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Motivation

» Transport through quantum dots (QDs)
> metalic grains, e.g. Al, Au, Pd, with diameter 1 — 10 nm
> large molecules
> regions of confinement for electrons in 2DEG with size ~ 1 um

/
1
GaAs Al Ga, ,As ——1um

|adopted from Kouwenhoven, Marcus (1998)]
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Motivation / conductance vs gate voltage

from Patel et al. (1998)
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Possible explanation: the effect of single-particle level fluctuations
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Motivation / effect of exchange interaction J

from Alhassid&Rupp (2003) from Usaj&Baranger (2003)
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Data points from Patel et al.

Theory is applicable at relatively low temperatures:

Exchange J>0 is important
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Motivation // mesoscopic Stoner instability (7" = 0)

hamiltonian with ferromagnetic exchange Hy = —J S
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renormalized exchange J, = 2.JS = % >Jatd—J <K

[Kurland, Aleiner, Altshuler (2000)]



Motivation // questions to answer

» can we find signatures of exchange J in physical observables, e.g.
conductance, tunneling DOS, spin susceptibility, at 7 > 4, J?

» how the single-particle level statistics affects results, in
particular, the mesoscopic Stoner instability, at T > 4, J?
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Universal hamiltonian / for an isolated dot

~ 2 ~2
H=Y Cunahyao+E. (N - NO) —J8

€a,0 = €a + bO’/2 —  (random) single particle spectrum
with Zeeman splitting b = gupB
N = Z a:;,a Aoy, —  particle number operator
a,o
So’o” = % Z (ILJO'UU/ Aoy, 5! —  spin operator
a,o

[Kurland, Aleiner, Altshuler (2000); Aleiner, Brouwer, Glazman (2002)]

assumptions:
good metal: Ery/d > 1, and low temperatures: T < Ern, E.
targets:
static spin susceptibilities x = Taa—;z lnTrexp(—ﬁH)
tunneling DOS:

V(e) = _% > Gln(e), G () = —iB(t — 1) ({a(h), ' (1) })
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DlH’lCUlty /// time-ordered exponent

e Hubbard-Stratonovich transformation of exchange interaction:
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Time-ordering 7 due to noncommutativity of the spin operators

e solution: Wei-Norman-Kolokolov transformation

‘f%#es 3 -%j]m’u) i 'f/d () 3
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Exact results/ tunneling DOS
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npny €Z 2
where n =ny +n;, m= (ny —n|)/2,
. 2m + 1 2m + 1 1 x
— . 27 — [ — _
E”T"”i = E.(n—Np) Jm(m—+1), B, (z) = Y cth ( oy ac) py c py
dz ., —Be dz —Be
Z, = Pk '1H(1+ze ﬁ'*), Zn(€a) = i’ 1H(1+zeﬁ7).
|2|=1 v lz]=1 FEe

- at b= J = 0 the result coinsides with Sedlmayr, Yurkevich, Lerner (2006)
- at b =0 the result for Z coincides with Alhassid, Rupp (2003)
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Fluctuations of single-particle levels

e Fluctuations of thermodynamic DOS (A~! = dn/du)
[Dyson (1962), Mehta, Dyson (1963), Efetov (1982)]
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common wisdom: Fluctuations of single-particle levels are not important at 7" > ¢
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Fluctuations of single-particle levels / vicinity of Stoner instability, § — J < &

renormalized exchange energy J:
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Fluctuations of A can lead to J < 0 (Stoner instability)

2
11
=(=-2), = JL<T
<J 5) <

A=02 1
T <3

Near Stoner instability level fluctuations are not important at 7' > J, > 6, J
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Spln susceptlblhty / averaged over statistics of single-particle levels {eq }
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Spln susceptibility / averaged over statistics of single-particle levels {eq }
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Region I1,: s « T < J, & b=0

]
averaged zero-field spin susceptibility (T > J, 6_5”2):

effect of randomness
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points are numerical simulations from Kurland, Aleiner, Altshuler (2000)
At T < J; level fluctuations are important but numerically not large
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Region IIal estimate at T'=0
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Region IIaI estimate at T'=0
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Region IIal estimate at T'=0
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Tunneling DOS: s« T (no level fluctuations)
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Tunneling DOS: s L T K J,& b= 0 (no level fluctuations)

Vo (8)/vo

1}

Coulomb valley
Ny integer

Ve (€)/vo

Coulomb peak
Ny half-integer
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TDOS // estimate for Coulomb valley at T'= 0
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TDOS // estimate for Coulomb valley at T'= 0
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TDOS // estimate for Coulomb valley at T'= 0
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width of the maximum ~ J,
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Universal hamiltonian // the role of spin-orbit couping

strong spin-orbit coupling leads to Ising exchange:

H = Z oo o 0a,0 + Bo (N - N0)2 —J.5

a,o

[Alhassid, Rupp (2003); Usaj, Baranger (2005); Tiirechi, Alhassid (2006); Murthy (2008)]

the absence of mesoscopic Stoner instability

N.B. At intermediate spin-orbit coupling description in terms of
universal hamiltonian is not possible

20/27



Model hamiltonian / crossover from Heisenberg to Ising exchange

H= Z e,‘,,ga);,(,tza,(7 + Eec (N - No)2 —JL[8 + S‘;] — J.5;
a0
[ Waintal, Brouwer (2003); Usaj, Baranger (2005); Kiselev, Gefen (2006)]
results:
spin susceptibilities:

m

Xzz = E ZnT an eiﬁgnTml l2 eiﬁbH}ﬁ(]Zi‘]L)lQ
A Z Z
npny I=—m
m o Bbl 2
X1 (w) = L Z T Zn & PEPTML Z AT Z g m(m+1) - 1" — 1]
Z e wH+b+oRR+1)(J.—JL)+ 0
npng l=—m o=+
where
_ —BEn, ,n —Bbl+B(Jy—J | )i _ 2
Z = Z"T an e T e € ) EHT’nl = E,;(TL*N()) 7JLm(m+1)
npny l=—m

- At J; = 0 results coincide with Nissan-Cohen, Gefen, Kiselev, Lerner (2011)
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Conclusions

e exact analytical results for the spin susceptibility and TDOS in a
QD with direct Coulomb and exchange interactions in the
presence of Zeeman splitting

- nonmonotonicity in the TDOS at J S0 < T < Js

e level fluctuations

- the zero-field spin susceptibility at T < J,
- are suppressed by weak magnetic field b > J

e extensions and future work: spin susceptibility and TDOS

- for XXZ and XYZ anisotropic exchange
- in the presence of Cooper-channel interaction

details can be found in
- L.S.B., Y. Gefen, M. Kiselev, JETP Letters 92, 766 (2010)
- L.S.B., Y. Gefen, M. Kiselev, Phys. Rev. B 85, 155331 (2012)
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Beyond the universal Hamiltonian

H= Z €a,00), o Ga,0 + e (N - N0)2 ~ &

o,
+ Y al,as0 (N— NO)Xaﬁ + D Yapysal,af 000,
a,B,0 a,8,7,8,0,0’
where

3 2

5 5 5t
(XagXap) ~ £ (Yaps) ~ E—Th((saééﬁw + 003045 )5 ([Yagys = (Yapys)l®) ~ 72
L Th

[Blanter, Mirlin, Muzykantskii (1997); Altshuler, Gefen, Kamenev, Levitov (1997)]

[for review, see Aleiner, Brouwer, Glazman (2002); Ullmo (2008)]
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Charge and spin separation

H = Zeaal’aaa,U + B (N = No)® — J5°,
a,o
v=3 "l 5, =25 al 7
Zaavoaayg, oo’ QZCLQ’UUUU/(ZO“U/
oo oo

» Functional integral in imaginary time
» Decoupling Coulomb interaction E.(N — N0)2 by the Hubbard-Stratonovich field

¢

T
7= deo D(71,71|60) Z(d0)
—nT

Charge problem:

D(r1, r2l¢h0) = /D[&le_
meZ

Spin problem:

8 32 ry 2 3 5
fo hﬂé?-ifﬂ d‘r(j)(‘r)—WE—CT(m,+%)2+27r77N0(m+%)—7727rm,T(7’1—T2)

~ — - 2 ~ .
Z(¢o) = Tre P70, Hy= E Eual—,)dau,a —JS Ea = €a — 1o

N.B.: Charge and spin are entangled due to integration over ¢!
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Spin problem

» The Hubbard-Stratonovich transformation of exchange interaction:

N
. t t
a2 2 iLf dt’ 2 Lf dt’ 03
TS || I I/de ETT O/ N itonsa /N _ II/ 17 Jo Te Jo “
N—oo
a n=1

Time-ordering 7 due to noncommutativity of the spin operators!

» Wei-Norman-Kolokolov transformation

t . t
i dt’ 65 & iS, at’ p(t’ N d 3 b
’TeLfD = TS F V@ fO o )exp iSi/ dti/l (t')e * f e dt’'| eTIFVE©
0

0, F 0, 0, =+ i0, . o
0:=p =2y, =" =vx, —— =Fihs +ppx —prl, 0% = FAippihys

N.B.: The Jacobian of transformation from 0 to p, ¥+ is J = exp[% fol dt’p(t’)]

Initially, 6, ,,. are real variables, but now (6, — i0,)* # 6, + 6,
We impose constraints ¢ = w’i and p = —p*

25/27



From spin problem to quantum mechanics

P> Two sets of variables: 61,2 B two sets of new variables p;,2 and wliz
P> We choose initial condition wT(O) =19, (0)=0
» Exact integration over wliz

> New variables: p1 2(t) = Fif1,2, £1(0) = £2(0), &1(t1) + £2(t2) =0,
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Ho=—-J=—=+—-€¢°, E, = JI/2, v, (&) = g\/l/sinh271'1/[(21»1,(675/2)
0
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The final step

Zdo] = / dh hsinh(8h)e= P/ H (14 e PEY (14 &P

~

» The grand partition function
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