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Gradient catastrophe
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Gradient catastrophe in finite time!

Interactions -> Dispersion.



Outline

— Benjamin-Ono equation
— Calogero-Sutherland model

— Dispersive shock waves for CS and FQHE
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Classical integrable equations

uy + uuw, = 0 Riemann
U +UUy + €EUpyr, = 0 KdV
U+ Uty +€u,, = 0 Burgers
up +uuy +eull = 0 Benjamin-Ono

w=ck-¢eklkl



Classical Benjamin-Ono equation
(internal waves in deep stratified fluid)
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Nonlinearity vs. Dispersion

u + uu = Gradient catastrophy
nonlinearity
>
H —
. dispersion



One-soliton solution of
Benjamin-Ono equation
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Two-soliton solution of
enjamin-Ono equation (N=2)

t = 0.00001




Periodic solutions of BO
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Applications of Classical BO

* Internal waves in deep stratified fluids

* Atmosphere waves
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Conventional shock waves

Solution of Riemann equation + discontinuity

Discontinuity

VA N

Dissipative region

Dissipation - Dispersion

Shock waves > ? Dispersive shock waves




Dispersive shock waves

Phys. Rev. Lett. 97, 246401 (2006)

Solution of Riemann equation + Modulated periodic solution of BO

Whitham theory

A. Gurevich, L. Pitaevsky (1973)

S. Dobrokhotov, I. Krichever (1991)

Y. Matsuno (1998)



The Whitham theory for BO
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Gurevich-Pitaevskii approach
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Calogero-Sutherland model
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Calogero 1969
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Dispersion of quasiparticles
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Hydrodynamics of CS model
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Collective motion in Sutherland
model
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Chiral (right) sector

p,+(pv), =0
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Shock waves in Sutherland model
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Gradient catastrophe

u, + uu_+

0P (Sp
PO(SL oC ()\, _ 1)& >> 1 Collective description is still valid

op for interacting system



Shock waves in Sutherland model
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Dynamics of 300 particles on a circle. Initial profile: Lorentzian with area 3.
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Bettelheim, AGA, Wiegmann, Phys. Rev. Lett. 97, 246401 (2006)




BO equation for the edge of FQHE

PHYSICAL REVIEW B VOLUME 53, NUMBER 16 15 APRIL 1996-11

Edge of the Laughlin droplet

Nilanjana Datta® and Rudolf Morf
stitute 8048 Ziirich, 5

FIG. 3. Plot of p(r) vs r for m=3 and N=72, 100, 144, and 196
electrons.
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Gradient catastrophe time

Interface with universal density profile
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Conclusions

Dispersion and nonlinearity in interacting systems -> solitons, dispersive
shock waves etc.

Collective field theory for Calogero-Sutherland -- Benjamin-Ono equation.

Benjamin-Ono equation - solitons with “quantized” charge.

Usetul for nonlinear phenomena
— Shock waves in electronic systems and systems of cold atoms,
— Quantum Hall effect edge states,
— Tunneling into coherent states,
— Instantons (rare fluctuations),

— Spin-Charge coupling in systems with dispersion,...



