
Phonon contribution to the total energy
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The energy of all excitations (phonons) is given by the sum over all 
quantum states, which are numbered by the wave vector k=p/ℏ : 

The filling number nk of the quantum states of phonons is given by 
Bose-Einstein distribution function: ( ) ( ) 1/])([exp
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The phonon dispersion ω(k) may 
consist of several branches α.
The phase volume 
gives the number of quantum states. 
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Specific heat (heat 
capacity of unit mass)



Heat capacity and density of phonon sates in 1D
Energy of 
phonon gas

or

In 1D case

1. In Debye approximation and

2. In the Einstein model

3. For 1D chain of atoms

and the density 
of phonon states 

Heat capacity in 
3D as function of
temperature T/Θ

density of states 
in 1D 
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Density of phonon states in 3D (general case)
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Density of phonon states in 3D Debye model
In Debye model [linear ω (k)] the number of phonon 
states with energy less than ω in a volume V=L3 is

The Debye (cut off) frequency 

The thermal energy is given by



Van Hove singularity in the density of states

Density of states where group 
velocity

The integrand has a singularity (singularity) where the group velocity vanishes, i.e., where 
the dependence of frequency ω on the wave vector K has a local flat section. Points in K-
space for which this occurs are called critical points. A critical point can correspond to the 
maximum, minimum, or saddle point.

Near the critical point

a) Maximum case. Let us assume for simplicity that the local surface of constant 
frequency has the shape of a sphere. Then
For the volume of a sphere of radius 
q in the Fourier space we have:

Then for the density of states 
near ωс we have (for ω < ωс )
and for (ω > ωс )



Van Hove singularity in the density of states
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