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Problem definition
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• Symmetrical junction

• Dirty limit: l � L

• Point contacts — 0D limit

• Robust superconductivity in the leads: ξ � L

• Large conductance: N � 1



Qualitative picture

Integrable dynamics: Andreev states with arbitrary low
energy exist in a clean rectangular SNS junction. Density
of states decreases linearly to zero at Fermi energy.
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Chaotic dynamics: low-energy Andreev states in a dirty
SNS junction are completely suppressed by interference.
Density of states acquire a minigap.
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Usadel equation

D∇(ĝE(r)∇ĝE(r)) + iE[τ̂z, ĝE(r)] = 0, ĝ2
E(r) = 1.

Density of states

〈ρ(E; r)〉 = ν Re Tr(τ̂zĝE(r)).

The Usadel action

SU [ĝ] = πν

∫
drTr

(
D(∇ĝ)2 + 4iEτ̂zĝ

)
− N

2

∑
j=1,2

log(1 + ĝ(j)
s ĝ).

Angle parametrization

ĝ = τ̂z cos θ + (τ̂x cosφ + τ̂y sinφ) sin θ.

0D equation
(θ = π/2 + iψ, γ = cos(φs/2), η = πE/(Nδ))

η coshψ =
γ sinhψ

1 + γ coshψ
.

Integral density of states

〈ρ〉 =
2

δ
Im sinhψ.



Minigap

The minigap is determined by the maximum of the
function

η =
γ tanhψ

1 + γ coshψ
.

At γ = 1 (zero phase difference)

ηg =

(
1 +

√
5

2

)−5/2

≈ 0.300.

At γ � 1 (phase difference close to π)

ηg ≈ γ − 3

2
γ5/3.
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Density of states

At γ � 1 the angle ψ is large (P = eψ)

η = γ

(
1 − 2

P 2
− γP

2

)
, 〈ρ〉 =

1

δ
ImP.

Three ranges of the energy above the gap

• 〈ρ〉 ≈
√

8

3

√
η − ηg
γ7/6δ

, 0 < η − ηg � γ5/3

• 〈ρ〉 ≈ 1

δ

√
2γ

η − ηg
, γ5/3 < η − ηg � γ

• 〈ρ〉 ≈ 1

δ
, η � ηg

0
0

γηg

1/δ

η

〈ρ〉

γ = 0.01, ηg = 0.0093



σ-model

S[Q] =
N

2
STr


iηΛQ−

∑
j=1,2

log

(
1 − Γ

2
+

Γ

2
{Q(j), Q}

) .

Supermatrix Q ∈ “PH” ⊗ “TR” ⊗ “FB”.

Density of states

〈ρ〉 =
1

4δ
Re

∫
STr(kΛQ)e−S[Q]DQ.

The integration runs over the manifold determined by:

• Q2 = 1

• Q̄ = Q

Parametrization for the commuting part of Q

QFF= σ̂zτ̂z cos θF + τ̂x sin θF,
QBB= [σ̂z cos kB + τ̂z sin kB(σ̂x cosχB + σ̂y sinχB)]

× [τ̂z cos θB + σ̂zτ̂x sin θB].

σ-model action S = SFF − SBB,

SFF= 2N [iη cos θF − log (1 + γ sin θF)],
SBB= 2N [iη cos θB cos kB − log (cos kB + γ sin θB)].



Saddle points

Saddle points in BB-sector (θ = π/2 + iψ, k = iκ):
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”Phase diagram”
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Universal result

Scaling:

∆g =
(3N)1/3γ7/9

2π
δ, ε =

Eg − E

∆g
.

The density of states

〈ρ〉 =
1

∆g

(
−εAi2(ε) + [Ai′(ε)]2

)
.

Limiting cases:

• 〈ρ〉 =
e−

4
3ε

3/2

8π∆gε
, ε� 1

• 〈ρ〉 =

√|ε|
π∆g

− cos
(−4

3|ε|3/2
)

4π∆gε
, ε� −1

0−1−2−3−4 1 2−5 ε
0

〈ρ〉



Nonuniversal result

Density of states as a function of ε =
ηg−η
ηg

• 1

δ

√
2Eg

E − Eg
, −1 � Eg−E

Eg
� −γ2/3,

•
exp

[
−N

4

(
Eg−E
Eg

)2
]

δNγ3/2
(
2
Eg−E
Eg

)1/4
, γ2/3 � Eg−E

Eg
� 1






