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Lecture 6

Weil and Cotton tensors

Definition 1. The Riemannian manifold (M™, g;;(Z) is called flat, if near each point x
there exists a coordinate system ', ..., Z" such that in the new coordinates

9ij () = bij. (1)
1s flat.
Definition 2. The conformal manifold (M™,{g;;(Z)} is called conformally flat, if near

each point x there exists a coordinate system T', ..., Z" such that in the new coordinates
the Riemannian metric g;;(Z) representing the conformal structure has the form

is flat.

It is easy to check that the definition of conformal flatness does not depend on the
choice of the Riemannian metric representing the conformal class.

Example 1. In the coordinates of the stereographic projection the natural metric on S™
has the form

(do')? + ... + (dz™)?

L+ ()22 +... + (a)?

therefore S™ equipped with the standard conformal structure is conformally flat. Analo-
gously, Lobachevsky spaces L™ are conformally flat for all n:

(dz')? + ... + (dz™)?
1—(x1)2+... — (am)?’

Of course, neither S™ nor L™ are flat.

ds® =

ds®> =4

Let us recall some basic definitions from the Riemannian geometry.

1. Christoffel symbols:

1
FZ‘ = igko‘ [&gaj + 0,Gia — aagij]

2. Riemann curvature tensor is defined by
Here T" is a vector field.

Corollary:
(Vle — Vlvk)aq = —quklozp,

where « is a one-form. Explicit expression:

7 . 7 7 7 «@ 7 «
Ry = 0kl — Oy, + T 10 —

la~ kj
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By lowering the first index we obtain:
Rijii = gia Ry
It has the following symmetries:
a) Rij = —Riju,
b) Rjire = — Riju,
¢) Ruij = Riju,
3. Biancki algebraic identities:
Rgiji + Rgjri + Rarij = 0.

Let us remark, that for n = 2, 3 these identities are trivial, and for n > 4 they are
non-trivial.

4. Ricci tensor:
Ry = R%q = 9 Rarpi
Ricci tensor is symmetric:

Ry = Ry.

5. Scalar curvature tensor:
R = g""Rap
Let us recall that

Theorem 1. A Riemannian manifold M™ with the metric g;; admits flat coordinates
such that g;; = 0, iff the curvature tensor is identically zero:

Rijkl =0, forall 1,7k,

Definition 3. A Riemannian manifold M"™ with the metric g;; is callled coformally
flat if there exists a scalar real function w such that the Riemann metric g;; = €*“g;; is

flat.

How to check if a Riemannian manifold is conformally flat. The answer is provided by
Theorem 2. 1. Ifn =2 a metric g;; s alway conformally flat,

2. if n = 3 a metric is conformally flat iff its Cotton tensor is identically equal to
zero: Cyj = 0;

3. if n >4 a metric is conformally flat iff its Weyl tensor is identically equal to zero:
Wikjl = 0.



I dot plan to provide a complete proof. The first part will be proved later in the 2-d
part of the course. At the next lecture I plan to define these tensors and prove that for
n > 4 the Weil tensor in conformal invariant, and the variation of the Cotton tensor with
respect to conformal changes of metric is proportional to the Weyl tensor. If n = 3, the
WEeil tensor vanished identically, therefore the Cotton tensor is conformally invariant.

Let us define some basic objects

1. Schouten tensor:

b= [ gt )
2. Weyl tensor:
Wik = Rijr — [gikpjl + 9Pk — guPj — gjkpu] (4)
it = Rl — [00uPj + 959" Pak — 0i Pjr. — 99" Pai (5)
3. Cotton tensor:
Cir = (n —2) [ViPj, — Vi Py (6)
Let us also recall the standard definition:
o = g"0,, V¥ =g"V,.
We shall also use:
Vigi; = 0.
Consider the following change of metric:
Gij = W (7)

Let us calculate step by step how this change of metric within the same conformal class
affects the basic differential-geometric objects:

Theorem 3. Let M", g;j(x) be a Riemannian manifold. If we introduce a new metric
Gij(x) using formula (7), then we have the following transformation rules:

1.
rnk _ 1k k
Fij = Fz‘j + Sij7
where
SZ = 5Zk @-w + (5;6 &w — gij akw

Rijkl = Rijkl -+ kallJ — Vlslij + S]icaSloJ{' - SliOlS?j -

= R}y + 0, Vidjw — 6, Vidjw + gjr Vi0'w — gj Vid'w+
8, Ok — B} O+ g — g5 D+ g B 0]
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Rjy=Rji — g;V®Ouw — (n —2)V,0;w + (n — 2)0;wiw — (n — 2)g;;0%wiaw.

R=e> [R—2(n—1)V*Ow — (n — 1)(n — 2)0%wipw]

Proof. 1. Let us now consider the change of metric in Christoffel symbols. Since

0ok = 2[0;w]€* gk + €0 gar = €*[0;gak + 20;WTuk]
we have

i 1 —2w i« w ~ w ~ w ~
Iy, = ¢ 2 g [€20;gak + 20jwiak + € OkGia + 20,wja — € 0ngjr — 200w ]

and, similarly, taking into account the definition 9% := ¢gk*9,
S;k = gm [angak + aknga — 8aw§ak] = 5;‘{83'60 + (5;8;&] — 8ingk.

. For the Riemann tensor we obtain:

Rijkl = akF;j + akslij - 8ZF;cj - alSliqj + [F;m + Slica] [FZO; + Sl(;] - [F;a + Slia] [ng + Sl?j] =

=R+ 0S| — + TS5 + + 51,58 —IS], — ShaSei—

. For the Ricci tensor we obtain:

Ry =R, = Ry +V,S}; — VS, + Si, S — SL,Se.

In order to compute it, we have to consider

WSl — VS + 81,88 — SL,Sg

la™ij»
where
St = 6L0iw + 8100w — gaiO'w = 4w + NOgw — Oqw = Nsw.
So, we get
VZSZ] — V[S,Z] =V, [5;8]00 + 5;-(9160 — gljﬁiw] — nvlajw =
= Vlﬁjw + Vjalw — gleZOiw — nvlﬁjw
and since
Vi0jw = 0,0;w — Ff}@aw = V,0w,
we have

VZSZZ] — VISZZJ = —gljvoﬁo‘w + (2 — n)Vlew.
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Then
S1aSE = 51455 = NOaw[d} 0jw+065 Ow—g1;0°w] —[6] w0, 0w —gia0'w][07 w405 Bw—g;;0%w] =

= 2nOw0;jw—ng;;OpwI“w—0wijw — Owijw+ ;0w w—ndjwiw — Ojwiw+
+Owd;w + Owdjw+g,;0'wlw—0;wOhw = (n — 2)(OWdijw — §;0,wI W),

4. For the scalar curvature we obtain:
¢*R = R—g¢" ;) V0w —(n—2)g"'V,0;0+(n—2) ¢ 0;wiw—(n—2)g" gj10awd*w =

=R —nVaw — (n — 2)0%0qw + (n — 2)0%wdpw — n(n — 2)0“wiaw =
=R—-2(n—1)V40,w — (n — 1)(n — 2)0%W0aw.



	Lecture 1

