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Lecture 8

Weyl and Cotton tensors
At this Lecture we consider the special case n = 3. Let us show that in this case:
1. The Weil tensor vanishes identically.

2. The Cotton tensor is invariant with respect to the conformal transformations of
the metric tensor
Gij = €W, (1)

therefore it is well defined in terms of conformal structure.
1) Let us prove the first statement. To do it, let us show, that

1. If n = 2, then the Riemann tensor at a given point is completely determined by the
Riemann metric tensor and the scalar curvature calculated at this point only.

2. If n = 3, then the Riemann tensor at a given point is completely determined by
the Riemann metric tensor and the Ricci tensor calculated at this point only.

Of course, if we know the metric tensor in a neighborhood of this point, it com-
pletely determines the Riemann tensor. But we discuss now only algebraic relations,
not the differential ones.

Let us recall that the curvature tensor satisfy the following algebraic constraints:

1. Symmetry:
Rijie = —Riju,
R = —Rij, (2)
Ryij = Rij-

2. Biancki algebraic identities:

Rgiji + Rsjki + Rskig = 0.

It is easy to check that for n = 2 and n = 3 the Biancki algebraic identities follow from
the symmetry properties (2) and provide no extra algebraic constraints, therefore we do
not use them.

1. Let n = 2. The curvature tensor has 16 components, but only 4 of them do not
vanish identically and all of them are proportional to Ry91s:

R1221 = _R12127
R2112 = _31212;
R2121 = R1212-
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Let us calculate the scalar curvature omitting identically zero terms. We obtain:

R = 91192231212 + 92291R2121 + 912921R1221 + 92191232112 =

=2(g"'9" — ¢ ¢°" ) Ri212 = 2 det (g7 ) Riz12 = mRuu,

where
’9’ = det(gij) = g11922 — g12921-
Therefore 4l
Ri912 = %R,

and we expressed the Riemann curvature tensor through the metric tensor g;; and
the scalar curvature R at this point.

2. Let n = 3. Then

= 1 |922933 — 923932 913932 — 912933 912923 — 913922
(97) = 7= | 923931 — g21933 911933 — G13931 G21913 — 23911

]g] 932921 — 931922 931912 — 932911 G11922 — g12921

g22g33 _ 923932 913932 . 912933 912923 . 913922

(gij) _ |g| 923931 . 921933 911933 . 913931 921913 _ 923911
932921 . 931922 931912 _ 932911 911922 - g12921

The Riemannian tensor has exactly 6 independent non-zero components:
Ri212, Rigoz, Rizsi, Rases, Razsi, Raizne

The Ricci tensor also has 6 non-zero components. Let us check that the Rieman-
nian tensor can be express through the Ricci tensor.

For the scalar curvature tensor for n = 3 we have

R = Rapag*’g" =

= Ri212¢" ¢ + Ri2139" ¢°° + R12219"°¢°" + Ri2239"°¢”° + Ri2319"°¢°" + Ri2329"°¢”*+
+ Riz129" 9% + Rusisg" 9% + Ris219"79°" + Rusa39'°9™ + Rissng”g”" + Russeg'’ g™+
+ Ro1120”' 9" 4 Ro1139°' 9" + Ra12197%9"" + Ra12397 9" + Ro1319°°g" + Ro1329°° 9"+
+ Ras129”" 9% + Ras13g” % + Ras21979°" + Rososg” 0™ + Rossng®g®! + Rassng™ g7+
+ Ra1129”" 9" + Rsn139” " + R31219%9"" + Rs1236°°9"™ + Ra1319%°9"" + Ra1320%° 9"+
+ R2120”' 6% 4 R32139° 6% + Ryo0197 97" + Risg™ 97 + Raes1 g™ g>' + Ransng™ g™ =
= Rin12[29" 97 — 207" 9"%] + Rusis[29"' 9% — 2¢™'9"°] + Rosos[2079% — 9797 |+

+ Rz [4.(}13921 - 4911!]23} + Ri203 [4912.(123 - 4913.(]22] + R3123 [4932913 — 4g% 12}-
Finally, by using symmetries, expressions for the determinants and collecting all
the terms we obtain:

2
R = ol [Ri212 933 + Ras2s 911 + Rais1 gaz + 2R1223 013 + 2R1231 923 + 2R3123 g12]
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Theorem 1. Let n = 3. Then the Riemannian curvature tensor can be expressed
through the Ricci tensor

R
Rapea = [gacRbd + gpaRac — GadFoe + gbcRad:| DY [gacgbd - gbcgad:| . (3)

Let us prove (3). Due to symmetry between the spatial variables it is sufficient
to check 2 terms: Rjaio and Rjge3. Let us calculate the right-hand side of (3) for
these terms.

a) Leta=1,b=2¢c=1,d=2,

? R
Ri212 = [911322 + goa Ra1 — 2912312} ) [911922 - 912912} =

= g11[Ri212 9" + Rizso 9%° + Rao2 ¢°' + Razse g%+
22 23 32 33

+ 922 [Ro121 9°° + Rz 9% + Rain 9% + Raisi 97—

— 2g12[Roni2 6°' 4 Rous2 6% + Rsi12 9°' + Raizn g% | —

- glglg33 -

= g11[Ri2129" — Rigo3 9"° — Rizas 9°' + Rasos 7|+

+ g [R1212 9% — Rizs1 ¢°° — Rios1 g% + Rais1 %)+

—2g12[ = Ri12 9> + Ro130 9°° + Ri2s1 ¢°' — Ra123 %] —

— g% [Ri212 933 + Rosos 911 + Rais1 g22 + 2R1223 913 + 2R131 923 + 2Rs193 g12] =
= —Ri212 [9“!]11 + %922 + 297 go1 — 933933} — Rasa3 [.‘1335111 - .(133!111}4-

+ Raiz1 [9%922 — 6% 922] — 2R1223 [6° 911 + 9921 + 9% 933 + 97922+

— 2R1231 [9% 922 + 6”912 + 97 932] + 2Ra123 [ — 9% 912 — 9% g12] =

= Ri212 [9”!]11 + 9722 + 29" go1 — 933933}-

Taking into account that

g1+ 9% ga0 + 29901 — 9% 933 =

= " g11+92 92149 931497 9211077 920+ 67 g32—6° G11— %7 Gos— g% g3 = 14+1-1 =1,
we finish the proof.



b) Leta=1,b=2,¢=2,d =3,

, R
Ryge3 = [912R23 + g23R12 — g13Ra + 922313} D) [912923 - 922913] =

= g12[Ri213 9" + Rizas 9'° + Razz g°' + Razes g%]+
+ g23[Ro112 6*' + Ro132 6% + Rs112 9°' + Rarsa g™
— g13[Ri212 9" + Ri232 9" 4 R3o126°' + Rsosa g

— g22[Ro113 9% + Ro123 9% 4+ Ranz ¢°' + Rsios g°°

w

}_
33}_
}_

- glglg13 =

= g12| — Ri231 9" + Ri223 9" + Rs123 9°' — Rosos g7+

+ gas[ — Ri2129”" + Rors2 97 + Rizs1 ¢°' — Raias 6°°] —

— g13 [R1212 9" = Riza3 9" — Risas g + Rosos !7133] -

— ga2[Rizs1 ¢°' — Ri223 9°° — Rais1 9 + Raizs 6% —

— " [Ri212 933 + Rosos 911 + Raia1 ga2 + 2R1203 013 + 2R1231 go3 + 2R3123 g12] =
= —Ri212 [912923 + 9915 + 913933] — Ra3a3 [!]32921 + 9% gs1 + !’/31!111} +

+ Raiz1 [0 922 — 6% goa] + Rioos [07 910 + 072032 + 29" 915 + 972 922 — 29" g13] +
— Rioz1 [9" 12 — 9" 932 + 9" 920 + 29" g32] —

— Raios [ — 9% 912 + 9% 930 + 97920 + 29> 912] = Rio0s.

Corollary 1. Let n = 3. Then the Weil tensor vanish identically Wj, = 0.

Proof. For n = 3 the Weil tensor with lower indexes Wjj; coincides with the
difference between the right-hand side of (3) and the left hand side of (3). Therefore
forn =3 Wijkl =0. L]

2) Consider the following transformation of the Riemannian metric preserving the con-
formal class:

Gij = €2, (4)
Let us calculate the transformation law for the Cotton tensor.
Remark 1. During the calculation we shall use the following standard notations:
o = gk2g,. V* = gy,
the main property of the Levy-Civitta connection:
Vigi; =0, Vig? =0,
and the following relations:
Viljw = V00w, VFOjw = V;0Mw,
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(Vle — Vle)ozq = _quklalﬂ (5)

where ay, is an 1-form.

Let us recall the formulas for the Schouten tensor

and the Cotton tensor
Cijk = (n —2) [ViPij — V; Py .

Consider the following change of metric:

Theorem 2. The change of Riemannian metric tensor (4) generates the following trans-
formation of the Cotton tensor for any n > 3:

Cjkl = Cjkl — (n — Q)GiWWijkl'
We proved today that for n = 3 the Weil tensor vanishes identically W]?kl = (.. Therefore
we have:

Corollary 2. If n = 3 then the Cotton tensor is invariant with respect to the transfor-
mation (4), and it provides an invariant of conformal geometry.

Proof. We have the following transformation laws for the Levi-Civita connection

Pk _ Tk k

50
where
SZkJ = 55 ajw + (Sf @-w — Gij 6kw,

and for the Schouten tensor
> 1
P; = P; — V0w + iwijw — 592-]-80‘@8&&;7

therefore

1 - O . . _ 8 8 ~
p— jkl:lejk_vkpjl:lejk_Sgpak_%_vkpjl‘f‘sgjpal"'sa o =

1
=V, {ij — Viojw + 0jwipw — Egjkaﬂwagw] —
1
— Vi {P] — Vi0jw + 0jwiw — égjlaﬂwﬁgw} -
- [5,” Ojw + (5;" Ow — gi; 8%}] . {Pak — V0w + OqwOkw — %gakaﬁwﬁgw} +

1
+ [(5,? Ojw + 5;“ Ok — Gj 8%}] . lPal — V0w + Oqwiiw — §ga135w85w] =

= |ViPj — ViPy| + | = ViViOjw + Vi V,0,w] —
— [67 0jw + 65 Ow — g1j 0“w] Pk + [0 Ojw + 05 0w — gy 0°w] Pay + C2 + Cs,
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where

1 1
CQ = V; ajwﬁkw — §gjkaawaaw:| — Vk [@-w&lw — §gjlaaw8aw} —

+ [51“ Ojw + 65 Ow — i 8%}] Vi0aw — [5,? Ojw + 05 Opw — Gry 8%}] V04w =

= 0N + D Vadie — Tl — OO — DVt + (01l
+ QG + D VD — 000 — VD — DRwrVadiw + Gl = 0,

Cs = — [0 Oj + 05 Qw — g1 0°w] - [(%w@kw — %gakﬁﬂwagw} +

1
+ [5,‘3‘ Ojw + 07 Okw — Gij 8%}] . [%w&w — igalﬁﬂwﬁﬁw] =
= — 0wl — Owdiwdrw + gij0pwd“wWdaw+
1 1
+\%M+ igjkﬁlw(‘?ﬁwc‘?ﬁw — §gjlakw86w85w+

—i—W—l—W— GrjOwd*w,w+

1 1
—m— égjlﬁkwﬁﬁwf‘)gw + égjkﬁlw&gw@ﬁw =0.

Therefore,

1 ~ 1 y i . fe}
— QCjkl = ”j(%‘/ — R';,0;w — Queii, — Ow Pjg + g1 0w Pag+

+050P5 + 0w P — gij 0%w Py

But
ijkl = Rijk;l - [@ipjl + gjlgia ak — 5zipjk - gjkgiapal}a
and ' .
&-wW’jkl = &-lejkl — OhwPji — g1 0°WPai, + Ow Pk, + g 0% w Py,
what completes the proof. O]
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