
Ëåêöèÿ 16

Ñïèíîâàÿ öåïî÷êà Ãàéçåíáåðãà è àíçàòö Áåòå

Ðàññìîòðèì öåïî÷êó èç N ñïèíîâ S = 1/2, òî åñòü ïðîñòðàíñòâî

HN = C2 ⊗ · · · ⊗ C2︸ ︷︷ ︸
N

, (1)

íà êîòîðîì äåéñòâóåò ãàìèëüòîíèàí

HXY Z = −1
2
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(
Jxσx

nσx
n+1 + Jyσy

nσy
n+1 + Jzσ

z
nσz
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)
. (2)

Çäåñü σi
n äåéñòâóåò íà n-þ êîìïîíåíòó â HN , ïðè÷åì (N +1)-ÿ êîìïîíåíòà îòîæäåñòâëÿåòñÿ ñ ïåð-

âîé. Òàêàÿ ìîäåëü íàçûâàåòñÿ XYZ-ìîäåëüþ Ãàéçåíáåðãà ñ öèêëè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè.
Â ñëó÷àå Jx = Jy ìîäåëü íàçûâàþò XXZ-ìîäåëüþ, à â ñëó÷àå Jx = Jy = ±Jz � XXX-ìîäåëüþ. Ìû
áóäåì ñ÷èòàòü N ÷åòíûì ÷èñëîì.

Áàçèñ â ïðîñòðàíñòâå HN ìû áóäåì çàïèñûâàòü â âèäå

|ε1⟩ ⊗ |ε2⟩ ⊗ · · · ⊗ |εN ⟩ ≡ |ε1ε2 . . . εN ⟩, σz|ε⟩ = ε|ε⟩, ε = ±. (3)

Ïîñêîëüêó ôèçèêà íå çàâèñèò îò îáùåãî ìíîæèòåëÿ â ãàìèëüòîíèàíå, îáû÷íî ââîäÿò îáîçíà÷å-
íèÿ

Γ = Jy/Jx, ∆ = Jz/Jx (4)

Ïðè ýòîì ïðèíèìàåòñÿ, ÷òî

Jx > 0, |Γ| ≤ 1, |∆| ≤ |Γ| èëè |∆| ≥ 1.

Áåç îãðàíè÷åíèÿ îáùíîñòè ìû ïîëîæèì Jx = 1. Ãàìèëüòîíèàí çàïèñûâàåòñÿ â âèäå

HXY Z = −1
2

N∑
n=1

(
(1 + Γ)(σ+

n σ−
n+1 + σ−

n σ+
n+1) + (1 − Γ)(σ+
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n+1 + σ−

n σ−
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nσz
n+1

)
. (5)

Çäåñü

σ+ =
σx + iσy

2
=

(
0 1
0 0

)
, σ− =

σx − iσy

2
=

(
0 0
1 0

)
(6)

� îïåðàòîðû ïîâûøåíèÿ è ïîíèæåíèÿ ñïèíà.
Ìû îãðàíè÷èìñÿ ñëó÷àåì XXZ-öåïî÷êè Ãàéçåíáåðãà, òî åñòü ìîäåëè ñ Γ = 1:

H ≡ HXXZ = −1
2
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n+1 + ∆σz

nσz
n+1

)
= −

N∑
n=1

(
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n σ−
n+1 + σ−

n σ+
n+1 +

∆
2

σz
nσz

n+1

)
.

(7)
Â ýòîì ñëó÷àå ãàìèëüòîíèàí êîììóòèðóåò ñ z-êîìïîíåíòîé ñóììàðíîãî ñïèíà öåïî÷êè

[HXXZ , Sz] = 0, Sz =
1
2

N∑
n=1

σz
n. (8)

Ñîîòâåòñòâåííî ïðîñòðàíñòâî ñîñòîÿíèé ìîäåëè ðàñùåïëÿåòñÿ íà ñîáñòâåííûå ïðîñòðàíñòâà îïå-
ðàòîðà Sz:

HN =
⊕

s=−N/2,−N/2+1,...,N/2

WN (s).

Ëåãêî âèäåòü, ÷òî ïðîñòðàíñòâà WN (±N/2) îäíîìåðíû. Ýòî çíà÷èò, ÷òî ìû çíàåì äâà ñîáñòâåííûõ
âåêòîðà, êîòîðûå ìû áóäåì íàçûâàòü ïñåâäîâàêóóìàìè:

|Ω±⟩ = | ± ± · · · ±⟩, H|Ω±⟩ = −N∆
2

|Ω±⟩. (9)
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ßâëÿþòñÿ ëè ýòè ñîáñòâåííûå âåêòîðû îñíîâíûìè ñîñòîÿíèÿìè? È ìîæíî ëè ïîëó÷èòü äðóãèå
ñîáñòâåííûå âåêòîðû?

Äàâàéòå âîçüìåì ñîñòîÿíèå |Ω+⟩ è ïåðåâåðíåì îäèí ñïèí:

|n⟩ = σ−
n |Ω+⟩ = | + · · · +

n
− + · · ·+⟩. (10)

Èíäåêñ íàä çíàêîì ¾−¿ îçíà÷àåò åãî ïîçèöèþ. Î÷åâèäíî,

WN (N/2 − 1) = span{|n⟩}N
n=1.

Â ñèëó îäíîðîäíîñòè (ñäâèãîâîé ñèììåòðèè) ãàìèëüòîíèàíà ñîáñòâåííûå ñîñòîÿíèÿ â ýòîì ïîäïðî-
ñòðàíñòâå äîëæíû èìåòü âèä ðÿäîâ Ôóðüå:

|p⟩ =
N∑

n=1

eipn|n⟩. (11)

Â ñèëó öèêëè÷åñêîé ñèììåòðèè ïåðåìåííàÿ p îãðàíè÷åíà óñëîâèåì

eipN = 1. (12)

Íàéäåì ýíåðãèþ ñîñòîÿíèÿ |p⟩:

H|p⟩ = −
N∑

n=1

eipn

(
|n − 1⟩ + |n + 1⟩ +

∆
2

(N − 4)|n⟩
)

= −
N∑

n=1

eipn

(
eip + e−ip +

(N − 4)∆
2

)
|n⟩.

Îòñþäà íàõîäèì

H|p⟩ =
(
−N∆

2
+ ϵ(p)

)
|p⟩, ϵ(p) = 2(∆ − cos p). (13)

Ìû âèäèì, ÷òî ϵ(p) > 0 ïðè ëþáûõ p, òîëüêî åñëè ∆ > 1. Òàê ÷òî òîëüêî â ýòîì ñëó÷àå ñîñòîÿíèå
Ω+ ìîæåò îêàçàòüñÿ îñíîâíûì. Áîëåå òîãî, åñëè ýòî òàê, òî ïðè ∆ < −1 ýòî ñîñòîÿíèå áóäåò
ñîñòîÿíèåì íàèáîëüøåé ýíåðãèè. Êðîìå òîãî, ëåãêî âèäåòü, ÷òî ïðè ∆ → +∞ ôåððîìàãíèòíûå
ñîñòîÿíèÿ |Ω±⟩ äåéñòâèòåëüíî ÿâëÿþòñÿ îñíîâíûìè, â òî âðåìÿ êàê ïðè ∆ → −∞ è ÷åòíîì N
îñíîâíûìè ñîñòîÿíèÿìè ÿâëÿþòñÿ àíòèôåððîìàãíèòíûå ñîñòîÿíèÿ | ± ∓ ±∓ · · · ± ∓⟩.

Ìû ìîæåì ïðåäïîëîæèòü, ÷òî ïðîñòðàíñòâî ïàðàìåòðà ∆ äåëèòñÿ íà òðè îáëàñòè:
1) ∆ > 1: îáëàñòü ôåððîìàãíèòíûõ îñíîâíûõ ñîñòîÿíèé |Ω±⟩;
2) −1 < ∆ < 1: îáëàñòü íåóïîðÿäî÷åííûõ îñíîâíûõ ñîñòîÿíèé, ëåæàùèõ â ñåêòîðå WN (0) èëè

WN (±1/2);
3) ∆ < −1: îáëàñòü àíòèôåððîìàãíèòíûõ îñíîâíûõ ñîñòîÿíèé, ëåæàùèõ â ñåêòîðå WN (0) èëè

WN (±1/2).
Ýòè ïðåäïîëîæåíèÿ äåéñòâèòåëüíî ïîäòâåðæäàþòñÿ òî÷íûì ðåøåíèåì â òåðìîäèíàìè÷åñêîì

ïðåäåëå N → ∞. Çàìåòèì, ÷òî ñëó÷àè 2) è 3) íàèáîëåå èíòåðåñíû, òàê êàê äàæå îñíîâíîå ñîñòîÿíèå
â íèõ íåòðèâèàëüíî.

Äëÿ ïîëó÷åíèÿ ñîáñòâåííûõ çíà÷åíèé â ñåêòîðàõ WN (±N/2), WN (±(N/2 − 1)) äåéñòâèòåëüíî
íå íóæíî áûëî íè÷åãî, êðîìå ñîõðàíåíèÿ ñïèíà Sz. Òåïåðü ìû ïîïðîáóåì ïîëó÷èòü ñîáñòâåííûå
ñîñòîÿíèÿ ñ äâóìÿ ïåðåâåðíóòûìè ñïèíàìè, ò. å. â ñåêòîðå WN (N/2−2). Äëÿ ýòîãî íàì ïîòðåáóåòñÿ
ó÷åñòü íåêîòîðûå ñïåöèôè÷åñêèå ñâîéñòâà ãàìèëüòîíèàíà (7). Ïðåæäå âñåãî ïîëîæèì

|n1n2⟩ = σ−
n1

σ−
n2
|Ω+⟩ = | + · · · +

n1
− + · · · +

n2
− + · · ·+⟩, n1 < n2. (14)

Âîçüìåì ñîñòîÿíèå îáùåãî âèäà

|ψ⟩ =
∑

1≤n1<n2≤N

ψ(n1, n2)|n1n2⟩.
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Ïîñìîòðèì, êàê ãàìèëüòîíèàí äåéñòâóåò íà ýòî ñîñòîÿíèå:

H|ψ⟩ = −
∑

n1+1<n2<n1+N−1

ψ(n1, n2)
(
|n1 − 1, n2⟩ + |n1 + 1, n2⟩ + |n1, n2 − 1⟩ + |n1, n2 + 1⟩

+
(N − 8)∆

2
|n1n2⟩

)
−

∑
n

ψ(n, n + 1)
(
|n − 1, n + 1⟩ + |n, n + 2⟩ +

(N − 4)∆
2

|n, n + 1⟩
)

= −
∑

n1+1<n2<n1+N−1

(
ψ(n1 + 1, n2) + ψ(n1 − 1, n2) + ψ(n1, n2 + 1) + ψ(n1, n2 − 1)

+
(N − 8)∆

2
ψ(n1, n2)

)
|n1n2⟩

−
∑

n

(
ψ(n − 1, n + 1) + ψ(n, n + 2) +

(N − 4)∆
2

ψ(n, n + 1)
)
|n, n + 1⟩.

Îïðåäåëÿÿ îïåðàòîð Ĥ, äåéñòâóþùèé íà âîëíîâóþ ôóíêöèþ ψ(n1, n2), óñëîâèåì

H|ψ⟩ =
∑

n1<n2

(Ĥψ)(n1, n2)|n1n2⟩,

èìååì

(Ĥψ)(n1, n2) = − (N − 8)∆
2

ψ(n1, n2)

− ψ(n1 + 1, n2) − ψ(n1 − 1, n2) − ψ(n1, n2 + 1) − ψ(n1, n2 − 1), n1 + 1 < n2, (15)

(Ĥψ)(n1, n2) = − (N − 4)∆
2

ψ(n1, n2) − ψ(n1 − 1, n2) − ψ(n1, n2 + 1), n1 + 1 = n2. (16)

Ïåðâîå ñîîòíîøåíèå èìååò î÷åâèäíûé âèä Ĥψ = (−N∆/2+Ĥ1+Ĥ2)ψ, ãäå êàæäûé èç ãàìèëüòîíèà-
íîâ Ĥi, i = 1, 2 äåéñòâóåò íà i-þ ïåðåìåííóþ. Ïîýòîìó åñëè ìû çàáóäåì î âòîðîì ñîîòíîøåíèè (16),
òî èç îäíîãî òîëüêî ïåðâîãî ñîîòíîøåíèÿ (15) ìû ïîëó÷èì, ÷òî ðåøåíèÿ óðàâíåíèÿ Ĥψ = Eψ
äîëæíû áûòü êîìáèíàöèÿìè ïëîñêèõ âîëí

ψ(n1, n2) = eip1n1+ip2n2 ,

ñ ýíåðãèÿìè

E = −N∆
2

+ ϵ(p1) + ϵ(p2).

Èç ýòîãî âûðàæåíèÿ äëÿ ýíåðãèè çàêëþ÷àåì, ÷òî äîïóñòèìû êîìáèíàöèè 16 ÷ëåíîâ

e±ip1n1±ip2n2 , e±ip1n2±ip2n1 ,

(çíàêè ¾±¿ çäåñü íåçàâèñèìû). Çàìå÷àòåëüíî, ÷òî óñëîâèå, êîòîðîå ñëåäóåò èç (16), äîïóñêàåò ïðè
ëþáûõ p1, p2 ðåøåíèå â âèäå ëèíåéíîé êîìáèíàöèè âñåãî äâóõ ñëàãàåìûõ

ψp1p2(n1, n2) = A12(p1, p2)eip1n1+ip2n2 + A21(p1, p2)eip2n1+ip1n2 . (17)

Òî åñòü âçàèìîäåéñòâèå ¾ïñåâäî÷àñòèö¿ â ýòîé çàäà÷å áåçîòðàæàòåëüíîå.
Ñîîòíîøåíèå (16) íàêëàäûâàåò ñâÿçè íà êîýôôèöèåíòû A12, A21. Âçÿâ ëþáîå n1, 1 ≤ n1 ≤ N−1

ïîëó÷àåì
A12(p1, p2)
A21(p1, p2)

= S(p1, p2) ≡ −1 + eip1+ip2 − 2∆eip1

1 + eip1+ip2 − 2∆eip2
(18)

Îñòàëîñü ïðèìåíèòü (16) â òî÷êå n1 = N , n2 = 1. ×òîáû íå ïîâòîðÿòü âñåõ âû÷èñëåíèé, ìîæíî
âîñïîëüçîâàòüñÿ öèêëè÷åñêîé ñèììåòðèåé. Äåéñòâèòåëüíî, ýòî óñëîâèå ñâåäåòñÿ ê (18), åñëè ïîòðå-
áîâàòü

ψ(n1, n2) = ψ(n2, n1 + N). (19)
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Îòñþäà ïîëó÷àåì
A12(p1, p2)
A21(p1, p2)

= eip1N = e−ip2N . (20)

Âìåñòå ñ óñëîâèåì (18), ïîëó÷àåì ñèñòåìó óðàâíåíèé íà p1, p2

eip1N = S(p1, p2), eip2N = S(p2, p1). (21)

Ýòà ñèñòåìà ïðåäñòàâëÿåò ñîáîé îáîáùåíèå óðàâíåíèÿ (12) íà ñëó÷àé äâóõ ïñåâäî÷àñòèö è ÿâëÿåòñÿ
ïåðâûì íåòðèâèàëüíûì ïðèìåðîì ñèñòåìû óðàâíåíèé Áåòå â ýòîé ìîäåëè. Ìàòðèöà S(p1, p2) èãðàåò
ðîëü S-ìàòðèöû äâóõ ïñåâäî÷àñòèö (íî ïðè ∆ < 1 íå íàñòîÿùèõ âîçáóæäåíèé!).

Ïîñêîëüêó ãàìèëüòîíèàí (7) ñîäåðæèò òîëüêî ÷ëåíû, îòâå÷àþùèå âçàèìîäåéñòâèþ òîëüêî ñî-
ñåäíèõ ñïèíîâ, äëÿ òðåõ è áîëåå ïåðåâåðíóòûõ ñïèíîâ íå âîçíèêàåò íèêàêèõ íîâûõ êîíòàêòíûõ
÷ëåíîâ. Ïîýòîìó îáîáùåíèå íà îáùèé ñëó÷àé k ïåðåâåðíóòûõ ñïèíîâ (ïðîñòðàíñòâà WN (N/2− k))
ñäåëàòü î÷åíü ëåãêî. Îïðåäåëèì ñîñòîÿíèå

|n1 . . . nk⟩ = σ−
n1

. . . σ−
nk
|Ω+⟩. (22)

Äàëåå, èùåì ñîáñòâåííûå âåêòîðû ãàìèëüòîíèàíà â âèäå ¾êîîðäèíàòíîãî¿ àíçàòöà Áåòå

|p1 . . . pk⟩ =
∑

1≤n1<···<nk≤N

∑
σ∈Sk

Aσ(p1, . . . , pk)ei
Pk

i=1 pσi
ni |n1 . . . nk⟩. (23)

Óñëîâèÿ íà êîýôôèöèåíòû â âîëíîâîé ôóíêöèè èìåþò âèä

A...ij...(p1, . . . , pk)
A...ji...(p1, . . . , pk)

= S(pi, pj). (24)

Âìåñòå ñ öèêëè÷åñêèì óñëîâèåì
Aσ1σ2...σk

Aσ2...σkσ1

= eipσ1N (25)

ïîëó÷àåì óðàâíåíèÿ Áåòå

eipiN =
k∏

j=1(j ̸=i)

S(pi, pj), i = 1, . . . , k. (26)

Â îòëè÷èå îò ñëó÷àÿ k = 1 â îáùåì ñëó÷àå óðàâíåíèÿ Áåòå äîïóñêàþò ðåøåíèÿ, äëÿ êîòîðûõ pi

íå âåùåñòâåííû. Ìîæíî, îäíàêî, ïîêàçàòü, ÷òî äëÿ êàæäîãî êîìïëåêñíîãî pi èìååòñÿ êîìïëåêñíî
ñîïðÿæåííîå åìó pj . Êðîìå òîãî ðåøåíèÿ óðàâíåíèé Áåòå íå ìîãóò ñîäåðæàòü äâóõ îäèíàêîâûõ
êîðíåé. Íåòðóäíî ïîêàçàòü, ÷òî åñëè pi = pj , i ̸= j, òî ñîáñòâåííûé âåêòîð ðàâåí íóëþ.

Ýíåðãèÿ è êâàçèèìïóëüñ ñîñòîÿíèÿ (23) ðàâíû

Ep1...pk
= −N∆

2
+

k∑
i=1

ϵ(pi), Pp1...pk
=

k∑
i=1

pi. (27)

Êàê è ñëåäîâàëî îæèäàòü, ýíåðãèè è êâàçèèìïóëüñû ñîñòîÿíèé âåùåñòâåííû.
Åùå îäíèì çàìå÷àòåëüíûì ñâîéñòâîì ñèñòåìû (26) ÿâëÿåòñÿ ñóùåñòâîâàíèå ñïåöèàëüíîé ïàðà-

ìåòðèçàöèè pi = p(vi), â êîòîðîé ôóíêöèÿ S(pi, pj) çàâèñèò òîëüêî îò ðàçíîñòè vi − vj . Èìåííî,
åñëè ïîëîæèòü

∆ = − cos λ, p(v) =
sin(λ

2 + iv)
sin(λ

2 − iv)
, S(v) = − sin(λ + iv)

sin(λ − iv)
(28)

ïðè −1 ≤ ∆ ≤ 1 è

∆ = − chλ, p(v) =
sh(λ

2 + iv)
sh(λ

2 − iv)
, S(v) = − sh(λ + iv)

sh(λ − iv)
(29)
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ïðè ∆ < −1, óðàâíåíèÿ Áåòå ïðèìóò âèä

eip(vi)N =
k∏

j=1(j ̸=i)

S(vi − vj), i = 1, . . . , k. (30)

Òàêàÿ ïàðàìåòðèçàöèÿ êàæåòñÿ ÷óäîì, êàê ÷óäîì êàæåòñÿ è âîîáùå âîçìîæíîñòü ïîñòðîåíèÿ ñîá-
ñòâåííûõ âåêòîðîâ â âèäå áåòåâñêèõ ñîñòîÿíèé (23). Â ñëåäóþùèé ðàç ìû ïîëó÷èì ñîáñòâåííûå
âåêòîðû è óðàâíåíèÿ Áåòå â íåñêîëüêî áîëåå îáùåì âèäå äðóãèì ñïîñîáîì è îáñóäèì èõ ñâÿçü ñ
èíòåãðèðóåìîñòüþ XXZ-öåïî÷êè.

Çàäà÷è

1. Âûâåäèòå ñîîòíîøåíèÿ (18), (20).
2. Ðåøèòå óðàâíåíèÿ Áåòå ïðè ∆ = 0. Âûïèøåòå ÿâíî âñå ñîáñòâåííûå ñîñòîÿíèÿ è óðîâíè

ýíåðãèè ñèñòåìû.
3. Íàéäèòå âñå ñîáñòâåííûå ñîñòîÿíèÿ è óðîâíè ýíåðãèè äëÿ ñïèíîâûõ öåïî÷åê ñ N = 2, 3.
4. Ïðîâåðüòå ôîðìóëû (28)�(30) äëÿ ïàðàìåòðèçàöèè èìïóëüñîâ ÷åðåç ïåðåìåííûå vi.
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