ENTANGLEMENT IN CORRELATED
ELECTRONIC SYSTEMS

A. Crépieux, R. Guyon, P. Devillard and T. Martin
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N. Chtchelktchev, G. Lesovik, A. Lebedev

e entanglement in systems of electrons
e clectron injection in a nanotube
e charge and spin current and time fluctuations (noise)

e effective charges and entanglement.
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Entanglement from a superconductor source

G. Lesovik T. Martin and G. Blatter,

Eur. Phys. J. B 24, 287 (2001)

M.S. Choi, C. Bruder, D. Loss; P. Recher, E. Sukhorukov, D. Loss; P.
Recher, D. Loss;...(quantum dots + Coulomb blockade)

Phys. Rev. B’s (2000-2002)

superconductor

superconductor

Crossed-Andreev Transport with spin or energy filters

e Positive noise correlations

e Analogous to that of a two terminal device S ~ R(1 — R) (R Andreev
probability).

e Perfect correlation between 1 and 2.

e Energy (spin) filters select £F, (1 and ) in 1 and 2.



Bell inequality test in solid state devices
N. Chtchelkatchev, G. Blatter, G. Lesovik, T. Martin,

Phys. Rev. B 66, 161320 (2002)
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NON-LOCALITY IN QUANTUM TRANSPORT

o Ny o(d/ b, t, ) Particle number accumulated in [t, ¢ + 7).
e Compute number correlators in terms of noise.

e Plug in inequality derived from a local theory.

e Maximal violation of Bell inequality (low flux).



Noise in the fractional quantum Hall effect

With Schottky’s relation, identify a fractional charge e/3 :
e
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Ref. : Saminadayar et al., PRL 79, 2526 (1997)

Nanotube: no back scattering current, idendification of charges ?



MODEL

Nanotube
1D conductor with Coulomb interactions
— Luttinger liquid theory
Fermionic operator: W, (x, 1)

Tip
metallic, possibly magnetic

Tip fermion operator: ¢, (0, t)

Tunnel hamiltonian

Hr(t) =T'(t) > U (0,t)c,(t) + h.c.

with :
['(t) =T exp (i%t) = I" exp (iwpt)

(Peierls substitution)



NANOTUBE

Plane filled with hexagons (graphite), rolled along given axis
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typical diameter ~ nm ; length ~ um
— 1D conductor but with 2 modes («)
Ref. : Hamada et al., PRL 68, 1579 (1992)
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BOSONISATION

Luttinger liquid Hamiltonian :
) N 2 1 2
HN(t) = Z — /dSC (Kj(5 (axqu(g(iﬁ,t)) + TN (855(9]'5(26, t)) )
js 2 K
4 possibilities for j4:
¢ j§ = c+ with KN = 1/\/1 +4Vo(k = 0)/mop < 1
¢ jd = c-with KY =1
oj(SZS—I—WithKﬁ_:l
¢ j6 =s with KY =1

where V| correspond to forward Coulomb scattering:

Hiu(t) = ! Y [da [ da'Vy(z — o)

2 raor’a’o’

X \IJT (CE’, t)‘lfma(x, t)qu/ ’ /<5Ul, t)\ljrla/(j/(l',, t)

roaoc roao
Bosonized fermion operator :

MTOéU
2Ta

eirq Fr+iakpr+ioras (x,t)

quaa (ZE, t) —
Bosonic field operator :
7
Prac = \I;Z (d)c-l— + T‘90+ + a¢c— + raf,._
56

+0¢s+ + 1005+ + ops— + roabs_)

Commutation relations :

0;5(2), dys(a")] = im sgn(z — o)
0,5(2), Budys(a’)] = im S — o



NANOTUBE SETUP

O

_______

_______

J; Nanotube b

Green’s function:

G](;(x,t,:v t') = (O;5(z, t)0;5(2', 1))

Differential equation:

o ,
——__9d 8)G5(xw w) =4md(x — ')
U%K% xK]é J
Ref. : Maslov and Stone, PRB 52, 5539 (1995)
Solution :
K} vpt—t)  KN(z — 2
G?g(a:,t; 2t = _8_.7521n (1 4+ ZM T ](5( )
wmr a a

— same for G](g ; Gj(; ; G



KELDYSH GREEN FUNCTION

Real time Green’s function : G(z,z;t) = (A(x,t)B(z',0))
Keldysh Green’s function matrix:

G (x, 2’ t) G (2, a5t) ) _ ((T'A(z,1)B(«',0)) (
Gz, 2 t) G (x,231) ) \(Alz,t)B(,0)) (
with:

(T Az, 1)B(«',0))
(T Az, 1)B(«',0))

O(t)(A(x,t)B(z',0)) + ©(—t){B(2',0)A(z, 1))
O(—t)(A(z,t)B(z',0)) + ©(t)(B(z", 0) A(z, t))

T (ordre temporel) ®

?(ordre anti—temporel)

G?” Keldysh function (same for G%?)

t>0: Gz, 2';t)
t <0:G%(, x;—t)

G%(x,2';t)

”0 G§§<xl7 &, _t)
A

Gj5(K)(x’x 1) = t>0: G?g(a:’,a:; —t)

t <0:G%(z, ;1)

Keldysh Green functions for G* (same for G%)

t>0: G?g(:v,a:’;t)

t<0: G%S(a:’,a:; —t)

G (x,a';t)

; Gf?(l’l,.x, _t)
G?(S(K)(‘Ta 2't) =

t>0: G%S(a:’,x; —t)
t<0: Gfg(w,x’;t)



MODEL FOR THE TIP

To avoid the issue of Klein factors, one chooses the tip to be a chiral LL
without interaction (K = 1)

Fermionic operator :
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CHARGE TUNNEL CURRENT

Average tunnel current :

(1) = 5 S(Te{In(@)e fetintuyy

where C is the Keldysh contour

Tunnel Hamiltonian and tunneling current:
Hrp(t) =T(t) Z Ut (0,t)c,(t) + h.c.

e‘iﬁ <t>) = i (I(t) 3 W, (0, )ea(t) — hc.)

Ip(t) = —

O(I'?) Calculation of the current:
— expand the exp to order 1 in I

{Ir(t)) = : ne /+OO dt1F(6)<t)[‘(61)(t1)
2 TaoeENT1O101€1M —
AT, (0,8 WELD,,, (0, t1) ) (Te{er (") e, (t1)0})

Need to compute:

Cy = (Te{ P, (0, MWL | (0,411)})
- 21 (Tk{e” ie¢ras (0,47) 251907‘1&101(0’#171)”
Ta

Conditions : Cy #0ife =—¢,r=r,a=ay et 0 =0y
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Introduce non chiral fields 6;5 et ¢;; :
T
Spraa(xa t) — 5 25 haaj5(¢j5($7 t) + 7“9]'5(%, t))
J

The correlator becomes:

O = o (Tye{e™ VT Sio hamisé3s 0.7 7835(0.7)

- 27a
% eia\/g 5 haojs(86(0,11)+r6;5(0,t11)) )
Use the relation :

(Tic{e e BY}) = e TrlABY 3 (Tr{A%]) 3 (T {B%)

if A et B are linear combinations of bosonic operators

Then :

Cy = 1 e? s G55
2mTa

9 6
1)(O,t;(),tl)—i-rG?&(nnl)(0,t;0,t1)+7"Gj¢ ) (0,£:0,1)+G%

3(nm 76(nm1) (0,5,0,¢1))

The tunneling current becomes :

(Ir) = —

2iel™ , /+oo sin(woT)dT
(2ma)? o = (1 — in"ET)(1 — i ET )
or,

|8\ 11810
LA+ p)

/-I-OO dr S’L’I’L(|6|T>

—00 (b—i?]’l'))‘(c— 2'777->,u F(:u7>‘+:ua |ﬁ|<b_ C))

= 17N
with e~ P> ~ 1 and

Flu A+ |8l(b— ) =1+ 1710 =2)

- |
T TR
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O(T'?) tunneling current :

- 2 g 1) (1) el

ma \'o u%) \vp I'v+1)
with :
1 (1 N
v=—-3 +K-5)%1,2
8% K% J
because KN ~ 0,28 et KY = KX = KN =1

|'|' IT

— non-linear I-V characteristics

Exponent in agreement with :

e theory (“bulk tunneling”)
Ref. : Kane et al., PRL 79, 5086 (1997)

® experiments
Ref. : WildGer et al., Nature 391, 59 (1998)
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CHARGE CURRENT WITHIN THE NANOTUBE

Average current:
1 .
(I(z,1)) = izﬂ:@c{](:ﬁ, tn)e—lfcdt1HT(t1)}>

Current operator in the nanotube :

I(z,t) =evp ¥ 7V _(2,t)V,05(, 1)

Toxo
2

= 2evp ;&Uqﬁ%(x,t)

trick:
1 i
— lim — Yhe+

OrQey = %1_{1% waxe

Correlator :
CN = lim iaﬂﬁ<TC{GW¢C+(gc’tn)6_1.51(/)7‘10‘101(O’t?l)e’.‘€1€0r1oz101(0,?57272)}>
=0 7y

] ™
CN = —ZEl\I;ax (fo(nnl)CU’ t, O, tl) — fo(mn) (CE, t, 0, t2>

o . o0 .
711G o (2,150, 81) — PG (2,150, 1)

T, olo] . 66 .
X 6_2_ ZJ(S(Gj‘S(nl"D) (O:t1505t2)+Gj5(771n2) (0’t1503t2))

TN o9 ) ¢ .
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O(T?) result:
(I(z)) = el (Z 10) ( a )” Sgn(wo)|wo|”8gn(x)

ma \o u%) \vp I'v+1)

Current conservation:

% Pointe

Barriere
tunnel

I=x) I 1(X) Nanotube

% I~ =N %

2 1
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CURRENT FLUCTUATIONS

Noise :

Sz, t; 2" t") = = ST {I(x, t") (2, t’—n)e—ifc dtlHT(Oatl)}>
7

DO | —

Auto-correlation x’ = x :

S(eaw=0 = EL @y )
Cross-correlations x> = - x :
S(e,—r,0=0) = — e gy ()

Non interacting three terminal device = Necessary to go to

o)

Ref. : Buttiker, PRL (1990), PRB (1992) Ref. : Martin and Landauer, PRB (1992)

16



EFFECTIVE CHARGES

Injection of a charge e in a Luttinger liquid:

1— KN

Q1 = TCJ’ e in one direction
1+ KN

Q2 = % e other direction

Ref. : Safi, Ann. Phys. Fr. 22, 463 (1997)
Ref. : Imura et al., PRB 66, 035313 (2002)

What does it imply for the noise ?
S(z,x") x Q(z)Q(z") ?

Auto-correlation x’ = x :

. Q> e Q; N . Q1 e Q> N

0 X=X 6 X=X

L/ 2 1+ (Kﬁ)Q 2

S(a,z) o S (QF +Q3) = — e

Cross-correlation x’ = - x
v 2 Y

. Q, e Qg N . Qy e Qp N

X' =X 0 X X' ==X 0 X

(N2
Sl ) o & (QuQo+ Qo) = - e 2
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ENTANGLEMENT

Positive cross-correlations=- possibility of entanglement

Add an electron to the nanotube :

) 1+rK]-g . l—rK‘Zg o
; an —ZZjd ﬁhaajd T]@j(s"‘ <Pj5
> Urao|OrL) = "3 e 7 OLr)
with : hoger = 1, hage— = @, Roagst = 0, hoos— = 0,
use the underlying chiral bosonic fields :
515(0) = e 3 hags(r + 1K)
io\ L acjs\T' = T I\
P T KR e T
1 : .
X Y T dTaa Lk e—zkx +daa L ezkm e—a|k|/2
e |k|L( (k) (k)e'™)

So:

charges : Q5+ = (1 £ K)/2,

and:

”@& (z) = exp

T
—1 7ha0'595i5<$)
\ 2Ky T
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SPIN CURRENT AND FLUCTUATIONS

Spin current operator:

Lpin(z,t) = evp 3 1oV (2,0)V,40(2, 1)

roao

— ZGUFPaxqbs—l— (CE, t)
A

Ref. : Balents et Egger, PRB 64, 035310 (2001)

Average spin current :

(L)) = = (52 (&) el

ma \o u%) \vp I'(v+1)
with v =~ 1,2

—> non linear I-V

Auto-correlator x’ = x :

) o i) = el (i)

as KX =1 (time reversal symmetry)

Sspm(xa CE‘) —

—> Schottky relationship with charge ¢

Cross-correlations x’ = - x :

1— (KX)?
Sspin(T, —x) = <2 5+) e|(Lspin(z))| =0 (ordre F2)
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NANOTUBE WITH CONTACTS

e

g

ST™M
> r

(=X X 0 I X X X X X X < )

//J; Nanotube e
K(x) \
K- . K-
KN
| i > X
-L/2 0 L/2

Ref. : Safi and Schulz, PRB 52, 17040 (1995) Ref. : Maslov et Stone, PRB 52, 5539
(1995)
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EXPECTED TUNNEL CURRENT AND NOISE

Power counting argument

/+oo sin(wptaw)dT

o0 NnL 5'5 /
2 K Jorr'n
a N J(S’UF
<_vp — ZT) Misr Mg (1 + i )

(Ir) o

avec

1 n 7N (_1>nn n n
e = g (B8 + g+ 1+ (1))

expansion of :

II I a

jory n=1 v 1T

. ( ir oL\ s
1+W)

Result :

= () () R (s (57

with the exponent :

Schottky :
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CURRENT AND NOISE IN THE NANOTUBE

Current :

) =0 (55 (&) M) g

ma \o u%) \vp L' +1)
woL\?
><(1+f(K;§,Kj€5> (U()—F) +)

Auto-correlation - Cross-correlator :

S(eaw=0)= o)1)
Sl —a,=0) = = Bt oy )

Contacts = Fermi 1D (Kj;=1 V{jé}) =1 =1

(I(z)) = eIy sgn(z) (z 1) (1 + f(KDY, KE) (“’OL>2 - )

TUR o u% (%

Sz, z,w=0)= €|<I,0(£U)>|
S(x,~z,w=0)=0 (ordre I'?)

= with contacts : non linear I-V
but no effective charges and cross-correlator = 0
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Teleportation of quasiparticle charge states with three STM tips

NON-LOCAL TRANSFER OF CHARGE STATE
e Inject quasiparticle pair shared by Alice and Bob.
e Inject pair with test particle.

e Monitor coincidences in STM currents

e Alice detects an electron — teleportation event.
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CONCLUSION

Infinite nanotube :

e [ ox V¥ with expected exponent

e Schottky relation with effective charges:

_1-KX
9

1+ KX
e and ngge

Q: 2

e cross-correlator # 0 O(I'?)

e cross-correlator > 0 : possibility of propagating entangled states.
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Table of results

Without contacts

with contacts

Current

(I(z))

(wo)” with v = 1,2

wo (1 + f(Kh, KJ) (L)

2+...>

(Lspin())

(wo)” with v = 1,2

wo (1 + f(Ks KjY) <%>2 T )

cross correlations

(2525 el (2))]

= effective charges

S(e,2) [Mective chare el{I(a))
Q2= (1-KJ)/2
Sspin(T, T) e|{Zspin(2))| e|{ZLspin(z))]

Cross-correlations

(=555 el(1())]

S(z, —a) Lo 0 (O(T?)
= entanglement
Sspin(T, —T) 0 (O(T?) 0 (0T?)
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