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Magnetism is a quantum phenomenon.

Teopema bopa — BaH J1éBeH : BELLIECTBO B Kflaccnieckon dnsmke MOXeT ObITb
HaMarHM4YeHo TOSIbKO B TEPMOAMHAMUNYECKN HEPABHOBECHOM COCTOAHUU: NPU Ero
nepexone B COCTOSIHME paBHOBECUS, HAMarHM4YnBaHMe UCYE3aeT.

[pyboe obbsicHeHWE nonydeHHoro bopom 1 BaH JleyBeH pesyrnbrarta 3akno4aeTcs B
TOM, YTO MarHMTHOE MNoJSie He MOXET NPON3BOAUTL PaboTy Hag YacTULIEN.
KoHKpeTHee gokasaTenibCTBO CTPOUTCS Ha npeobpasoBaHMm caBura UMNynbLca Beex
3apsKeHHbIX YacTul Ha BenuunHy eA/c (roe e - 3apsg Yactuubl, A - BEKTOPHbIN
noTeHuuarsn nosisi, € - CKOpocTb cBeTa). [1oCKoNbKy B Knaccn4ecknim raMmisTOHUaH,
OMMCbIBaOLLNIA OUHAMUKY CUCTEMbI, UMIMYSTbC BXOAUT TONLKO B KOMOMHaLUUK p-
eA/c, TO Npu TakoM 3aMeHe CTaTUCTUYECKas CyMMa He N3MEHSIETCS, TO €CTb OHa He
3aBUCUT OT HanNuUumMsa marHnTHoro nosns. OTcroga cnegyert, YTO MarHUTHBIM MOMEHT
CUCTEMbI TaKXXe He 3aBUCUT OT Hann4yma MarHMTHOrO MoJsid U NOTOMY BCerda paBeH
HYIH0, Kak U B OTCYTCTBMW MON4.
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Magnetism is a quantum mechanical phenomenon.

A classical system in thermal equilibrium cannot display any

magnetic moment, even in an external applied magnetic field.
A free atom - sources of the magnetic moment:
1. the spin;
2. the orbital angular momentum;

3. the change in the orbital moment in an external

applied magnetic field.

Contibutions to the magnetization:

(1) and (2) - paramagnetic, (3) - diamagnetic.



Examples:

Hydrogen atom in the ground 1s state - the orbital moment
is zero, the magnetic moment: the electron spin and a small
induced diamagnetic moment.

Helium atom in the 1s® state - both the spin and orbital
moments are zero, only an induced moment.

Atoms with filled electron shells - zero spin and zero
orbital moment.

Periodically ordered arrays of magnetic moments will be
considered later. These arrays may be ferromagnetic,
antiferromagnetic, ferrimagnetic, helical, or of more
complex varieties.



Examples:

(a) - ferromagnetic ordering, (b) - aniferromagnetic ordering
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Nuclear magnetism: magnetic moments of nuclei are about
107 times smaller than the magnetic moment of the

electron.

Nuclear demagnetization.



Diamagnetic and paramagnetic media - magnetic susceptibilities

Langevin (free spin)
paramagnetism

Magnetic susceptibility

| o+

i Pauli paramagnetism (metals) Temperature

Dia;'lagne?ism




Larmor diamagnetism
Magnetic susceptibility of insulators with all shells filled

Analogy with the Lentz law: if magnetic flux is changed, a
current is induced in such a direction to oppose the flux

change.

An electron orbit - “the induced current” persists as long

as the external magnetic field B is present.

Diamagnetic moment - since the magnetic field of the
induced current is opposite to the external field B, the

magnetic susceptibility is reduced.



The diamagnetic susceptibility is

v unze’ <r2>

om

Important: both the quantum mechanical and classical

derivations of the Larmor diamagnetism are possible.

The usual treatment of the diamagnetism of atoms and ions employs the
Larmor theorem: in a magnetic field the motion of the electrons around a
central nucleus is, to the first order in B, the same as a possible motion in the
absence of B except for the superposition of a precession of the electrons with

Larmor angular frequency. The Larmor precession of Z electrons is equivalent
to an electric current
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Van Vleck paramagnetism

In the case of L#0 and S #0 the van Vleck term to the
energy shift of the ground state induced by an external
magnetic field B contributes to the magnetization even if
the total angular momentum J =0.

In this case the magnetic susceptibility y is proportional to
the van Vleck fterm:

The van Vleck paramagnetic contribution fo y can exceed
the diamagnetic contribution.



Microscopic origin of atomic diamagnetism
and of Van Vieck paramagnetism

Hamiltonian of a charged particle in g 1 ( Q )+Q(p

electromagnetic field is given by oM \P—
The additional term due to . ich e,
electromagnetic fieldis % = 3,— (V- A+ 4-V) + o5 A7,
In magnetic field only _ _1_ _ _}_ _
one can choose Ar= 5 4B, Ay B, A, =0,
Then the additional . __ iehB ( .9 e?B? 2
Hamiltonian term is X 2!??, g T et (x Y.
paramagnetic (Van Vleck) dlamagnetic
Diamagnetic term has diagonal matrix elements - __ e’B* (r?)
and gives energy correction in the first order: 12me
The induced magnetic moment oE’ e? (r?) B

originating from this perturbation is = 0B Grme?



Temperature-independent Van Vleck paramagnetism

IlpesnoaokuM, 9To HeAHAroHaJbHbIH MaTPHYHBIH JeMeHT (S|U:|U) oilepa-
TOPa Wz, CBA3BIBAIOUIHE OcHOBHoe cocrostiie O ¢ BO30yXKIEHHBIM COCTOMHHEM S,
CGOTBCTCTBYET 3sneprin A = Es— E,;, OTCUNTBIBAEMON BBEDX OT YPOBHSt 3HEPIHH
ccaoBtioro cuctosuua (Es). Torma crangaprHas Teopust BO3MVIIEHHH B caydae
cnabeix nodaeii (8 K A) nact naa BOJHOBONH (VHKIHH OCHOBHOFO COCTOSIHHS

‘ B
CreZLylolLee BbIpaKeNne: gy, | X <3 By | O) P

. . , B
and for the wave function of excited state v, =1, — N O], ]s)v,

Hence, the new ground state ’ N ; 2/
has the magnetic moment O pe 1 07) =~ 28 1 és iz | 0) 12/A,

while the new excited state ’ I 2
has the magnetic moment (s"[pz |8y~ —2B1(s[p10)[*A.

At low temperature T<<A all particles are 2NB | {s|nz|0)|?
in the ground state, and magnetization is M = — A

2N {¢sluz|0) )’
A

The corresponding susceptibilityis ¥ =



Van Vleck paramagnetism at high temperature

a) Cayuait A <€ kzT. Ortnocuresbplibili M30bITOK uyacTHil Ha OCHOBHOM YypOBHE
(o cpaBuHelylo ¢ Bo3OyxaeHHbiM) npuCauxkendo pased NA/2kgT, a pas coort-

BCTCTBYIOINEH HAMarlnHyeHHOCTH NOJVYUM: 28 | <S | K> | (]> |2 NA
M = -
A 2k, T
and the corresponding susceptibility , _ Nidstpz10))?
kT |

The total molecular magnetic susceptibility at low T
can be positive or negative:

Nye? S 0) |2
== LT 2M R

diamagnetic paramag'setic (Van Vieck)




Pauli paramagnetism of metals

. Magnetization is given by the difference of spin-up
otal energy, kinetic + .
iafenctoutl el trons and spin-down electrons: AM — 1L (N 4 N _)

I

Paralie} i
to fekd

* Pasallel the Fermi level is
tofeld

\ 1 1 Density of states at

< 4 — 3N/25Tp
| S -
r °F
N_=L2 S de [ ()20 (e — MB)E%S de [ (e) D (e) —-—é—uB@(eF).
b 2
No=2 \aei@De+ruB~L| def @D @+ L pB2 @)
—nB 0

3N
As a result spin magnetization of metals is M =~ u*2 (e7) B = 5 ;f B
B F




Comparison of Curie law (for localized
spins) with magnetization in metals

The diamagnetic susceptibility of metals is -1/3 of paramagnetic, and
originates from the change of electron wave functions in magnetic field
(Landau levels -> Landau diamagnetism). The total magnetization is a sum
of paramagnetic (spin) and diamagnetic contributions: N p% A

“glp

B

Nujp
T

This is smaller than the Curie magnetization M —
by a factor kgT/E <<1.



Energy level splitting for one electron in a magnetic field B

directed along the positive z axis.

mg M,
1
P o v e
P
/ 2uB
e M
\\
\‘;__1_
2 M

The magnetic moment i of an electron is opposite in sign to

the spin S, so that u=—-gu,S.

In the low energy state the magnetic moment p || B.



A two-level system in thermal equilibrium at temperature 7'

in a magnetic field B - fractional populations:
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The magnetic moment is proportional to the difference

between the two curves.



Comparison of (classical) Langevin formula
and quantum formula for magnetization

Langevin formula for magnetization M is derived by averaging the angle 6
of classical magnetic moment p with potential energy U=-u B cosO :

—1
{cos B) = (S e PV cos B dQ) - (S e~ BU dQ) = cth x i == L (x).
As a result one obtains M=Ngu < cos@>=Ny L(uB/KT)

Quantum formula for magnetization M is
derived by the summation of magnetic
moments of different energy levels
weighted by the Gibbs distribution:

M=21; N, =N tanh(uB/KT)

Comparison of Langevin
formula with quantum
formula for magnetization
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Heat capacity of two-level system (Schottky)

(A/TY’e2"

°=(5r), "

At high temperature T>>A
Crkp (A/2T)%2 + ...

Such a term in the heat capacity
often allows the detection of low-

energy splitting, e.g. nuclear spins or
hyperfine splitting (A~0.001-0.1K).
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Curie’s law: magnetization of a set of identical ions of
angular momentum oJ.
N (g.UBJH

M="ou. JB
y SHBIE k,T

), g=g(,L,S),

where g = g(J,L,S) and B,(x) is the Brillouin function

2J+1c:oth 2J+1x—icothix :

2] 2/ 2/ 2/

BJ(x) —

When gu,H < k,T the series expansion gives Curie's law

_ N (gup)’ J(J +1)
V. 3 kT

X



Magnetic moment as a
function of B/ T for

spherical samples of
(I) potassium chromium
alum,

(II) ferric ammonium
alum, and

(I1I) gadolinium sulfate
octahydrate.
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Plot of y ' vs T for
Gd(C2H5SO4)3'9H20.

The straight line is

the Curie law.

Curie’s law: limits of

applicability.

1/X,y, in units 10% mol/cm?®
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Adiabatic demagnetization: the total entropy is constant.
The initial entropy of the lattice should be small compared

with the entropy of the spin system.
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The spin 2 system is magnetized isothermally along a-b, and

is then insulated. The external magnetic field is turned off

along b-a. B, - an internal random magnetic field of 100 G.

Spin entropy in units Nkg

0.7

o
o

o
3

=
»

o
w

o
N

S

\B = 0; B,= 100 gauss

B = 500 gauss \

— N o

1 1

20 25 30



The ground state of an ion, Hund's rules

The Hund rules - the way in which electrons occupy

orbitals makes certain the following ground state of an ion:

1. The maximum value of the total spin S permitted by
the exclusion principle.

2. The maximum value of the orbital angular momentum L

compatible with the value of S as per rule no. 1.

3. The total angular momentum o/ is ‘L—S‘ and L+ S

when the shell is less than half full and more than
half full, respectively. When the shell is exactly half
full, rule no. 1 yields L =0 and, consequently, J =S.



Examples of Hund’s rules:

Ce’*: a single f electron with /=3 and s:1/2. Since the f
shell is less than half full, J =|L-S|=3-1/2=5/2.

Pr’*: two f electrons. Rule no. 1 (the maximum value of the
total spin S permitted by the exclusion principle) yields
S:1/2+1/2=1. The both f electrons cannot have m, =3
(the Pauli exclusion principle would be violated), therefore,
the maximum L consistent with the exclusion principle is
only 5.

The resulting value of the total angular momentum o/ is
L-S|=5-1=4.



Crystal field splitting (results to quenching of magnetic moment)
An atom with L =1 in the uniaxial crystalline electric field

of the two positive ions along the z axis.

The states m, =+1,0 of the free atom are degenerate.

® ® S

(a) (b) (c) (d)

[from Charles Kittel, Introduction to Solid State Physics (Wiley, 2004)]



In a crystal the atom has a lower energy when
the electron orbital is close to positive ions (a)

than when it is oriented between them (b, c).

(d) - The energy levels;
if the symmetry of the electric field is lower than axial,

the energies of all three states are different.
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Rare earth elements (from Wikipedia)

A rare earth element (REE) or rare earth metal (REM), is one of a set of seventeen chemical
elements in the periodic table, specifically the fifteen lanthanides, as well as scandium and
yttrium.[2] Scandium and yttrium are considered rare earth elements because they tend to
occur in the same ore deposits as the lanthanides and exhibit similar chemical properties.

Rare earth elements are cerium (Ce), dysprosium (Dy), erbium (Er), europium (Eu),
gadolinium (Gd), holmium (Ho), lanthanum (La), lutetium (Lu), neodymium (Nd),
praseodymium (Pr), promethium (Pm), samarium (Sm), scandium (Sc), terbium (Tb), thulium
(Tm), ytterbium (Yb) and yttrium (Y).

Despite their name, rare earth elements are — with the exception of the radioactive
promethium — relatively plentiful in Earth's crust, with cerium being the 25th most abundant
element at 68 parts per million, or as abundant as copper. They are not especially rare, but
they tend to occur together in nature and are difficult to separate from one another. However,
because of their geochemical properties, rare earth elements are typically dispersed and not
often found concentrated as rare earth minerals in economically exploitable ore deposits.[3]
The first such mineral discovered was gadolinite, a mineral composed of cerium, yttrium, iron,
silicon and other elements. This mineral was extracted from a mine in the village of Ytterby in
Sweden; four of the rare earth elements bear names derived from this single location.

Rare-earth elements have large own magnetic moment because of
partially filled atomic f-electron orbitals.
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Rare-earth elements have large own magnetic moment because of partially filled atomic f-electron orbitals.
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Rare-earth ions

The ions of the rare-earth elements have similar chemical

properties.
The rare-earth ions display complex magnetic properties.

The trivalent ions are chemically similar. This is because
the configurations of the outermost electron shells are the
same (5s°5p°), similar to neutral Xe.

In lanthanum the 4f shell is empty. In cerium, there is one
4f electron. The number of 4f electrons increases through

the rare-earth group.



The configurations of ytterbium and lutetium are 4f13 at
414, respectively. The latter shell is filled.

Lanthanide contraction - the radii of the trivalent ions
contract across the group from 1.11 A (Ce) to 0.94 A (Yb).

The magnetic behavior is determined by the number of 4f

electrons in the inner shell (radius about 0.3 A).
Interestingly, the 4f cores retain its atomic properties.

A (2J +1) - fold degenerate ground state (a magnetic field
lifts the degeneracy); higher energy states - neglected.

Many rare-earth ions satisfy these assumptions.



Effective magneton numbers p for trivalent lanthanide ions

p(calc) = p(exp),
Ion Configuration Basic Level - g[J(J+ 1)1 Approximate

Ce*’ 4f’5.5‘2p"' *He s 2.54 2.4
Pr3t 4125s2p® i, 3.58 3.5
Nd3+ 4f35s2pS Lo 3.62 85
P 4f45s*p® ] 4 2.68 -

Sm3* 4f°552p" SH,, 0.84 1.5
i 4165s*p" F, 0 3.4
Gd3* 4175s*p® 8805 7.94 8.0
Th** 41%55%p® P 972 9.5
Dy?+ 4f9552p0 T 10.63 10.6
Ho®' 4f19552p" 1 10.60 10.4
Er' 4f11552p" 50 9.59 9.5
Tm*" 411255%pS 3 750 7.3
Yb?t 4f135s%p® 2F s 4.54 4.5

[from Charles Kittel, Introduction to Solid State Physics (Wiley, 2004)]



The calculated magneton numbers p = glJ(J +1)]"? are

obtained using g values from the Landé result.

The ground state — Hund’'s theory of spectral terms.

The discrepancy between p for Eu’* and Sm* -

and p

exp calc

the high-energy states of the L—S multiplet must be
taken into account.



The quenching of the orbital angular momentum

Effective magneton numbers for iron group ions

Config- Basic p(calc) = p(calc) =
Ion uration Level g[JU+1]*? 2[S(8+1)]? plexpP

i i ? i A S O A
5 o % 2 3 A X S ¥ R SRR
¢ % R R A e e e
B o R s e e N R
SEeRe R % e e R R N R s

1iot, vy 3d! ’D3;y 1.55
Vit 32 3F, 1.63
Cret, Vet 3d? By 0 OO0
Mnit, Cr 3d* °Dy, 0

- Fe?t, Mn?* 3d? 680 . 5
Fe?t 3d* D, 6.70
Co?t 3d’ Foo 6.63
Ni*t ' . 3d? °b, 5.59
Cuzt 3d8 2Dy 355

aRepresentative values.

[from Charles Kittel, Introduction to Solid State Physics (Wiley, 2004)]



The experimental magneton numbers for salts of the iron

group are in poor agreement with theoretical expectations.

Instead, the experimental values often agree well with

magneton numbers pz2[S(S+1)]1/2, i.e., calculated as if

the orbital moment were reduced to zero.
The orbital moments are “quenched”.

The van Vleck arguments.



The Kramers theorem

The energy levels of a system with an odd number of
electrons remain at least doubly degenerate in the

presence of electric fields only (no magnetic fields).

The Kramers theorem is a consequence of the time reversal

invariance of the electric field.

The rare-earth ions are classified as Kramers and non-
Kramers ions depending on whether the number of 4f

electrons is odd or even, respectively.

Due to the crystal field effects, the ground state of non-

Kramers ions (Pr’*, Tb*, Tm>*, Ho®") is a singlet.



The Jahn-Teller effect

Molecular distortions due to a degenerate electronic ground
state.

Any non-linear molecule with a degenerate electronic
ground state will undergo a geometrical distortion that

removes that degeneracy.
This is because the distortion lowers the overall energy.

The Jahn-Teller effect is often encountered in octahedral

complexes of the transition metals.



Magnetism of the free-electron gas
% Pauli paramagnetism
+ Landau levels
+ Landau diamagnetism
%+ The Aharonov-Bohm effect

% The integer quantum Hall effect



The Aharonov-Bohm effect

Y. Aharonov and D. Bohm, “Significance of electromagnetic potentials in
quantum theory”, Phys. Rev. 115, 485 (1959).

N. Osakabe et al., "Experimental confirmation of Aharonov-Bohm effect

using a toroidal magnetic field confined by a superconductor”, Phys. Rev.
A 34, 815 (1986).

The electromagnetic potential consists of the electric

potential ¢ and magnetic vector potential A.
The related electric and magnetic fields are:

E-= —V(p—aa—‘i‘ (SD)

B=VxA



Aharonov and Bohm predicted that an electron travelling
along a closed curve C in an area with zero magnetic field
B =V x A, but non-zero magnetic vector potential A,
acquires a phase shift

Agb:%cﬁA-dx . (SI)
C

The magnetic vector potential A is an example of a gauge
field.

Therefore, the Aharonov-Bohm effect demonstrates that

electromagnetism conforms to the theory of gauge fields.



Example: a foroidal solenoid is such a special current
configuration - its magnetic induction is confined to the
solenoid; outside the solenoid A0, B=VxA=0.

Scanning electron micrograph
of toroidal magnet covered by

a superconductor:

[from N. Osakabe et al., Phys. Rev. A 34, 815 (1986)]



Electrons travelling from point 1 to point 2 along two differ-
ent routes will acquire a phase difference Ap =q®/%, where

® is the magnetic flux through the contour comprise the
two routes.

In quantum mechanics, a particle can travel between two
points along various routes.

The phase difference can be observed if a solenoid is placed
between the slits of a double-slit-type experiment.

Outside the solenoid A #0, and the relative phase of
particles passing through different slits is altered by
turning on or off the solenoid current, leading to a shift
of the interference fringes on the observation screen.



Superconductor Ej ['_7

Persistent
current

Magnet Reference

t‘ngave
m/‘u@

[from N. Osakabe et al., Phys. Rev. A 34, 815 (1986)]



Integer quantum Hall effect
First reported by von Klitzing, Dorda, and Pepper (1980).

Experiments - a two-dimensional electron gas formed by an
inversion layer at a Si/Si0, interface.

At low temperatures and at high magnetic fields, the

transverse conductivity o was quantized, with values

v
O, =7
H
where v is an integer and
h
R,=—=25813 Q.

e



Experiment - a current I =28 uA runs in the upper loop.

The current between the vertical terminals is much smaller.
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The plateaus are separated by steep rises correspond to Hall

resistances of R, /v.

The value of o, in the plateau coincides with its theoretical

value to at least 1 part in 10°, and reproducible to 1 part in
10°°.

The quantum Hall effect is currently employed in the

international standards of electrical resistance.

Early explanation: current loops and moments.



(A) A quantum Hall device - DOS contains a lot of states at

ha)c(v+1/2), and localized states in between these energies.

(B) The QHE - 2D electron gas in a high magnetic field B.

b
W
'S -
(A)  hwe/2 3hwe /2 (B)



	Пустая страница



