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Lecture 8

Weyl and Cotton tensors

At this Lecture we consider the special case n = 3. Let us show that in this case:

1. The Weil tensor vanishes identically.

2. The Cotton tensor is invariant with respect to the conformal transformations of
the metric tensor

g̃ij = e2ω(x)gij, (1)

therefore it is well defined in terms of conformal structure.

1) Let us prove the first statement. To do it, let us show, that

1. If n = 2, then the Riemann tensor at a given point is completely determined by the
Riemann metric tensor and the scalar curvature calculated at this point only.

2. If n = 3, then the Riemann tensor at a given point is completely determined by
the Riemann metric tensor and the Ricci tensor calculated at this point only.

Of course, if we know the metric tensor in a neighborhood of this point, it com-
pletely determines the Riemann tensor. But we discuss now only algebraic relations,
not the differential ones.

Let us recall that the curvature tensor satisfy the following algebraic constraints:

1. Symmetry:

Rijlk = −Rijkl,

Rjikl = −Rijkl, (2)
Rklij = Rijkl.

2. Biancki algebraic identities:

Rsijk +Rsjki +Rskij = 0.

It is easy to check that for n = 2 and n = 3 the Biancki algebraic identities follow from
the symmetry properties (2) and provide no extra algebraic constraints, therefore we do
not use them.

1. Let n = 2. The curvature tensor has 16 components, but only 4 of them do not
vanish identically and all of them are proportional to R1212:

R1221 = −R1212,

R2112 = −R1212,

R2121 = R1212.
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Let us calculate the scalar curvature omitting identically zero terms. We obtain:

R = g11g22R1212 + g22g1R2121 + g12g21R1221 + g21g12R2112 =

= 2(g11g22 − g12g21)R1212 = 2det
(
gij

)
R1212 =

2

|g|
R1212,

where
|g| = det(gij) = g11g22 − g12g21.

Therefore
R1212 =

|g|
2
R,

and we expressed the Riemann curvature tensor through the metric tensor gij and
the scalar curvature R at this point.

2. Let n = 3. Then

(gij) =
1

|g|

g22g33 − g23g32 g13g32 − g12g33 g12g23 − g13g22
g23g31 − g21g33 g11g33 − g13g31 g21g13 − g23g11
g32g21 − g31g22 g31g12 − g32g11 g11g22 − g12g21


(gij) = |g|

g22g33 − g23g32 g13g32 − g12g33 g12g23 − g13g22

g23g31 − g21g33 g11g33 − g13g31 g21g13 − g23g11

g32g21 − g31g22 g31g12 − g32g11 g11g22 − g12g21


The Riemannian tensor has exactly 6 independent non-zero components:

R1212, R1223, R1231, R2323, R2331, R3131.

The Ricci tensor also has 6 non-zero components. Let us check that the Rieman-
nian tensor can be express through the Ricci tensor.

For the scalar curvature tensor for n = 3 we have

R = Rabcdg
acgbd =

= R1212g
11g22 +R1213g

11g23 +R1221g
12g21 +R1223g

12g23 +R1231g
13g21 +R1232g

13g22+

+R1312g
11g32 +R1313g

11g33 +R1321g
12g31 +R1323g

12g33 +R1331g
13g31 +R1332g

13g32+

+R2112g
21g12 +R2113g

21g13 +R2121g
22g11 +R2123g

22g13 +R2131g
23g11 +R2132g

23g12+

+R2312g
21g32 +R2313g

21g33 +R2321g
22g31 +R2323g

22g33 +R2331g
23g31 +R2332g

23g32+

+R3112g
31g12 +R3113g

31g13 +R3121g
32g11 +R3123g

32g13 +R3131g
33g11 +R3132g

33g12+

+R3212g
31g22 +R3213g

31g23 +R3221g
32g21 +R3223g

32g23 +R3231g
33g21 +R3232g

33g22 =

= R1212

[
2g11g22 − 2g21g12

]
+R1313

[
2g11g33 − 2g31g13

]
+R2323

[
2g22g33 − g32g23

]
+

+R1231

[
4g13g21 − 4g11g23

]
+R1223

[
4g12g23 − 4g13g22

]
+R3123

[
4g32g13 − 4g33g12

]
.

Finally, by using symmetries, expressions for the determinants and collecting all
the terms we obtain:

R =
2

|g|
[
R1212 g33 +R2323 g11 +R3131 g22 + 2R1223 g13 + 2R1231 g23 + 2R3123 g12

]
.
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Theorem 1. Let n = 3. Then the Riemannian curvature tensor can be expressed
through the Ricci tensor

Rabcd =
[
gacRbd + gbdRac − gadRbc + gbcRad

]
− R

2

[
gacgbd − gbcgad

]
. (3)

Let us prove (3). Due to symmetry between the spatial variables it is sufficient
to check 2 terms: R1212 and R1223. Let us calculate the right-hand side of (3) for
these terms.

a) Let a = 1, b = 2, c = 1, d = 2,

R1212
?
=

[
g11R22 + g22R11 − 2g12R12

]
− R

2

[
g11g22 − g12g12

]
=

= g11
[
R1212 g

11 +R1232 g
13 +R3212 g

31 +R3232 g
33
]
+

+ g22
[
R2121 g

22 +R2131 g
23 +R3121 g

32 +R3131 g
33
]
−

− 2g12
[
R2112 g

21 +R2132 g
23 +R3112 g

31 +R3132 g
33
]
−

− R

2
|g|g33 =

= g11
[
R1212 g

11 −R1223 g
13 −R1223 g

31 +R2323 g
33
]
+

+ g22
[
R1212 g

22 −R1231 g
23 −R1231 g

32 +R3131 g
33
]
+

− 2g12
[
−R1212 g

21 +R2132 g
23 +R1231 g

31 −R3123 g
33
]
−

− g33
[
R1212 g33 +R2323 g11 +R3131 g22 + 2R1223 g13 + 2R1231 g23 + 2R3123 g12

]
=

= −R1212

[
g11g11 + g22g22 + 2g12g21 − g33g33

]
−R2323

[
g33g11 − g33g11

]
+

+R3131

[
g33g22 − g33g22

]
− 2R1223

[
g31g11 + g32g21 + g33g33 + g22g22

]
+

− 2R1231

[
g32g22 + g31g12 + g33g32

]
+ 2R3123

[
− g33g12 − g33g12

]
=

= R1212

[
g11g11 + g22g22 + 2g12g21 − g33g33

]
.

Taking into account that

g11g11 + g22g22 + 2g12g21 − g33g33 =

= g11g11+g12g21+g13g31+g21g21+g22g22+g23g32−g31g11−g32g23−g33g33 = 1+1−1 = 1,

we finish the proof.
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b) Let a = 1, b = 2, c = 2, d = 3,

R1223
?
=

[
g12R23 + g23R12 − g13R22 + g22R13

]
− R

2

[
g12g23 − g22g13

]
=

= g12
[
R1213 g

11 +R1223 g
12 +R3213 g

31 +R3223 g
32
]
+

+ g23
[
R2112 g

21 +R2132 g
23 +R3112 g

31 +R3132 g
33
]
−

− g13
[
R1212 g

11 +R1232 g
13 +R3212 g

31 +R3232 g
33
]
−

− g22
[
R2113 g

21 +R2123 g
22 +R3113 g

31 +R3123 g
32
]
−

− R

2
|g|g13 =

= g12
[
−R1231 g

11 +R1223 g
12 +R3123 g

31 −R2323 g
32
]
+

+ g23
[
−R1212 g

21 +R2132 g
23 +R1231 g

31 −R3123 g
33
]
−

− g13
[
R1212 g

11 −R1223 g
13 −R1223 g

31 +R2323 g
33
]
−

− g22
[
R1231 g

21 −R1223 g
22 −R3131 g

31 +R3123 g
32
]
−

− g13
[
R1212 g33 +R2323 g11 +R3131 g22 + 2R1223 g13 + 2R1231 g23 + 2R3123 g12

]
=

= −R1212

[
g12g23 + g11g13 + g13g33

]
−R2323

[
g32g21 + g33g31 + g31g11

]
+

+R3131

[
g31g22 − g31g22

]
+R1223

[
g21g12 + g23g32 + 2g13g13 + g22g22 − 2g13g13

]
+

−R1231

[
g11g12 − g13g32 + g12g22 + 2g13g32

]
−

−R3123

[
− g31g12 + g33g32 + g32g22 + 2g31g12

]
= R1223.

Corollary 1. Let n = 3. Then the Weil tensor vanish identically W i
jkl ≡ 0.

Proof. For n = 3 the Weil tensor with lower indexes Wijkl coincides with the
difference between the right-hand side of (3) and the left hand side of (3). Therefore
for n = 3 Wijkl ≡ 0.

2) Consider the following transformation of the Riemannian metric preserving the con-
formal class:

g̃ij = e2ω(x)gij, (4)

Let us calculate the transformation law for the Cotton tensor.

Remark 1. During the calculation we shall use the following standard notations:

∂k = gkα∂α, ∇k = gkα∇α,

the main property of the Levy-Civitta connection:

∇kgij = 0, ∇kg
ij = 0,

and the following relations:

∇k∂jω = ∇j∂kω, ∇k∂jω = ∇j∂
kω,
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(∇k∇l −∇l∇k)αq = −Rp
qklαp, (5)

where αp is an 1-form.

Let us recall the formulas for the Schouten tensor

Pij =
1

n− 2

[
Rij −

1

2(n− 1)
Rgij

]
and the Cotton tensor

Cijk = (n− 2) [∇kPij −∇jPik] .

Consider the following change of metric:

Theorem 2. The change of Riemannian metric tensor (4) generates the following trans-
formation of the Cotton tensor for any n ≥ 3:

C̃jkl = Cjkl − (n− 2)∂iωW
i
jkl.

We proved today that for n = 3 the Weil tensor vanishes identically W i
jkl ≡ 0.. Therefore

we have:

Corollary 2. If n = 3 then the Cotton tensor is invariant with respect to the transfor-
mation (4), and it provides an invariant of conformal geometry.

Proof. We have the following transformation laws for the Levi-Civita connection

Γ̃k
ij = Γk

ij + Sk
ij,

where
Sk
ij = δki ∂jω + δkj ∂iω − gij ∂

kω,

and for the Schouten tensor

P̃ij = Pij −∇i∂jω + ∂iω∂jω − 1

2
gij∂

αω∂αω,

therefore
1

n− 2
C̃jkl = ∇̃lP̃jk − ∇̃kP̃jl = ∇lP̃jk − Sα

ljP̃αk −����Sα
lkP̃jα −∇kP̃jl + Sα

kjP̃αl +����Sα
klP̃jα =

= ∇l

[
Pjk −∇k∂jω + ∂jω∂kω − 1

2
gjk∂

βω∂βω

]
−

−∇k

[
Pjl −∇l∂jω + ∂jω∂lω − 1

2
gjl∂

βω∂βω

]
−

−
[
δαl ∂jω + δαj ∂lω − glj ∂

αω
]
·
[
Pαk −∇k∂αω + ∂αω∂kω − 1

2
gαk∂

βω∂βω

]
+

+
[
δαk ∂jω + δαj ∂kω − gkj ∂

αω
]
·
[
Pαl −∇l∂αω + ∂αω∂lω − 1

2
gαl∂

βω∂βω

]
=

=
[
∇lPjk −∇kPjl

]
+
[
−∇l∇k∂jω +∇k∇l∂jω

]
−

−
[
δαl ∂jω + δαj ∂lω − glj ∂

αω
]
Pαk +

[
δαk ∂jω + δαj ∂kω − gkj ∂

αω
]
Pαl + C2 + C3,
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where

C2 = ∇l

[
∂jω∂kω − 1

2
gjk∂

αω∂αω

]
−∇k

[
∂jω∂lω − 1

2
gjl∂

αω∂αω

]
−

+
[
δαl ∂jω + δαj ∂lω − glj ∂

αω
]
∇k∂αω −

[
δαk ∂jω + δαj ∂kω − gkj ∂

αω
]
∇l∂αω =

=������∂jω∇l∂kω +
XXXXXX∂kω∇l∂jω −((((((((hhhhhhhhgjk∂

αω∇l∂αω −������∂jω∇k∂lω −������∂lω∇k∂jω +((((((((hhhhhhhhgjl∂
αω∇k∂αω+

+������∂jω∇k∂lω +������∂lω∇k∂jω −((((((((hhhhhhhhglj∂
αω∇k∂αω −������∂jω∇l∂kω −XXXXXX∂kω∇l∂jω +((((((((hhhhhhhhgkj∂

αω∇l∂αω = 0,

C3 = −
[
δαl ∂jω + δαj ∂lω − glj ∂

αω
]
·
[
∂αω∂kω − 1

2
gαk∂

βω∂βω

]
+

+
[
δαk ∂jω + δαj ∂kω − gkj ∂

αω
]
·
[
∂αω∂lω − 1

2
gαl∂

βω∂βω

]
=

= −������∂jω∂lω∂kω −������∂lω∂jω∂kω + glj∂kω∂
αω∂αω+

+
XXXXXXXXX

1

2
gkl∂jω∂

βω∂βω +
1

2
gjk∂lω∂

βω∂βω − 1

2
gjl∂kω∂

βω∂βω+

+������
∂jω∂kω∂kω +������∂kω∂jω∂lω − gkj∂lω∂

αω∂αω+

−
XXXXXXXXX

1

2
gkl∂jω∂

βω∂βω − 1

2
gjl∂kω∂

βω∂βω +
1

2
gjk∂lω∂

βω∂βω = 0.

Therefore,

1

n− 2
C̃jkl =

1

n− 2
Cjkl −Ri

jkl∂jω −����∂jωPlk − ∂lωPjk + glj ∂
αωPαk+

+����∂jωPkl + ∂kωPjl − gkj ∂
αωPαl

But
W i

jkl = Ri
jkl −

[
δikPjl + gjlg

iαPαk − δilPjk − gjkg
iαPαl

]
,

and
∂iωW

i
jkl = ∂iωR

i
jkl − ∂kωPjl − gjl ∂

αωPαk + ∂lωPjk + gjk ∂
αωPαl,

what completes the proof.
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