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O(2)-model
We will often consider the models in two-dimensional space-time with the action

S[n] =
1

2g

∫
d2x (∂µn)2, n2 ≡

N∑
i=1

n2
i = 1, (1)

which are called n-field models or O(N)-models.

In this lecture we consider the N = 2 case. Let

n1 = cosφ, n2 = sinφ.

Then

S[φ] =
1

2g

∫
d2x (∂µφ)

2, (2)

φ(x) ∼ φ(x) + 2π.

(3)

It looks like a free field with ⟨φ(x′)φ(x)⟩ = − g
4π

log(−(x′ − x)2). If it were the
case, we would have for operators consistent with (3) the power-like behavior:

⟨eimφ(x′)einφ(x)⟩ ∼
(
−(x′ − x)2

) g
4π

mn
, m, n ∈ Z. (4)

What can break this behavior?
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Vortices in the Euclidean plane
Consider the classical equation of motion in the Euclidean plane

∇2φ = 0. (5)

It admits the solutions

φq⃗x⃗(x) =
n∑

a=1

qa Im log(z − za) =
n∑

a=1

qa

2i
log

z − za

z̄ − z̄a
, qa ∈ Z. (6)

z = x1 + ix2 = x1 − x0,

z̄ = x1 − ix2 = x1 + x0.

For n = 1 assuming x− x1 = reiθ we have

φq1x1 (x) = q1θ,

which is a vortex at the point x1.
The solution (6) is a solution to (5) even at the points x = xa. Indeed,

∂µ∂
µ 1

2i
log

z

z̄
= ∂µ∂

µ arctg
x2

x1
= −ϵµν∂µ

xν

r2
= ϵµν∂µ∂ν log

1

r
.

Then for any smooth, bounded and decreasing fast enough function φ(x) we have∫
d2xφ(x)∂µ∂

µ 1

2i
log

z

z̄
=

∫
d2x (ϵµν∂µ∂νφ(x)) log

1

r
= 0,

since the integral of log r converges at x = 0. We immediately obtain∫
d2x ∂µφ∂µφq⃗x⃗ = 0. (7)
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Classical action of vertices
Let us calculate the classical action on the vertex solution:

S[φq⃗x⃗] =
2

g

∫
d2x ∂φq⃗x⃗ ∂̄φq⃗x⃗

∂ =
∂

∂z
, ∂̄ =

∂

∂z̄

=
1

2g

∫
d2x

∑
a,b

qaqb

(z − za)(z̄ − z̄b)

=
1

2g

∑
a

q2a

∫
d2x

|z − za|2

+
∑
a<b

qaqb

∫
d2x

(z − za)(z̄ − z̄b) + (z̄ − z̄a)(z − zb)

|z − za|2|z − zb|2

 .

The first integral is ∫
d2x

|z − za|2
≃ 2π

∫ R

r0

dr

r
= 2π log

R

r0
,

where R and r0 are infrared and ultraviolet cutoff parameters. The second integral
is ∫

d2x
(z − za)(z̄ − z̄b) + (z̄ − z̄a)(z − zb)

|z − za|2|z − zb|2
= 2π log

R2

|za − zb|2
.

Hence

S[φq⃗x⃗] =
1

2g

π
∑
a

q2a log
R2

r20
+ 2π

∑
a<b

qaqb log
R2

|za − zb|2

 (8)

=
π

2g

(∑
a

qa

)2

logR2 −
π

2g

∑
a

q2a log r20 +
1

2g

∑
a<b

qaqb 2π log
1

|za − zb|2
.

(9)
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Classical action of vertices
So we have
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(9)

Since R → ∞, the action is only finite if the first term vanishes:∑
a

qa = 0. (10)

The second term is the sum of ‘energies’ of the cores of vortices. It becomes finite
in a regularized version of the theory, e.g. the |ϕ|4 model:

S[ϕ] =

∫
d2x

(
|∂µϕ|2 −

λ

4
(|ϕ|2 − ϕ2

0)
2

)
,

We will see that the behavior of the gas of vortices depends on g rather than on r0.
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Functional integral
Now we want to calculate the functional integral over φ. We split it into a sum
over vortex configurations:

Z[J ] =
∞∑

n=0

r−2n
0

n!

∑
q1,...,qn ̸=0

q1+···+qn=0

∫
d2x1 · · · d2xn

∫
Dχe−S[χ+φq⃗x⃗]−(J,χ+φq⃗x⃗).

(f, g) =
∫
d2x f(x)g(x)

(11)

Here n is the number over vortices, qi are vorticities, xi are position of vortices,
and the field χ runs all configurations without the identification(((((hhhhhχ ∼ χ+ 2π. The
factor 1/n! is caused by the fact that configurations of vortices are permutation
invariant. The factor r−2n

0 is necessary to nondimensionolize the integrals. We
may think that every vortex lives in a cell of size r0.
The action is given by

S[χ+ φq⃗x⃗] = S[φq⃗x⃗] + S[χ] +
��������XXXXXXXX

1

g

∫
d2x ∂µχ∂µφq⃗x⃗.

We have seen that the last term vanishes. Hence the generating function factorizes:

Z[J ] = Z0[J ]

∞∑
n=0

1

n!

∑
q1,...,qn

q1+···+qn=0

r
π
g

∑
q2a−2n

0 ×

×
∫

d2x1 · · · d2xn

∏
a<b

|za − zb|
2π

g
qaqb


e−S[φq⃗x⃗] × const

e−(J,φq⃗x⃗), (12)

Z0[J ] =

∫
Dχe−S[χ]−(J,χ). (13)
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may think that every vortex lives in a cell of size r0.
The action is given by

S[χ+ φq⃗x⃗] = S[φq⃗x⃗] + S[χ] +
��������XXXXXXXX

1

g

∫
d2x ∂µχ∂µφq⃗x⃗.

We have seen that the last term vanishes. Hence the generating function factorizes:

Z[J ] = Z0[J ]

∞∑
n=0

1

n!

∑
q1,...,qn

q1+···+qn=0

r
π
g

∑
q2a−2n

0 ×

×
∫

d2x1 · · · d2xn

∏
a<b

|za − zb|
2π

g
qaqb


e−S[φq⃗x⃗] × const

e−(J,φq⃗x⃗), (12)

Z0[J ] =

∫
Dχe−S[χ]−(J,χ). (13)
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Berezinskii–Kosterlitz–Thouless (BKT) transition
The source J(x) is not arbitrary due to the identification φ ∼ φ+ 2π. It must
have the form

J
J⃗y⃗

(x) = −i
k∑

j=1

Jjδ(x− yj), Ji ∈ Z. (14)

Then

e−(J,φ) = exp i
k∑

j=1

Jjφ(yj)

is unique-valued. We have

Z[J
J⃗y⃗

] =
∞∑

n=0

1

n!

∑
q1,...,qn

q1+···+qn=0

r
π
g

∑
a q2a+

g
4π

∑
j J2

j −2n

0

∫
d2x1 · · · d2xn

×
∏
a<b

|za − zb|
2π
g

qaqb
∏
a,j

(
wj − za

w̄j − z̄a

)qaJj/2 ∏
j<j′

|wj − wj′ |
g
2π

JjJj′ .

wj = y1j + iy2j

(15)

This looks as a partition function of a two-dimensional plasma. At high
‘temperature’ g the plasma is ‘ionized’, vortices are separated and correlation
functions decrease exponentially due to the Debye-type screening. Al low
‘temperature’ the vortices of opposite vorticities attract and neutralize each other.
In contrast to the usual plasma here these regimes are switched at a definite value
of g. It is called the Berezinskii–Kosterlitz–Thouless (BKT) transition.
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Critical value of g
Now let us find the critical value gBKT of the ‘temperature’ g corresponding to the
BKT transition.

The plasma phase corresponds to infrared divergent integrals, while the neutral
phase corresponds to infrared convergent integrals. One integral is always
divergent due to the translation invariance, so that we ignore it. Then the
divergence index is

In = 2(n− 1) +
2π

g

∑
a<b

qaqb.

If In < 0, the (n− 1)-tuple integral converges at large xa − xb. Estimate the index
In. It depends on the sum

∑
a<b

qaqb =
1

2

∑
a̸=b

qaqb =
1

2

(∑
a

qa

)2

−
1

2

∑
a

q2a = −
1

2

∑
a

q2a ≤ −
n

2
.

Thus all integrals converge, if

In ≤ 2(n− 1) + 2
π

g

(
−
n

2

)
< 0.

For large n it gives the exact bound: if this condition is satisfied, all integrals are
convergent, while if it is not satisfied, there exists a configuration {qa} for any
given n, for which the integral diverges. By taking n → ∞ we obtain the critical
value

gBKT =
π

2
. (16)
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given n, for which the integral diverges. By taking n → ∞ we obtain the critical
value

gBKT =
π

2
. (16)
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Critical value of g
For g > gBKT the correlation length ξ ∼ r0f(g). The excitations are massive
with the mass m ∼ ξ−1.

In the limit r0 → 0 the exponent e−S → 0 for vortex
solutions, but effectively the volume of the phase space grows, so that the
contribution of the vortices is always of the same order.

For g < gBKT the theory is massless and for r ≫ r0 coincides with a
reduction of the free massless boson theory compatible with the identification
φ ∼ φ+ 2π.
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Free massless field
Consider a free massless field ϕ(x) with the action

S0[ϕ] =
1

8π

∫
d2x (∂µϕ)

2. (17)

The classical equation of motion is

∂µ∂
µϕ = 0.

Define the dual field ϕ̃(x) as a solution to the equation

∂µϕ̃ = ϵµν ∂νϕ, ϵ01 = −ϵ10 = 1, (18)

or
∂ϕ̃ = ∂ϕ, ∂̄ϕ̃ = −∂̄ϕ. (19)

We rewrite it as follows
ϕ(x) = ϕR(z) + ϕL(z̄),

ϕ̃(x) = ϕR(z)− ϕL(z̄).
(20)

This decomposition (up to some subtleties) is valid in the quantum case. The
correlation functions

⟨ϕR(z)ϕR(z′)⟩0 = log
R

z − z′
, ⟨ϕL(z̄)ϕL(z̄

′)⟩0 = log
R

z̄ − z̄′
, ⟨ϕR(z)ϕL(z̄

′)⟩0 = 0

(21)
are consistent with the theory.
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Exponential operators
Consider the exponents eiαϕR,L(x) of the fields. Their correlation functions
diverge.

In the functional integral manner we can derive them as follows:〈
eiα1ϕR(z1) · · · eiαnϕR(zn)

〉
0
=
〈
ei

∑n
a=1 αaϕR(za)

〉
0

= exp

〈
−
1

2

(
n∑

a=1

αaϕR(za)

)2〉
0

= exp

−
1

2

n∑
a=1

α2
a

log R
r0︷ ︸︸ ︷

⟨ϕ2
R⟩0 −

∑
a<b

αaαb

log R
za−zb︷ ︸︸ ︷

⟨ϕR(za)ϕ(zb)⟩0

 =
( r0
R

) 1
2

∑
a α2

a
n∏

a<b

(
za − zb

R

)αaαb

= r
1
2

∑
a α2

a
0 R− 1

2 (
∑

a αa)
2

n∏
a<b

(za − zb)
αaαb .

Here we assumed the T ordered averages such that za is assumed ‘later’ than
za+1. We see that the renormalization

eiαϕR,L = r
α2/2
0 :eiαϕR,L : , eiαϕ = rα

2

0 :eiαϕ: , eiαϕ̃ = riα
2

0 :eiαϕ̃: . (22)

makes the operators :· · ·: finite. We have

⟨ :eiα1ϕR(z1): · · · :eiαnϕR(zn): ⟩0 = R− 1
2 (

∑
a αa)

2 ∏
a<b

(za − zb)
αaαb ,

⟨ :eiα1ϕL(z̄1): · · · :eiαnϕL(z̄n): ⟩0 = R− 1
2 (

∑
a αa)

2 ∏
a<b

(z̄a − z̄b)
αaαb .

(23)
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0 :eiαϕ̃: . (22)

makes the operators :· · ·: finite.

We have

⟨ :eiα1ϕR(z1): · · · :eiαnϕR(zn): ⟩0 = R− 1
2 (

∑
a αa)

2 ∏
a<b

(za − zb)
αaαb ,

⟨ :eiα1ϕL(z̄1): · · · :eiαnϕL(z̄n): ⟩0 = R− 1
2 (

∑
a αa)

2 ∏
a<b

(z̄a − z̄b)
αaαb .

(23)
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1

2

(
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)2〉
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= exp

−
1

2

n∑
a=1

α2
a

log R
r0︷ ︸︸ ︷

⟨ϕ2
R⟩0 −

∑
a<b

αaαb

log R
za−zb︷ ︸︸ ︷

⟨ϕR(za)ϕ(zb)⟩0

 =
( r0
R

) 1
2

∑
a α2

a
n∏

a<b

(
za − zb

R

)αaαb

= r
1
2
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a α2

a
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a αa)
2
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a<b

(za − zb)
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Scaling transformation
The renormalized exponents :eiαϕR,L : are no more dimensionless and have the
dimensions α2/2 in mass (inverse length) units.

These dimensions coincide with
the scaling dimensions of the operators. A system of operators Oi(x) possesses
dimensions di, if all correlation function are invariant under simultaneous
transformations

Oi(x) → sdiOi(sx).

Indeed, in the limit R → ∞ we have

⟨ :eiα1ϕR(z1): · · · :eiαnϕR(zn): ⟩0 =

{∏
a<b(za − zb)

αaαb ,
∑

a αa = 0;

0 otherwise,

⟨ :eiα1ϕL(z̄1): · · · :eiαnϕL(z̄n): ⟩0 =

{∏
a<b(z̄a − z̄b)

αaαb ,
∑

a αa = 0;

0 otherwise.

(24)

These correlation functions are invariant under the scaling transformation. Then
we have〈

k∏
j=1

eiβj ϕ̃(yj)
n∏

a=1

eiαaϕ(xa)

〉
0

= r

∑
a α2

a+
∑

j β2
j

0

∏
a<b

|za − zb|2αaαb×

×
∏
j<j′

|wj − wj′ |2βaβb
∏
a,j

(
wj − za

w̄j − z̄a

)αaβj

×
{
1,

∑
αa =

∑
βj = 0;

0 otherwise.
(25)
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Partition function in terms of the free boson
This coincides with the integrand of Z[J ] if

αa =

√
π

g
qa, βj =

√
g

4π
Jj . (26)

Then we have

Z[J
J⃗y⃗

] =

∞∑
n=0

1

n!

∑
q1,...,qn

q1+···+qn=0

r−2n
0

∫
d2x1 · · · d2xn

×
〈

k∏
j=1

e
i
√

g
4π

Jj ϕ̃(yj)
n∏

a=1

e
i
√

π
g

qaϕ(xa)

〉
0

.

The integrand is remarkably symmetric with respect to the replacements

g ↔ (2π)2g−1, k ↔ n, qa ↔ Jj , ϕ(x) ↔ ϕ̃(x).

Moreover, the Lagrangian of the free field is written identically in terms of both
the fields ϕ and ϕ̃. Thus we can identify

φ(x) =

√
g

4π
ϕ̃(x). (27)
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Sine-Gordon theory
Since r

π
g
q2

0 ≪ r
q π

g

0 , we may neglect the contribution of a q-vortex compared to the
contribution of q instances of a 1-vortex.

It means that we may restrict the sum
over vorticities to qa = ±1. Hence

Z[J
J⃗y⃗

] =
∞∑

n=0

r−4n
0

(2n)!

∫
d2x1 · · · d2x2n

∑
q1,...,q2n=±1

〈
k∏

j=1

e
i
√

g
4π

Jj ϕ̃(yj)
2n∏
a=1

e
iqa

√
π
g
ϕ(xa)

〉
0

=
∞∑

n=0

r−4n
0

(2n)!

∫
d2x1 · · · d2x2n

〈
k∏

j=1

e
i
√

g
4π

Jj ϕ̃(yj)
2n∏
a=1

(
e
i
√

π
g
ϕ(xa)

+ e
−i

√
π
g
ϕ(xa)

)〉
0

=

〈
k∏

j=1

e
i
√

g
4π

Jj ϕ̃(yj) exp

(
2r−2

0

∫
d2x cos

√
π

g
ϕ(x)

)〉
0

=

∫
Dϕe−SSG[ϕ]

k∏
j=1

e
i
√

g
4π

Jj ϕ̃(yj),

(28)

where

SSG[ϕ] =

∫
d2x

(
(∂µϕ)2

8π
− µ :cosβϕ:

)
(29)

is the action of the sine-Gordon model with the parameters

β =

√
π

g
, µ = 2r

π
g
−2

0 . (30)
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contribution of q instances of a 1-vortex. It means that we may restrict the sum
over vorticities to qa = ±1. Hence

Z[J
J⃗y⃗

] =
∞∑

n=0

r−4n
0

(2n)!

∫
d2x1 · · · d2x2n

∑
q1,...,q2n=±1

〈
k∏

j=1

e
i
√

g
4π

Jj ϕ̃(yj)
2n∏
a=1

e
iqa

√
π
g
ϕ(xa)

〉
0

=
∞∑

n=0

r−4n
0

(2n)!

∫
d2x1 · · · d2x2n

〈
k∏

j=1

e
i
√

g
4π

Jj ϕ̃(yj)
2n∏
a=1

(
e
i
√

π
g
ϕ(xa)

+ e
−i

√
π
g
ϕ(xa)

)〉
0

=

〈
k∏

j=1

e
i
√

g
4π

Jj ϕ̃(yj) exp

(
2r−2

0

∫
d2x cos

√
π

g
ϕ(x)

)〉
0

=

∫
Dϕe−SSG[ϕ]

k∏
j=1

e
i
√

g
4π

Jj ϕ̃(yj), (28)

where

SSG[ϕ] =

∫
d2x

(
(∂µϕ)2

8π
− µ :cosβϕ:

)
(29)

is the action of the sine-Gordon model with the parameters

β =

√
π

g
, µ = 2r

π
g
−2

0 . (30)
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Scaling dimension of the perturbation term
The sine-Gordon model is a perturbation of the free massless fermion model with
the perturbation term ∼ :cosβϕ in the Lagrangian with the scaling dimension

∆p = β2 =
π

g
.

There are three regimes:

1 ∆p < 2 (g > gBKT). The perturbation is relevant and superrenormalizable. It
does not change the ultraviolet behavior of the theory, but essentially changes
the infrared behavior.

2 ∆p > 2 (g < gBKT). The perturbation is irrelevant and nonrenormalizable. It
changes the infrared behavior breaking the perturbation theory beyond the
leading (tree) contributions. The infrared behavior remains free-fermion-like.

3 ∆p = 2 (g = gBKT). The perturbation is marginal. In the case of the sine-
Gordon theory it is also renormalizable. Nevertheless it changes both infrared
and ultraviolet behavior.
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Seminar: free massless boson
1. Define

φ(z) = Q− iP log z +
∑
k ̸=0

ak

ik
z−k,

[P,Q] = −i, [ak, al] = kδk+l,0,

P |0⟩ = ak|0⟩ = 0, ⟨0|a−k = 0 (k > 0).

Calculate
⟨φ(z′)φ(z)⟩ =

??⟨Q2⟩+ log
1

z′ − z
.

2. Define

eiαφ(r0,z) = exp

iαQ+ αP log z + α
∑
k>0

(ak
k

z−k −
a−k

k
(z − r0)

k
) ,

:eiαφ(r0,z): = eiαQzαP exp

−α
∑
k>0

a−k

k
(z − r0)

k

 exp

α
∑
k>0

ak

k
z−k

 .

Calculate the coefficient:

eiαφ(r0,z) =

??rα
2/2

0

:eiαφ(r0,z): .
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Seminar: free massless boson
3. Define

:eiαφ(z): = :eiαφ(0,z): = eiαQzαP exp

−α
∑
k>0

a−k

k
zk

 exp

α
∑
k>0

ak

k
z−k

 .

Calculate the coefficient

:eiα1φ(z′): :eiα2φ(z): =

??(z′ − z)α1α2

:eiα2φ(z′)+iα1φ(z): .

4. Calculate

⟨ :ei
∑N

j=1 αiφ(zi): ⟩ =

??

{
1,

∑
j αj = 0;

0 otherwise.

5. Calculate

⟨ :eiα1φ(z1): · · · :eiαNφ(zN ): ⟩ =

??
N∏
i<j

(zi − zj)
αiαj ×

{
1,

∑
j αj = 0;

0 otherwise.

6. Prove that this correlation function is invariant under the transformation

:eiαiφ(zi): → λα2/2 :eiαiφ(λzi): .

7. Prove that this correlation function is invariant under the transformation

:eiαiφ(zi): → z−α2

i :eiαiφ(−z−1
i ): .
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5. Calculate

⟨ :eiα1φ(z1): · · · :eiαNφ(zN ): ⟩ =

??

N∏
i<j

(zi − zj)
αiαj ×

{
1,

∑
j αj = 0;

0 otherwise.

6. Prove that this correlation function is invariant under the transformation

:eiαiφ(zi): → λα2/2 :eiαiφ(λzi): .

7. Prove that this correlation function is invariant under the transformation

:eiαiφ(zi): → z−α2

i :eiαiφ(−z−1
i ): .
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