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Lecture 7

Weil tensor is conformally invariant

Let (M™,{g;;(Z)}) be a conformal manifold. To define the Weil tensor it is necessary
to fix a Riemannian metric representing this conformal structure. Let us show that the
WEeil tensor is well-defined in the conformal geometry, i.e. it does not depend on the
choice of the Riemannian metric representing this conformal structure.

Theorem 1. Let M™ be a smooth manifold equipped with two Riemannian metrics g;;(x),
Gij(x) from the same conformal class:

Gij = Wy, (1)

Let Wiy, Wl;m denote the Weil tensors associated with the metrics g;;(x), §i;(x) , respec-

tively. Then . ‘
Wik = Wi (2)

j j
Proof. Let us simply calculate the transformation law for the Weil tensor
Wit = Rijr — [gikle + 91 Pi — guPjr — ijpiz] (3)
i = R — [0:Pj + 919" Pak — 6/ Pjr. — gjrg" P (4)
where Pj; is the Schouten tensor:
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Lemma 1. Let the Riemannian metrics g;;(x), gij(x) satisfy (1). Then
1.

ﬁj’kl = R;kl + 512 Vké)jw — (SZ Vlc‘?jw + Gkj Vlaiw — g1 Vké)iw+ (5)
+ (52 Ow Ojw — (5} Opw Ojw + g1 O'w Opw — i O'w Ow + [5} Gj — 511 1] [0%w Oqw].
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Remark 1. During the calculation we shall use the following standard notations:
ak — gkzaaa’ vk — gkav()“
the main property of the Levy-Civitta connection:

ngij = 0, ngij = 0,



and the following relations:
Vidjw = V0w, VFow = V,;0"w.
Indeed
ViOjw = Op0jw — I't;04w = 00w — I'5,.00w = V;0pw,
VFOjw = g™V ,0j0 = ¢"*V 04w = Vg™ 00w = V,;0"w.

Proof of formula (5). At the previous Lecture we proved:

J

where

S,ij = (Slk 8jw + 55: (9,-w — gij 8’%.

Therefore

Vkaj - VZS,ij = Vk[éf 8jw + 5; 8lw — g5 8’w] - Vl [(% (‘9jw -+ 5; akw — Jkj aiw =

=6 V0w +Wl/— 9i; Vid'w — 6, V0w —W—l— Gk V,0'w =
= 5; ch‘)jw — 5;@ Vﬁjw + gkj Vﬁiw — glj ch‘)iw,

and . .
Skadl; — SlaSkj =

= [0} Oaw + 67, Opw — Gra O'W][6] Ojw + 65 Ow — g1y O"w]—
—[0] Oaw + 6., Ow — gia O'w] (6} Djw + 05 Opw — grj O°w] =
= 6} Ow 0; w+5k’\5;w&;\ 5kglj Oqw 0“w-+
+0; Oediw + 0 D0 — g1 O 0o —
— g Tiw — gy O'w Ow + g Oler Fro—
—6] Opw Ojw — 07 O5w-Opw + 6] Grj Outw O%w+
0} OO — O B + G e 0o —
+ g I 0 + g1 0'w Opw — guy B i =
= 0} Ow Ojw — 6] Opw Ojw + g1 0'w Opw — gij O'w Ow + [6] grj — 61 gi;][0%w D).
Finally we obtain formula (5):
Rl = Ry + 61 Vi0jw — 0, Vidjw + giy Vid'w — gij Vi, 0'w+
+ 6}, Ow Ojw — 0] Opw Ojw + gij O'w Okw — gi; O'w Ojw ~+ [0] grj — Oy, 915][0%w D).

Proof of formula (6). At the previous Lecture we proved:

éjl = le — gﬂvaaaw — (n — 2)Vl8jw -+ (n — 2)8jwalw — (n — 2)gﬂ(‘9aw8aw,
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R=e> [R—2(n— 1)V*Oow — (n — 1)(n — 2)0%wisw],
therefore

1
Py = Py + p— {—gijvo‘&xw —(n—2)V,;0;w+ (n —2)0wijw — (n — 2)g;;0"ww —

—— i[9~ 1)V 0w — (n — 1)(n — 2)(9%30[@} -

2(n—1)
= P + % {—W— (n —2)V;0;w + (n — 2)0iwdjw — (n — 2)g;;0"wWlaw —
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195, V0w + (n 5 )gijao‘w(‘?aw} =

(n —2)

1
= Pij + m [—(n - Q)Vﬁjw + (n - 2)8iw8jw - gijaawﬁaw] =

1
= P,; — V0w + Owijw — §gij80‘w8aw.

O
Now we are ready to calculate the transformation law for the Weyl tensor
ijkl = Rijkl - [@ipjl + gjlgiapak' - 5;1Dyk - gjkgiapal}-
We have
é;‘kl = R;kl + 5; Vkﬁjw — (3]2 Vlajw + Gk Vl(?iw — gij Vkﬁiw—i—
+ 8% Ow djw — 8; Opw ojw + gij O'w Opw — Tkj 0w Ow + [0; Gkj — 5 G15][0%w O],
~ 1 N
P;; — V;0;w + 0jwdjw — égijﬁ WO W,
therefore
Wiy =Wy + 0] Vidjw — 64, Vidjw + g1, Vid'w — g; Vi0'w+
+ 05 Ojwow — o Ojwokw + — Gjk Dwow + [5fgjk — (52,9]-1} [(‘)Qw(?aw] —
, P 1 . o 1
— (5,2[ - V0w + 0jwiw — igﬂaawﬁaw} +4; [ — V0w + 0;wipw — §gjk8aw8aw} —
: 1. L , 1. .
— gji [ — Vi0'w + — io;ae*qwa;gw] + gjk[ — V,0'w + Qwd'w — 55}0*3w33w] =0.
O

Remark. At the next lecture we will show that for n = 3 the Weyl tensor identically
vanishes.
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