Anharmonic effects in crystals

If in the expression for the potential energy of interatomic
Interaction we limit ourselves to only quadratic terms in
Interatomic displacements (harmonic approximation), then

1. There would no thermal expansion.

2. Adiabatic and isothermal elastic constants would
respectively be equal to each other.

3. Elastic constants would not depend on pressure and
temperature.

4. Heat capacity at high temperatures (T > 0) would be
constant.

5. Two elastic waves in a lattice do not interact with each
other, a separate wave does not decay or change its shape
over time, and phonons do not scatter on each other.

All this iIs not true In real crystals with anharmonic
terms in the interatomic interaction .



Demonstration of three-phonon interactions
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Diagram of the ultrasonic setup used to conduct the experiment
demonstrating three-phonon interaction. In a typical experiment,
generator A excited shear waves with a frequency of 10 MHz, which
Interacted near the center of the sample (which had the shape of a disk)
with longitudinal waves with a frequency of 15 MHz, which were excited
by generator B. The longitudinal wave with a frequency of 25 MHz
resulting from the interaction was recorded by receiver C, and the
relationship for wave vectors: K1 + K1 = K3 was satisfied.



Thermal expansion.

Three-phonon processes are caused by cubic {; iy S == AQM%UQZE
terms in potential energy, for example
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Lattice constant, in &

Experimental data on the
coefficient of thermal expansion
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In harmonic approximation the energy of an atom is

assumed to be
E=E+a(F-7) , (6.1)

where the second term on the right-hand side is the energy
of oscillations. In this approximation phonons are
independent from one another. In other words, there is no

phonon-phonon scattering.

Inclusion the third-order term in the energy expansion
E=E +a(7-7,) +b(F-7,) (6.2)

accounts the phonon-phonon interaction.



Thermal expansion and the Gruneisen parameter

Equation (6.2) leads to non-zero thermal expansion; in

harmonic approximation the thermal expansion is zero.

We can, however, partly account for anharmonic forces, if
in harmonic approximation (6.1) assume that the force

constant a depends on the volume.
This approximation is known as quasielastic.

If the lattice force constants depend on the volume, the

frequencies of the normal modes also depend on the volume.



From thermodynamic considerations, the equation of state
of a crystal can be written as
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The thermal expansion coefficient is
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where

is the bulk modulus.



Substituting (6.3) in (6.4) we find
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The contribution of each vibrational mode to the specific

heat is
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For each vibrational mode ¢ we can introduce the quantity

Vo, dno,

P A T

, (6.7)

Known as the Gruneisen parameter.

We now determine the average Gruneisen parameter
s

a=tor (6.9)
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and find that




Since the bulk modulus is only weakly temperature
dependent, the models assuming the constant Gruneisen
parameter predict for the thermal expansion coefficient
the same temperature variation as for the specific heat.

Finally, we note that the

approximately linear-in-

temperature increase of

C, at high temperatures
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is also a consequence of

lattice anharmonicity.
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