSL equation may be of fundamental importance for describing some
of the observed processes or the effect of generalized measurements. For example, stochastic
quantum trajectories manifest themselves in the noise statistics of measured quantities [81],
can lead to phase transitions in the entanglement [ 14-16], as well as to quantum diffusion in
the case of intense environmental impact on the subsystem [19, 82-85,87].

In this paper, we study the spectral properties of topological superconductors (TS) affected
by dissipation and/or in the presence of coupling to the equilibrium reservoirs. The evolution
of the density matrix of the system is modeled in the framework of the GKSL equation, in
which the unitary evolution of TS is described by Hamiltonian which is quadratic in fermionic
operators, while jump operators are linear in fermionic operators (linear dissipative fields). To
analyse the system we use the third quantization method with the introduction of the Fock-
Liouville operator space. The main goal of our study is to analyze the evolution of Majorana
zero modes (MM) of topological superconductors when exposed to linear dissipative fields.
We study the most general formulation of the problem: an arbitrary TS Hamiltonian hosting
several Majorana modes and arbitrary linear dissipative fields. We emphasize that in contrast
to Refs. [49-51,81], we do not impose internal symmetries on the system considered to guar-
antee degenerate NESS. The latter is the consequence of non-trivial topological phases in the
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isolated system.

We demonstrate that the MM in the isolated TS are transformed into the so-called zero ki-
netic modes (ZKM) in the presence of dissipation as well as coupling to reservoirs. These ZKM
have strictly zero energies and have properties in common with MM: their excitation leads to
a change in the structure of the density matrix, which is indistinguishable from the point of
view of local operators. It is why such ZKM are considered by us as analogues of MM in open
systems. Importantly, the number of ZKM (N,) is smaller than the number of MM (2N,,) in
the isolated TS. We prove that N, = 2N,, —rk B where the hybridization matrix B € R?Nw*2Ns
cf. Eq. (44), describes the hybridization of 2N,; MM wave functions of the isolated TS with Nj
dissipative fields describing dissipative baths and/or reservoirs. It is worthwhile to mention
that depending on the rank of the matrix B the number of ZKM may be odd. We demonstrate
that existence of the ZKM has one to one correspondence with the strong symmetry of the Lind-
bladian realized by the unitary operator. Based on the knowledge of the hybridization matrix
B, we propose practical recipes that allow manipulating the number of NESS in dissipative TS.

We apply our general results to the generalized Kitaev chain with long-range hoppings
and superconducting pairings. In such model MM localized at the edges of the chain can be
easily constructed. We illustrate how the proposed recipes allow to control the number and
the structure of the ZKM. Also, we show that dissipation can be used to manipulate the ZKM,
e.g. transferring them from one edge of the chain to the other.

The outline of the paper is as follows. We formulate our dissipative model in Sec. 2. In
Sec. 3 we review the third quantization method in application to the considered model. The
conditions for existence of ZKM as well as corresponding strong symmetry are derived in Sec.
4. Our general results applied to Kitaev chain are described in Sec. 5. In Sec. 6 we end the
paper with conclusions. Some technical details are delegated to the Appendices.

2 Formulation of the model

2.1 The model of dissipative dynamics

In this section, we formulate a model of superconductors that are affected by dissipative fields
that do not preserve the number of fermions. As we demonstrate in Appendix A, coupling
to reservoirs can be also described as the action of the dissipative fields. Therefore, in what
follows, we do not consider coupling to the reservoirs separately. We assume that the evolution
of the density matrix of the system affected by Ny dissipative channels satisfies the following
GKSL equation:

N,

dp 2. . A

2o =Lp=—ilA,p1+ Y (2L,pL] ~L]L,p—pLIL,), ey
v=1

where the unitary evolution is governed by a generic quadratic Hamiltonian for spinless
fermions:

H=i ) Apwjw=iw'Aw,  Ap=A5 =—A. (2)

Here and further, following Refs. [37-39], the underscore x = (X1, X, ...)” means a vector of
the corresponding quantities. The Hamiltonian (2) is written in terms of Majorana operators
satisfying w; = W;f, {W;, Wi} = 26, (j,k = 1,...,2N). These Majorana operators can be
written in terms of fermionic creation (6l+ ) and annihilation operators (¢;):

s _ A I\+ A o A+ A _
Worg =6 +8&, Wy =i(¢—¢), 1=1,...,N. 3)
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It is convenient to consider a system on a lattice and associate the index [ = 1,...,N with
lattice sites. The Hamiltonian (2) corresponds to a system of non-interacting fermions or a
system of weakly interacting fermions in the mean field approximation [10]. The operators
L, describe the system’s coupling to the v-th dissipative channel and are assumed to be linear
in Majorana operators:

2N N
[ A A N A
L=l =L, =D [ &+ & ],
j=1 =1 4
WYy1 = lv,Zl—l —1 lv, 21> 1/v,l = lv, 21-1+ { lv, 21 -

Hereafter, a - b denotes the dot product of two vectors. Here [, ; are arbitrary complex numbers.
Such type of jump operator describes the transfer of fermions from and to the system. In this
approximation, each dissipative channel is described by two real dissipative fields:

LC == (Relv’l,RelV,z,...,Re lV,ZN)TJ L; == (Imlv’l,lmlv’z,...,Imlv’ZN)T. (5)

However, if the amplitudes of gain and loss are complex conjugated to each other, v,; = ,uj,l,

ie. I::’ = [, then the v-th dissipative channel is actually described by a single dissipative field
I”, since ! =0.
-v? -V

2.2 Solution for the unitary evolution

The use of the Majorana energy representation assumes the representation of the real skew-
symmetric matrix A in the canonical form:

N
AC=WTAW=@(_(; “90) WWT =W W = Iy, 6)
a=1 a

where the orthogonal matrix
— 2N x2N
W= [11’ Ly Koy Koo Koy lZN] €R ? 7)

is composed from the 2N orthonormal vectors, X, X, = 0,4p- The eigenvalues

_ 7 _
8a_£2a—1A£2a’ a=1,...,N, (8)
have the meaning of energies of Bogoliubov quasiparticles in the isolated TS. The operators
of the creation and annihilation of Bogoliubov excitations can be represented in the standard
form:

N N
A+ A At ~ A At
aaZZ(VZICl"”“ZzCz ), aa=Z(ua1C1+VazC1 ) 9
=1 n=1
In order to relate u, and v, with y , it is convenient to compose a pair of conjugate Majorana
— Za
operators in the energy representation from the operators of the creation and annihilation of
Bogoliubov excitations:

7 _ A At A 1 e+ _ A _
ba—aa+aa—£2a_1'ﬂ: ba—l(aa_aa)—lm'ﬂ> a=1,...,N, (10)

where (I =1,...,N)

X2a-1,21-1 = Re(ug; + V1), X2a—1,21 = Im(ug — V1),

(11)
X2a,21-1 = Il‘n(ual + val) > X2a,21 = Re(val - ual) .
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Therefore, the real vectors Xy and X,, can be interpreted as wave functions of Bogoliubov
excitations in the Majorana representat1on We note that the Hamiltonian (2) can be written
in terms of quasiparticle operators as

N
A=4Y e(afa,—1/2). (12)
a=1

Below we will focus on the case in which there are N,; zeroes among the set {¢,}, i.e. ¢, =0
fora=1,...,Ny. It is worthwhile to mention that we do not distinguish between zeroes that
are not protected against small perturbation of the matrix A and zeroes which existence is
protected by the topology. The latter situation occurs in the case of TS. Such topologically
protected MM correspond typically to the wave functions KXoy s and X, that are localized in
different spatial regions. Consequently, for any local (on the lattice) smgle particle operator
in the Majorana representation characterized by the skew-symmetric matrix O the following
relations hold lzTaO Loy 1 = 0 at least in the limit N — oo. In the following sections, we will

study a fate of the zero-energy excitations of H in the presence of dissipation.

3 Third quantization approach to solution of the GKSL equation

3.1 The Fock-Liouville space

In this section we discuss solution of the GKSL equation (1) similar to the description of the
unitary evolution in Sec. 2.2. A convenient tool for this task is the formalism of the third quan-
tization developed in Refs. [37-39,88]. A key element of this formalism is the introduction of
the so-called Fock-Liouville space, IC, defined as the Hilbert space with a linear hull

|B,) =P =27 NP Wiz g a; € {0, 1}, (13)

ay,qp,...,0oN WZN >

and the scalar product in the Hilbert-Schmidt form:

(Aﬁl“g)=Tr(13g-132), (14)
where the trace acts on the Fock space with dimensionality 2V.

In the definition (13), the parameters a;, a,, ..., @,y have the meaning of occupation num-
bers in the K space. Therefore the vectors | P, L,y ) 1S SOMetimes conveniently denoted as
|ay,..., a9y ). It is worth noting that the number of occupation numbers in the Fock-Liouville
space is 2N that is twice the number in the Fock space (N). This fact is related with the follow-
ing: each fermionic degree of freedom corresponds to a pair of Majorana operators involved in
the vectors (13). The vectors (13) form an orthonormal basis with respect to a scalar product
(14), (Pﬂ |P y=26 ap - Next, we can define left and right Majorana superoperators, whose

action on the elements of the K space leads to their multiplication by Majorana operators on
the left and right, respectively [39]:

w?lﬁg>:|w1ﬁg>: WRlAg> )
vI v L (]—5)
[Wl., j]=0, {Wi J}—{WR WR}—25

The algebra of such superoperators allows us to introduce fermionic superoperators ¢; and é;“
with the canonical anti-commutation relations {¢;, EJ?L } =6, {¢,¢1=0

by =g Ly B )= (=) b= g (i) W0
(b= By =L (it ) b= L (i) B,


https://scipost.org
https://scipost.org/SciPostPhys.20.5.138

e SciPost Phys. 20, 138 (2026)

. L . o p L . 2N .
Here we introduce the fermionic parity operator W = W = exp(lrtj\f ) =iVT] =1 Wj where

N = Z;Vﬂ 6;’ ¢; stands for the fermion number operator. It anti-commutes with any Majorana
operator, (W, w i} =0, and commutes with the Hamiltonian, [W, H ] =0.

Next, inverting the relations (16), we represent the left and right Majorana superoperators
in terms of fermionic ones:

vL _ o v+ Y ALy (o 2 X VR _ v+ % 7 o— T X

Wi = l(c]. +c])W lW(Cj +c]), w? l(Cj cj)W 1W(c] c]). a7
We note that the superoperator VT/JL.’R are non-local due to its dependence on W. However, since
the physical observables are represented as products of an even number of operators w;, the
superoperators of the physical observables in the space K are local and independent of W.!

Then the mapping of operators from the Fock space to the Fock-Liouville space and vice versa
is carried out using the following sequence of equalities:

b)=wh|B) =iW (& +¢)18,). (18)

Similar sequence holds for the right superoperators ﬁff

3.2 Mapping of GKSL equation to the Fock-Liouville space

In order to map the GKSL equation (1) to the Fock-Liouville space, the density matrix 6 should
be considered as a vector, p — |p) € K, and the components of the Lindbladian L, the
Hamiltonian H and jump operators ., as the superoperators in the K space:

H(w)p — H(w)1p), Lrn) L, (w)p — Lyt L,(#M)16),
pH(W) — —H() | p), pLY(W)L, () - L(W)LI(W)p),  (19)
L(w)pLy(w) — L(w")Ly(W)p),

where the functional dependence of H(#) and L(#) is given by Egs. (2) and (4), respectively.

Since the Majorana superoperators w"R are expressed in terms of fermionic operators, ¢
and ¢*, it is clear that (19) mappings can also be written in terms of them. As a result, in
the third quantization approach, the stationary GKSL equation is reduced to an analog of the
many-body Schrodinger equation:

Lp=0 — L& E)p)=0. (20)

Here superoperator £( &, ¢*) can be written in the Bogoliubov—de Gennes form:

e e(f). e=(5 ) @

where the following notations are introduced

X=-A+M,, Y =—2iM;, M=>1,I, M =M, +iM;,
’ (22)

1

M, =0 U+ 1017, Mo=MT, M= >[0T —10-17], My=—M] .

The real part of the matrix M, M, determines the dissipative channels and affects the spec-
trum of the Lindbladian. Its imaginary part, M; contributes to the non-equilibrium correlation

!We can always represent the product of an even number of superoperators vT/]L.’R from Eq. (17) in such a way

that the non-local operator W appears only as W2 = 1. Therefore, the operators of local physical observables in
the Fock-Liouville space can be constructed as local.
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functions and determines how the system evolves to NESS along dissipative trajectories. The
matrix M, is positively semi-definite with non-negative eigen values.

It is worth noticing that the matrix £ corresponding to the Liouvillian £ in Eq. (21) has
the size twice larger than the matrices involved in the GKSL equation. This is due to the
fact that each fermionic degree of freedom corresponds to a pair of Majorana operators in
the third quantization approach. Such doubling is similar to the one in the Keldysh field
theory approach [10]. We note that the matrix Y in Eq. (21) is contributed from all terms
of dissipative part of the Liouvillian £. It can be constructed with the Keldysh field theory
approach in which the corresponding matrix comes from the jump terms, L, p i:’ , alone. Such
a difference occurs due to the usage of Majorana fermions in the third quantization approach
and complex fermions in the Keldysh field theory approach. Both representations are related

by the unitary rotation
_(In Iy

The triangular form of the matrix £ suggests that the spectrum of the Liouvillian is de-
termined by the eigenvalues of the matrix X. Below we assume that it can be diagonalized
as U"'X U = diag(3) = B.2 Since X + XT = 2M,. the eigenvalues f3; have non-negative real
part, Re 8; > 0. It guarantees that the evolution of the density matrix within the GKSL equation
tends to a stationary state.

Since the matrix X is real valued one, for each eigen value f3; with Im f3; > O there is the
complex conjugated eigen value f3; with Im f; = —Im f3; < 0. The corresponding eigen vectors
are related as:

U=y

. e — .
211 + lfzz > U=y, = $21—1 lizz ’ (24)

and satisfy the relation QI_T AU, = —ilmf3 (gi U, ) that is similar to Eq. (8). Eigen vectors
U, determines spatial behavior of the kinetic modes, Im f; characterizes the frequency of the
mode (similar to energies in the closed system), and Re f3; gives a rate of attenuation due to
the presence of dissipation. In the case of isolated system, E21_1—> Xop 10 EZZ =Xy and a pair
(B1, B;) — +ig;. In other words, in the absence of dissipation the spectrum of X is situated
on the imaginary axis of the plane (Re 3, Im 3 ). For zero eigen values of X, f; = O the eigen

vectors U, can be chosen to be real.

3.3 Spectrum of the Liouvillian

Let us introduce imaginary skew-symmetric correlation matrix F = —F* = —F T | which satisfies
Lyapunov-Sylvester equation [89]:

XF+FxT—y =0, Y=—Y*"=—YT. (25)

The above equation has the only solution for the matrix F provided Re 3; > O for all [. Phys-
ical meaning of F is the non-equilibrium correlation function in Majorana representation:
Fyj = %( [ Wi, W ]) Special care is needed if there exists the zero eigen values of X, f3; = 0,
or pairs of purely imaginary eigen values, f3; + 5 = 0. In this case the kernel of the operator
R(F)=XF+FXT is non-trivial. As it follows from the Fredholm alternative [90] a solution for
F exists if and only if the matrix Y is orthogonal to the kernel of the operator R(Z) = XTZ+ZX,
ie. Tr(YTZ ) = 0 for all solutions of the equation R(Z) = 0, see Theorem 1.1 of Ref. [91].
Let us consider a pair of eigenvalues with zero real part, §; and Imff; = —Imf3;. Then we

*Since A=—A" and M, = M the matrix X = A+ M, may be non-diagonalizable, but only reduced to a Jordan
form. Below we consider such eigen vectors of the matrix X that corresponds to eigen values with zero real part,
Ref3; = 0. For such eigen values, Jordan blocks are trivial due to the property X + XT > 0, see Lemma 2.3 of
Ref. [38].
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can construct the solution for the equation R(Z) = 0 as Z;,,, = U (U, 1y*, where there is no
summation over the index [. Then we find the following condition for the existence of solu-
tions for F: [U"Y*YUJ;; = 0. Also, the obvious condition should hold [U™*YU~17]; =0. In
practice one can use the regularization X — X, = X + eUU ! with ¢ — 0" in order to find
the solution of Eq. (25). We emphasize that such solution does not contain the information
about ZKM and eigen states of X with f; = —f3;. Also we note that this solution is not unique,
since one can add to it the solution 6F of the homogeneous equation X5F + §FXT = 0. We
note that one can use any pair of eigen values with f§; = —f; to construct the solution of the

homogeneous equation as 6 F ) uu UT —U;UT.
With the help of the matrix F, the matrlx L can be written in the diagonal form:

B -1 -1p —_F(Uu~1T
vzv—lz(o _OB), Vz(UO UUT), v—lz(g %g_lgT). (26)

After such transformation the Liouvillian in Eq. (21) becomes

2N ¥
. Z - b & U—1c+U—1Fé+
=1 - -

Here the third quantized operators b and b* satisfy fermionic commutation relations:
{by, by} ={b, bX}=0, {b}, b2} =5,; ,m=1,...,2N. We note that b # b

The diagonal representation (27) of the Liouvillian £ allows us to determine its spectrum
and to construct left and right eigenvectors in the K space:®

|ég)zélxmlv?2xn2- bx N | PnEss) s (A§|=<1|Z){’”---5325?1, (28)
where n; = {0,1}. The left and right vectors satisfy the biorthogonality condition,

((:)f] Iéf)) = 1. Note that n; has the meaning of the occupation numbers of superoperators in
the “energy” representation, whereas a; entered in (13) corresponded to the occupation num-
.0yl we have (11£ =0,
therefore (1| BZX = 0. From the linear relation between BIX and ¢*, cf. Eq. (27), and from
the properties (ﬁ(o,o...,o)| E].+ = 0, it follows that the left vacuum of the Liouvillian £ is the unit

bers in the “lattice” representation. For the left vacuum (1| = (13(0’0

operator in the Fock-Liouville space. Similarly, the right vacuum is | ), such that L] Pg)=0.
It is fixed by the relations by Pg) =0. It corresponds to the vector with all n; = 0. As can be
seen from Eq. (28), this state describes a single NESS with A, = 0 if all Re 5; > 0.

However, if the spectrum has one or more kinetic modes with Re 8; = 0, then the system
implements a degenerate steady state (the so-called steady space) with A, = 0. So, if there are
dissipative modes with 3; = 0, as well as pairs of modes with ;+ ff;; =0, then their excitation
changes the structure of the steady state density matrix as [38]:

| Oness) =1Pc)+ Z a, b | pg)+ Z (ap/4)i);i);|pAG>+"',ar’aPE]R- (29)
r:Br=0 (pp): By+P;=0

The unit coefficient in front of |Pypsg) is fixed by the requirement of trace invariance,
Tr PnEss = 1, while the relations a, = a; and a, = a; are related with the requirement of the

3If the matrix X is non-diagonalizable, the expression for the eigen values and eigen vectors of the Liouvillian
becomes more involved, see Theorem 4.1 from Ref. [39].
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density matrix to be Hermitian, pypgs = f);\; rss- Therefore, the dark space is parametrized by
the set of real numbers a,, a,, ... Dots in Eq. (29) denotes the terms which are constructed in
a similar way: two pairs of modes with f3; + 3;; = 0 are excited, three pairs and so on.

The density matrix | ¢ ) corresponding to the vacuum of kinetic modes (n; =...=mn9y = 0)

can be written in the Fock space in the Gaussian form [88]:

Po ~ exp (—év_T/TGv_T/) , G=G*=—G', F=tanhiG. (30)

Such form of the density matrix guarantees the validity of the Wick theorem for the correlation
functions in Majorana representation. The hermitian operator # = (i/ 2)w! Gw involved
in Eq. (30) is interpreted as the effective Hamiltonian of the dissipative system in the non-
equilibrium stationary state. We note that the matrix F can be explicitly rewritten as the
correlation matrix F;; = T].’([Wi , Wi ] ;SG) /2. We note that information about ZKM do not
appear in the spectrum of the matrix G since it is absent in the matrix F.

3.4 Types and robustness of zero modes in closed and open systems

An important question concerns the similarities between the zero modes in the isolated system
and the zero kinetic modes in the presence of dissipation. In other words, it is about the
relation between the states that correspond to €; = 0 in the absence of dissipation and those
with f3; = 0 in the presence of dissipation. To resolve this issue it is instructive to consider an
auxiliary single-particle physical observable.

At first we recall how the zero mode state behaves in the isolated system. Let us consider
the ground state |0) of the Hamiltonian (12) and the state |1) = aJ'1'|0), where £; = 0, that has
the same energy. Then for a single-particle operator O = i > ik O KWWy with a skew-symmetric

matrix O = —07, we find
5(0 )5 = (110[1) = (010[0) = Tr (065 ) =40y, - (31)

Here 5 =]1)(1]|—|0)(0| is a change in the density matrix of the system when the zero mode
is occupied. As we discussed above, we expect that 5(0 );,, vanishes in the thermodynamic
limit, N — oo, provided the matrix O is local enough. Such a situation indicates that one
cannot distinguish the states |0)(0| and |1)(1| by studying local single-particle observables.
Such feature might serve as an indicator of topological phases in superconductors [92].

Now we turn back to the dissipative case. We start from transformation of Eq. (29) from
the Fock-Liouville to the Fock space: | fygss) — Oness- Next, using Egs. (15) and (27), we
rewrite Eq. (29) as:

Pness =Pe+ PP +pP +..., (32)
where
; 2N
PO =—2 D, @ X U Wi, bl (33)
r:f.=0 I[=1
and
) 2N
p? = T Z a, Z Uiy UrplWr, {Wp, gl (34)
(pB): By +By=0  LI=1

Using such density matrix we find for the single-particle operator

5(0)) =T (0pM) =0, (35)
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§(0)2=m(6p@)=2 S q,m(vT0y,). (36)
(p5): By =0

Here, the equality 6 (O )(1) 0 is due to the structure of the excitation of oV, cf. Eq. (33), in
which the Gaussian den51ty matrix is multiplied by an operator with a single Majorana operator
w;. Thus, according to the Wick’s theorem, such averages with an odd number of W, are zero.
We note that the complete immunity to arbitrary operators represents a defining feature of
systems hosting isolated Majorana state [54].

As the contribution of 5((’5)5215) is concerned, two cases for a pair (p, p) are possible:
(i) both kinetic modes have zero energy /5p = [515 = 0; (ii) both modes are non-dissipative,
Re 8, = Re B; = 0, but their energies are complex conjugated: f, = —f5. In the case (i), the
eigenvectors of X belongs to the kernel of matrix A: Qp(ﬁ) € span{ Xpeees £2NM }, see Eq. (45).
Moreover, they can be chosen to be real. Then, the corresponding contribution in the right
hand side of Eq. (36) can vanishes identically, both for local and nonlocal operators O.

In the case (ii), there is the relation Qp = Q; ¢ kerA, see Eq. (24), and filling modes with
By + B = 0 leads to a non-zero contribution

Ay (2)
6(0) dlS ___Za ¢2p 1 —2p 37)

We note that this result is similar to the result for the isolated system, see Eq. (31). Let
us consider the operator OUK) = [wj,wi]/(2i). The corresponding matrix 017 has the

following structure: Ol(ilk) = (=1/2)(6i6km — 8jmOi1)- Then using Eq. (36), we find
O0F =6 ((A)(jk))((jzis) = (i/4)z » Im(U U;)]k We note that we interpret the correction

5(OUR )gzls) as the correction to the matrix F since such 6F satisfies homogeneous Lyapunov-
Sylvester equation, see (25) with Y = 0.

Thus, we argued that occupation of a single ZKM with 3, = 0 leads to an indistinguishable
change in the structure of a degenerate non-equilibrium stationary state from the point of view
of single-particle physical observables. This property of ZKM is different from the property of
zero energy states in the isolated case described in Sec. 2. For the latter it holds only for local
operators. Such a difference is probably explained by the fact that the NESS forms as a result
of hybridization with the environment. In systems with the multiple ZKM, the hybridization
behavior becomes more subtle. Nevertheless, the NESS states remain indistinguishable to at
least local observables. Therefore, a knowledge of the number of ZKM is crucial for fixing the
dimensionality of the dark space in the presence of dissipation.

The feature of indistinguishability allows us to consider ZKM corresponding to exact zero
eigen values of X, 3, = 0, as generalization of MM to the case of dissipative systems. As we
will see below, it is convenient to split ZKM in two groups: the first one involves robust ZKM
which existence is not related with the dissipative bath, the second group contains weak ZKM
which exist due to peculiarities of hybridization between MM and the bath degrees of freedom.

3.5 Limit of vanishing dissipation

It is instructive to examine the transition to the dissipationless case. To construct this limit
we introduce the dimensionless dissipation strength y and substitute the matrix M, see Eq.
(22), by the matrix yM. In the limit y — 0% we expect the spectrum and weights of kinetic
excitations to exhibit the following asymptotic behavior:

1 A (1 i
o : ‘/516:? t 1),
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This limiting case admits two interpretations. First, we may consider that pairs of kinetic
modes with B — %ie remain unpopulated in the steady state. The Gaussian NESS then fac-
torizes into a direct product of mixed states:

N
pe =]_[[ (1+£,)— fp““} +Z fp( 2076,)+0(f2),  (39)

where the occupation probability of the p-th Bogoliubov quasiparticle is (1 — f,)/2. The am-
plitudes 0 < f, < 1 correspond to eigenvalues of the correlation matrix F, whose elements
can be expressed as:

1M U*)

= _9; E: U, —— gy (40)
b Y
‘o j,k=1 “ ﬂ1+ﬁk kb

Alternatively, the y — 0" limit can be interpreted as a case where all kinetic mode pairs
with f — =*ie become populated in the steady state. This requires spectral regularization
B — B +e€, with lim,_,;y/e(y) — 0. The regularized Lyapunov equation X.F + FXET =Y
then yields the trivial solution F|,_,, — 0 via (40), corresponding to a maximally entangled

Gaussian state ﬁ(GE) = In /2" that describes an uncorrelated fermionic ensemble. Kinetic mode
occupations modify this density matrix according to Eq. (34):

A Y_’O At A
PNESS = p(G)+p(2) +. +Z 5 P( Za;ap) +..., (41)

where we used Egs. (10) and (24), and the relations ,6(1) — 0, 1,021 1@ - )621_1(21),

> Uip Wi /2 — &; in the limit y—0%. Enforcing consistency between Egs. (39)-(41) yields:*

N M;W) . i
—““R- , Ref3, = lim Ref3, . (42)
21: Re 3, @ Pa r—0* Pa

This result demonstrates that under weak dissipation, the mode occupation probabilities are
determined by the hybridization between the isolated system and dissipative fields (via ma-
trix elements VT M;W),3), and system spectral properties (Re 3,). The thermal distribution
fr = tanh(28p /T ) would indicate adiabatic convergence to the equilibrium Gibbs state at
some temperature T. However, the general conditions for appearance of such equilibrium
state for an arbitrary matrix M remain non-trivial problem.

4 The condition for the existence of zero kinetic modes

4.1 Main result: The number and structure of ZKM

Having discussed certain features of zero kinetic modes in the observables of a dissipative
system, as well as their relation to Majorana modes in a closed system, we now proceed to
formulate the main result concerning the conditions for the formation and the number of
ZKMs. We state this result as the following theorem.

“Note that in the limit y — 0%, the matrices F and X have a common eigenbasis defined by the matrix U. This
corresponds to the situation where the so-called spectral and purity gaps coincide [70]. For finite y, however, this
property generally no longer holds, and the two gaps characterize distinct features of the system.
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Theorem 1 Consider an isolated system of free fermions with a particle-hole symmetric excitation
spectrum with energies 0 < ¢; < ... < ey. Under the introduction of dissipation via linear
Lindblad fields [, (Eq. (4)-(5)), the system exhibits zero kinetic modes (ZKMs) with energies
B = 0. The number N of such ZKMs is given by:

Ny = 2Ny —1k B, rk B < 2min(Ng, Ny,). (43)

Here, the hybridization matrix B is constructed from the wave functions of isolated zero modes
X, defined by Egs. (6)-(7) with &, = 0, and the dissipation fields I, = | + il as follows:

(1) (Ng)
c® et " 4
B= . = WT -l e RZNMXZNB , Cgv) — (lzb—l r—V lzb—l l—V) . (44)
C(l) CNe Xop L Xop ‘L
Ny Ny

The ZKMs themselves are linear combinations of the initially isolated zero modes,
2Ny

gazzya,blbzwza’ XU,=0, xbekerA, XaekerBT. (45)
b=1

The proof of this theorem is provided in Appendix B.

In Eq.(44) W = (XX Xy Xy 1€ R2V*2Nu is nothing but the reduced W, cf. Eq.
—_— _— M

1’4

M

(7), composed out of 2N, first columns, corresponding to the zero modes. We note that the
matrix 5 has the form of cross Gram matrix built out of two sets of vectors y . b=1,...,2Ny,

and l;’i, v =1,...,Np. The matrix B has a transparent meaning. The vectors Xpa= 1,...,2N,

form a basis in R?V, and the eigen vectors X, b =1,...,2Ny,, correspond to the zero mode
subspace in R2V. The elements of the matrix B encodes the part of the dissipative field be-
longing to the zero mode subspace: { = BT W +¢ .

From (43), if N;; > Np, then the number of ZKMs is bounded from below as

Ny = 2(Ny; —Ng). (46)

In this case, we term such ZKM as robust zeroes. In the opposite case Ny; < Np, the robust
ZKM are absent. However, one can engineer additional r zeroes, Ny = 2(N,; —Ng) +r, due to
reduction of the rank of the matrix B: rk B = 2min(Ng, Ny, ) —r. We will term such additional
zeroes as weak zeroes, see Sec. 4.5.

The results of Theorem 1 allows us to put the following physical picture of the effect of
dissipation on the MM. Below we assume that N3 < N,,. The first effect is destruction of the
2N,; — Ny = rk B number of MM: the corresponding eigen values 3, becomes nonzero. For the
remaining N, ZKM with 3, = O, their eigen vectors become linear combination of the eigen
vectors of MM in the isolated system. This fact can be naturally interpreted as hybridization
between MM states due to interaction with the bath.

It is worthwhile to mention that the structure of the ZKM eigen vectors is similar to the one
of the unperturbed states at Landau level in two-dimensional electron gas with perpendicular
magnetic field in the presence of impurities with 6-function potential. As known [106], if
the number of impurities nyy, is smaller than the number of states at the Landau level nj,
then there are n; —n;,, states those wave functions are constructed as linear combinations of
unperturbed Landau level wave functions.

The straight forward way to maximize the number of ZKM is to engineer the dissipative
fields that do not belong to the zero mode subspace of eigen vectors of isolated system. In
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this way the matrix B is identical zero such that the dissipation does not reduce the number
of zero modes N, = 2N,,;.

We also note another limiting case studied in Refs. [69-71] where unitary dynamics is
absent (A = 0) in the GKSL equation. Here, the kernel of A has dimension dimkerA = 2N and
can be spanned as kerA = span{ Xy X N} by Majorana wave functions X of an arbitrary
single-particle Hamiltonian A. Choosing tﬁe latter as a topological superconductor Hamilto-
nian with one pair of MMs y 5, and taking the N —1 dissipator fields [ C’i to be spanned by the
gapped modes Xyre Koy Theorem 1 enables the realization of two ZKMs with properties
analogous to y 5, see also Sec. 4.5.

Finally, we remark that Theorem 1 only provides information about the number and struc-
ture of the ZKMs, without addressing their topological nature — i.e., whether these modes can
be associated with a nontrivial topological index of the corresponding NESS. Nonetheless, par-
tial insights into this matter can already be found in the literature. In particular, the situation
was considered in Refs. [69-71] where, in the absence of unitary evolution, dissipative fields
induce a regime corresponding to the symmetric point of the Kitaev chain (see Sec. 5.1). It
was shown that the density matrix describing such a NESS can be pure and characterized by a
nontrivial topological index. Accordingly, many nontrivial properties of MMs in this construc-
tion translate into properties of the ZKMs. In the case of a topological superconductor with
spatial dimension d > 2, addressing this question encounters a no-go theorem, which states
the impossibility of realizing a pure NESS with nontrivial topological properties [24].

4.2 Robustness of the ZKM against to interactions and disorder

While Theorem 1 assumes gapless modes in the isolated system (¢; =... = gy, = 0), a more
realistic scenario involves near-zero subgap states with |e,| < 6 K A (b =1,...,Ny,), where
A is the spectral gap. A mathematically rigorous analysis of this situation for an arbitrary
number Ny of dissipators lies beyond the scope of the present study. However, for the specific
case of N3 = 1, the analysis in Appendix C reveals that the N, = max(2N,; — 2,0) robust
ZKMs acquire energies || ~ & in the limit 6/A — 0. This finding demonstrates that the
mathematically rigorous assumptions of Theorem 1 remain applicable to physical systems with
6/A < 1, provided that terms of order ~ O(6/A) are negligible.

This establishes a direct connection between the topological robustness of the MMs and the
stability of the corresponding ZKMs in topological superconductors against disorder and inter-
actions. Since Majorana zero modes, which underlie the formation of the near-zero subspace,
are robust to moderate disorder and weak electron-electron interactions (see, for example,
Refs. [94-98] for discussions on Majorana wires), the energies of the ZKMs should therefore
remain unaffected as well, experiencing only minor shifts in the presence of these factors.

Thus, we conclude that the predictions of Theorem 1 are not merely mathematical ideal-
izations but are expected to hold relevance for realistic topological superconductors subject
to disorder and interactions. The key requirement is that the system remains in a topological
phase where the subgap modes are only weakly split from zero energy, allowing one to ne-
glect corrections of order ~ O(6/A). This provides a robust foundation for anticipating the
observable signatures of ZKMs in experimental settings [107].

4.3 The number of ZKM in the presence of non-Markovian reservoirs

Among the dissipative couplings to the considered system, it is worthwhile to single out a
practically important case of tunnel interaction with Fermi reservoirs. In general, such a sit-
uation cannot be reduced to the GKSL equation. It becomes possible within a number of
self-consistent approximations (see Appendix A); however, the analysis of the system’s spec-
tral properties is not straightforward within this framework. Significantly, in the quantum-field
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approach one can still analyze the ZKM emergence problem even if the memory effects (non-
Markovianity) of the reservoirs are involved [ 107]. Here, in the wide-band limit the reservoirs’
fields included in the characteristic polynomial of X (B.2) are f-independent allowing to uti-
lize the Theorem 1 (note the 3-dependence persists in the Keldysh sector, i.e. in the reservoirs’
distribution functions). However, the structure of the these fields differs from Eq. (4). In par-
ticular, the corresponding jump operators contain only non-zero po= 2}/ while v, = 0. Here

the vector Y, € CY involves the tunneling amplitudes between the fermlomc state at site [ and

fermionic states in the reservoir v. Then, in the presence of 2Ny reservoirs’ fields among the
total 2Ny dissipative fields, the matrix £ becomes

K:[Lr’y'l’” lr tr £i ERZNXZNB, 47)

i
t ]

.
E] s eees s

i
Np—Ng ’LN—N’ L1

where t, 51 =y, and t, 5; =1y, such that

Lr; = (Re Yv,15 _Im}/v,lﬁ ...,Re Yv,N> _Iva,N)T 5

l- : (49)
Ev = (Iva,b ReYv,l:-"aIva,N: ReYv,N)

There is a subtle difference between the dissipative fields [ ;’i and the reservoir fields t""'. Gener-
ically, the former are completely independent while the latter are related via the matrix mul-

tiplication:
N
0 1) ;
=P (_1 O) g, (49)
=1

Additionally, we mention that vectors t! and gf/ are orthogonal to each other, t! - Ef, =0, ie.
linear independent. Therefore, such relations between vectors t and t| do not reduce the
rank of the matrix 3. Thus the number of robust ZKM is still given by lower bound in Eq.
(46).

4.4 The number of ZKM: Operator approach and symmetries
The results of the previous section for the number of ZKM can be explained in terms of the
operator approach and symmetries of the Liouvillian. We remind that &, = ( Xpu it i X, ) W

and L, = ( L+ ll;) - w. Then making elementary transformations of the matrix B, see Eq.
(44), we find

ggl) N g(NB A )
. : ™) la L]
tkB=1kD, D= . : , G = n Al . (50)
(1) V) ‘ @ L]
gy, - 9w, 5
Here we introduce the following scaling product of two operators: |A, B| = 27N Tr{A*, B}.5
We note that the matrix D involves projections of jump operators to the operators correspond-
ing to the eigen modes of the isolated system. Next, we find

Ny = 2Ny, —1tkD = dimkerD” = —indD + dimkerD. (51)
~—— ~——
robust ZKMs weak ZKMs

Therefore, the number of the robust ZKM is determined by the index of the matrix D,
ind D = 2(Ng — Ny,) [99], while the number of the weak ZKM coincides with dimension of its
kernel, r = dimker D.

We note that such scalar product is different from the one in the form of Hilbert-Schmidt, (14),
due to the presence of anticommutator.  Still it satisfies the basic properties of scalar products: 1)
[(aA+bB), C|=alA, C|+b|B,C|,iD |A, Bl =|B,Al,ii) |A,A|>0and |A,A|=0<=A=0.
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As a next step, we mention that a creation operator for the ZKM in the Fock-Liouville space,
b, see Eq. (29), commute with the Lindbladian (27). Also b changes fermionic parity of the
system. In the Fock space the above mentioned properties can be written as:

A

[£,b.]=0, {W,b.}=0. (52)

We note that after the substitution £ — H Eq. (52) coincides with definition of the so-called
strong zero modes in the isolated systems with unitary dynamics [100-105].

Definitions (52) for the ZKM operators and invariant expressions (50)-(51) for their num-
ber can be used to construct ZKM in systems with more involved dissipation than the one
considered in the present manuscript. Also definitions (52) demonstrates that the ZKM oper-
ators realize the weak symmetries of the Lindbladian [48-51].

Interestingly, the ZKM can be related with the strong symmetries of the Lindbladian as
well. Let us construct the following unitary operator:

2Ny

3(0)= ( > Dy (8) b by ) [4.8(6)]=0, [L,.8(8)]=0, (53)
m,m’=1

which correspond to rotations in the Fock space of N,; zero modes. Here operators BZa—l = B;

and i)Za = IA)(/I/ , see Eq.(10), correspond to the modes of the isolated system with zero en-

ergy, €, = 0. Obviously, such operator S commutes with the Hamiltonian [H, $] = 0. We

choose the matrix D to be real and skew-symmetric: D € R?"»*2Nu D = —DT. In order
to satisfy relations [ L,, §] = 0 the matrix S should belong to the kernel of the matrix BT:
D € ker BT = span{ Y Yy Yy }, where BTy = 0. In this case, the matrix D can be

constructed explicitly w1th the help of No(Ny—1) / 2 real parameters 6;; as follows

No
D(0)= Zeij(zixj—zjg), 0; €R. (54)
i<j=1

In exceptional cases, Ny = 0 (rk B = 2N, ) and N, = 1 (kB = 2N;;—1) the unitary operators
in the form of Eq. (53) do not exist. In the case 1 < N, < 2N, the operators §( 6 ) do exist
and are parametrized by Ny(Ny — 1)/2 real parameters. In the absence of dissipation, the
dimensionality of the parameter space becomes 2N,;(2N,; — 1)/2 as expected. Note that in
the case of Ny = 0, the non-equilibrium steady state is unique, and the symmetry operators
of the form (53) act trivially, i.e., §(9) ~ 1. Conversely, it is known from the theorems of
Refs. [41-48] that if the relations [H, $(0)1=0,[L,,5(8)]1=0,and [}, 5(8)]=0 hold

only for operators $(0) ~ I,° then the NESS is unique.
To determine the number of distinct eigenvalues of the operators (53), we note that the ba-
sis vectors of ker BT can be chosen to be real and orthogonal: & = Y, ¥ ,yNO} € R2Nu*No

with T® =1 N+ Introducing a set of Majorana operators
C/(\)l=yl'b, {C/(\)l, c?)m}=251m, l,m=1,...,N0, (55)

the anti-Hermitian operator appearing in (53) can be expressed as:

2Ny,

> Do (0)bpbry =0 0&, Oy, =sign(m—1)6,. (56)

m,m’=1

6Such a statement is equivalent to the condition that the commutant of the set of operators

{A ,I:l,iz', . ..,iNB,i;’JB} is proportional to the identity operator. The latter is also equivalent to the statement
that the set {H, ﬁl, ﬁf, e I:NB, I:;B} generates all the operators under multiplication, addition, and scalar multipli-

cation, see Refs. [45,46,48].
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The real antisymmetric matrix © can be brought to canonical form ©, = 0T®Q, which differs
for even and odd Nj:

j=1 j=1 J
(57)

j

Consequently, the minimal Fock space dimension for the operator $(6) is 21No/2] where the
floor brackets denote rounding down to the nearest integer. This space can be constructed
by introducing fermionic operators: ¥; = (Q,, , +1Q,,) - @. In terms of these fermions, the
unitary operator (53) and its spectrum are given by:

[No/2] [No/2]
8(0)~exp| 2 D) k()77 |, Ag=2 D sx(0),  s=01.  (58)
=1 =1

Thus, in the general case (arbitrary 6), such operators possess 2lNo/2} distinct eigenvalues.
In accordance with the Theorem A.1 of Ref. [49] this fact guarantees the existence of 2No/2]
NESS at least.

4.5 Recipes to generate weak ZKM

The results above provide the exact expression for the number of robust ZKM:
max{2(N,; — Ng),0}. Analysis of the results of Theorem 1 allows us to give several practi-
cal recipes for inducing weak ZKM. As we discussed above, if one knows the eigen functions
of the zero modes in the isolated system then it is possible to construct dissipative field not
belonging to the zero mode subspace such that the total number of ZKM coincides with that
in the absence of dissipation. If only some of the dissipative fields are orthogonal to the zero
mode eigen functions then we are able to have weak ZKM those number lies between 2N,
and 2(N,; —Ng) (in the case Ny; > Ng). We list below several ways to achieve weak ZKM.

(a) Linear dependence of dissipative fields.

From practical point of view, more interesting is construction of the weak ZKM without
explicit knowledge of eigenvectors of the isolated Hamiltonian. In this case, in order to
produce weak ZKM the dissipative fields should be linear dependent. For example, the
linear dependence is realized inside a single bath, [ ~ [ ; It corresponds to the following
relation between the rates of creation and annihilation of fermions in the jump operator
L, uyy = el v, ;- Such a linear dependent dissipative field reduces the number of
zero modes by 1 rather than by 2. An important example, of such a situation is the
self-adjoint jump operator, L, = Lj , that corresponds to Li = 0. We note that such a
condition for creating weak ZKM was indicated in Ref. [71]. Note that the situation
with self-adjoint Lindblad operators is naturally realized when the system is influenced
by a set of projective measurements, which in recent years has been actively studied in
the literature [19,82-85,87]. Importantly, the linear dependence of dissipative field is
not necessary restricted to a single bath. Generically, one can construct weak ZKM by
creating linearly dependent dissipating fields from different baths, v # v’/. We are not
aware of discussion of such proposal before.

(b) Dissipative fields acting in the subspace of gapped eigen states.
Some dissipative field I ¢ kerA (or lf/ ¢ kerA), i.e. it belongs to linear hull of wave
functions { lm’} corresponding to the nonzero eigen values of A, ¢,, > 0. Since the
wave functions are orthogonal, y X = On,m» the corresponding column of the matrix
B vanishes. Each such dissipative field produces one weak ZKM. Such mechanism of
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generation of weak ZKM generalizes ideas proposed in Ref. [69-71] to the case of the
absence of unitary evolution in Lindbladian.

(b") Orthogonality to gapless modes
Each of 2N dissipative fields is orthogonal to a wave function of MM of the isolated
system: y_ - "'=0or oy I"'=0forv=1,...,Ng and & = 0. The number of weak
ZKM, r, is equal to the dimension of the linear hull of such MM wave functions to which
all dissipative fields are orthogonal.

(c) Spatially structured dissipative fields
Let us assume that the wave functions y, of the MM of the isolated system are spatially
structured: X, €Ries 1, € Ron,, If the dissipative field L;(‘) acting on the spa-
- —<«iM

tial region R, does not affect the spatial regions supporting the MM wave functions,
RN(Ry1U...URyy,) =, then the overlaps X, Lz(’) are zero. Therefore, each such
spatially structured dissipative field produces one weak ZKM.

(¢") Spatially localized dissipative fields . o
Let us assume that each dissipative field is spatially structured and [}", ..., Llr\]; € R. Also
we assume that they do not affect the region R, where a wave function X, of the MM

is localized. There exist r ZKM provided RN (R{U...UR,) =

It is worthwhile to mention that the cases (¢) and (¢) are quite natural when applying
wide-band leads to the TS. Indeed, since such leads are modeled by local dissipative fields
t™ [107], the spatial region of their effect on the TS may not overlap with the regions in
which MM are localized. In this case, weak ZKM can be induced in the system, which must be
taken into account when analyzing the current flow through the TS [107].

Below we will illustrate the above cases on the particular examples of the dissipative fields
acting on the generalized Kitaev chain.

5 Generalized Kitaev chain

5.1 Formulation of model in the BDI class

Let us illustrate general results discussed in the previous sections with the help of a particular
model of the topological superconductor. We will study the generalized Kitaev chain [108-
114] described by the one-dimensional Hamiltonian of the spin-polarized fermions:

P4

N N, N—r
H=> (e;— &+ (t e epm, + 0088, +he.). (59)
j=1 1

r=1j

We assume open boundary conditions. Here €; stands for the on-site energies and u denotes
the chemical potential. The parameters t,. and A, determine the hopping and pairing ampli-
tudes, respectively. We emphasize that the hopping and pairing are active between sites j and
j+rwithr =1,...,N, only. The standard Kitaev model [54] corresponds to the case N, = 1.

The Hamiltonian (59) has Bogoliubov-de Gennes symmetry. In order to elucidate it, we
rewrite the Hamiltonian (59) as

.1 & hy, —A%,
H= 52(1 &) Hy (@ ) Hjy = (AJ.]., K, ) T H T ==H.  (60)
iy’ 7 i’

JJ
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Figure 1: Schematic illustration of different terms in the generalized Kitaev chain
(62) for N, = 2: (a) general situation of nonzero t, and A, for r = 1,2, (b) the
symmetric point with u = t; = A; =0 and t, = A, = t. In the later case there are
zero energy localized excitations corresponding to the Majorana operators wq,ws,
Won_2, and wqy.

Here we introduce the following matrices

N, N,
By = (e =835+ D (65 jr 4 658705-)s Dy =D 0By jar—=6y5). (61)
r=1 =
The matrix 7, is the Pauli matrix acting in the particle-hole space. In the case of real parame-
ters t, = t;‘ and A, = N; the Hamiltonian (60) has time-reversal symmetry, H* = H. In this
case, the Hamiltonian (59) belongs to the BDI symmetry class in Altland-Zirnbauer classifica-
tion [115,116]. This symmetry class has topological phases in one spatial dimension classified
by the integer numbers N, € Z [117-119].
Below we consider the case € ;=0. Then it is convenient to rewrite the Hamiltonian (59)
in the Majorana representation (3):

r N—

ﬁ:——[Z( —) W 1W2]—ZZ((A — ) Woj 1 Wajyor +(Ar+0) Woj Wajya— 1)] (62)

r=1 j=1

In Fig. 1a we illustrate how Majorana operators in the Hamiltonian (62) are connected in the
case N, = 2. We note that there is no links between Majorana operators at sites j and j’ with
the same parity. It is the consequence of the time reversal symmetry of the Hamiltonian (62)
that is realized by the anti-unitary operator 7~ as 7 H 7~ = H. The anti-unitary operator has
the following properties:

Tw T =0y, TiT =i (63)
The block structure of the matrix A corresponding to the Hamiltonian (62) implies that the
vectors y with odd and even a lives on odd and even sites, respectively:

12a,21—1 - lza—l,zl =0. (64)

According Eq. (11), the relations (64) implies that the parameters i, and 7, of the Bogoliubov
transformation are real.

The simplest model of the type (62) in which one can realize 2N;; MM corresponds to the
following choice of parameters: N, = Ny, u =0, t. = A, =t 9,y €R. In what follows we
term such choice of parameters as symmetric points of the system. At the symmetric points the
Hamiltonian (62) becomes

—Ny
H—-H = Z 2j Wajtan,—1- (65)
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We emphasize that exactly 2Ny, Majorana operators (wy, ws,..., Woy, 1 On the left part of
the chain and woy_oy,, 5., Wan—2, Woy ON the right part of the chain) are not involved in
the Hamiltonian (65), see Fig. 1b. Therefore, such Majorana operators do commute with
the Hamiltonian (65) and realize 2N,; MM. We mention that a generic Hamiltonian (62) can
be adiabatically transformed to the Hamiltonian (65) without closing the bulk gap. We note
that the Hamiltonian (65) corresponds to the matrix A in the canonical form, see Eq. (6).
Therefore, its eigen vectors are localized at a single site: y, ; = ;4.

5.2 The case Nz = N, = 1: A single Majorana pair and single dissipative bath

Let us illustrate general theoretical results derived above in the simplest nontrivial case of
Ny = Ng = 1. According to Eq. (51), there is no robust ZKM. In order weak ZKM to exist
the rank of the matrix B € R?*2 has to be reduced, rkB < 2. A single weak ZKM, N, = 1, is
generated provided rk B = 1. This condition is equivalent to the condition of zero determinant:

detB=(z, 1)z, 1)~ (2, 1)z, 1) =0. 6

Here X, and X, are MM wave functions in the isolated system. A single ZKM is realized in the
following cases:

(a) The jump operators are Hermitian, L, = Lj, then [ ! =0, and the matrix B reads

— ll'y 0 T _ lz.y r r
8=\ v o) FeBEy~S ) L D =@ D,
(67)

The structure of the eigen-vector U, demonstrates that the interaction with the dissipa-
tive bath results in the hybridization of the MM wave functions.

(b) The dissipative ﬁe]ds are in the linear hull, which is orthogonal to one of the MM wave
functions, e.g. [ €span{y_, x.,...,X. }, where e =&, =0 and ¢;,...,e9y # O.
= Lo ts 20Ny, M
In this case, we find

B= 0 0' ker BT = L 68
v g,r) FeBmi~lg) Urze o 69

Since the dissipative fields do not act on the MM state y , it survives in the presence of
dissipation. In contrast, the other MM state, X, is destroyed by the dissipation.

In order to induce two weak ZKM, the matrix 3 has to be identically zero. It implies that
the dissipative fields are orthogonal to the MM wave functions. Therefore, two weak ZKM
coincides with the MM of the isolated system, U, ~ X, and U, ~ X,

5.3 Results of numerical calculations for the case Ny, = Ny =1

To demonstrate the above-described features of the system in the case Ny; = Ny = 1, we
present the results of numerical calculations for the standard Kitaev chain, Eq. (59) with
N, =1, and parameters realizing the nontrivial topological phase: t; =t, A; = 0.8t, u = 0.5t.
The spatial dependence of the dissipative fields [” and [' is assumed to be random, but the
nature of their distribution varied within the framework of the mechanisms (a)-(c), Sec. 4.5,
for generation of weak ZKM.

Let us first consider the case of an isolated system corresponding to the absence of dis-
sipative fields, i.e. "' = 0, see Fig.2a. In a non-trivial topological phase, a pair of MM is
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Figure 2: The effect of dissipative fields on the eigen functions and eigen values of
X. Panels (a), (d), (g), (j): The spatial distribution of the dissipative fields " (red
curve) and [ t (blue curve) along the chain. Panel (b): The spatial distribution of the
MM wave function in the isolated system. Panel (c): The eigen values 3 of the matrix
X for the isolated system. Panels (e), (h), (k): The right eigen vectors of the matrix
X corresponding to the eigen values with Im 3 = 0 and minimal magnitudes Re 3.
Panels (), (i), (I): The eigen values 3 of the matrix X. The first row corresponds to
the isolated system while the next rows correspond to the dissipative fields chosen
according to criteria (a), (b), and (c) in Sec. 4.5, respectively.

implemented in the system, the wave functions of which, y; and y,, are localized at oppo-
site edges of the chain, as shown in Fig.2b. In this case, the spectrum of the energies ¢, is
real (8, = ie,), symmetric with respect to zero, with a pair of zeros corresponding to paired
MM, see Fig.2c. We note that for the chain of a finite length L, the Majorana state energy
is generally non-zero, i.e. e =y -A X, ™~ e7PL see e.g. [114]. This splitting determines the
characteristic time 7., ~ fi/ |8|_, duri?lg which a phase error occurs in an isolated Majorana
qubit [54]. In our numerical calculations, which are performed for a finite L obviously, we re-
stricted consideration to regimes where ¢ vanishes within machine precision, thus effectively
setting € = 0.
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When connecting the system to an external bath described by self-adjoint Lindblad opera-
tors, L = L™, one component of the dissipative field vanishes, [ = 0 (see the blue dotted line
in Fig. 2d). Such case is an example of the situation described in item (a) in Sec. 4.5. Then
the modes with |Im 3| > 0 become attenuated (they acquire Re 3 > 0). The pair of MM trans-
forms into a single weak ZKM and a mode with Re 8 > 0 but Im 3 = 0, see Fig. 2f. The spatial
distribution of the weak ZKM (the right eigen vector of X ) becomes a linear combination of
the MM wave functions in the isolated system: U ~ ( 2, i)} X, —( X, 1) X, see Eq. (67) and
Fig. 2e. As a result, the weak ZKM is localized near both edges of the cham The partner state
corresponding to the weak ZKM has Re3 > 0 and Im 3 = 0, see Fig.2f. This state does not
belong to kerA and, thus, spreads over the whole chain, see the dashed curve in Fig.2e.

The third line of Fig. 2 corresponds to the mechanism of generation of weak ZKM, in which

the dissipative fields are orthogonal to one of the Majorana modes, e.g., [ ni. X, = 0 (see item

(b) in Sec. 4.5). In Fig. 2g the dissipative fields were chosen as [ = Z?:z csr’i X, with random

coefficients ¢ € [0, 1]. As can be seen from Fig. 2g and 2h, the spatial structure of dissipative
fields in this case may be quite nontrivial, however, for the ZKM eigen vector is U; = X since
the dissipative field does not affect the MM with the wave function y . An additional feature
of the considered situation is the orthogonality of the dissipative fields to the subspace of the
other gapped modes with a linear hull span{ Xy oeos £2N}. Therefore, the eigen values of X
includes non-dissipating excitations with Re # = 0, which correspond to oscillating modes of
the isolated system, cf. Fig. 2c and Fig. 2i. This situation corresponds to the fact that the
Lindbladian spectrum contains a large number of zero modes, A, = 0, see Eq. (28), and NESS
is multiply degenerate. -

The fourth row of Fig. 2 corresponds to the strategy of inducing ZKM, where the dissipa-
tive fields are chosen to be spatially structured and non-acting on the Majorana modes wave
functions, see item (c) in Sec.4.5. In Fig. 2j, the dissipative fields were selected to affect the
central part of the chain alone. Additionally, these dissipative fields were chosen so that they

are nonzero at one Majorana sublattice, l;]l ; =0, and thus l” X, = = 0, while the overlap

with the wave function y, is exponentially suppressed, 1 - X,~e ~L/E (where & ~ ~ A7 l.a
superconducting coherence length). In this scenario, the spatial structure of statlonary exci-
tations is practically equivalent to the MM in the isolated system, U, = =1, and U, )( (cf.
Fig. 2b and 2k). Thus, the open system exhibits a pair of kinetic modes_w1th p1=0 (ZKM)
and f3, = 0, corresponding to the red and blue dots near the origin in Fig. 2l. If the region of
nonzero £ in Fig. 2j is shifted toward the localization area of y; (the left edge of the chain),
the ZKM with 3, = 0 and eigen vector U, = =, remains stable since £ L y . Conversely, if the
center of mass of { is shifted toward the locghzatlon of x, (the right edge of the chain), the
real part of 3, begins to grow, while the eigen vector U, starts to modify. With a sufficiently
strong shift to the right, the spatial profiles and spectrum in Fig. 2k and 21 become analogous
to those in Fig. 2h and 2i, respectively.

5.4 The spectrum dependence on dissipation strength: The case Ny, =2, Ny =1

Having discussed the mechanisms for inducing weak ZKMs, we now briefly examine the char-
acteristic features of the system’s spectral evolution as a function of dissipation strength. To
this end, we study the spectrum of the matrix X(y) = A+ yM,., which incorporates the dis-
sipation intensity parameter ¥ € [0,1]. We consider the case with two pairs of MM in the
isolated system (N,; = 2) coupled to a single bath (N; = 1). In this case, there exist two
robust ZKMs (see Eq. (46)) that remain invariant under dissipation: f; 5(y) = 0. To visually
distinguish these robust ZKMs from dissipation-sensitive modes in Fig. 3, we applied an in-
finitesimal energy shift B, , — f;, 10", represented by black points at |3] = 0 with phase
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Figure 3: Spectral evolution as a function of the dissipation intensity y, with color
encoding y-values according to the colorbar. (a) The case I # L, tkB =2, N, = 2.
(b) The case L = ﬁ+, rkB =1, Ny = 3. The dissipation matrix yl LT governs the
y-dependence, while the other parameters match those in Fig. 2. Blue-green and
red-purple colorbars correspond to spectral branches selected to demonstrate a role
of exceptional points with a horizontal-to-vertical change of motion (and vice versa)
under the increase of dissipation (the parameter y).

angles arg § = +m/2.

Figure 3a displays the generic case where rk 5 = 2 and N, = 2, in which the pair of modes
with 8 = 0 is sensitive to dissipative perturbation. At small y, these zero modes acquire pos-
itive real parts (indicating damping) while their degeneracy is lifted. As dissipation strength
increases, an exceptional point is generated at a critical value y., producing complex-conjugate
eigenvalues that correspond to damped oscillatory modes (vertical spectral branches emerging
after coalescence of red and blue dots in Fig. 3a). With further increase of y, the dissipation sig-
nificantly affects low-lying gapped modes, endowing them with substantial real components.
These perturbed gapped modes exhibit two distinct behaviors: either maintaining complex-
conjugate relationships or transitioning to real eigenvalues followed by splitting. The spectral
reorganization occurs through the emergence of exceptional points.

If the dissipative bath has Hermitian jump operators (L = L*, Fig. 3b), the system exhibits
three stable zero modes (two robust ZKMs and one weak ZKM, as described in item (a) of
Sec. 4.5). The dissipation shifts one mode along Re 3, while increasing y causes gapped modes
to transition to real eigenvalues with d Re 8/9y of opposite signs (see evolution of the red
and blue branches in Fig. 3b). This leads to the formation of an exceptional point through
coalescence of the original zero mode and gapped mode (gray and blue branches behavior in
Fig. 3b), resulting in complex eigenvalues and oscillatory behavior.

This behavior exemplifies non-Hermitian systems where perturbations create exceptional
points and real-to-complex spectral transitions [120]. The parameter space near exceptional
points is particularly noteworthy and can lead to distinctive observable features [121], though
its analysis extends beyond this work.

5.5 Transfer of Majorana modes via bath hybridization

The effect of Majorana mode hybridization through a bath, described in Sec. 5.2 (see Eq. 67),
enables control over ZKM by tuning dissipative fields. To illustrate such a control, let us con-
sider a standard Kitaev chain with N, = 1 in the topological phase, i.e. with |u| < 2t, hosting a
single MM pair (the case Nj; = 1). We assume that the system is coupled to a single dissipative
field (N; = 1), where the fermion pump and loss amplitudes satisfy u = e'® v. Here, ¢ is a

real parameter, while u, v € CV, see Eq. (4).
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Figure 4: (a) Spatial profile of the gain field v related with the loss one u via yu = e!® »
(Eq. (4)). Solid and dashed lines show the real (»") and imaginary (»') components,
respectively. (b) Phase dependence of kinetic mode energies | 5| on ¢. Red dots
mark a weak zero kinetic mode present at all values of ¢. (c) Color map showing the
¢-dependent spatial distribution of the normalized ZKM weights across Majorana
sublattices, see Eq. (71). Color scale indicates magnitude of |U;|(¢). At ¢ =0
(¢ = m), the ZKM localizes near the right (left) chain edge. Intermediate ¢ values
yield localization at the both edges due to bath-mediated Majorana hybridization.
Other parameters match Fig. 2.

Let us denote y and Xy € RY the non-zero components of the Majorana wavefunctions
X, and X, localized at odd and even sites of the chain, respectively: y,; = x12j1 and

XB,j = X2,2j- Further, we define »" = Re y and vt = Imv. Using Eq. (4), the hybridization
matrix B, see Eq. (44), becomes

. ((x 2 s cosd)= (g, ) sing (gA-zrr)Sin¢+(gA-21)(1+l§osl¢))'(69)
(z,-¥)sing+(z, ) (1—cos@)  —(z,-¥)(1—cos)—(z, -2 sing

The determinant of the matrix B can be evaluated as
1 : X oAl
detB=—=sin¢ -det| | =4 -(1} ,1/) . (70)
2 X B

Therefore, the weak ZKM emerges if ' = 0 or sin¢ = 0.
In the case »' = 0, the right eigen vector of the matrix X corresponding to the weak ZKM
is given as the linear combination of the MM wave functions:

¢ ¢
. r —_— . r —
Ur g (g y)sing +y,(x, ¥') cos—. (71)

The expression (71) demonstrates that as ¢ varies from 0 to 7, the ZKM evolves continuously
from U { b0~ X, (the MM localized on right edge) to U | —— (the MM localized on left
edge). This evolution constitutes the Majorana mode transfer mediated by the hybridization
with the bath. Importantly, for v € RV, such transfer from the right to the left chain occurs
within a degenerate NESS (det B = 0). The mechanism of the transfer appears rather straight-
forward. When u = v (¢ = 0), the dissipative fields l” act on the odd sites of the chain alone,
maintaining £ 1 ; x, and thus preserving the MM wave function Xy Conversely, when w=-=y
(¢ = m), the dissipative fields selectively target the even sites of tl the chain, destroying the MM
wave function 2, while leaving X, to be unaffected.

We note that for v € RN and ¢> € [0, «t], the dissipative field can be represented as:
y . ¢ 4
L: lel¢/2, le—l = 'V; COS 5 , 12] = —V; sin E . (72)
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In this case, the mechanism for inducing a weak ZKM naturally satisfies criterion (a) of Sec. 4.5.
Furthermore, since [ € R?", the driving matrix Y = Im[[" = 0. Consequently, the correlation
matrix F must satisfy the homogeneous Lyapunov equation XF + FXT = 0. When regulariza-
tion X - X, =X +eUU™! (e — 0,) is accounted for, we expect the NESS to exhibit F = 0,
corresponding to a uncorrelated fermionic ensemble with <C1+ Cm) = O /2.

In the case v € CV, the weak ZKM exists only at ¢ = 0 and ¢ = 7 while ZKM are absent
at the intermediate magnitudes of ¢. Although, the initial and final stages of the protocol of
changing ¢ from 0 to 7w with » € CV are the same as in the case v € RY, physically, it should
be two very different situations.

In Figure 4 we illustrate the above results by means of numerical calculations. As shown
in Fig. 4a for ¥ = 0, the system hosts a weak ZKM for arbitrary values of ¢ (Fig. 4b). The
spatial distribution of the ZKM (71) evolves between 2, and 2, profiles as ¢ varies from 0
to m. At intermediate ¢ values, the U distribution becomes locahzed at both chain edges and
across all Majorana sublattices.

6 Conclusions

To summarize, we considered the model of a topological superconductor affected by the dissi-
pation not preserving the number of fermions. To study the system we apply the GKSL equation
in which the unitary evolution is described by quadratic Hamiltonian, while jump operators
are linear in fermionic creation and annihilation operators (linear dissipative fields). Analysing
the dynamics within the GKSL equation, we addressed the following question: how the zero
energy Majorana modes existing in the isolated system are affected by the dissipation trans-
forming to the zero kinetic modes and under what conditions the number of ZKM can be
maximized. We proved the exact relation for the number of the ZKM, see Eq. (51). We found
that the eigenvectors of ZKM always span the same hull as the eigenvectors of MM, i.e. be-
longing to the kernel of the Hamiltonian, see Eq. (45). We proved that the existence of ZKM
is related with the presence of the strong symmetry of the Lindbladian realized by the unitary
operator, see Eq. (53). We estimated the number of distinct non-equilibrium steady states
from below, see the end of Sec. 4.4. Based on the developed analytical results we proposed
the practical recipes how to maximize the number of ZKM by controlling the dissipative fields,
see Sec. 4.5.

We note that our results are applicable to the case when TS is coupled to reservoirs. We
discussed under which conditions the coupling to reservoirs can be described in the framework
of the dissipative fields.

We illustrated our results in the case of the Kitaev chain with long-range hoppings and
superconducting pairings. We showed how one can use dissipation to manipulate the ZKM,
e.g. transferring them from one edge of the chain to the other.
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A Appendix A

In this Appendix we present details of derivation of the GKSL equation for the topological
superconductor coupled to the reservoirs.

Following Refs. [122,123], we derive the GKSL equation for the superconducting system
tunnel coupled to metallic reservoirs. For a sake of simplicity we focus on the case of a single
junction. Generalization to the case of several reservoirs is straightforward. The Hamiltonians
of the superconducting system, H, the reservoir, H 1, and the tunneling junction, V, read

(A1)

Here we introduce D, = Dk tnk di. The density matrix of the total system evolves in accor-
dance with the following equation (here and further ¥ denotes operator X in the interaction
picture):

t

pr(®)=—i[V(®), pr(D],  pr(t)=pr(—00)—i f as[VGs), pr(s)]. A2

—0Q

In the interaction representation the operators become time-dependent. In particular, we find

N
Ea(t)= > (uh e Gy + v, e®tat),  Da() =ty dpe i (A.3)
y=1 k
As usual, we assume that the tunneling Hamiltonian switches adiabatically at t = —oo such

that V(—o0) = 0. Tracing Eq. (A.2) over the reservoir’s degrees of freedom, we obtain the
evolution equation for the reduced density matrix p(t) of the superconducting system as fol-
lows

p(0)=—iTry ([ V(0), p(—00) @ pp(—00) + peor(—00)] )

t N 3 X (A.4)
—f dsTrE([V(t),[V(s), ﬁ(t)@ﬁE(t)ﬂ’icorr(t)]])+O(V3).

—0Q

Here we introduced the density matrix p.,,,(t) describing correlations of the superconductor
and the reservoir in addition to the factorized density matrix 5(t) ® gx(t).
Further analysis of Eq. (A.4) is performed within the following set of the assumptions:”

(i) Assumption of absence of correlation between the system and the reservoir in the infinite

past: P.or-(—00) = 0. Additionally, we assume that the reservoir is in the thermal
(e

E 9. Asa corollary, the first term

equilibrium with some temperature T: pp(—00) = p
in the right hand side of Eq. (A.4) vanishes.

(ii) Assumption of weak tunnel coupling, V < 1. It allows us to limit consideration by the
second order perturbation theory in V (essentially, to work on the level of the Fermi’s
Golden rule). In addition, the smallness of V justifies the slow dynamics of the reduced
density matrix.

"Note that we do not employ the rotating wave approximation which is a standard choice, see e.g. Ref. [122,
123]. However, in our opinion, the rotating wave approximation is too restrictive and even may be not applicable
in the case of zero energy MM.
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(iii) Assumption of separation of time scales: the characteristic time scale of the evolution
of the superconductor 7 is much longer than the correlation time, 7,,,, characterized
correlations between the system and reservoir as well as the relaxation time, 7, in the
reservoir, i.e. T~ 1/V2>> 1, T ... As a corollary, the reduced density matrix becomes

B(1) = (1) ® Fp(t) + Peorr (1) = f(1) ® pTP

t~T

Using the assumptions (i)-(iii), we obtain (we use substitution s — t —s):
o0
5(t) = J ds Try ( [V, [V(e—s), peps?]]) (A.5)

f ds ([2u(0), &5t —5)p(0) ] Trg ( BF (0) Dt —5) p)
nml

+ &), 6t —5)p(0) ] Trg ( Bo() Dt —5) p5P) + hc. ).

The assumption (iii) implies that the correlation function of the reservoir involved in Eq. (A.5)
depend on time s only:

Tey (D} (1) Dt —5) pSP) = Teg (D (5) B 5P ) = Dt 4 ti €5 F (E1), (A.6)
k

Trp (Da(0) Dt =) 5V ) = Trg (Du() D AED) = Dt thp e S f (=80 (A7)
k

Making inverse transformation to the Schrodinger picture, p(t) — p(t) = e g et we
find the following equation for the reduced density matrix
p)=—i[A, p()]-DLp], (A8)

Dlp]= f ds ([E4(=5)p(0), & ]{DF () D) + [ En(=9) (1), £ ](Da(s) ;) +hc. ).
0

Integrating over time s, we obtain

I () r™(e,)
N N ——— ——t~
= 2, 22 (P Antia [66, 601+ DG Ay o [E15, € ] (4.9)

+Dr(1;1)(8a)Bml a [é ¥ 6 ]+D;(1:Fn)(8a)3ml;a Lap, el +h.c.).
~—_——
e T (ea)
Here we introduced the matrices

—_ * ES _ % *
Aml;q = UgmlUy + Vo Val » Bil;a = UamVy + VomUal » (A.10)

as well as the matrices encoding the coupling between the superconductor and the reservoir:

o0
4 ; (£ —
DiNea) = >t tme) ~ f(EER) f ds (Bt 4 oHi(Eea ) (A11)
k 0

=> (e tm,kf*f(i&k)[n (6(E+€)+8(Er—¢2))
k

:l:ipv( L + ! )]
o €k+8a gk_ga ’
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where , =1, {_ = % (complex conjugation operation). Next, we introduce Nambu represen-

tation:
N
s ¢ T (g,) TM(e,)
‘IJ=( A_+); F=Z( (he) ¢ (hh) a4 s
c a=1 r (Ea) r (Sa) (A12)
1 1
=—(r+1"), k=—(Ir-1"),
r=1(rer) L(r-r*)

where y = yT € C2V*2N and x = x* € C2V*2N | Then the reduced density matrix is evolved in
accordance with the following equation:

p()=—i[H+Hys, p(0)]+DIp], (A.13)
2N 2N

HLSZZKij‘I’i HE D[pA]:ZYij(z\I':—ﬁ\I'j_{ls:\Pi ]+}) (A.14)
i,j=1 Lj=1

The Hamiltonian H;, the so-called Lamb shift, is the correction to the unitary dynamics due
to virtual transitions of fermions from the superconductor to the reservoir and back. The term
DI 6 ] describes the dissipative effects due to coupling to the reservoir. In order to transform
it to the standard GKSL form, (1), we benefited from the eigenbasis of the matrix y :

rky N
DIpl= (2L, pLi —LiL,p—pLiL,),  Lo=vA, D (Qyaa+aq ),
v=1 =1
y=Q77Q, 7 =diag(Aq, ..., Aoy ) - (A.15)

Here we assume that 4/A, > 0. It is important to note that since we did not employ the so-
called rotating wave approximation, see, e.g., Ref. [39,124], the matrix y is not guaranteed to
be positive-definite. Therefore, the practical application of Egs. (A.8)-(A.15) requires an addi-
tional analysis of positivity of 4/A,. Therefore, tunnel junction between the superconductor
and the reservoir results in the GKSL equation with jump operators L, which are linear in the
fermionic operators. We note that the reservoir is equivalent to rky dissipative baths.

B Appendix B

This Appendix presents the proof of Theorem 1 concerning the number and structure of zero
kinetic modes in a system of free fermions under the influence of linear dissipative fields.

We start from the analysis of existence of ZKM, i.e. eigenmodes of the matrix X with ; = 0.
It is convenient to present the matrix M, in the form of the Gram matrix

Mp=€-00, C=[1], 0, 1, Ly e RV, (B.1)

Then using Weinstein-Aronszajn identity [93], we rewrite the characteristic polynomial of the
matrix X as

P(B) =det(B Iy —X) =det (A+ f Iy )det (Iy, —¢T (A+BD)'L). (B.2)

We assume that there are Ny, zero energy modes, &,y = 0, in the isolated system (with
Ny < N). Next we use canonical representation of A, cf. Eq. (6), and rewrite the characteristic
polynomial as

N N o _ )]
PB)=p> [ ] (ﬁ2+eﬁ)det(12NB+Z ﬂP_sz),

2 2
=Ny +1 o Bt

. T T
QW =clioc,c=—[QP] er®™:, pPO=cloyc=[PV] er®:.

(B.3)
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Here 0 and o, are standard Pauli matrices while the matrices C; are given as

r i

-1 -1
C = [Cz(l)’ o CZ(NB)] e R2*2Ns CI(V) — 121—1' i 121—1. e r>2, (B.4)
XL Xyl
Lo v Lol =V

We note that matrices CZ(V) describe a hybridization of eigen functions of zero mode in the

isolated system with dissipative fields L;’i.
To single out the behavior of the characteristic polynomial in the limit § — 0, we rewrite
Eq. (B.3) as

N
P(B) = p2n=N) [T (B2+e2)det(Z,+ B Z1(B) + B2 Z5(B)) , (B.5)

=Ny +1
where the matrices 2, 5 read
Nu N ) N )
EZ/Q p
Zo=y.clc, ZB) =Ly~ D, 5, ZB)= Y. ——F. (6
=1 =1 B EEp v=nys1 B EEp

It is worth noticing that Z; ,(f8) is finite in the limit f — 0. Let us assume that the matrix
Zy = ZOT has s zero eigen values. Making transformation to the eigen basis of 2,

ZO i ZO =RART , 21’2 - ZNLZ ZRZLzRT ,
A =diag(0,..., 0, Agy1, Ao, -5 Aon, ) (B.7)

N

we find for 8 — 0O:

52,1 2,2 5[2,2
2> A4 p 2

~ ~ ~ ~ -1 .
= det(p 21 ) der( A2 4 p (222 220 (201)7 )

= p* det 21V der A2, (B.8)

det(Zo+BZ(B) + B2 Z,(B)) ~

Here notations [a, b] denote the corresponding blocks of the matrices involved. In particular,
blocks [1,1] and [2,2] have s x s and (2N —s) x (2N —s) sizes, respectively. As one can see
from Eq. (B.8), the behavior of determinant in Eq. (B.5) for f — 0 are determined by the
number of zero eigen values of Z,, s = dimker Z, = 2Ny —rk Z,. Substituting Eq. (B.8) into
Eq. (B.5), we obtain

P(B — 0) ~ p2Nu—tkZ0 1k z < 2min(Ng, Ny). (B.9)

It is convenient to use the following properties of the rank of the matrix:

Ny
rk 2, = rk(ZClTCl) =rk(B"B)=rkB, (B.10)
=1
where we introduce
¢V e
B: : . : :WT-K (S RZNMXZNB. (B.].].)
D) N,
CNM CN;

30


https://scipost.org
https://scipost.org/SciPostPhys.20.5.138

e SciPost Phys. 20, 138 (2026)

For Nj; > Ny (N); < Np), it is more practical to compute rk Z, from the columns (rows) of
the matrix B. Therefore, we find that the number of ZKM is given as

N0=2NM—1’kB, rkB<2min(NB, NM)' (B.12)
In the case Ny; > Np, the number of ZKM is bounded from below as
Ny = 2(Ny —Ng). (B.13)

The equality corresponds to the condition rk B = 2N and the following behavior of the char-
acteristic polynomial P(f8 — 0) ~ p2Nu=Ns),
Let us now discuss the structure of the (right) eigen vectors of the matrix X, corresponding
to ZKM,
XU =0, a=1,...Ny=2Ny;—rkB. (B.14)

a

Let us demonstrate that such eigen vectors belong to the kernel of the matrix A and can be
constructed as follows

2Ny,
Qazbz:ya,blbzl/\/za, lbekerA, (B.15)

=1
where y are the vectors from the kernel of the matrix B, i.e. Bfy =0,a =1,. .., Np.

Indeed,_scilbstituting the ansatz (B.15) into Eq. (B.14), we find the follggving matrix equation
(BTy =0, (B.16)

that is trivially satisfied due to Y, € ker BT.

Since in Eq. (B.15) we construct eigen vectors corresponding to all existing ZKM, we can
state that there is no other zero eigen vectors of X. Indeed, given that BBT € R2Nv*2Nu and
considering the result (B.12), we arrive at the relations:

Ny = dimkerX = 2N,; —rk B = dimker BB” = dimker B” .

Thus, the dimension of the kernel of BT coincides with the number of ZKMs, and therefore
such solutions can only have the structure of the form (B.15).

C Appendix C

The conditions of Theorem 1 imply the existence of N,; strictly zero modes with
€1 =... = gy,, = 0 in the isolated system. These modes form a degenerate subspace, within
which Ny = 2N, —rk B zero kinetic modes with 8 = 0 are realized in the dissipative system. In
this Appendix, we examine the splitting of the ZKM subspace under a slight energy variation
of the zero modes of isolated system.

We will assume that the spectrum of the isolated system contains N;; subgap states with
0<¢e <6 (b =1,...,Ny) and bulk states with A < e, < E (c = Ny +1,...,N), where
6 < A. In the case of 6 = 0, the system’s characteristic polynomial P(f3) = det(X — 1) has
a zero root of multiplicity Ny. Under small perturbations of the energy levels of the isolated
system (of the order §/A < 1), a correction ~ 62/A? arises in P(f), which leads to the
splitting of the degenerate ZKM-subspace. Below, we estimate this splitting for a system with
a single bath, Ny = 1, as in this case all calculations can be performed explicitly.
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It will be shown that for Nz = 1, the characteristic polynomial P(3) behaves with respect
to the small parameter 6/A as follows (here we assume N;; > 1; the case N); = 1 will be
considered separately):

1 B /5 2Ny —4 52 ﬂ 2 54
FE}IAI‘HO (ﬁ)_(Z) [Az (A+BA)+§R(/5)]+O(E)’ (C.1D

where the polynomial R(f3) of the power 2N — 2N,, + 2 does not vanish at 6 — 0, and
limg/roR() = const. It is easy to see that this asymptotic behavior corresponds to the
polynomial

Ny—1 2(N—=Ny+1)
PB)=[](B*+a26%) [] (B-ad),  ag~0(5. (C.2)
a=1 c=1

The form of this polynomial implies that 2N,; — 2 subgap modes have energies 3 ~ i6. Thus,
the characteristic splitting of the ZKM energies is of the same order of magnitude as the splitting
of the subgap isolated mode subspace, | | ~ &

To derive expression (C.1), we write the characteristic polynomial (B.3) in the form (where
dg =det(A—-pI)= l—[;\le ([52 + 812 ) is the polynomial of the isolated system):

N
det(X—/sz)zdfgl-det(IZ-]_[ B2 +e2) Z]_[ B2+e2)(e- Q0 +p- p(”)), (C.3)
=1

=1 U#l

where matrices Q1) and PO are defined in Eq. (B.3). Here,

2
detQ® =derPD =12 =((z,, L)z, 1)~ (2, , 1)z, L)) - (€4

The determinant on the right-hand side of (C.3) is divisible by the polynomial dg without
remainder. Performing this division, we obtain the expression for the characteristic polynomial
that determines the spectrum of kinetic modes:

N

P(B)=det(x—p1) =] [(B>+e?)- Z(ﬂTrp(l>+(N )| [(B*+€2) (C.5)
=1 U#l

+ 2 57(B2det (P + P+ (e,1, 2,1, )7) [ (B2+22).

27, 170,

Let us explicitly extract the coefficients a, of the powers 7 using the following relations
(higher-order derivatives can be computed using Faa di Bruno’s formula [125]):

2N
PB)=D a,pP,  a,= —, W”’”
p=0

N

d% 2. a2 ST
WE(EZ P )/3’=0:(2J)'Zl_[

{r}; =1

B

p=0

(C.6)

In the last expression, the sum over {r }; means summation over all partitions of the number
N —j into zeros and ones: {r}; ={rq,..., 7y =0,1: ry+---+ry =N —j}.% Then, we find

8The product on the right-hand side of (C.6) can be visualized as a string (chain) with N sites, where each
site corresponds to a fermionic mode ¢; of the closed system. This string contains j vacancies, i.e., modes that
are excluded from the product. Accordingly, the summation over {r}; corresponds to enumerating all possible
arrangements of vacancies on a chain of length N. In cases where an additional k elements are removed from the
set, see Eq. (C.9), one should consider a chain of length N — k.
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the expression for the coefficients a, separately for even and odd powers of f3:

N N
= [ [ +3 3 et +en) S [T )

{r}; =1 l15=1 {q};’l”#ll,z

—(N —2)%# i [er + @i = det(pP@ + p®@) S [T e,

EU by A (P} 1'#h2

apj_1 = —2jﬁ:TrP(l) Z l_[elz,s” . (C.8)

=1 {s¥_, VA

Here, notations for different types of combinatorial distributions have been introduced:

{r}; ={r,....,y=0,1:r+--+ry=N—j},

{s¥; ={sp,...lsilossy=0,1: 57+ +sy=N—j},

. (C.9)
{p}Y_,=1{py--.Ip L. .[p,)...PN=0,1: py+---+py=N—j+1},

{a}] ={aq...la,)- . lap) - qv=0,1: ¢+ - +qy=N—j}.
Variables in square brackets, for example [ p; ], indicate that they are removed from the set.
Thus, in products of the form ]_[l 812” in Egs. (C.7)-(C.8), not all energy modes are included
as factors. When N,; modes with |¢| ~ & are present, this leads to different terms in the
expressions for a,; having different asymptotics at small 6. A straightforward analysis shows

that in the generic cases where I} # 0, the leading contribution to ay; is determined by the last
terms in (C.7). Therefore,

5 max{2N,;—2j,0} 5 max{2N,;—2j—2,0}
a2j—1 ~ (K) 5 a2j N(Z) 5 5/A—>0 (C].O)
Then, assuming that N;; > 2 and normalizing all energy parameters by the gap A, we obtain
(B=B/A, by,=a,/ANP):
1 ~ SN — SONy —
F']D(ﬂ) = b() + bl /5 +...+ szM_4 ﬁZNM 4 + bZNM—S /52NM 3 (C.].].)
~—_——
0(54/A%) 0(52/A2)
+ boy, o B2+ L+ boy BV

0(59/A0)

When analyzing the splitting features of the degenerate ZKM subspace at small §, the
main contribution to P(B) will come from the terms in (C.11) of order ~ 0O(5°/A%) and
~0 (52 / Az) As a result, we arrive at (C.1) and the conclusion that the splitting energies of
the robust ZKMs are comparable to those of the MMs, || ~ 6.

We verified these predictions numerically in the framework of the extended Kitaev chain
model from Sec. 5. Figure 5 shows the dependence of subgap excitation energies on the chain
length N for both the isolated (0 < ¢ < A, hollow circles) and open (|| < A, squares/dots)
systems. Panels (a,b) display homogeneous systems with topological indices Nj; = 2, 3.° Panel
(c) shows a disordered case with N); = 2 and random on-site energies € i (Eq. (59)) drawn
from a Gaussian distribution (€ = 0, 0. = u/2). The open system energies 3 were averaged
over 500 random realizations of dissipation fields u, v € CV.

° Recall that N, is the number of zero-mode pairs in the thermodynamic limit.
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Figure 5: Dependence of subgap excitation energies on chain length N for the iso-
lated (hollow circles) and open (squares and dots) Kitaev chains (Sec. 5.1) with
parameters u = 0.5, t, =6y, , A, = 0.86,y,, (all energies are in units of |t[). (a,b)
Homogeneous systems with N,; = 2 and N;; = 3, respectively. (c) Disordered system
with N;; = 2, where on-site energies € j (Eq. (59)) are drawn from a Gaussian distri-
bution (mean é = 0 and dispersion o, = u/2). The energies 3 for the open system
are averaged over 500 random realizations of the dissipation fields u, v € CV.

Figure 5 exhibits that finite-size effects cause Majorana mode wave functions to overlap,
generating the well-known subgap excitations with exponentially decaying energy & ~ eV
[114]. In homogeneous systems, when N / N,,; € N, all subgap modes acquire the same energy
€1 = ... = gy,, (panels a,b). This degeneracy is lifted in the inhomogeneous case (&; # &,
on panel c¢). The dependencies demonstrate that the subgap mode energies of the isolated
and open systems are comparable. Furthermore, it is clear that this conclusion holds in the
presence of disorder originating from both the subsystem itself and the dissipative fields.

While the above analysis pertained to robust ZKMs, we now turn to the features of weak
ZKMs, considering the simplest possible case N,; = Nz = 1. In this case all coefficients of the
polynomial P(3) have a finite limit as 6 /A — 0. Accordingly, robust ZKMs are not realized,
which is consistent with Theorem 1.

However, in addition to the robust zeros, weak ones can arise due to the hybridization of
the closed system’s wave functions with dissipative fields. To demonstrate this, consider the
expression for the constant term of the polynomial a,:

2

a0=ﬁ€f + [ D2y, Wy )=y W2y 1)) T [er | - €12

=1 =1 VAL

The equality a, = 0 means that § = 0 is a solution of the equation det(X — $I) with multiplicity
one. Next, we assume that &, = 0. Then, the existence of a weak zero is determined by the
condition

ao~Ty=(z, 1)z, 1)~ (x, 1)(x, L)=0, (C.13)

which agrees with Eq. (66). Next, maintaining the conditions for the realization of a weak ZKM
for the case £; = 0 (assuming I} = 0), let us suppose that the spectrum of the isolated system is
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perturbed such that £; ~ §. Then, from the analysis of (C.13), it follows that a, ~ §2/A2, and
hence the splitting of the weak ZKM behaves as | 8 | ~ 2/ A for §/A — 0. Thus, in dissipative
systems with a single bath Nz = 1, weak zeros are more stable to small perturbations of the
isolated system’s spectrum than robust ZKMs.

The presented analysis allows us to assert the robustness of the ZKMs described in Sec. 4
against small local perturbations of the Hamiltonian or dissipative fields in the case of Nz =1,
and to suggest a similar robustness for cases with Nz > 1.
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