Measurements of the Thermal Conductivity

Measurement techniques:
steady - state heat - flow technique
comparative technique
double comparative technique
parallel thermal conductance technique
radial flow method
square wave a.c. drift method
flash thermal diffusivity method — high femperatures
3w technique — thin films

Systematic errors:
heat loss via radiation
thermal conduction through the lead wires



Measurements of the Thermal Conductivity

The Fourier—Biot equation:

QO  dT

H—
A dx
where QO is the rate of heat flow through area 4 with a tempera-
ture gradient, dT'/dx.

()

The constant of proportionality s — thermal conductivity.
The symbol A is also often used.

Eq. (1) describes a diffusive heat transport process.



If T varies with time at a rate 97/0¢ and if ¢ is T-independent,
one can derive

oT  o°T
520687 . (2)

Here the constant of proportionality o is the thermal diffusivity.
The thermal diffusivity ¢ can be determined from Eq. (2).
It relates to s¢ through the relation

y

o=—,
pC

(3)

where p is mass density and C is the specific heat.

In general, 5«(T) — a(T) .



The Steady-State Heat-Flow Technique

to room tempemturc
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Experimental set-up



1 - copper holder

2 - thermal anchoring of the wires
3 - coil foil
- copper

- stainless-steel holder

4
5
6 - sample (Lead single crystal)
7 - carbon thermometer

8 - silver foil

9 - heater

10 - GE varnish; removed after

mounting

Experimental set-up: sample and sample holder
(from W. Odoni, P. Fuchs and H. R. Ott, Phys. Rev. B 28, 1314 (1983))



cZ S ~— — Wwire support

heater manganin wire
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sample — J———gold wire

sample holder

thermal
anchoring

Experimental set-up; T-range between 0.065 and 100 K



Experimental set-up: small samples



What is the upper limit for AT?
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Temperature distribution in a steady-state heat-flow set-up
(from R. Berman, F. E. Simon and J. M. Ziman, Proc. Roy. Soc. A 220, 171 (1953))



Assume that the steady-state heat flow is established, and
that the isothermal surfaces are planar and perpendicular
to the sample between the thermometers 7, and 7,.
Integrating the Fourier —Biot equation from 7, to 7, yields

The mean value of > between T, and 7, is

OAx

AAT

Whether i(T) is a sufficiently accurate measure of »(7)

#(T)=-

depends on the functional form of s(7), the magnitude
of AT, and how T is defined from the measured 7, and T.,.



Usually, T is defined from 7, and 7, as i(T1+T2).

2

Functional form of »(T): replacing »(T) by the 2™ order
Taylor series approximation to »(T) about T yields

)

AT)= [ ATy ()7 -T)+ 3o (D)1 Jar-

I

(T)AT +- s (T)AT*AT

The relative error is 0 = E(T)__%(T) _ %”(_T)AT2
ST 2 AT)

Therefore AT can often be quite large compared with T.

If sc=const or s o< T, %(T):%(T) and AT can be any size.



Example:
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for icosahedral phases

below ~1 K ¢ varies as T~
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Thermal conductivity of icosahedral phases at low temperatures
(from M. A. Chernikov, A. D. Bianchi, E. Felder, U. Gubler and H. R. Ott, Europhys. Lett. 35, 431 (1996);
M. A. Chernikov, A. D. Bianchi and H. R. Ott, Phys. Rev. B 51, 153 (1995))
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Heat Loss due to Radiation Effects

to room tempemture
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The maximum temperature reached in a conventional steady-state
experiment is often limited by radiation losses



to room ’cempemture
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The Comparative Technique
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The Comparative Technique - Measuring Microgram Wiskers

heat sink Sample:

Pb - doped Bi,Sr,Ca,Cu, 0,
800 x 80 X 4 um’

diode

bridge Thermocouples:

13 um Chromel/ Constantan

diode

heater

S - samPLe
W — WLre



The Double Comparative Technique

Chromel/Constantan thermocouples 13 um dia

J o L

heater

sampl,e

HL — heat Link, Constantan 0,1 mam dia
sample - BL,Sr,YCU,O,, 2 X1 X0.0L mm”

The experimental set-up: heat-flow reversal possible
(P. B. Allen, Xiaoqun Du, L. Mihaly and L. Forro, Phys. Rev. B 49, 9073-9079 (1994))



The Parallel Thermal Conductance Method

differential
thermocouple

s

ost
P

sa mPLe

heater

Applications - structurally weak samples,
which cannot support thermometers and
heater.

Step 1 - a conventional steady-state set-up
with a low-conductive post is assembled;
thermal conductance is measured.

Step 2 - a sample is attached between the
sink and the heater, in parallel with the post;
the thermal conductance of the system is
then again measured; parallel thermal
conductance, which is determined by the
sample and thermal contacts is calculated.

Error: blackbody radiation from the sample.



The Radial Flow Method

P ln(’”z/’”l)
- L2n(h-T)

el

L —sample length

The end-loss error

)

end-loss

o H — heater
<05%ifL>4D T,, T, — thermocouples

Heat is applied internally - low radiation losses from the heater
(G. A. Slack and C. Glassbrenner, Phys. Rev. 120, 782 (1960))



The Flash Method of Measuring Thermal Diffusivity

W. J. Parker, W. J. Jenkins, C. P. Butler and G. L. Abbott, J. App. Phys. 32, 1679 (1961)

/ﬁ"mme One face of a sample in the shape of
a thin disk is irradiated by a short,
of the order of % ms, light pulse.

back surface .
terperature detection The heat propagation through the
sample results in a temperature rise on
. the other surface.
An infra-red detector monitors the
temperature rise of the opposite side
of the sample.
Laser beam . : o

The thermal diffusivity is then

Fromt surface calculated from the temperature

versus time curve.




oT  d°T

=g 1
ot dx’ M
AT (d,t)= 2 _1+2i(—1)" eXp BLAC _ (2)
" pC drr? ~ d’
P L .
1.37d°
o =— (3)
T 11/2

Here «is the thermal diffusivity, O is the energy absorbed at the
front surface, p is the mass density, C, is the specific heat, d is
the thickness of the sample, and 7 is the radius of the sample.

Eq. (2) — Carslaw and Jaeger’s solution to one - dimensional heat flow

dz/a — characteristic time of heat diffusion across the sample



The sample holder is specifically
designed to shield the IR detector
from direct laser or flash light.
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Time/ms | Flash diffusivity set-up: schematic

The sample temperature rise is kept fairly small, between about % to 2 °C.
An InSb infra-red detector, cooled by liquid nitrogen, is a common choice.
At very high temperatures up to 2800 °C pyrometers are used.
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Square-wave modulation of the heater
current creates temperature gradients

Manganin
Cu Heat Source Heater
Au-Fe Ch}\
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Diagram of the experimental set-up
(from O. Maldonado, Cryogenics 32, 908 (1992))
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The heat balance for the heater:

daQ
dt

t [min]

=C(T)—

dT,

Temperature vs. time variation

Assumption: the heater heat
capacity, the heater resistance,
and the thermal conductance of
the sample are smooth functions
of temperature.

—R<T1>12(r>—K<T1 -Tp) .

Here dQ/dT 1s the rate of change of heat in the heater, 7; 1s the
heater temperature, 7; 1s the bath temperature, C is the heater heat
capacity, R is the heater resistance and K 1s the sample thermal
conductance.



Assumptions:

(1) the heater heat capacity, the heater resistance, and the thermal
conductance of the sample are smooth functions of temperature

(2) the temperature drift is slow compared to the periodic oscillations
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Advantage - the sample temperature sweeps as the data is collected.
The square wave a.c. method has been implemented in a commercial

instrument (PPMS, Quantum Design).



The 3w Method

(D. G. Cahill, Rev. Sci. Instrum. 61, 802 (1990))
Errors due to black-body radiation scale with a characteristic
length of the experimental geometry.

The method is insensitive to these errors because the effective
thickness of the sample is small, of the order of 100 um.

The method uses a radial flow of heat from a single element
that serves both as a heater and thermometer.



metal film <—>

Temperature oscillations inside the sample at a distance r =4/x* + y°
from the line

AT() =7 K, (ar).

K, — the zeroth - order modified Bessel function,

g = \//l/ (21’pr) — the wavelength of the diffusive thermal wave.




metal film <—>
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The current through the line oscillates at a frequency @ and the power

is generated at a frequency 2w. The resistance of pure metals increases
with increasing temperature. Therefore the resistance of the metal line
has a small a.c. component that oscillates at 2w. The resistance oscillation
times the original driving current oscillating at @ results in an oscillation,
with small amplitude, of the voltage across the line at 3w.



Experimentally, measurements of the voltage across

the line at 3w are taken at selected fixed frequencies.

The thermal conductivity s« is determined from

~ V(A/f) dr
= .
AmiR* (Vy, —Vs,) AT

Here V' is the voltage across the metalline at o,
R is the resistance of the metalline,

V3, is the 3w voltage at frequency f,

V3, is the 3w voltage at frequency f,.



