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Motivation

◮ Transport through quantum dots (QDs)
◮ metalic grains, e.g. Al, Au, Pd, with diameter 1− 10 nm
◮ large molecules
◮ regions of confinement for electrons in 2DEG with size ∼ 1µm

[adopted from Kouwenhoven, Marcus (1998)]
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Motivation / conductance vs gate voltage
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Motivation / effect of exchange interaction J
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Motivation / mesoscopic Stoner instability (T = 0)

hamiltonian with ferromagnetic exchange HJ = −J Ŝ
2
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ground state energies for spin S and S + 1

ES+1 − ES = (2S + 1)δ − J (2S + 2) =⇒ S =
2J − δ

2(δ − J )

renormalized exchange J⋆ = 2JS = Jδ
δ−J
≫ J at δ − J ≪ δ

[Kurland, Aleiner, Altshuler (2000)]
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Motivation / questions to answer

◮ can we find signatures of exchange J in physical observables, e.g.
conductance, tunneling DOS, spin susceptibility, at T ≫ δ, J?

◮ how the single-particle level statistics affects results, in
particular, the mesoscopic Stoner instability, at T ≫ δ, J?
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Universal hamiltonian / for an isolated dot

H =
∑

α,σ

ǫα,σa
†
α,σaα,σ + Ec

(

N̂ −N0

)2

− J Ŝ
2

ǫα,σ = ǫα + bσ/2 – (random) single particle spectrum

with Zeeman splitting b = gµBB

N̂ =
∑

α,σ
a†α,σaα,σ – particle number operator

Ŝσσ′ = 1
2

∑

α,σ
a†α,σσσσ′aα,σ′ – spin operator

[Kurland, Aleiner, Altshuler (2000); Aleiner, Brouwer, Glazman (2002)]

assumptions:
good metal: ETh/δ ≫ 1, and low temperatures: T ≪ ETh,Ec

targets:

static spin susceptibilities χ = T ∂2

∂b2 ln Tr exp
(

−βH
)

tunneling DOS:

ν(ε) = − 1

π
Im
∑

α,σ

GR
ασ;ασ(ε), GR(t1, t2) = −iθ(t1 − t2)

〈{
a(t1), a†(t2)

}〉
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Difficulty / time-ordered exponent

• Hubbard-Stratonovich transformation of exchange interaction:

e
∓itJ Ŝ

2
= lim

N→∞

∏

α

N∏

n=1

∫

dθn e
± i

4J
tθ2

n/N
e

itθn ŝα/N =

∏

α

∫

D[θ] e
± i

4J

∫
t

0
dt′ θ2

T e
i

∫
t

0
dt′ θŝα

Time-ordering T due to noncommutativity of the spin operators

• solution: Wei-Norman-Kolokolov transformation

T e
i

∫
t

0
dt′ θŜ

= e
±Ŝ∓ψ±(t)

e
iŜz

∫
t

0
dt′ρ(t′)

exp

[

iŜ±

∫
t

0

dt
′ψ∓(t

′)e
∓i

∫
t′

0
dτρ(τ)

dt
′

]

e
∓Ŝ∓ψ±(0)

θz = ρ− 2ψ+ψ−,
θx ∓ iθy

2
= ψ∓,

θx ± iθy

2
= ∓iψ̇± + ρψ± − ψ∓ψ2

±, θ
2 = ρ2 ∓ 4iψ∓ψ̇±
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Exact results/ tunneling DOS

νσ(ε)=
1 + e−βε

2Z

∑

α,n↑,n↓

sh
βb(2m+1)

2

sh βb

2

Zn↑
Zn↓

e
−βEn↑,n↓

{[
Zn↓

(ǫα)

Zn↓

−
Zn↑

(ǫα)

(2m + 1)Zn↑

]
[

1 + Bm (σmβb)
]

×δ
(
ε − ǫασ + En↑,n↓

− En↑,n↓+1

)
+

[
Zn↑

(ǫα)

Zn↑

+
Zn↑

(ǫα)

(2m + 1)Zn↑

]
[

1− B−m−1 (σ(m + 1)βb)
]

×δ
(
ε − ǫασ + En↑,n↓

− En↑+1,n↓

)
}

, Z =

∑

n↑,n↓∈Z

sh
βb(2m+1)

2

sh βb
2

Zn↑
Zn↓

e
−βEn↑,n↓ .

where n = n↑ + n↓, m = (n↑ − n↓)/2,

En↑,n↓
= Ec(n−N0)

2−Jm(m +1), Bm(x) =
2m + 1

2m
cth

(
2m + 1

2m
x

)

− 1

2m
cth

x

2m
,

Zn =

∮

|z|=1

dz

2πi
z
−n−1

∏

γ

(
1 + z e

−βǫγ
)
, Zn(ǫα) =

∮

|z|=1

dz

2πi
z
−n−1

∏

γ 6=α

(
1 + z e

−βǫγ
)
.

- at b = J = 0 the result coinsides with Sedlmayr, Yurkevich, Lerner (2006)

- at b = 0 the result for Z coincides with Alhassid, Rupp (2003)
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Fluctuations of single-particle levels

• Fluctuations of thermodynamic DOS (∆−1 = dn/dµ)

[Dyson (1962), Mehta, Dyson (1963), Efetov (1982)]

〈ν0(E)[ν0(E + ω)− ν0(E)]〉 =
1

δ2

[
δ(ω/δ)− RU/O(πω/δ)

]
,

ν0(E) =
∑

α

δ(E − ǫα), 〈ν0(E)〉 = δ−1,

unitary ensemble: RU (x) =
sin2 x

x2

ortogonal ensemble: RO(x) =
sin2 x

x2
+
(

d

dx

sin x

x

)∫ ∞

x

sin t

t
dt

at T ≫ δ fluctuations of ∆ are gaussian and

(∆− δ)2

δ2
=

cδ2

βT2
≪ 1, c ≈ 0.02, βU = 2βO = 2

common wisdom: Fluctuations of single-particle levels are not important at T ≫ δ
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Fluctuations of single-particle levels / vicinity of Stoner instability, δ − J ≪ δ

renormalized exchange energy J :

1

J
=

1

J
−

1

∆

Fluctuations of ∆ can lead to J < 0 (Stoner instability)

(∆− δ)2

δ4
≪

1

J 2
⋆

≡

(
1

J
−

1

δ

)2

, =⇒ J⋆ ≪ T

Near Stoner instability level fluctuations are not important at T ≫ J⋆ ≫ δ,J
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Spin susceptibility / averaged over statistics of single-particle levels {ǫα}

y=1�x

y
=

1
�x

2

IIa IIb

I

III

0 1
0

1

b�J

J *
�T

region Averaged spin susceptibility χ(T , b)

I: J⋆
T

max{1, b
J
} ≪ 1 J⋆

2Jδ

{
1 + J⋆

6T
+ c

β

J2
⋆

T2

[
1 + J⋆

2T

]
− J3

⋆b2

120T3J2

[
1 + 10c

β

J2
⋆

T2

]}

IIa : b2

J2 ≪ T
J⋆
≪ 1 T

b2

[
1− J2

⋆b2

4J2T2 sh2(J⋆b/2JT)

]
+ T

2βπ2
∂2

∂b2

[
J⋆b

JT
cth J⋆b

2TJ
− J2

⋆b2[ln(2J⋆/T)+γ]

4J2T2 sh2(J⋆b/2JT)

]

IIb:
T
J⋆
≪ b2

J2 ≪ 1 J⋆
2Jδ

{
1 − 2J⋆

T
e−J⋆b/JT + 2J⋆

βπ2T

(
ln b

J
− 3

2

)
e−J⋆b/JT

}

III: T
J⋆
≪ b

J
, J

b
≪ 1 J⋆

2Jδ

(
1− 1

βπ2
J2

b2

)
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Spin susceptibility / averaged over statistics of single-particle levels {ǫα}

y=1�x

y
=

1
�x

2

IIa IIb

I

III

0 1
0

1

b�J

J *
�T

region χ(T , b)

I, IIb, III Pauli-type:
J⋆

2Jδ

IIa Curie-type:
1

12T

(
J⋆

J

)2
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Region IIa : δ ≪ T ≪ J⋆ & b = 0

averaged zero-field spin susceptibility (T ≫ J⋆e
−βπ2

):

χ(T , 0) =

effect of randomness
︸ ︷︷ ︸

1

12T

(
J⋆

J

)2 [

1 +
1

βπ2

(

ln
2J⋆

T
+ γ + 2

)]

,

æ
æ

æ

æ

à
à

à

à

PdYFe2Zn20
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*
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L

points are numerical simulations from Kurland, Aleiner, Altshuler (2000)

At T ≪ J⋆ level fluctuations are important but numerically not large
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Region IIa : estimate at T = 0

ES+1 − ES = (2S + 1)δ + ∆E − J(2S + 2) = 0, ∆E = ∆n2Sδ
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Region IIa : estimate at T = 0

ES+1 − ES = (2S + 1)δ + ∆E − J(2S + 2) = 0, ∆E = ∆n2Sδ

S ≡ S + ∆S =
J⋆

2J

[

1−∆n2S

]

=⇒ χ =
S

2

3T
=
(

J⋆

2δ

)2 [

1 + (∆n2S)2

]

16/27



Region IIa : estimate at T = 0

ES+1 − ES = (2S + 1)δ + ∆E − J(2S + 2) = 0, ∆E = ∆n2Sδ

S ≡ S + ∆S =
J⋆

2J

[

1−∆n2S

]

=⇒ χ =
S

2

3T
=
(

J⋆

2δ

)2 [

1 + (∆n2S)2

]

(∆n2S)2 =
2

βπ2

(

ln
J⋆

δ
+const

)

=⇒ χ =
1

3T

(
J⋆

2δ

)2 [

1+
2

βπ2

(

ln
J⋆

δ
+const

)]

c.f.

χ(T , 0) =
1

12T

(
J⋆

J

)2 [
1 +

1

βπ2

(
ln

2J⋆

T
+ γ + 2

)]
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Tunneling DOS: δ ≪ T (no level fluctuations)

νσ(ε)

ν0

=
∑

n,p=±

e
−βEc(n−N0)2{

fF

(
pε − 2pΩ−p

n

)
+

√
πβJe

β
4

(σb−J⋆
b2+J2

J2
)

8
√

J⋆ ch( βb
4 ) sh( J⋆βb

2J
)

∑

s=±

s
[

erfi
(
√
βJ⋆(sb− J)

2J

)

× fF

(
pε − 2pΩ−p

n +
σb

2

)
− F

(
β
[

pε − 2pΩ−p
n +

σb

2

]
,

sb

2J
,
√
βJ⋆

)]}
/
∑

n

e
−βEc(n−N0)2

,

Ω
p
n = Ec(n − N0 + p/2), erfi(z) =

2
√
π

z∫

0

dt e
t2
, F(x, y, z) =

1

2
e
−x/2

∞∫

−∞

dteixt

ch(πt)
erfi
(

z(y − it)
)
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Tunneling DOS: δ ≪ T ≪ J⋆& b = 0 (no level fluctuations)
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TDOS / estimate for Coulomb valley at T = 0

transition n↑ → n↑ + 1

E1 = Ec − J(S + 3/4) + δ ≃ Ec − J⋆/2
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TDOS / estimate for Coulomb valley at T = 0

transition n↑ → n↑ + 1

E1 = Ec − J(S + 3/4) + δ ≃ Ec − J⋆/2

transition n↓ → n↓ + 1

E2 = Ec + J(S + 1/4) − δ(2S − 1) ≃ Ec − J⋆/2

E3 = Ec + J(S + 1/4) + δ ≃ Ec + J⋆/2
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TDOS / estimate for Coulomb valley at T = 0

~J�2J*

¶1 ¶2 ¶3
¶

1
2

1

ΝΣH¶L�Ν0

transition n↑ → n↑ + 1

E1 = Ec − J(S + 3/4) + δ ≃ Ec − J⋆/2

transition n↓ → n↓ + 1

E2 = Ec + J(S + 1/4) − δ(2S − 1) ≃ Ec − J⋆/2

E3 = Ec + J(S + 1/4) + δ ≃ Ec + J⋆/2

width of the maximum ∼ J⋆
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Universal hamiltonian / the role of spin-orbit couping

strong spin-orbit coupling leads to Ising exchange:

H =
∑

α,σ

ǫα,σa
†
α,σaα,σ + Ec

(
N̂ − N0

)2
− Jz Ŝ

2
z

[Alhassid, Rupp (2003); Usaj, Baranger (2005); Türechi, Alhassid (2006); Murthy (2008)]

the absence of mesoscopic Stoner instability

N.B. At intermediate spin-orbit coupling description in terms of

universal hamiltonian is not possible
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Model hamiltonian / crossover from Heisenberg to Ising exchange

H =

∑

α,σ

ǫα,σa
†
α,σaα,σ + Ec

(
N̂ − N0

)2
− J⊥[Ŝ

2
x + Ŝ

2
y ]− Jz Ŝ

2
z

[ Waintal, Brouwer (2003); Usaj, Baranger (2005); Kiselev, Gefen (2006)]

results:
spin susceptibilities:

χzz =
β

Z

∑

n↑n↓

Zn↑
Zn↓

e
−βEn↑,n↓

m∑

l=−m

l
2
e
−βbl+β(Jz−J⊥)l2

χ⊥(ω) = − 1

Z

∑

n↑n↓

Zn↑
Zn↓

e
−βEn↑,n↓

m∑

l=−m

e
β(Jz−J⊥)l2

∑

σ=±

σeσβbl [m(m + 1)− l2 − l]

ω + b + σ(2l + 1)(Jz − J⊥) + i0

where

Z =
∑

n↑n↓

Zn↑
Zn↓

e
−βEn↑,n↓

m∑

l=−m

e
−βbl+β(Jz−J⊥)l2 , En↑,n↓

= Ec(n−N0)2−J⊥m(m+1)

- At J⊥ = 0 results coincide with Nissan-Cohen, Gefen, Kiselev, Lerner (2011)
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Conclusions

• exact analytical results for the spin susceptibility and TDOS in a
QD with direct Coulomb and exchange interactions in the
presence of Zeeman splitting

- nonmonotonicity in the TDOS at J . δ ≪ T ≪ J⋆

• level fluctuations

- the zero-field spin susceptibility at T ≪ J⋆
- are suppressed by weak magnetic field b ≫ J

• extensions and future work: spin susceptibility and TDOS

- for XXZ and XYZ anisotropic exchange

- in the presence of Cooper-channel interaction

details can be found in
- I.S.B., Y. Gefen, M. Kiselev, JETP Letters 92, 766 (2010)

- I.S.B., Y. Gefen, M. Kiselev, Phys. Rev. B 85, 155331 (2012)
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Beyond the universal Hamiltonian

H =
∑

α,σ

ǫα,σa
†
α,σaα,σ + Ec

(

N̂ −N0

)2

− J Ŝ
2

+
∑

α,β,σ

a
†
α,σaβ,σ

(

N̂ −N0

)

Xαβ +
∑

α,β,γ,δ,σ,σ′

Yαβγδa
†
α,σa

†
β,σ′aγ,σ′aδ,σ

where

〈XαβXαβ〉 ∼
δ3

ETh

, 〈Yαβγδ〉 ∼
δ2

ETh

(
δαδδβγ + δαβδγδ

)
, 〈[Yαβγδ − 〈Yαβγδ〉]2〉 ∼ δ4

E2
Th

[Blanter, Mirlin, Muzykantskii (1997); Altshuler, Gefen, Kamenev, Levitov (1997)]

[for review, see Aleiner, Brouwer, Glazman (2002); Ullmo (2008)]

23/27



Charge and spin separation

H =
∑

α,σ

εαa
†
α,σaα,σ + Ec

(
N̂ − N0

)2
− J Ŝ

2
,

N̂ =
∑

α,σ

a
†
α,σaα,σ, Ŝσσ′ =

1

2

∑

α,σ

a
†
α,σ~σσσ′aα,σ′

◮ Functional integral in imaginary time
◮ Decoupling Coulomb interaction Ec(N̂ − N0)2 by the Hubbard-Stratonovich field

φ

Z =

∫ πT

−πT

dφ0 D(τ1, τ1|φ0)Z̃(φ0)

Charge problem:

D(τ1, τ2|φ0) =

∑

m∈Z

∫

D[φ̃]e
−

∫ β

0
dτ
φ̃2(τ)

4Ec
−i

∫ τ2

τ1

dτφ̃(τ)− π
2T

Ec
(m+

βφ0
2π

)2+2πiN0(m+
βφ0
2π

)−i2πmT(τ1−τ2)

Spin problem:

Z̃(φ0) = Tr e
−βHJ , HJ =

∑

α,σ

ε̃αa
†
α,σaα,σ − J Ŝ

2
ε̃α = εα − iφ0

N.B.: Charge and spin are entangled due to integration over φ0!
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Spin problem

◮ The Hubbard-Stratonovich transformation of exchange interaction:

e
∓itJ Ŝ

2
= lim

N→∞

∏

α

N∏

n=1

∫

dθn e
± i

4J
tθ2

n/N
e

itθn ŝα/N
=

∏

α

∫

D[θ] e
± i

4J

∫
t

0
dt′ θ2

T e
i

∫
t

0
dt′ θŝα

Time-ordering T due to noncommutativity of the spin operators!

◮ Wei-Norman-Kolokolov transformation

T e
i

∫
t

0
dt′ θŜ

= e
±Ŝ∓ψ±(t)

e
iŜz

∫
t

0
dt′ρ(t′)

exp

[

iŜ±

∫
t

0

dt
′
ψ∓(t

′
)e
∓i

∫
t′

0
dτρ(τ)

dt
′

]

e
∓Ŝ∓ψ±(0)

θz = ρ− 2ψ+ψ−,
θx ∓ iθy

2
= ψ∓,

θx ± iθy

2
= ∓iψ̇± + ρψ± − ψ∓ψ2

±, θ
2 = ρ2 ∓ 4iψ∓ψ̇±

N.B.: The Jacobian of transformation from θ to ρ, ψ± is J = exp
[

i
2

∫
t

0
dt′ρ(t′)

]

Initially, θx,y,z are real variables, but now (θx − iθy)∗ 6= θx + iθy

We impose constraints ψ+ = ψ∗− and ρ = −ρ∗
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From spin problem to quantum mechanics

◮ Two sets of variables: θ1,2 =⇒ two sets of new variables ρ1,2 and ψ±1,2

◮ We choose initial condition ψ+
1 (0) = ψ−2 (0) = 0

◮ Exact integration over ψ±1,2

◮ New variables: ρ1,2(t) = ∓iξ̇1,2, ξ1(0) = ξ2(0), ξ1(t1) + ξ2(t2) = 0,

Z̃ [φ0] =
∏

γ



−
∮

|z|=1

dzγ

2πiz2
γ

e
−zγ

[
1+e−2βε̃γ

]




∞∫

0

dy

4yd
e
−y

∞∫

−∞

dξ1dξ2
∏

γ

e
−2zγe−βε̃γ cosh

ξ1−ξ2
2

×δ
(

ξ1 + ξ2 + 2 ln

[

4y
∑

γ

zγe
−βε̃γ

])

〈ξ1|e−iH0t1e
−ξ

e
iH0(t1+iβ)|ξ2〉

H0 = −J
∂2

∂ξ2
+

J

4
e
−ξ, Eν = Jν2, Ψν(ξ) =

2

π

√
ν sinh 2πνK2iν(e

−ξ/2)
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The final step

Z̃[φ0] =

∫ ∞

−∞

dh h sinh(βh)e
−βh2/J

∏

γ

(
1 + e

−β(ε̃γ+h)
) (

1 + e
−β(ε̃γ−h)

)

◮ The grand partition function

Z =
1

√
πβJ

e
−βJ/4

e
−βb2/4J

∑

n∈Z

e
−βEc(n−N0)2

∫
πT

−πT

dφ0

2πT
e

iβφ0n

×
∫ ∞

−∞

dh sinh(h)
sinh(bh/J)

sinh(βb/2)
e
−Th2/J

∏

σ=±

e
−βΩ0(µ−iφ0+Thσ)

e
−βΩ0(µ) =

∏

α

(
1 + e

−β(εα−µ)
)

∑

σ

βΩ0(µ − iφ0 + Thσ) = 2βΩ0(µ− iφ0)− Th2

δ
+ F(h),

F(h) = −

∞∫

−∞

dE ∆ν0(E) ln

[

1 +
cosh h − 1

2 cosh2(E/2T)

]
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